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ABSTRACT In this paper, we investigate the rational fractions in the framework of conjugate product and
establish a division ring. Some conjugate properties on the proposed division ring are obtained, and the
similarity and consimilarity properties are investigated.
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I. INTRODUCTION

The rational fraction is a very important concept in the field of
mathematics with broad applications. For example, a rational
fraction was used to approximate a complicated function
in [1], [2]. By using a continued fraction associated with two
matrices A and B, a solution to the standard Sylvester matrix
equation AX — XB = C was given in [3]. In abstract algebra,
the set of rational fractions is often used as an example for
constructing a field by extending a commutative ring [4].
In classic control theory, the plant and the stabilizing con-
troller of a single-input-single-output system are mathemati-
cally described by a rational fraction [5], [6]. In controller
design, the coprime factorization of rational fractions over
RH, plays a key role [7]. For example, a parameterization of
all stabilizing controllers was given in [8] based on a doubly
coprime factorization.

Recently, the concept of conjugate product for polynomial
matrices was proposed in [9] and it was used to give a unified
approach for solving a class of complex matrix equations. The
conjugate product of polynomials was investigated in [10],
where some concepts in the framework of ordinary operation
are generalized to the case of conjugate product. In [11],
some criteria were provided for the coprimeness of two poly-
nomials in the framework of conjugate product in terms of
the so-called con-Sylvester matrices. The conjugate product
of polynomial matrices was investigated in [12]. Recently,
a real representation was provided in [13] for the complex
polynomial matrices in the framework of conjugate product.

The associate editor coordinating the review of this manuscript and
approving it for publication was Jafar A. Alzubi.

As the conjugate product is a new concept of mathematical
operation and the rational fraction over it has not been inves-
tigated so far, in this paper, a division ring in the framework
of conjugate product is constructed by extending the poly-
nomial ring in the framework of conjugate product proposed
in [9] and [10]. Some interesting properties about this divi-
sion ring are obtained. In [11], a polynomial description in
the framework of conjugate product was given for antilinear
systems. With such a result, it is necessary to introduce
rational fractions in the framework of conjugate product as
tools to investigate antilinear systems. A possible application
of rational fractions in the framework of conjugate product is
to extend the concept of transfer functions into the context of
antilinear systems. We believe this will pave the way for the
study of dynamic control systems defined over a conjugate
product.

The organization of this paper is as follows. In Section II,
some preliminary results on conjugate product of polynomi-
als are given. The construction of rational fraction division
ring in the framework of conjugate product is introduced
in details in Section III. Some mathematical properties on
rational fractions in the framework of conjugate product are
provided in Section IV. A series approach is established in
Section V for rational fractions in the framework of conjugate
product. In Section VI, two concepts, similarity and con-
similarity are investigated, and some elementary results are
provided. Some concluding remarks are given in Section VII.

Throughout this paper, @ is used to denote the conjugate of
a € C. For a complex number ¢ and a positive integer k, we
define

= ork—1)
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with ¢*0 = ¢. By this definition, it is obvious that

wk c, forevenk,
C =
¢, foroddk.

For an arbitrary real a, the operation |a| denotes the greatest
integer number not to exceed a, that is, a = |a]| + p with
O<p<land |a] € Z.

Il. PRELIMINARY RESULTS

The concept of conjugate product for complex polynomial
matrices was first proposed in [9] and it was used to establish
a unified approach for solving a class of complex matrix
equations. Some further properties for conjugate product of
polynomials and polynomial matrices were given in [10],
[12], respectively. In this section, we first present some basic
concepts and properties on conjugate product of polynomials
briefly. For detailed information, one can refer to [10].

m .
Definition 1: For two polynomials a(s) = Y_ a;s' € C[s]

i=0
n .
and b(s) = )_ b;¢’ € C[s], their conjugate product is defined
ard
as !
n n P .
a(s) ® b(s) = Z Z aibj’»"s’ﬂ.

i=0 j=0

t .
For f(s) = Y a;s' € Cls], with a; # 0, ¢ is called the

i=0
degree of f (s),land we denote the degree ¢ by degf(s) = t.
It is easily checked that

degf(s) ® g(s) = degf(s) + deg g(s)

for 0 # f(s), 0 # g(s) € C[s]. For convenience, the degree
of the zero polynomial is defined to be —oo, and we denote
deg 0 = —oo. Moreover, for any nonzero polynomial f(s) €
C[s], there holds deg 0 < degf (s).
Lemma 1: Given a(s), b(s), c(s) € Cls], the following
relations hold:
(1) Left distributivity: (a(s) + b(s)) ® c(s) = a(s) ® c(s) +
b(s) ® c(s);
(2) Right distributivity: a(s) ® (b(s) + c(s)) = a(s) ® b(s) +
a(s) ® c(s);
(3) Associativity: (a(s) ® b(s)) ®c(s) = a(s) ® (b(s) ®c(s)).
Remark 1: Different from the ordinary product, the conju-
gate product does not obey commutativity. For example, for
the following two polynomials

f(s) = (14 2i)s + 34,
g(s) = is+2 — 44,

One can easily check that

Fs)®g(s) = (2 —1)s*> — (9 — 8i)s + 12 + 6i,
g() ®F(s) = (2+1)s* + 135 + 12 + 6i.

Obviously, f(s) ® g(s) is not equal to g(s) ® f(s).

64016

Remark 2: Tt is well known that an arbitrary polynomial
with its degree not less than 1 can be factorized into product
of some divisors with degree 1 in the framework of ordinary
product in complex domain. However, such a conclusion does
not hold in the framework of conjugate product. For example,
one can not make factorization for the simple polynomial
f(s) = s> + 1 in the framework of conjugate product.

In order to define rational fractions in the framework of
conjugate product, we give the following definitions of right
and left divisors.

Definition 2: Given two polynomials f(s), g(s) € C[s],
a polynomial gr(s) € C[s] is called a common right divisor
of them in the framework of conjugate produce if there exist

£(s), g(s) € C[s] such that
f(s) =F(s) ® gr(s),

Further, ¢r(s) is called a greatest common right divisor
(briefly, gerd) if an arbitrary common right divisor ¢(s) of
them is a right divisor of gRr(s).

Definition 3: Given two polynomials f(s), g(s) € Cls],
a polynomial ¢ (s) € C[s] is called a common left divisor of
them in the framework of conjugate produce if ¢ (s) satisfies

£(5) = gL(s) ®F(s),

where f(s), 2(s) € Cl[s]. Further, ¢r(s) is called a greatest
common left divisor (briefly, gcld) if an arbitrary common
left divisor ¢(s) of them is a left divisor of ¢r (s).
Next, we give the concept of common right multiples.
Definition 4: For polynomials fi(s) € C[s],i=1,2,---,
n, a polynomial m(s) is called a common right multiple of
them if there exist u;(s) € C[s],i= 1,2, ---, n, such that

m(s) = f1(5) ® u1(s) = f2(5) ® ua(s) = - - - = fuu(s) ® uy(s).

As to the existence of a common right multiple of two
polynomials, we have the following result.

Lemma 2: For two nonzero polynomials f (s), g(s) € C[s],
there exist a nonzero common right multiple m(s) € C[s].
That is, there exist u(s), v(s) € C[s] such that

J(s) @ u(s) = g(s) ® v(s). ey

Proof: The conclusion will be proven by using mathe-
matical induction for min{degf (s), deg g(s)}.
(1) We consider the case of min{deg f (s), deg g(s)} = O.
It is assumed that deg f (s) < deg g(s). In this case, denote

fs)=a, 0#acC,

gs) =Y bis', 0#£b,eC, n=0.
i=0

8(s) = g(s) ® r(s),

8(s) = oL(s) ® g(s),

Then, it is easily found that

n

v(is) =c, u(s)= Z

i=0

biC*l ;
N

satisfy (1).
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(2) Itis assumed that the conclusion holds for min{deg f (s),
degg(s)} < m. We consider the case of min{degf(s),
degg(s)} =m+ 1.

Without loss of generality, let degf(s) < degg(s). In this
case, one has degf(s) = m + 1. It follows from the Theo-
rem 3 of [10] that there exist A(s), r(s) € C[s] such that

8(s) = f(s) ® h(s) + r(s) )
with r(s) = 0 or deg r(s) < degf(s). If r(s) = 0, then
u(s) = h(s),v(s) =1
satisfy (1). If deg r(s) < degf(s), then
min {degf(s), degr(s)} =degr(s) <degf(s)=m+1,

which implies min {degf(s), degr(s)} < m. With this,
by using the induction assumption, there exist ug(s), vo(s) €
C[s] such that

r(s) ® ug(s) = f(s) ® vo(s).

By combining this relation with (2), one has

F () ® (vols) + h(s) ® uo(s)) = g(s) ® uo(s),

which implies that

u(s) = vo(s) + h(s) ® uo(s)
v(s) = uo(s)

satisfy (1).

Therefore, the conclusion of this lemma holds for
min{degf (s), deg g(s)} = m + 1.

(3) According to the principle of mathematical induc-
tion, it can be concluded from the previous parts that the
result of this lemma holds for any two nonzero polynomials
f(s) and g(s). [ |

The result of Lemma 2 shows the existence of a common
right multiple for any two polynomials in the framework of
conjugate product. By Lemma 2, the existence for a common
right multiple of more than two polynomials in the framework
of conjugate product can also be obtained.

Corollary 1: For nonzero polynomials fi(s) € C[s],i =1,
2, -+ -, n, there exist a nonzero common right multiple m(s)
€ C[s]. That is, there exist u;(s) € C[s],i=1,2,---, n, such
that

m(s) = f1(s) ® u1(s) = f2(s) ® uz(s) = - - - = fu(s) ® un(s).

Proof: Only the case of n = 3 is considered.

It follows from Lemma 2 that there exist nonzero common
right multiple m(s) for f1(s) and f>(s), and ma(s) for f>(s) and
f3(s). Correspondingly, there exist vi(s), va(s) , wa(s), wi(s) €
C[s] such that

mi(s) = fi(s) ® vi(s) = fo(s) ® va(s),
ma(s) = f2(s) ® wa(s) = f3(s) ® w3(s).

In addition, it can also be known by using Lemma 2 that there
exists a nonzero common right multiple m(s) for m(s) and
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my(s). Correspondingly, there exist y1(s), y2(s) € C[s] such
that
m(s) = my(s) ® y1(s) = ma(s) ® y2(s).

From the preceding three relations, one has

m(s) = fi(s) ® vi(s) ® y1(s) = f2(s) @ v2(s) ® y1(s)
= f2(s) @ wa(s) ® ya(s) = f3(s) ® w3(s) ® ya(s).
This implies that the conclusion holds. [ ]

Lemma 2 and Corollary 1 will play a vital role in the next
section.

Remark 3: In the framework of ordinary product, there
exists the concept of the least common multiple for polynomi-
als. However, such a concept does not exist in the framework
of conjugate product. For example, for

f)=s+14+1, gls)=0—1)s+ 2i,
one has

mi(s) = (1 —i)s* 4+ (24 2i)s + (2 + 2i)
=f@&@+Ds+2) =g ®(s+1-1),
and
ma(s) = (1 —1)s* 4+ (1 4+ 1)s + 2i
=fEO®+Ds+1+D)=gle)®G+1).
These relations show that both m;(s) and m,(s) are common
right multiples of f(s) and g(s). However, it is easily found

that m(s) is neither a right divisor nor a left divisor of ma(s),
and my () is neither a right divisor nor a left divisor of m(s).

Ill. THE DIVISION RING OVER (C(s), +, ®)

In this section, we aim to establish a rational fraction division
ring by extending the polynomial ring in the framework of
conjugate product. For this purpose, the quotient set C(s)
under an equivalence relation is first constructed, and then the
sum and conjugate product of rational fractions are defined in
the set C(s).

A. THE QUOTIENT SET C(s)
We begin with this section by defining an equivalence relation
in the following set

Clsl x C[s]\{0}
= {(8(s). f(5)I g(s) € C[s], f(s) € C[sI\{O}} .
Definition 5: (g(s), f(5)), (B(s), a(s)) € C[s] x C[s]\{0}

have a relation “~”’, denoted

(8(5). f(5)) ~ (B(s), a(s)),

if there are two nonzero polynomials y (s), 7 (s) € C[s] such
that

m(s) = f(s) ® y(s) = als) ® 7 (s),
implies
g(s) ® y(s) = B(s) ® m(s).

64017
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Since common right multiples of f(s) and «(s) are not
unique, we need to answer the following question for the
rationality of the above definition:

Is the relation “~” between (g(s),f(s)) and (B(s), a(s))
dependent on the choice of a common right multiple of f(s)
and a(s)?

The following lemma gives an answer for this question

Lemma 3: For (g(5), f(5)), (B(s), a(s)) € Cls [s1\{0},
let m1(s) and m»(s) are two nonzero common rlght multlples
of f(s) and «(s). That is, there exist y;(s), ;(s),i = 1, 2, such
that

= f(5) ® y1(s) = a(s) ® m1(s), 3)
= f(5) ® y2(s) = a(s) ® ma(s). 4

mi(s)
ma(s)

Then,

8(s) ®y1(s)=B(s) ® wi(s) <= g(s) ® y2(s)=B(s) ® m2(s).

Proof: Let m(s) be a nonzero common right multiple of
m(s) and my(s). Then, there exist nonzero polynomials x(s),
y(s) € C[s] such that

m(s) = mi(s) ® x(s) = ma(s) ® y(s).

By combining this relation with (3) and (4), one has

J(9) ®y1(5) ® x(5) = f(5) ® y2(s) ® y(s)
a(s) ® mw1(s) ® x(s) = a(s) ® ma(s) ® y(s)

which gives

{m®®ﬂﬂ=m®®ﬂﬂ )

71(s) ® x(s5) = m2(s) ® y(s)

Pre-multiplying both sides of the first expression in (5) by
g(s), gives

8(s) ® y1(s) ® x(s) = g(5) ® y2(s) ® y(s). (6)

Pre-multiplying both sides of the second expression in (5) by
B(s), gives

B(s) ® m1(s) ® x(s) = B(s) ® m2(s) ® y(s). (N

With (6) and (7), the conclusion can be easily obtained. M
It can be seen from Lemma 3 that the relation defined in
Definition 5 is not dependent on the choice of common right
multiples. The following result shows that the relation defined
in Definition 5 is in fact an equivalence relation.
Theorem 1: The relation “~" given in Definition 5 is an
equivalence relation. That is, the following properties hold.

(1) Reflexivity: (g(s),f(s)) ~ (g(s), f(5));

(2) Symmetry: (g(s),f(s)) ~ (B(s), a(s)) = (B(s),
a(s)) ~ (g(s), f(5);

(3) Transitivity: if (g1(s), fi(s)) ~
(82(5), f2(s)) ~ (g3(s), f3(5)) ,
(83(5), f3(5)).

Proof: The properties (1) and (2) are obvious according
to Definition 5. Now, we give a proof of transitivity.

(g205) , fa(s)),
then (g1(s), fi(s)) ~

64018

It follows from Corollary 1 that there exists a common right
multiple m(s) of f1(s), f2(s) and f3(s), and correspondingly
there exist b;(s), i = 1, 2, 3, such that

m(s) = f1(s) ® b1(s) = f2(s) ® ba(s) = f3(s) ® b3(s). (8)

With this relation, it follows from (g1(s), f1(s)) ~ (g2(s),
f2(s)) and (g2(s), f2(s)) ~ (g3(5) , f3(s)) that

81(8) ® b1(s) = ga(s) ® ba(s),
82(5) ® ba(s) = g3(s) ® b3(s),

which gives g1(s) ® b1(s) = g3(s) ® b3(s). Combining this
relation with m(s) = fi(s) ® b1(s) = f3(s) ® bz(s) gives
(g1(5), f1(s)) ~ (g3(5), f3(s)). The proof is thus completed.
|
Since the relation “~”" given in Definition 5 is an equiva-
lence relation, we can classify the set C[s] x C[s]\{0} in terms
of the relation “~”’. The set of all (8(s), a(s)) for which (B(s),
a(s)) ~ (g(s), g(s)) holds, will make up an equivalence class
in C[s] x C[s]\{0} by ~. Let

g(s)

I = {(B(s), a(s)) € Cls] x C[s]\{0}] (B(s), a(s))

~ (8(s), (N} ©))

denote the equivalence class to which (g(s), g(s)) belongs.
Then the set of all the elements in C[s] x C[s]\{0} being
equivalent to each other is one element in the quotient set.

The quotient set of C[s] x C[s]\{0} by ~ is the set of all
possible equivalence classes of C[s] x C[s]\{0} by ~. That
is,

(CLs]x CLsI\{0}) / ~

= {&I (f(5), 8(s) € Cls] X(C[S]\{O}}
f(s)

For convenience, the quotient set (C[s] x C[s]\{0}) / ~ with

the relation “~” being defined in Definition 5 is denoted by

C(s) in this paper. Any element ]‘% in C(s) is called a rational

fraction. Similarly to the case of ordinary rational fractions,

f(s) is called the denominator of ;’8, and g(s) is called the

numerator of £ . According to the definition of equivalence
class in (9), fj;r any g(s), f(s), a(s) € C[s] with f(s) # O,
a(s) # 0, there holds

gs) _ () @ a(s)
fs)  fls)®als)

B. OPERATIONS IN C(s)

In the previous subsection, the quotient set C(s) has been

established. In this subsection, we define the sum and conju-

gate product for two rational fractions in C(s). First, the def-

inition for the sum of two rational fractions in C(s) is given.
Definition 6: For any }ggg’ % e C(s), their sum in C(s)

is defined as

8(s) n B(s) _ 8(5) ® als) + B(s) ® b(s)
fls)  als) m(s)

(10)

, Y
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where m(s) € C[s] is a common right multiple of f(s) and
a(s), and a(s), b(s) € C[s] satisfy

m(s) = f(s) ® a(s) = a(s) ® b(s). 12)

Now, we check the rationality of Definition 6. For such an
aim, we need to show first that the sum defined in (11) is
independent of the choice of the common right multiple m(s).
Let mq(s) be another common right multiple of f (s) and «(s),
and correspondingly there exist ag(s), bo(s) € C[s] satisfying

mo(s) = f(s) ® ao(s) = a(s) ® bo(s). 13)

In addition, let n(s) € C[s] be a common right multiple of
m(s) and mg(s), and correspondingly there exist x(s), y(s) €
Cl[s] such that

n(s) = m(s) ® x(s) = mo(s) ® y(s).
Combining this relation with (12) and (13), gives

a(s) ® x(s) = ao(s) ® y(s)
b(s) ® x(s) = bo(s) ® y(s)

With the previous relations, by using the property (10) we
have

g(s)  BE) _ g(s) @ als) + B(s) ® bs)
fs)  als) m(s)
_ (g(s) ®a(s) + B(s) ® b(s)) ® x(s)
B m(s) ® x(s)
g(s) ® a(s) ® x(s) + B(s) ® b(s) ® x(s)
m(s) ® x(s)
8(s) ® ap(s) ® y(s) + B(s) ® bo(s) ® y(s)
mo(s) ® y(s)
(8(s) ® ao(s) + B(s) @ bo(s)) @ y(s)
mo(s) ® y(s)
_8(s) ®ap(s) + B(s) ® bo(s)
mo(s) '
This implies that the sum defined in Definition 6 for two
rational fractions in C(s) does not depends on the choice of
the common right multiple of their denominators.
Next, we need to show that the sum in (11) does not
depends on the choice of the representative elements of

classes % and % Let

o) _ 86 4 Po®) _ B
Jols) — f(s) ao(s)  als)
It follows from Corollary 1 that there exists a common right
multiple n(s) € C[s] for fy(s), f(s), ao(s) and a(s). Corre-
spondingly, there exist yo(s), ¥ (s) , mo(s) and 7 (s) such that

n(s) = fo(s) ® yo(s) =f(s) ® y(s)
= ap(s) ® mo(s) = als) ® 7 (s).

nd

(14)

Combining this relation with (14), gives

80(s) ® yo(s) = g(s) ® y(s)
Bo(s) ® mo(s) = B(s) ® 7 (s)

VOLUME 7, 2019

With the preceding relations, by using the property (10) we
have

go(s) | Po(s)  gols) ® yo(s) + Bo(s) ® mo(s)
Jo(s) — ao(s) n(s)
_ 8 ®@y(s)+Bls) ®7(s)
B n(s)
_ 8 ®y(s)  BB)@7(S)
f@yls)  als) ®m(s)
_ s, O
f@s)  als)
This implies that the sum defined in Definition 6 for two
rational fractions in C(s) does not depends on the choice of
the representative elements of the rational fractions.

In the set C(s), there exist a class of elements in the form
of J% with 0 # f(s) € C[s]. According to the definition
of rational fraction in the framework of conjugate product,
we can define that % = % for any two nonzero polyno-
mials f(s), g(s) € C[s]. Due to this reason, we can denote
0= ]% in C(s). Before giving the definition of the conjugate
product for two rational fractions in C(s), we first provide an
example to illustrate the uniqueness for the sum.

Example 1: Given the following two rational fractions in
Ces),

gls) (A +is+Q2+D Bl (1 =2i)s+(1+1)
fls) s+1+i als) (0 —is+2i

we aim to calculate their sum in C(s). First, by simple calcu-
lation it can be obtained that

mi(s) = (1 — i) s* + (2 + 20)s + (2 + 2i)
=fEO®(I+iD)s+2)=a(s)® (s+1—1).
With this relation, we have
g65) B _ g ® (1 +Ds+2) +BW® (+1-1)
fls)  als) my(s)
ni(s)

= . 15
mi(s) (1>

with
ni(s) = 3 — 2i) 82 + (7 + 5i)s + (6 + 2i) .
In addition, it can be checked easily that

ma(s) = (1 —i) s> 4+ (1 +1)s + 2i
=fEO®(A+D)s+1+D)=a@®G+1).
With this relation, one has

8s) P _g@® (A +Ds+1+D+O® s+ 1)

fGs)  als) ma(s)
na(s)
= , 16
my(s) (16)
with
na(s) = (3 — 20)s> + (5 + 2i)s + (2 + 4i).
64019
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It can be seen that the expressions (15) and (16) for the sum
look very different. One may doubt whether the results in (15)
and ( 16) are equal. In fact, by simple calculation we have

mi(s) ® (s — 1) =ma(s) ® (s — L +1).
Moreover, it is also easily known that

n($)®(s — 1) =na(s) ® (s—1+1)
=(3=2i)s> +(4+71)s> + (1 —31)s+(=6—2i).

By definition, this implies that the expressions in (15) and
(16) are the same.
Next, we give the definition of conjugate product for two
rational fractions in C(s).
Definition 7: For any gg;, % e C(s), if B(s) = 0, their
conjugate product in (C(s) is defined as
8) B _ 0
@) als)  als)
If B(s) # 0, their conjugate product in C(s) is defined as
8(s) o P B(s) _ g@s) ®a(S)’ (17
() als)  als) ® b(s)

where nonzero a(s), b(s) € C[s] satisfy

m(s) = f(s) ® a(s) = B(s) ® b(s). (18)

Similarly to the case of sum, we need to check the ratio-
nality of Definition 7 for conjugate product of two rational
fractions in C(s). The case of S(s) = 0 is very simple, and
thus only the case of B(s) # 0 will be considered.

First, we show that the conjugate product defined in (17)
does not depend on the choice of the common right multiple
of f(s) and B(s) . It is assumed that m(s) is another common
right multiple of f(s) and S(s), and correspondingly there
exist nonzero ag(s), bo(s) € Cl[s] satisfying

=f(s) ® ao(s) = B(s) ® bo(s). 19)

In addition, let n(s) € C[s] be a common right multiple of
m(s) and mg(s), and correspondingly there exist x(s), y(s) €
C[s] such that

mo(s)

n(s) = m(s) ® x(s) = mo(s) ® y(s).
With this relation, it follows from (18) and (19) that
a(s) ® x(s) = ao(s) ® y(s)
b(s) ® x(s) = bo(s) ® y(s)

With the previous relations, by using the property (10) it can
be derived that
s
fls) — als)

8(s) ® ao(s)

a(s) ® bo(s)

(g(s) ® ap(s)) ® y(s)
(a(s) ® bo(s)) ® y(s)
8(s) ® a(s) ® x(s)
a(s) ® b(s) ® x(s)
8(s) ® a(s)

als) ® b(s)
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Second, we will show that the conjugate product (17) is
independent of the choice of the representative elements in

the classes fgég and 5 Ei) Let

go(s) _ g(s) ,30(5) B
fols)  f(s)’ Olo(S) ~as)’

By using Corollary 1, there exists a common right multiple
n(s) € C[s] for fo(s), f(s), Bo(s) and B(s) . Correspondingly,
there exist yo(s), ¥ (s), mo(s), w(s) € C[s] such that
n(s) = fo(s) ® yo(s) =1 (s) ® y(s)
= Po(s) ® mo(s) = B(s) ® 7 (s).

Combining this relation with (20), gives

(20)

80(s) ® yo(s) = g(s) ® y(s)
ap(s) ® mo(s) = als) ® mw(s)

With the preceding relations, by using the property (10) it can
be obtained that

go(s) _ Pols) _ gols) ® yo(s) _ Bols) ® mo(s)
fols) ~ ao(s)  fols) ®pls)  an(s) ® mo(s)
_80(s) ® yo(s) n(s)
) ao(s) ® mo(s)
8@ y(s)
as) @ m(s)
and
8(@s) ® BG) _ g ®y(s) B ®7(s)
f) als)  f®yE)  als)®m(s)
g ®y(s) n(s)
T s a(s) ® 7 (s)
_ 8 ®y(s)
Ca®(s)

The preceding two expressions imply that the defined conju-
gate product for two rational fractions is independent of the
choice of the representative elements. Next we will provide
an example for the conjugate product in C(s).

Example 2: Given the following two rational fractions in
C(s),

gls) _ (14+20s+2—i Bl (1—Ds+2i
fls) s+ 14+i 7 als)  Q4Ds+1-2i

we aim to calculate their conjugate product in C(s). f (s) in this
example is the f(s) in the previous example, and S(s) here is
the a(s) in the previous example. Thus,

mi(s) = (1 —1i) s> 4 (2 + 2i)s + (2 + 2i)

=fEO@I+D)s+2) =)@ +1-1).
With this relation, we have
g(s) ® Bls) _ g ® (1 +1Ds+2) my(s)
fls)  als) mi(s) als) ® (s+ 1 —1)
_ 4 21
01(s)
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where
81(s) = g(s) ® (1 +1)s + 2)
= (3 +1)s*> 4 (5 + 5i)s + (4 — 20),
Oi(s) =a(®)® (s+1—-1) =2+ +Q2+1)s—1—3i.
In addition, there holds
ma(s) = (1 —i) s>+ (1 +i)s+2i
=) ® 1 +Ds+1+1i)
=B @+ 1).

With this relation, it can be derived that

@@@ _ g ® (A +1i)s+14+1) ma(s)
f)  als) ma(s) a(s) ® (s+1)
82(5)
_ 29 22
52(5) (22
where

() =g ® (1 +1)s+141)
=GB +1)s% + (6 +2)s + (3 + 1),
Or(s) =) ®(+1) =2+ +B—i)s+1—2i

By simple calculation, it can be immediately obtained that
01(5) ® c1(s) = O2(s) ® c2(s) = m(s)
with

ci(s) = is+1,c(8) = is + 1 +1,
m(s) = (—1 +20)s> + (@ —3)s+3 —i.

In addition, it can be checked that

31(8) ® c1(s) = 82(s) ® c2()
= (= 1430)5° + (4 —2i)s>+(7—1i)s + 2+4i.

This shows that ‘Sigxg in (21) and SZ(S) in (22) are equal.

In fact, for both the sum and con]ugate product defined in
this section, it is easy to prove their uniqueness. This paves
the way for main results in next section.

C. THE DIVISION RING (C(s), +, ®)

In this subsection, we show that the quotient set defined in
Subsection III-A with two operations “+”” and “®” respec-
tively given in Definitions 6 and 7 is a division ring. First,
we show that (C(s), +) with the operation “4” defined in
Definition 6 is an Abelian group.

Theorem 2: Given ;g(j), j"l‘((ss)) %2((;)) , fﬁf) e C(s), for the
operation “+” defined in Definition 6 the following relations
hold.

(1) Commutativity:
(2) Associativity:

g1(s) | &), &)  gi(s) (&)  83(5) .
(f1 ® A ) The T A T <fz(s) +f3(S))

(3) Zero element: 0 + 50 — £,

g1(s) 80) _ &) g1(s).
Ae T e =50 T Ao

)
(4) Negative element: J% + fé(’sf =0.
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Proof: Only the proof of Item 2 is given here due to
limitation of space. It follows from Corollary 1 that there
exists a common right multiple m(s) of f1(s), f>(s) and f3(s),
correspondingly there exist a;(s) € C[s],i = 1, 2, 3, such that

m(s) = f1(s) ® a1 (s) = fo(s) ® aa(s) = f3(s) ® az(s).
With this relation, we have
g1(s) gz(S)) 83(s)
(fl ® T A0) T A
_ <g1(s) ®ai(s) LE® 612(5)> g3(s) ® a3(s)
i) ®ai(s) () ® ax(s) () ® az(s)
_ 819 ®ai(s) + g2(s) ® ax(s) | g3(s) ® az(s)
o m(s) m(s)
_81(s) ®ai(s) + g2(s) ® ax(s) + g3(s) ® d3(s)
o m(s)
and
g1(s) (82(8) gs(S))
70 T\re T Ae
_ 1)@ ai() <g2(S) ®ax(s) g3 ® a3(S)>
f1(s) ® ai(s) L) ®ax(s)  f3(5) ®az(s)
_ g1 ®ails) | ga(s) ® ax(s) + g3(s) ® az(s)
o m(s) m(s)
_81() ®ai(s) + g2(s) ® aa(s) + g3(s) ® asz(s)

m(s)
The preceding two relations imply the conclusion of
Item 2. |
The following theorem shows (C(s), ®) with the operation
®”’ defined in Definition 7 is a noncommutative group.
Theorem 3: Given ggg ]g(l‘((ss)) , ?22((5)) , fcf((f)) e C(s), for the
operation “®” defined in Definition 7 the following relations
hold.

(1) Associativity:
gi(s) _g2(8)\ _g3(s)  gi(s) [g2s) 83(5)
<f1(s) ¥ 50 ) ®f3(s) T e <f2(S) ®f3(s)) ’

1 g6) _ gls) — 8.
(2) Identity element: 1 ® o = 7m @ 1 =76

(3) Inverse element: there exists a p(s) € C(s) such that
g(s)  g(s)
p(S)®f() f()® p(s) =

for any 0 # 45 € C(s),
Proof: (1) Let a(s), b(s) be two nonzero polynomials in
C[s] such that

= f1(8) ® a(s) = ga2(s) ® b(s).

Further, let c(s), d(s) be two nonzero polynomials in C[s]
such that

mi(s)

= f2(s) ® b(s) ® c(s) = g3(s) ® d(s).
With these relations, we have

(gl(S) © gz(S)) © 83(s)

ma(s)

fi®) ) ()
_ (gl(s) ® a(s) mi(s) ) © g3(s)
mi(s) F2(s) ® b(s) Sf3(s)
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g1 ®als)  g3(s)
A @b(s)  fis)
_ g1 ®als) ®cls)  g3(s) ®d(s)
L@ ®bs)@c(s)  fi(s) ®d(s)
_g1(s) ®als) ® c(s)
T p@@des)
and
g1(s) (gz(s) © g3(S)>
f1(s) f()  f3()
_ 819 (gz(S) ® b(s) ® c(s) _ g3(s) ® d(S))
Si(s) Sa(s) ® b(s) ® c(s) — f3(s) ® d(s)
_g1(9) ®als) ® c(s) mi(s) ® c(s) ma(s)
~ fils) ® als) ® c(s) ( m(s) ﬁ®®d®>
g1 ®als) ®cls) _ mi(s) ® c(s)
o mi(s) ® c(s) f3(s) ® d(s)
_g1(9) ® als) ® c(s)
Al ®d(s)

The preceding two relations imply the result of Item 1.

(2) The proof is very simple, and thus is omitted.

3) p(s) = satlsfles the condition. [ |

Infact,in the def1n1t10n of an 1nverse element in Theorem 3
onl){ ene condition of p(s) ® J% =7 f(s) ® p(s) =
sufficient.

Lemma 4: For p(s), r(s) € C(s), there holds

1
o) ®r(s) = 15 r(s) ® p(s) =

1
1
Proof: Only the part of “=—"" is proven.
By using definition of conjugate product for two rational
fractions and the associativity in the Item 1 of Theorem 3,
we have

1
r(s) ® p(s) = r(s) ® 1 ® p(s)
= 1(5) ® (p(s) ® r(s5)) ® p(s)
= (r(s) ® p(s)) ® (r(s) ® p(s)),

which gives
(r(s) ® p(s)) ® <T —r(® p(S)) (23)

Since p(s) ® r(s) = % there hold p(s) # 0, and r(s) # 0.
Thus, r(s) ® p(s) # 0. With this, it follows from (23) that
% —r(s)® p(s) = 0. This is the conclusion. The proof is thus
completed. ]

For r(s) € C(s), if p(s) ® r(s) = r(s) ® p(s) = 1, then
p(s) is called the inverse of r(s), and is denoted by p(s) =
rls) = (s

Theorem 4:. Given % g:T(;)) ‘;227(;), % %, % e C(s),
for the operation “+ efined in Definition 6 and the oper-
ation “®”’ defined in Def1n1t10n 7, the following relations
hold.

s trhntivieue (816 1 g2(s) Bl _ g1(9) o B)
(1) Leftdistributivity: ( 5] + fz(s))®a(s) /10 ® o) T
82(s) ® B(s).
Sa(s) a(s)’
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(2) Right distributivity: §3 ® (£ + £203) = 3 &

Bi(s) + 8(s) ® Ba(s)
ai(s) 1 fs) T a(s)”
Proof: (1) Let m(s) be a common right multiple of f (s),

f2(s) and B(s), and correspondingly there exist a;(s), ax(s),
b(s) such that

m(s) = f1(s) ® a1(s) = f2(s) ® ax(s) = B(s) ® b(s).

With this, by using the property (10) we have
g1(s) | g2(s) B(s)
<Mﬁ+ﬁ®>®a®
_ <8l(s) ®ai(s) | g(s) ®az(S)> B(s) ® b(s)
S\ i ®ais)  H)®axs) ) T als) ® bls)
_ 81(8) ® ai(s) + 82(s) ® ao(s) m(s)
N m(s) a(s) ® b(s)
_81() ® ai(s) + g2(s) ® ax(s)
n a(s) ® b(s)

’

and

g1(s) ® B(s)
fi(s) — als)
_g1s) ®aj(s)

Si(s) ® ai(s)
B(s) ® b(s)
o(s) ® b(s)
_ g1 ®ai(s) | ga(s) ® ax(s)

T als) ® b(s) a(s) ® b(s)

81(8) ® ai(s) + ga2(s) ® az(s)

a(s) ® b(s)

which imply the conclusion of Item 1.

(2) It can be proven similarly to the case Item 1. [ ]

From Theorems 2, 3, and 4, we have the following main
result of this paper.

Theorem 5: The set C(s) with two operations “+” and
“®” respectively defined in Definitions 6 and 7 is a division
ring. It is denoted by (C(s), +, ®).

For convenience, we denote @ = a(s) for a(s) € C[s]
in the division ring (C(s), +, ®). With this notation, for any
0 # f(s) € C[s], there holds

16 _
f(s)

In addition, it is easily known that

_1 a(s) L
a ()_< 1 ) T als)

Thus, for a rational fraction r(s) = 1‘38 with f(s), g(s) € C[s],
one has

g20s) _ B(s)
726 Y ats)
B(s) ® b(s)
ao(s) ® b(s)

82(s) ® ax(s)
f2(8) ® ao(s)

)

r(s) = & ® L

L f(s)

By now, we establish the division ring (C(s),4, ®) by

extending the ring (C[s],+, ®). With the notation #) =
a(s), we can say that C[s] C C(s).

The inverse of rational fractions has the following property.

= g(s) ® ().
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Lemma 5: For nonzero ri(s), rp(s) € C(s), there holds
(i@ ®r6) " = @)

Proof: By using the associativity of conjugate product
for rational fractions, it can be derived that

&) &) & (5 © @)

nwe (nwe ('wer'v))
10 e ((ne®5'e) o)
ri(s) ® (1 ® rfl(S))

ri(s) ® r; ' (s)
=1,

which implies the conclusion. [ |
The following corollary is obvious.
Lemma 6: For nonzero ri(s) € C(s),i=1,2,---,
holds

n, there

NE®rE®- @) =r ()@ @ry ()@ (5).

At the end of this section, we investigate a special ratignal

fraction. For ¢ € C and an integer k, the operation ¢ * is

defined as

c(k_ = k L%J (cc)L%J

n .
> ais' € Cls],and ¢ € C, let

Given f(s) =
i=0
n—1 n —
g(s) = Z Z aj (C*(k+1)>lf(k+l) 3
k=0 \j=k+1

Then, we have
i <
ajc’
f(s) =0
= g() + ———.
xX—c xX—c

This relation implies that x — ¢ is a right divisor of f(s) if and
nooo«
only if )" ajc/ = 0. Due to this reason, in the framework of
j=0

Y a;s' € C[s] and
i=0

conjugate product we define for f(s) =

ceC

n <
f)= Zajc I,

Jj=0

It is easily checked that a polynomial has a right divisor
with degree 1 if and only if it has a monic right divisor
with degree 1. Combining this fact with the preceding reason,
the following conclusion can be obtained.

Lemma 7: A nonzero polynomial f(s) € C[s] has a right
divisor with degree 1 if and only if there exists a ¢ € C such
that f(c) =

In Remark 2, it is pointed out that s> + 1 can not been
factorized into the conjugate product of two divisors with

VOLUME 7, 2019

degree 1. Such a fact can be easily intepreted by using
Lemma 7. Obviously, if s2 + 1 can be factorized into the
conjugate product of two divisors with degree 1, then it has
a monic right divisor with degr(ge 1. By applying Lemma 7,

there exists a ¢ € C such that ¢ 2 4+ 1 = 0. However,

-
Z4l=cc+1=|c>+1>0.

Such a contradiction implies that s> + 1 can not been factor-
ized into the conjugate product of two divisors with degree 1.

IV. CONJUGATE PROPERTIES FOR RATIONAL
FRACTIONS IN C(s)
In this section, we will investigate some mathematical proper-
ties for rational fractions in C(s). Most of these properties are
related to the conjugate operation. First, we give the definition
of conjugate for a polynomial in the framework of conjugate
product.

n

Y ais' € Cls], its
i=0

Definition 8: For a polynomial f(s) =

conjugate is defined as

(s) Zas

The conjugate of polynomlals in the framework of conju-
gate product has some interesting properties.

Lemma 8: Given f(s), g(s) € C[s], the following relations
hold.

(1) Fs) =fs; B

(2) If p(s) = f(s) + g(s). Then p(s) = f (s) + &(s);

(3) If h(s) = f(s) ® g(s). Then h(s) = f(s) ® g(s).

Proof: (1) The connclusions of Items 1 and 2 are obvious.

. m .
(3) Denote f(s) = Y a;s', g(s) = Y_ b;s’. Then, we have
i=0 j=0

f(s)®§<s)=( a—> ZW
i=0

@ (@)

i=0 j=
n n
a 'b*f"s’*j
J

0 j=

i

I
=
~~
[}
N

The proof is completed. [ ]

n .
> a;s' € C[s] and ¢ € C, one has
i=0

— n < n <« R
Fo=>Y @' =) ac’ =f(.
i=0 i=0
which implies that £(¢) = 0 if and only f(¢) = 0. From this

fact, it can be seen that if s — ¢ is a right divisor of f(s), then
s — ¢ is a right divisor of f(s).

For f(s) =
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With the definition of conjugate for polynomials, the def-
inition of conjugate for rational fractions can be given as
follows.

Definition 9: For a rational fraction r(s) = ;E_i e C(s)
with f(s), g(s) € Cls], its conjugate is defined as

ZIZ

The conjugate of rational fractions in the framework of
conjugate product has some interesting properties.

Lemma 9: Given r(s), p(s) € C(s), the following relations
hold.

(1) 7(s) =r(s);

2) If w(s) = r(s) + p(s). Then w(s) = 7(s) + p(s);

(3) If n(s) = r(s) ® p(s). Then 7(s) = 7(s) ® p(s).
Proof: (1) The conclusmn is obvious.

(2) Denote r(s) = f(s), p(s) = L9 with g(s), f(s), a(s),
B(s) € C[s]. Let m;(s) be acommon right multiple of f (s) and
g(s), and correspondingly there exist nonzeros a(s), b(s) €
C[s] such that

= f(s) ® a(s) = a(s) ® b(s).
By using Lemma 8, one has
= f(s) ® a(s) = a(s) ® b(s).
With this relation, by using Lemma 8 it can be obtained that
fls) @)
_ 8 ®als) B(s) ® b(s)
fly@as)  als)® b(s)
8(s) ® a(s) + B(s) ® b(s)
mi(s) '

my(s)

my(s)

7(s) +p(s) =

In addition, it is known that
8(s) ® a(s) + B(s) ® b(s)

mi(s) '
According to Definition 9, the preceding two relations imply
the conclusion.

(3) Define r(s) and p(s) as before, and let my(s) be a
common right multiple of f(s) and B(s). Correspondingly,
there exist nonzeros c(s), d(s) € C[s] such that

(s) = r(s) + p(s) =

ma(s) = f(s) ® c(s) = B(s) ® d(s).
By using Lemma 8, we have
3 (s) = f(5) ® T(s) = B(s) ® d(s).
With this relation, by using Lemma 8 it can be obtained that
o620 = EO) L BO)
r(s) ® p(s) = 76) ® 706)
OLEOPIOLYIO)
fey@ees) — als) ®dls)
OLED
@(s) ®d(s)
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In addition, it is known that
8(s) ® c(s)
a(s) ®d(s)
According to Definition 9, the preceding two relations imply
the conclusion. |

For a rational fraction r(s) € C(s), if h(s) ® 7(s) = 1,
we denote A(s) = 7~ '(s). In addition, according to the pre-
ceding definitions it is easily known that r—!(s) denotes the
conjugate of the inverse r~1(s) of r(s). With these notations,
the following conclusion is obtained.

Lemma 10: For a nonzero r(s) € C(s), there holds
7)) = r1(s).

Further, by using Lemmas 6 and 9 we can obtain the
following result.

Lemma 11: Given nonzero ri(s) € C(s),i = 1,2, ---, n,
denote w(s) = r1(s) ® r2(s) ® - - - ® ry(s). Then

@ (s) =

n(s) =r(s) @ p(s) =

(S)®i’ 1(S)® @7, (s)@r1 L(s).

V. A SERIES APPROACH IN (C(s), +, ®)

In previous sections, we investigate the rational fractions in
C(s) in general. In this section, we investigate it from a differ-
ent perspective. We begin with this section by investigating a
class of special rational fractions in (C(s), +, ®). Consider a
rational fraction r(s) = with a, b € C, b # 0. One has

h bst’
1 1
)= —a@; :'a®si®b*i
)"
=a® -
si® b ® (b—l)*’
_1 *I 1
s
If we denote
c_i=a (b_l)*i sTh= l
) e

then, r(s) = ﬁ = c_; ® s~ With these notations, for f(s) =

ajs’ € Cls]and r(s) = c_; ® s~ € C(s), i > 1, one has
f(s) ® r(s) = ajc” ®sJ I

In addition, by using Definition 7 and the property (10) we
have

1 .
6 @) = =i ® 5 @ a

Il

9]

1

®
—~
“al =

®

&
~—

®

KQ‘

=c_; ®a;(7i) ® i ® s
= C_,'a;(_i) ®s
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Forp(s) =d_; ®s % € Cls),k > 1,and r(s) = c_;®s ' €
C(s), i > 1, by Definition 7 and the property (10) it can be
derived that

r(s) ® d(s)

1 1
C_i®_i®d_k®_k
S S

o A A S|

SCi®\ T 9 | @7
sl @ d—k S S
A s\ 1

= C_; ® (d_ksi @ si ® S_k

Er N |
c—i® d—k ® ; ® s_k

_ C—idi(k_i) ® s~ th,

The preceding relations imply that, if we denote r(s) = c—; ®
s ' =c_;s7", fori > 1, then there holds

ais' ® bjs' = a;b}'s™,  for any integers i and j.

With this observation, the following conclusion can be easily
derived.

Theorem 6: For r(s) = Y ais' € C(s), p(s) =

i=—m
! )
> bis’ € C(s) with m, n, t and ! being integers not less
i=—t

than 0, there holds

n l
r(s) ® p(s) = Z Z a;b]’»‘isi+j.

i=—mj=—t

This theorem states that the conjugate product of two
rational fractions can be defined similarly to the case of
polynomials in C[s] when they are represented in the form
of series. Such a fact also shows that the definition of rational
fractions given in Subsection III-A and the operations “+”
and “®” for rational fractions in Subsection III-B can be
unified.

VI. SIMILARITIES OF RATIONAL FRACTIONS OVER C(s)
There are several similarity concepts for conjugate prod-
uct [10] and here we fist investigate the normal similarity
concept defined below.

A. SIMILARITY
We first give the so-called similarity for two rational fractions
over C(s).

Definition 10: Two rational fractions r(s), p(s) € C(s) are
called similar in the framework of conjugate product, denoted

r(s) <= p(s)
if there exists a nonzero rational fraction p(s) € C(s) such
that
r(s) = p(s) ® p(s) ® p~ ' (s).
We first prove that the similarity defined above is an equiv-

alence relation as stated below.
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Theorem 7: The similarity of rational fractions in Defi-
nition 10 is an equivalence relation. That is, the following
properties hold.

(1) Reflexivity: r(s) < r(s) for r(s) € C(s);
(2) Symmetry: r(s) <= p(s) = p(s) < r(s) for r(s),
p(s) € C(s);
(3) Transitivity: if r1(s) < r2(s), r2(s) < r3(s), then ri(s) <
r3(s), for ri(s), ra(s), r3(s) € C(s).
Proof: The properties (1) and (2) are obvious. Only the
transitivity is proven.
Since r1(s) < ra(s), there exists pa(s) € C(s) satisfying

r1(5) = pa(s) ® r2(s) ® p5 (). 24)
Since rp(s) < r3(s), there exists p3(s) € C(s) satisfying
r2(s) = p3(s) ® r3(s) ® p3 ' (9).

Substituting this relation into (24), gives

n(s) = p2(5)® (p3(s) @ 13(9) ©p3'9) © ')
= (12(5) & p3() ® 139) @ (p7' () ® p7 ')
= (P2(s) ® p3(s)) @ 13(5) ® (P2(s) ® p3(s)) "

This relation implies r1(s) < r3(s). |

In the field of ordinary rational fractions, it is not necessary
to define the concept of similarity since the ordinary product
of two rational fractions obeys commutativity law. Now, it is
routine to ask whether we can give necessary and sufficient
conditions for similarity of rational fractions in the frame-
work of conjugate product. Further, is there a canonical form
under the similarity transformation? These questions are not
trivial and we can not answer them currently. For a perceptual
intuition understanding to similarity, we give the following
example to show its complexity.

Example 3: Given the following polynomial
rs) =1 +1i)s+1,

by calculation we can find that 7(s) is similar to

p(s) = a __i)as+ 1,
a

and the corresponding p(s) satisfying r(s) = p(s) ® p(s) ®
p~1(s) is given by

1 +1i)

p(s) = as +

with ¢ being a real number. If a = 1, it is obtained that r(s)
is similar to p(s) = (1 —i)s 4+ 1. If a = 2 + 34i, it is obtained
that r(s) is similar to p(s) = 7J{—é7is + 1.

It can be seen from this example that there exist infinitely
many similar fractions for a given fraction even if the trans-
formation fraction p(s) is restricted to be a polynomial. Next

we consider another similarity concept.
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B. CONSIMILARITY
In the area of numerical matrices, there exists the concept
of consimilarity for two complex matrices [14], [15]. Two
square matrices A, B € C™" are called consimilar if
there exists a nonsingular matrix P such that A = PBP .
By generalizing this idea, the concept of consimilarity for two
rational fractions is proposed in the framework of conjugate
product.

Definition 11: Two rational fractions r(s), p(s) € C(s)
are called consimilar in the framework of conjugate product,
denoted

r(s) = p(s),
if there exists a nonzero rational fraction p(s) € C(s) such
that
r(s) = p(s) ® p(s) ®Pp ' (s).

The following theorem shows that consimilarity over C(s)
is also an equivalence relation.

Theorem 8: The consimilarity of rational fractions in Def-
inition 11 is an equivalence relation. That is, the following
properties hold.

(1) Reflexivity: r(s) = r(s) for r(s) € C(s);
(2) Symmetry: r(s) = p(s) = p(s) = r(s) for r(s),
p(s) € C(s);
(3) Transitivity: if r1(s) = ra(s), r2(s) = r3(s), then ri(s) =
r3(s), for r1(s), r(s), r3(s) € C(s).
Proof: The properties (1) and (2) are obvious. Only the
transitivity is proven here.
Since r1(s) = ra(s), there exists pa(s) € C(s) satisfying

ri(s) = pa(s) ® ra(s) ® pa~ ' (s). (25)
Since r(s) = r3(s), there exists p3(s) € C(s) satisfying
r2(s) = pa(s) ® r3(s) ® P31 (s).

Let p(s) = pa(s) ® p3(s). Then, by using Lemmas 6 and 8,
substituting this relation into (25), gives

r1(s) = pa(s) ® <p3(S) ® r3(s) ® 17_3_1(S)) ®p2 ' (s)

= () @ pa(s) @ 130) ® (P W @ Pz ()

= (p2(s) ® p3(5)) ® r3(5) ® (Pa(s) ® p3(s)) !
= p(s) ® r3(s) @ P ().

This relation implies r1(s) = r3(s). |
For a perceptual intuition to understand consimilarity, the
following example is given.

Example 4: Given the following polynomial
r(s)=(1—1is+2,

by calculation it can be found that r(s) is consimilar to

. 2b
p(s) =1 +Ds+ =,
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and the corresponding p(s) satisfying r(s) = p(s) ® p(s) ®

7 1(s) is given by

p(s)y=as+b
where a and b satisfy
ab = ab + ibb.
If a = 1, b = —2i, it can be obtained that r(s) is similar to

ps) = +i)s—2.Ifa=2+3i,b = —1+1,itcanbe
obtained that r(s) is similar to p(s) = (1 +1)s + 2i.

It can be seen from this example that there exist infinitely
many consimilar fractions for a given fraction even if the
transformation fraction p(s) is restricted to be a polynomial.

VIi. CONCLUSION

In this paper, the division ring of rational fractions in the
framework of conjugate product has been constructed by
extending the ring of polynomials in the framework of conju-
gate product. Some interesting properties of rational fractions
are also provided. It should be noted that the concept of
common right multiples for polynomials in the framework
of conjugate product plays a key role in the construction
of rational fractions division ring. Unlike the polynomials
in the framework of ordinary product, the concept of least
common multiples can not be defined in the framework of
conjugate product. Consequently, the rational fractions in
the framework of conjugate product have some interesting
properties. For example, two rational fractions may be equal
to each other even if they have very different expressions.

In the proposed rational fraction division ring, the inverse
of anonzero rational fraction exists. In addition, the conjugate
product of two rational fractions does not obey commutative
law. Similarly to the case of numerical matrices, the con-
cepts of similarity and consimilarity are proposed for rational
fractions in the framework of conjugate product. As a future
work, it is suggested that similarity and consimilarity of ratio-
nal fractions in the framework of conjugate product deserve
further investigation.
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