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ABSTRACT Since four in-wheel-motor drive electric vehicles (4IDEVs) are overactuated systems,
the torque distribution strategy is crucial for improving the system efficiency, lateral stability, and safety.
Hence, this paper proposes a multiobjective optimal torque distribution strategy for 4IDEVs to improve the
vehicle yaw stability performance and energy efficiency. First, a motor energy loss model is built to describe
the motor power loss characteristics, and an energy efficiency control allocation (EECA) method over the
NEDC is proposed to analyze the model accuracy. Then, a hybrid model predictive control (hMPC)-based
nonlinear yaw stability controller is employed to calculate the reference yaw moment and the active steering
angle. Finally, a multiobjective controller is designed to minimize the drivetrain power loss while ensuring
the vehicle stability, in which the four wheels torques are allocated to track the reference yaw moment. The
proposed strategy is evaluated on the dSPACE-based platform over the single lane change test and fishhook
steering test. The results indicate that the suggested torque distribution strategy can improve the vehicle
stability on different conditions and the energy consumption is significantly reduced compared to an electric
stability control (ESC) method.

INDEX TERMS Electric vehicles, torque distribution strategy, hybrid model predictive control (hMPC),
multi-objective control.

I. INTRODUCTION
In nearly decades, electric vehicles (EVs) have been con-
sidered as a solution of the global energy crisis and envi-
ronmental problems [1]. The electric energy of EVs can be
completely provided by renewable energy sources. There-
fore, both of the non-renewable energy consumption and the
exhaust emissions will be significantly reduced as the market
share of EVs rises. As a result, EVs have attracted a great
attention from researchers. The four in-wheel-motor drive
electric vehicle (4IDEV) is one of the advanced architectures
of EVs. Compared with other vehicles, e.g., conventional
internal combustion engine vehicles (ICVs), hybrid electric
vehicles (HEVs) and plug-in HEVs (PHEVs), the energy effi-
ciency and the actuation flexibility of 4IDEVs are improved
thanks to its special structure of drivetrain [2], [3]. What’s
more, the driving torque and the braking torque on each
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wheel can be controlled more precisely, so that the system
performance can be improved by applying novel control
methods [4], [5]. For example, the energy efficiency can
be improved by energy-efficiency control allocation (EECA)
algorithms, the lateral stability can be enhanced by electric
stability control (ESC) based on coordinated control of driv-
ing motors. On the other hand, the 4IDEV is a typical over-
actuated system, so the control system has a great impact
on the system performance. However, the control problem
of 4IDEVs is more complicated due to its nonlinear dynamic
characteristics and strong system coupling [6].

On the Basis of actuation flexibility, lateral stability control
for 4IDEVs have been greatly developed. According to differ-
ent actuators, previous studies mostly focused on following
two control methods:

1) Direct yaw moment control (DYC).
The actuators of DYC are independent drive motors

equipped on 4IDEVs. In a DYC process, the vehicle lateral
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stability can be controlled by a yaw moment which is gener-
ated by the torque distribution strategy [7].

2) Active steering system (AS) control:
In AS control, the actuator is an electric motor which is

used to generate the active steering torque. The active steering
torque is calculated by the control module of AS for lateral
stability enhancement [8].

Various studies onDYC for 4IDEVs have been discussed in
literature. Sakai et al. [7] proposed a dynamic driving/braking
force distribution algorithm to equalize loads on wheels for
vehicle stability improvement. Chen and Kuo [9] proposed
a DYC strategy for EVs with four in-wheel motors which
consists of three hierarchical controllers to achieve better
handling performance. Choi and Choi [10] presented an
optimal braking forces allocation method based on model
predictive control (MPC), which used the bicycle model
with lagged tire force to achieve better control performance.
De Novellis et al. [11] proposed a wheel torque distribution
criteria with torque-vectoring differentials and compared
the control performance between proposed method and an
energy-based torque distribution method. Zhai et al. [12]
designed a hierarchical DYC-based ESC algorithm for an
EV equipped with four in-wheel motors and a stability judg-
ment controller is proposed to switch proper control modes.
Liu et al. [13] presented a hierarchical control strategy for a
hybrid electric ground vehicle (HEGV) driven by eight in-
wheel motors.

On the other hand, the AS-based methods have also gotten
certain attention. Falcone et al. [8] presented aMPC approach
for an active front steering (AFS) system in an autonomous
vehicle to improve the lateral stability. Nam et al. [14] pro-
posed a robust yaw stability control based on AS control
considered the model uncertainty. A µ control based strat-
egy for a four-wheel steer-by wire vehicle was designed by
Zhao et al. [15], the lateral stability control performance and
steering flexibility were improved by calculating the optimal
front and rear steering angles simultaneously.

Furthermore, some researchers have proposed inte-
grated control strategies that combine DYC and AS.
Di Cairano et al. [16] proposed a hybrid model predictive
control (hMPC) strategy of AFS and DYC based on the
bicycle model with a tire brush model. Zhao et al. [17]
designed a triple-step nonlinear integrated control scheme
with AFS and DYC for 4IDEVs. Ren et al. [18] proposed
a MPC controller of AFS and DYC and a holistic control
structure is built to simplify the control system. Xie et al. [19]
proposed an integrated control system that includes DYC and
rear-wheel-active-steering (RAS) system to ensure vehicle
stability for a four-wheel steering 4IDEV. Guo et al. [20]
proposed a novel hierarchical controller includes an adap-
tive sliding mode high-level algorithm and a pseudo-inverse
control allocation strategy for four-wheel independent drive
autonomous vehicles and the immeasurable disturbances are
estimated by a fuzzy control system.

The energy efficiency optimization for 4IDEVs is another
research hotspot. Chen and Wang [21], [22] presented a

fast Karush-Kuhn-Tucker (KKT)-based algorithm for an
energy-efficient control allocation (EECA) scheme and com-
pared the proposed KKT-based EECA with an adaptive
EECA and a simple rule-based EECA. The EECA method
proposed by Yuan and Wang [23] focused on high speed and
low torque regions of motors and presented an optimized
torque distribution strategy for energy-efficiency improving.
Dizquh et al. [24] proposed a fast and parametric torque
distribution strategy for 4IDEVs by setting the optimal switch
point between the even torque distribution and the single-axle
drive strategy. Wang et al. [25] proposed a real-time torque
distribution strategy and combined it with a particle swarm
optimization-based component sizing. The performance of
previous studies are mostly analyzed over the New European
Driving Cycle (NEDC).

Additionally, multi-objective optimization methods con-
sidered both lateral stability and energy efficiency have been
presented in recent years. Prior researches suggest that the
multi-objective optimization controller can further improve
the system performance in complicated conditions in prac-
tice. He et al. [26] proposed a quadratic programing (QP)-
based optimal torque distribution strategy to minimize the
power loss of drivetrain and improve the lateral stability
by utilizing the tire-road friction of each wheel. In [27], a
multi-objective optimization method was proposed based on
non-convex optimization with the penalty function consisting
of the yaw moment control offset, the drive system energy
loss and the slip ratio constraint. Jing et al. [28] presented
a multi-objective optimal control allocation strategy to trade
off energy efficiency and lateral stability by combining the
EECA and a MPC-based allocation.

In this paper, the proposed hierarchical torque distribution
strategy for 4IDEVs is based onmulti-objective optimization.
An energy loss model of 4IDEV is proposed in section II
and an EECA strategy based on the proposed model is pre-
sented and analyzed over the NEDC. A hMPC-based yaw
stability controller which combines DYC and AS is described
in section III for lateral stability enhancement and the non-
linear characteristics of lateral tire forces are simplified by
a piecewise linear approximation. In section IV, a multi-
objective torque distribution controller considering both of
the energy efficiency and lateral stability is presented. The
simulation results of the proposed control strategy are demon-
strated on the dSPACE-based platform in Section V, fol-
lowed by conclusions presented in section VI. The proposed
multi-objective control system schematic is shown in Fig. 1.

II. ENERGY LOSS MODEL
A. MOTOR ENERGY LOSS MODEL
The motor energy loss is the largest part of total energy loss,
so it is important to build an energy loss model to describe the
characteristics of it. The efficiency MAP of motors based on
the experimental results is shown in Fig. 2. The measurement
interval of torque is 10 N·m and the measurement interval of
motor speed is 800 rev/min.
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FIGURE 1. Multi-objective control system structure.

FIGURE 2. Efficiency MAP of motors.

To describe the motor efficiency characteristics properly,
the motor power loss varies with torque at different motor
speeds is fitted by polynomial functions. A fitting order
estimation method based on leave-one-out cross-validation
(LOOCV) is proposed in this section to ensure the fitting
accuracy and prevent overfitting. In this paper, experimental
data of power loss at a certain speed is fitted with polynomial
functions up to 4th-order and the most accurate fitting order
is selected by LOOCV. In each order, the data is fitted for
10000 times and a data point is left randomly at each time.
The fitting results is compared with experimental data and
the average LOOCV error is expressed in

ek =
1

10000

10000∑
i=1

 S∑
j=1

(
yj − ŷj

)2 (1)

where ek is the error of k-th approximation, i and j are the
number of fitting times and data points, S is the amount of
data, yn and ŷn are the values of experiment data and the
corresponding fitting results. The average LOOCV errors and
the proper fitting order is shown in Table 1.

The fitting results show that power loss functions from
800 rev/min to 8000 rev/min are non-convex at low torque
region and convex at high torque region. Fig. 3 shows the 3rd-
order approximation at 800 rev/min and the 4th-order approx-
imation at 2400 rev/min. It is obvious that the concavity is
certain at both cases.

TABLE 1. LOOCV results.

FIGURE 3. Power loss function at 800 rev/min and 2400 rev/min.

B. EECA STRATEGY OVER THE NEDC
On the basis of the proposed energy loss model, an EECA
strategy is proposed over theNEDC. In this section, the lateral
motion is neglected. Therefore, the EECA problem can be
simplified to a torque distribution problem for a half-car
model.

The objective of EECA strategy is minimizing the power
loss of drivetrain. The cost function of the proposed EECA
strategy consists of two terms, the first term is the power
loss of front motors and the second is the power loss of rear
motors. Hence, the EECA problem is formulated as follows:

min JP = min[PL(Tf , n)+ PL(Tr , n)]

subj.to. n =
vNEDC · i0

r

Tf + Tr =
TNEDC

2
(2)
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where JP is the cost function, Tf and Tr are torques of
motors equipped on front axle and rear axle, n is motor
speed, PL(T , n) is the power loss function varies with torque
and motor speed. The power loss function can be expressed
in PL(T ) if the motor speed is constant. i0 and r are the
transmission ratio and tire rolling radius. vNEDC and TNEDC
are required vehicle velocity and required torque of all motors
determined by the NEDC. Fig. 4 shows vNEDC and absolute
values of TNEDC .

FIGURE 4. Required vehicle velocity and absolute values of required
torque.

An equivalent form of the definition of convex functions
shows that the following equation is always true if f (x) is a
convex function:

f
(
x1 + x2

2

)
≤
f (x1)+ f (x2)

2
(3)

where x1 and x2 are any two values at the domain of f (x).
According to (3), suppose x1 = 0 and x2 = TNEDC/2,

the single axle driving strategy has the optimal energy effi-
ciency if the half required torque is in the non-convex
region.

On the other hand, the optimal distribution strategy cannot
be determined directly by the concavity. Suppose PL(T ) is
a k-th polynomial function. Therefore, the Taylor series of
power loss functions around T ∗ = (Tf + Tr )/2 is expressed
in

PL(T ) ≈ PL(T ∗)+P′L(T
∗)(T ∗−T )

+
1
2
P′′L(T

∗)(T ∗−T )2+
1
3!
P(3)L (T ∗)(T ∗−T )3

+
1
4!
P(4)L (T ∗)(T ∗−T )4+. . .+

1
k!
P(k)L (T ∗)(T ∗−T )k

(4)

Then the Taylor series of JP can be expressed in:

Jp = PL(Tf )+ PL(Tr )

≈ [PL(T ∗)+ P′L(T
∗)(T ∗−Tf )

+
1
2
P′′L(T

∗)(T ∗−Tf )2 +
1
3!
P(3)L (T ∗)(T ∗−Tf )3

+
1
4!
P(4)L (T ∗)(T ∗−Tf )4 + . . .+

1
k!
P(k)L (T ∗)(T ∗−Tf )k ]

+ [PL(T ∗)+ P′L(T
∗)(T ∗−Tr )

+
1
2
P′′L(T

∗)(T ∗−Tr )2 +
1
3!
P(3)L (T ∗)(T ∗−Tr )3

+
1
4!
P(4)L (T ∗)(T ∗−Tr )4 + . . .+

1
k!
P(k)L (T ∗)(T ∗−Tr )k ]

(5)

According to the constrains in (2), the Tf and Tr can be
expressed in

Tf = T ∗ +1T

Tr = T ∗ −1T (6)

where 1T is an amount around T ∗. By substituting (6)
into (5), JP is simplified as follows:

Jp ≈ 2 · PL(T ∗)+ P′′L(T
∗) ·1T 2

+
2
4!
P(4)L (T ∗) ·1T 4

+ . . .+
2
k∗!

P(k
∗)

L (T ∗) ·1T k∗ (7)

where k∗ is the largest even number smaller than k. On the
basis of the proposed motor energy loss model, k∗ = 2
if PL(T ) is a 3rd-order polynomial function and k∗ = 4
if PL(T ) is a 4th-order polynomial function. As a result,
in the first case, PL(T ) is monotonically increasing about
1T if P′′L(T

∗) is positive and vice versa. On the other hand,
in the second case, PL(T ) is monotonically increasing about
1T if P′′L(T

∗) ≥ −12P(4)L (T ∗) · max(1T )2 and vice versa.
Here the EECA problem is simplified into finding a switching
point between even distribution and single axle driving.

Suppose max(1T ) equals to T ∗, the optimal solution of (2)
at a certain motor speed can be summarized as follows:

1) If PL(T ) is a 3rd-order polynomial function, the switch-
ing point is inflection point of PL(T ).

2) If PL(T ) is a 4th-order polynomial function, the switch-
ing condition is P′′L(T

∗) ≥ −12P(4)L (T ∗) · T ∗2.
The switching points are determined offline. The function

of switching points varies motor torque is shown in Fig. 5.
The proposed optimal EECA strategy is analyzed over the

NEDC. Fig. 6 compares the power loss of the optimal EECA
strategy and even distribution strategy. The simulation result
in Table 2 shows that the total energy loss can be reduced by
9.29% with the optimal EECA strategy.

III. YAW STABILITY CONTROLLER
The vehicle yaw stability control system [29] is able to reduce
the deviation between the driver’s intention and the actual
vehicle motion under adverse driving conditions. Since the
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FIGURE 5. The function of switching points.

FIGURE 6. Power loss over the NEDC.

TABLE 2. Power loss comparison over the NEDC cycle.

independent and continuous wheel torque control is the dis-
tinct characteristic of 4IDEVs, the vehicle lateral stability
and handing performance can be ameliorated by DYC and
AS. In this section, a hMPC-based yaw stability controller is
designed to track the desired states and stabilize the vehicle
quickly. For the further application in the following torque
distribution, the hMPC controller is built to calculate the
value of the desired yaw moment and steering angle when
the vehicle is unstable.

A. VEHICLE DYNAMIC MODEL
To stabilize the vehicle with the hMPC controller, a mixed
logical dynamical (MLD) model [30] is required to predict
the future vehicle behavior. The MLD model can be formu-
lated from a hybrid nonlinear vehicle dynamic model, which
mainly consists of a 2 DOF vehicle model and a piecewise
linear tire model.

1) TIRE MODEL
Vehicle dynamics control is achieved by directly or indirectly
adjusting contact forces between tires and the ground. The
nonlinear characteristics of the tires and the complex changes
in the contact area between the elastic tire and the ground have

a profound impact on the steering characteristics and driving
stability of the vehicle. Therefore, the dynamic simulation of
the vehicle requires an accurate tire model.

In this paper, the tire model is developed based on the
magic tire model. Ignoring the horizontal shift Shi and vertical
shift Svi, the tire lateral forces Fyi is related to the tire sideslip
angle αi and normal vertical force under the pure steering
condition as follows:

Fyi = Dyi sin{Cyi arctan[Byiαi
−Eyi(Byiαi − arctanByiαi)]} (8)

where the subscript i ∈ {f , r} represents the front or rear tires,
Byi, Cyi, Dyi and Eyi are stiffness factor, shape factor, peak
factor and curvature factor, respectively, which depend on the
normal vertical force and αi.
However, the complicated magic tire model with high non-

linearity is detrimental to the calculation speed of the yaw
stability controller. Considering the nonlinear characteristic
of tires, we can approximate the magic tire model with a
piecewise linear function. With the assumption that there is
nowheel sliding or slipping, we can obtain the fitting function
as follows:

Fyi =



k2iαi − m2i if αi ∈ (−∞,-fbi)
k1iαi − m1i if αi ∈ [-fbi,-fai)
ciαi if αi ∈ [-fai,fai]
k1iαi + m1i if αi ∈ (fai,fbi]
k2iαi + m2i if αi ∈ (fbi,+∞)

(9)

where ci is the tire cornering stiffness, k1i,m1i, k2i andm2i are
the fitting coefficients, fai and fbi are the segregating points.

FIGURE 7. Lateral tire forces of front and rear tires.

As shown in Fig. 7, the continuous lateral tire model
is divided into five discrete regions, and the regions are
switched by the value of αi. Fig. 7 illustrates that the fitting
error between the piecewise linear curve and magic model is
quite small. Hence, the proposed tire model is practicable in
the following vehicle model.

2) VEHICLE MODEL
A 2DOF bicycle model is chosen as the vehicle model for the
yaw stability control. As shown in Fig. 8, in this model, the
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FIGURE 8. 2 DOF bicycle model.

distance between the wheels of front and rear axles is ignored
and the pitch and roll motion of the vehicle is not considered.
In addition, the longitudinal velocity vx is assumed to be con-
stant in this paper. Hence, the longitudinal traction formula
can be further neglected. The x, y axis in Fig. 8 is attached
to the vehicle center of mass and moves with the vehicle.
The lateral and yaw motion of the vehicle can be described
respectively in following equations:

mvx
(
β̇ + γ

)
= Fyf + Fyr (10)

Izγ̇ = lf Fyf − lrFyr +Mz (11)

where β, γ , Iz and Mz represent the vehicle sideslip angle,
vehicle yaw rate, vehicle inertia along the z axis and yaw
moment, respectively, lf and lr are the longitudinal distance
from the c.g. to front or rear axle.

Since the tire slip angles and steering angle δ are rather
small in general, the tire slip angles can be approximated as
follows:

αf = β − δ +
lf γ
vx

(12)

αr = β −
lrγ
vx

(13)

Hence, the yaw rate γ can be expressed as follows:

γ =
vx
L
(αf − αr + δ) (14)

where L = lf + lr is the longitudinal distance from the front
axle to rear axle.

Plugging (10), (11) and (14) into (12) and (13), we can
obtain:

α̇f =
1
mvx

(Fyf + Fyr )−
vx
L
(αf − αr + δf )

+
lf
vxIz

(lf Fyf − lrFyr +Mz)− δ̇ (15)

α̇r =
1
mvx

(Fyf + Fyr )−
vx
L
(αf − αr + δf )

−
lr
vxIz

(lf Fyf − lrFyr +Mz) (16)

Ignoring the minus effect of the steering angle on the
vehicle dynamics, (14), (15) and (16) can be rewritten as the

following state-space representation:

ẋ = Apqx+ Bpqu+ f pq
y = Cpqx+ Dpqu

if x ∈ χpq (17)

where the vehicle state x = [αf αr ]T , control variable u =
[δMz]T and system output y = γ . The matrices Apq, Bpq, Cpq
and f pq, p, q ∈ {1, . . . , 5} define the vehicle dynamics when
the tire sideslip angles of the front and rear wheels are in the
p-th and q-th regions in (9), i.e., χpq, respectively.
The control objective of the yaw stability controller is to

force the output γ to track the reference signal γd quickly and
precisely. To minimize the tracking error during the control
process, the extended state xe = [αf αrEsγd ]T is defined,
where Es is the accumulative tracking error of yaw rate as
follows:

Es(k+1) = Es(k) + γ(k) − γd(k) (18)
γd(k+1) = γd(k) (19)

where k represents the k-th sampling time.
Thereby, (17) can be formulated to an extended closed-

loop discrete-time system as below:

xe(k+1) = A∗pqxe(k) + B
∗
pqu(k) + f

∗
pq

y(k) = C∗pqxe(k) + D
∗
pqu(k)

if xe(k) ∈ χepq(k) (20)

where the matrices A∗pq, B
∗
pq, C

∗
pq, D

∗
pq and f ∗pq are the dis-

cretized corresponding matrices in (17).
Since there are five regions of the front and rear tire lateral

force, respectively, the discrete-time hybrid vehicle model
described in (20) have 25 modes in total, and the active mode
is switched depending on the range of the states and the
region of linearity. For the further application in the hMPC
controller, (20) need to be transformed to aMLDmodel form,
which is described by interdependent physical laws, logic
rules, and operating constraints. The construction of a MLD
model can be achieved by using the hybrid system description
language (HYSDEL) [31].

To deal with the switching points between different regions
of (20), a binary variable v ∈ {0, 1}m is defined. Thus the
discrete-time system can be expressed as follows:

xe(k+1) = Axe(k)+B1u(k)+B2v(k)+f (xe(k), v(k))
y(k) = Cxe(k)+D1u(k)+D2v(k)+g(xe(k), v(k)) (21)

where f (xe(k), v(k)) and g(xe(k), v(k)) are the nonlinear func-
tions of xe(k) and v(k). Hence, the regions of (20) can be
determined by the values of v(k).

In addition, f (xe(k), v(k)) and g(xe(k), v(k)) can be further
simplified by defining a new variable z(k) and the additional
constrains of v(k) and z(k) [30]. Thereby, (21) can be trans-
lated to a MLD model and expressed as follows:

xe(k+1) = Axe(k)+B1u(k)+B2v(k)+B3z(k)
y(k) = Cxe(k)+D1u(k)+D2v(k)+D3z(k)

E1v(k)+E2z(k) ≤ E3xe(k)+E4u(k)+E5 (22)
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whereA,B1,B2,B3,C,D1,D2,D3 andE1, . . . ,E5 are matri-
ces of suitable dimensions determined by HYSDEL [31].

B. HMPC CONTROLLER DESIGN
On the basis of the MPC theory in [32], at each sample
time, the current system state is set as the initial state of
the optimal control problem, and the current control action
is determined by solving the optimal control problem in the
further P sampling periods. Only the first optimal input is
applied on the system in the optimal input sequence of length
N . P and N are identified as the prediction horizon and con-
trol horizon, respectively. Meanwhile, the output is approach-
ing the reference value in the receding horizon control
process.

The predictive model of a hMPC controller is a hybrid
system described in (20). Besides the general continuous
variables, the integer variables are used to select the system
mode in the MLD model. The object of the hMPC controller
is to obtain the desired yaw moment Mzd and the steering
angle δ by tracking the reference value of yaw rate γd under
constrains.

1) REFERENCE AND CONSTRAINTS
The reference value of yaw rate for the vehicle yaw stability
control is usually calculated on the basis of a linear 2 DOF
bicycle model in which the lateral front and rear tire forces
are linear as follows:

Fyf = cf αf (23)

Fyr = crαr (24)

By plugging (12), (13), (23) and (24) into (10) and (11),
the reference value of yaw rate γd can be calculated by the
transfer function from steering angle to yaw rate as follow:

γd (s) =

cf lf
Iz
s+

c2f L
mvx Iz

s2+(
cf l2f+2cr l

2
r

vx Iz
+

cf+2cr
mvx

)s+ cf crL2−mv2x (cf lf−cr lr )
mv2x Iz

δ(s)

(25)

In addition, some constraints should be taken into account.
To ensure that the vehicle remains stable, the states should
be limited in a certain range. To make the states vector stay
in the convergence region of system, the constraints of states
can be described as follows:

αf min ≤ αf ≤ αf max

αr min ≤ αr ≤ αr max (26)

Moreover, considering some physical constraints on
4IDEVs, such as the restriction of the capability of the drive
motors and the steering space, the constraints of the inputs
are defined as follows:

δmin ≤ δ(k+i|k) ≤ δmax

Mzmin ≤ Mz(k+i|k) ≤ Mzmax (27)

2) OPTIMATION OBJECTIVE
The cost function of the hMPC controller is to stabilize the
4IDEV effectively, i.e., keep the yaw rate as close as possible
to its reference value γd with the control of the optimal input
sequence of δ and Mzd . Hence, the cost function is defined
as the sum of the 2-norm case of the matrix which reflects
the distance between the outputs and their corresponding
reference values. Due to the hybridMPC algorithm, thewhole
control problem can be divided into receding horizon control
problems. The receding horizon control problem at the k-th
sampling time is shown in the follow:

min Jk = min
k→k+N−1

‖Yk − Rk‖2Q

= min
N−1∑
i=0

(yk+i|k − rk+i|k)
TQ(yk+i|k − rk+i|k)

subj.to. xe(k+1) = Axe(k) + B1u(k) + B2v(k) + B3z(k)

y(k) = Cxe(k) + D1u(k) + D2v(k) + D3z(k)

E1v(k) + E2z(k) ≤ E3xe(k) + E4u(k) + E5

u(k+i|k) ∈ Uk, xe(k|k) = xe(k), xe(k+N |k) ∈ χ f

αf min ≤ αf (k+i|k) ≤ αf max

αr min ≤ αr(k+i|k) ≤ αr max

δmin ≤ δ(k+i|k) ≤ δmax

Mzmin ≤ Mz(k+i|k) ≤ Mzmax (28)

where Uk =


uk|k
uk+1|k
.

.

uk+N−1|k


N

⊆ RN ,Yk =


yk|k
yk+1|k
.

.

yk+P−1|k


P

∈

RP and Rk =


rk|k
rk+1|k
.

.

rk+N−1|k


P

∈ RP are the control sequence,

output sequence and output reference sequence, respectively.
xe(k) is the state at the k-th sampling time, χ f is the con-
troller terminal set. Q is the weight matrix of output. As Q
increases, the control effect of the output will increase, i.e.,
the optimized value will reduce.

Considering the logical variables in the constraints defined
in the MLD model, the predictive control problem with con-
straints has no optimal solution in analytic form. Since the
problem described in (28) contains both integer and continu-
ous variables, the tracking problem is termed a mixed integer
programming (MIP). In virtue of the norm in the objective
function (28) is squared Euclidean norm, the problem further
comes down to solve a mixed integer quadratic program-
ming (MIQP) via the ILOG CPLEX solver. The optimal yaw
moment and steering angle can be obtained by solving the
MIQP problem.
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IV. MULTI-OBJECTIVE TORQUE DISTRIBUTION
CONTROLLER
To determine the optimal torque distribution for 4IDEV,
a torque distribution controller should be built to calculate the
driving torques or braking torques of four in-wheel motors.
As mentioned previously, the 4IDEV is an over-actuated sys-
tem, so the multi-objective control method can be employed
to enhance the system performance in different aspects.
In this section, a multi-objective optimal torque distribution
strategy is proposed to improve the total energy efficiency of
vehicle while tracking the desired yaw moment calculated by
the yaw stability controller. The controller is designed based
on hMPC and the nonlinear characteristic of motor energy
loss function is considered.

A. DYNAMIC MODEL IN TORQUE DITRIBUTION PROBLEM
The proposed dynamic model consists of a four wheel vehi-
cle dynamic model and a piecewise linear approximation of
energy loss function.

1) FOUR WHEEL VEHICLE DYNAMIC MODEL
A four wheel vehicle dynamic model is formulated to
determine the optimal driving torques or braking torques
of motors. The schematic diagram of a 4IDEV is shown
in Fig. 9, which neglects the vertical motion and the lateral
force difference between two sides.

FIGURE 9. Four wheel vehicle dynamic model.

According to (15) and (16), the yaw moment generated by
lateral forces has already been expressed by a function of αf
and αr . Hence, the reference yaw momentMz is generated by
longitudinal forces. The total longitudinal force Fx and the
reference yaw moment Mz is expressed in

Fx = Fxfr + Fxfl + Fxrr + Fxrl

Mz =
d
2
(−Fxfr cos δ + Fxfl cos δ − Fxrr + Fxrl)

+ lf Fxfr sin δ + lf Fxfl sin δ (29)

where Fxfr , Fxfr , Fxfr , Fxfr are longitudinal forces, d is wheel-
base and δ is steering angle. Since the steering angle δ is

normally small, (29) can be simplified as follows:

Fx = Fxfr + Fxfl + Fxrr + Fxrl

Mz =
d
2
(−Fxfr + Fxfl − Fxrr + Fxrl) (30)

The longitudinal forces can be approximated as fol-
lows [12], [13]:

Fxij =
Tij · i0
r

(31)

where T represents the motor torque. Hence, (30) can be
rewritten as follows:

Fx = ri0(Tfr + Tfl + Trr + Trl)

Mz =
dri0
2

(−Tfr + Tfl − Trr + Trl) (32)

2) PIECEWISE LINEAR ENERGY LOSS MODEL
According to previous discussion, the motor power loss func-
tion varies with torque and motor speed and the motor speed
can be obtained by the vehicle velocity vx . And PL(T ) can
be further determined. Hence, the piecewise linear approxi-
mation is obtained for the multi-objective torque distribution
controller. The piecewise linear function approximation of
PL(T ) is expressed in

PL(T ) =



k1T if T ∈ [0,T1)
k2T + m1 if T ∈ [T1,T2)
k3T + m2 if T ∈ [T2,T3)
k4T + m3 if T ∈ [T3,T4)
k5T + m4 if T ∈ [T4, 90]

(33)

where ki and mi are the fitting coefficients, Ti is the segregat-
ing point.

FIGURE 10. Motor power loss function at vx=15 m/s.

As shown in Fig. 10, PL(T ) is divided into five discrete
regions, and the regions are switched by the segregating
points. Fig. 10 illustrates that the fitting error between the
piecewise linear curve and motor power loss function is quite
small.

Hence, the total power loss of the 4IDEV is expressed in∑
PL = PL(Tfl)+ PL(Tfr )+ PL(Trl)+ PL(Trr ) (34)

where PL(Tij) is the piecewise linear function shown in (33)
and varies with the motor torque Tij on each wheel.
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B. MULTI-OBJECTIVE TORQUE DISTRIBUTION
CONTROLLER DESIGN
1) PREDICTIVE MODEL FORMULATION
A predictive model of the multi-objective torque distribution
controller is proposed in this section. The dynamic model can
be formulated as the following:∑

PL = PL(Tfl)+ PL(Tfr )+ PL(Trl)+ PL(Trr )

Mz =
dri0
2

(−Tfr + Tfl − Trr + Trl) (35)

By substituting (33) into (35), the given equations can be
rewritten as following matrix form:

ω = Bpqmnξ

if
∑

PL ∈ PLpqmn (36)

where ω = [
∑
PLMz]T , ξ = [TflTfrTrlTrr ]T . The matrix

Bpqmn, p, q,m, n ∈ {1, . . . , 5} is determined by discrete
regions of PL(Tij).

Same as the design process of yaw stability controller,
(36) is formulated to an extended closed-loop discrete-time
system by defining Es as the accumulative tracking error of
Mz. Thereby, the predictive model is expressed in

ωe(k+1) = B∗pqmnξ(k)

if
∑

PL(k) ∈ PLpqmn (37)

where ωe = [
∑
PLMzEs]T , B∗pqmn is the discretized corre-

sponding matrix.
For the further application in the multi-objective con-

troller, (37) is transformed to a MLD model by using the
HYSDEL. The MLD model in torque distribution problem
can be expressed as follows:

ωe(kC1) = B∗ξ(k) + B
∗

1v
∗

(k) + B
∗

2z
∗

(k)E
∗

1v
∗

(k) + E
∗

2z
∗

(k)

≤ E∗3ωe(k) + E
∗

4ξ(k) + E
∗

5 (38)

where v∗
(k), z

∗

(k) are the auxiliary binary and continuous vari-
ables, and B∗, B∗1, B

∗

2, E
∗

1, . . . ,E
∗

5E5 are matrices of suitable
dimensions determined by HYSDEL.

2) REFERENCE AND CONSTRAINTS
The reference of yawmoment is calculated in real time by the
proposed yaw rate controller and the reference of total power
loss is set to zero.

Moreover, constrains of motor torques can be determined
by the maximummotor torque Tmax and the longitudinal driv-
ing resistance Fr . The constrain of motor torque is described
as follows:

0 ≤ Tij ≤ Tmax

∑
Tij =

Fx
ri0
=
Fr
ri0

(39)

3) OPTIMIZATION OBJECTIVE
The cost function of the proposed multi-objective torque dis-
tribution controller is defined as the sum of the 2-norm case
of the matrix which reflects the distance between the states

and reference values. Hence, the objective of the controller
consists of two parts, i.e., minimize the tracking error of
yaw moment and total energy consumption of the vehicle.
According to the hMPC algorithm, the whole control problem
can be divided into receding horizon control problems. The
control problem to minimize the cost function at the k-th
sampling time is shown as follows:

min Jk = min
k→k+N−1

‖�k − Rk‖2Q

= min
N−1∑
i=0

(ωk+i|k − rk+i|k)TQ(ωk+i|k − rk+i|k)

subj.to.

ωe(k+1) = B∗ξ(k) + B
∗

1v
∗

(k) + B
∗

2z
∗

(k)

E∗1v
∗

(k) + E
∗

2z
∗

(k) ≤ E∗3ωe(k) + E
∗

4ξ(k) + E
∗

5

ξ(k+i|k) ∈ 4k,ωe(k|k) = ωe(k),ωe(k+N |k) ∈ χ f
0 ≤ Tij ≤ Tmax∑

Tij =
Fx
ri0
=
Fr
ri0

(40)

where 4k =


ξk|k
ξk+1|k
.

.

ξk+N−1|k


N

⊆ RN ,�k =


ωk|k
ωk+1|k
.

.

ωk+P−1|k


P

∈

RP
∈ RP and Rk =


rk|k
rk+1|k
·

rk+N−1|k


P

∈ RP are the control

sequence, output sequence and output reference sequence,
respectively. ωe(k)is the state at the k-th sampling time, χ f
is the controller terminal set. Q is the weight matrix.

Considering the logical variables in the constraints defined
in the MLD model, the receding horizon control problem
shown in (40) comes down to solve a MIQP problem.

V. SIMULATION RESULTS AND DISCUSSION
In this section, the performance of suggested yaw stabil-
ity controller and torque distribution strategy is evaluated
on the dSPACE-based platform, as shown in Fig. 11. The
proposed strategy is run on the dSPACE autobox with the
signals from the vehicle control unit (VCU). The real-time
online simulation in this section is in process via the dSPACE
Midsize Simulator. Considering the overall evaluation and
performance verification of the control strategy, the sim-
ulation is carried out with two vehicle maneuvers: single
lane change test and fishhook steering test. The parameters
of 4IDEV are presented in Table 3. In the proposed hMPC
controller, the sampling time, the control horizon N and
prediction horizon P are set to Ts = 5ms,N = P = 3,
respectively.

A. SINGLE LANE CHANGE TEST
To analyze the effectiveness of the proposed yaw stabil-
ity controller and torque distribution strategy, a single lane
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FIGURE 11. DSPACE-based test platform.

TABLE 3. Main parameters of 4IDEV.

change test is conducted firstly. As one of themost commonly
used test maneuvers for vehicle handling stability evalua-
tion, the single lane change test generally takes a sinusoidal
steering angle as the input. As shown by the blue dotted
line in Fig. 12(a), the front wheel steering angle δ is set to
a sine wave with a period of 2 seconds and an amplitude
of 5 degrees when the 4IDEV runs at a constant longitudinal
velocity vx = 15 m/s on a high friction-coefficient road. The
simulation results are given in Fig. 12(a)-(g).

The performance of the hMPC controller to stabilize the
vehicle is shown first in Fig. 12(a). Since the sinusoidal
steering is applied at t = 1.5 s, the yaw rate of vehicle rapidly
increases and the vehicle even tends to spin at t = 3 s when
there is no any active control working. Nevertheless, once the
hMPC-based vehicle yaw stability controller is applied on the
vehicle, the value of the yaw rate is stabilized. Meanwhile,
the tracking error between the optimal yaw rate and reference
value approaches zero. According to the comparison results
in Fig. 12(a), it’s obvious that the yaw stability controller can
stabilize the vehicle effectively and track the desired yaw rate
quickly and precisely.

Fig. 12(b) shows the optimal control variables in the hMPC
controller, i.e., the active steering angle and the yaw moment
generated by the differential driving between four motors.
Compared to the steering angle from the driver in Fig. 12(a),
the optimal steering angle has a similar value. Consider-
ing the improvement of yaw stability shown in Fig. 12(a),
the control of the active yaw moment has a marked effect.

Furthermore, the absolute value of the yawmoment is strictly
restrictedwith an upper limit value based on themotor driving
capability.

Fig. 12(c) shows the tire sideslip angles comparison
between hMPC control and that without control. The tire
sideslip angles are extremely large and a non-convergence
issue arises when the yaw stability controller is inoperative.
Once the hMPC controller working, the values of these states
reduce rapidly and more states reach the stable region, which
means the stability of the 4IDEV is enhanced. It is worth not-
ing that there is state region switching of the tire sideslip angle
over the simulation time, which reflects the practicability of
the hMPC controller in hybrid system.

Fig. 12(d) illustrates the yaw moment tracking results of
different control methods. The ESC means only the yaw sta-
bility is considered during the torque distribution process, and
the multi-objective control takes both of the yaw stability and
energy consumption of the 4IDEV into account. Despite there
is a certain lag, both of the above two control methods can
track the optimized yaw moment well. In addition, the value
of the yaw moment in the torque distribution strategy does
not exceed the limit.

Fig. 12(e) and Fig. 12(f) show the torque distribution
results in the ESC and the multi-objective control. FL, FR,

RL, RR mean the front-left, front-right, rear-left and
rear-right motors, respectively. In Fig. 12(e), when there is
no steering, the torque of each wheel retains invariant and
even. However, the multi-objective control can redistribute
the torques of four motors to minimize the power loss while
meeting the requisite driving torque compared to the ESC
method, as shown in Fig. 12(f). When the lateral dynamics
of 4IDEV become unstable at t = 1.5 s, the torques of four
motors change and the variation trend of the two motors on
one axle is opposite. Accordingly, the required yaw moment
in the single lane change maneuver can be generated by the
driving or braking torques of four in-wheel motors, as well
as the requisite driving torque. In Fig. 12(e), the torques of
four motors distributed based on the yaw stability control
jump up and down frequently, which is caused by themultiple
solutions when the control objective only consists of the
vehicle yaw stability. This phenomenon has improved a lot
when the energy consumption is taken into consideration,
as shown in Fig. 12(f).

Fig. 12(g) depicts the total power loss of four motors in
the cases of under ESC and multi-objective control. As can
be seen from the simulation results in Table 4, compared to
the ESC method, the suggested multi-objective torque distri-
bution strategy can reduce the power loss of the drivetrain by
26.7% during the entire simulation. It is noteworthy that the
simple even torque distribution strategy loses more electric
energy than the multi-objective control strategy when the
4IDEV goes straight at the first 1.5 s. When the vehicle runs
in the single lane change maneuver at t = 1.5 − 3.5 s,
the suggested strategy can further allocate the motor torque
under the premise of satisfying the yaw stability, the decline
of power loss is up to 20.1%. Therefore, the multi-objective
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FIGURE 12. Simulation results of the single lane change test. (a) steering angle and yaw rate. (b) optimal steering angle and yaw moment. (c) front and
rear tires sideslip angle. (d) yaw moment tracking. (e) torques of four motor under ESC. (f) torques of four motor under multi-objective control. (g) total
power loss of four motors.

torque distribution strategy is fruitful in reducing the power
loss of the drivetrain.

B. FISHHOOK STEERING TEST
To further illustrate the control performance of the suggested
method, a fishhook steering test is conducted at a constant

longitudinal velocity vx = 15 m/s. The fishhook maneuver
is to simulate the driver behavior when avoiding obstacles on
the road. The simulation results are given in Fig. 13(a)-(g).

Fig. 13(a) shows the steering angle in fishhook maneuver,
the reference yaw rate and yaw rate without control and
with yaw stability control, respectively. When there is no
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FIGURE 13. Simulation results of the fishhook steering test. (a) steering angle and yaw rate. (b) optimal steering angle and yaw moment. (c) front and
rear tires sideslip angle. (d) yaw moment tracking. (e) four motor torque under ESC. (f) four motor torque under multi-objective control. (g) total power
loss of four motors.

control applied on the vehicle, the yaw rate deviates from the
reference signal with a 0.1 rad/s tracking error. In contrast,
the above-mentioned phenomenon will ameliorate a lot when
the hMPC controller takes effect. Hence, the yaw stability
controller is capable of enhancing the handling performance
and safety of the 4IDEV in the fishhook maneuver.

Fig. 13(b) and Fig. 13(c) show the varying curves of the
optimal control variables and states in the hMPC controller.
In Fig. 13(b), the value of the yaw moment is limited due
to the constraints defined in previous sections. Even so,
the better performance of the stability is achieved as shown
in Fig. 13(c). Compared to the non-control results, the tire
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TABLE 4. Power loss comparison.

sideslip angles under the proposed control method are in the
stable region basically. Fig. 13(d) illustrates the compari-
son of yaw moment tracking between the ESC method and
multi-objective control method. Both strategies are expert at
tracking the reference yaw moment and the tracking perfor-
mance is almost the same in this maneuver.

The torque distribution results of four motors are shown
in Fig. 13(e) and Fig. 13(f) based on the reference yaw
moment in Fig. (d). Considering the power loss of drive-
train, torques in the first 1.5 s are redistributed with the
multi-objective control instead of the even distribution strat-
egy. In addition, the motor torques have lower varying fre-
quency compared to the ESC method. Besides, as shown
in Fig. 13(g), it is obvious that the power loss of drivetrain
is significantly reduced. As shown in Table 3, the declines
of the power loss during the fishhook steering maneuver
(t = 1.5− 3.5 s) and entire simulation cycle reach 8.4% and
13.6%, respectively. Therefore, the multi-objective torque
distribution strategy can reduce vehicle energy consumption
while ensuring the yaw stability.

VI. CONCLUSION
The presented study in this paper proposes a novel multi-
objective optimal torque distribution strategy considering
vehicle stability and energy consumption for the 4IDEV.
First, the energy loss model is built to describe the motor
efficiency characteristics properly. An EECA strategy is pro-
posed based on the energy loss model and reduces the total
power loss by 9.29% over the NEDC. Then, a piecewise
linear vehicle dynamic model is presented considering the
nonlinear characteristics of tires. On the basis of the hMPC
algorithm, a yaw stability controller is designed to enhance
the handling performance and safety of 4IDEV by forcing
the yaw rate to track the desired value quickly and precisely.
Based on this argument, the multi-objective torque distribu-
tion strategy is developed to allocate the driving torques or
braking torques of four in-wheel motors. Finally, the effec-
tiveness of the suggested method was verified in the dSPACE
Midsize Simulator. Compared to the ESC method, the pro-
posedmulti-objective optimal torque distribution strategy can
reduce the power loss of the drivetrain by 26.7% and 13.6%
in the single lane change test and fishhook steering test while
ensuring the yaw stability.
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