IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received April 17, 2019, accepted May 10, 2019, date of publication May 15, 2019, date of current version May 31, 2019.

Digital Object Identifier 10.1109/ACCESS.2019.2917074

Finite-Time Stochastic H., Control for Singular
Markovian Jump Systems With (x, v)-Dependent
Noise and Generally Uncertain Transition Rates

YONG ZHAO !, TIANLIANG ZHANG“2, YOU FU3, AND LIMIN MA*

! College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao 266590, China
2School of Automation Science and Engineering, South China University of Technology, Guangzhou 510640, China
3College of Computer Science and Engineering, Shandong University of Science and Technology, Qingdao 266590, China
“#Science and Information College, Qingdao Agricultural University, Qingdao 266109, China

Corresponding author: You Fu (fuyou@sdust.edu.cn)

This work was supported in part by the National Natural Science Foundation of China under Grant 61703248, in part by the Taishan
Scholar Project of Shandong Province of China, in part by the SDUST Research Fund under Grant 2015TDJH105, in part by the
Postdoctoral Application Research Project of Qingdao under Grant 01020121010, and in part by the Public Visiting Project of Shandong
University of Science and Technology.

ABSTRACT This paper is concerned with the problems of finite-time stochastic Hy, control for singular
Itd6 Markovian jump systems with (x, v)-dependent noise and generally uncertain transition rates (GUTRs).
Based on two equivalent sets, a new criterion, ensuring the considered systems with completely known TRs
to be finite-time stochastically bounded with H, performance, is first established, which is less conservative
than the existing one. Then, the obtained results are extended to the case of GUTRs. To overcome the
nonlinear difficulty resulting in the Young inequality for designing a convex controller, an approach called
the association of free variables and slack variables are used. The state feedback controller and observer-
based controller are respectively designed such that the corresponding closed-loop systems with GUTRs are
finite-time stochastically bounded while achieving H,, performance. Finally, the numerical examples are
addressed to illustrate the effectiveness and efficiency of our obtained results.

INDEX TERMS Singular stochastic Itd systems, Markov jump systems, finite-time H, control, generally

uncertain transition rates.

I. INTRODUCTION

During the past two decades, interest on singular stochastic
systems driven by the It6 stochastic differential equation has
been increasing [1]-[9]. The reason is that such systems
possessing double characteristics of singular systems and the
Itd stochastic differential equation are much more realistic
and advanced than deterministic ones. As is well known,
singular systems, also called differential algebraic systems,
generalized state-space systems, descriptor or implicit sys-
tems, have extensive applications in real areas such as the
oil catalytic cracking model, dynamic Leontief model of a
multisector economy, biological systems, electric circuits as
well as power systems [10]-[12]. At the same time, the envi-
ronment noise inevitably disturbs any system, and the lin-
ear It6 stochastic differential equation has played important
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roles in many practical fields such as economy, biology,
etc, [13]-[18]. To date, abundant results on various con-
trol problems of singular systems or linear Itd stochastic
systems have been proposed, we refer the reader to [13], [15],
[19]-[24] and references therein. It can be found that, how-
ever, little works have been made on singular Itd stochastic
systems. This is because the essential issue that the condition
for existence and uniqueness of a solution to the system equa-
tion has not been completely resolved, more details please
see, e.g., [2]-[4]. As a result, some suitable conditions have
to be assumed to guarantee the existence and uniqueness of
solution of this class of stochastic systems.

In some practical applications, we often focus our attention
on the transient behavior of a system state response. Followed
by this fact, the definition of finite-time stability of systems
emerged, which can be specifically described as: the state of
system did not exceed some bounds in a prescribed finite-
time interval on the condition that the initial state was in

2169-3536 © 2019 IEEE. Translations and content mining are permitted for academic research only.

64812

Personal use is also permitted, but republication/redistribution requires IEEE permission.

VOLUME 7, 2019

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-6823-0545
https://orcid.org/0000-0002-6937-7418

Y. Zhao et al.: Finite-Time Stochastic Ho, Control for Singular Markovian Jump Systems

IEEE Access

a fixed bound [25], [26]. Up to now, many important control
problems on this subject have been presented. For instance,
robust finite-time stabilization for uncertain singular Marko-
vian jump systems were discussed in [27]-[29], and state
feedback controller, output feedback controller as well as
observed-based controller were respectively designed such
that the corresponding closed systems satisfied the finite-
time boundedness while achieving Hy, performance. The
finite-time stability and stabilization for singular It stochas-
tic systems without Markovian jump parameters was firstly
studied in [30], where the concept of finite-time stochas-
tic stability was introduced and a state feedback controller
was presented. However, it can be found that all the ref-
erences mentioned above employed the equality constraint
PET = EPl.T, which can not only lead to some trouble when
checking the condition numerically, but also set some obsta-
cles for the analysis of controller. So it is incentive and desir-
able to substitute that equality constraint with a strict LMI
condition.

In another research front line, a great deal of attention has
been devoted to a class of Markovian jump systems with
generally uncertain transition rates (GUTRS) in recent years.
Many encouraging development have been made on this hot
topic, such as stability and stabilization [31]-[34], output
feedback control [35], Hx control [36], [37], passivity and
passification [38], delay-dependent H, filtering [39] and so
on. The main reason for focusing on such systems can be
embodied by the following twofold: one hand, Markovian
jump systems can model some dynamics systems whose
structure and parameters often suffered random abrupt varia-
tions such as component repairs and failures, sudden envi-
ronmental disturbances [40]-[43]. On the other hand, it is
not easy and even impossible to obtain completely exact
TRs on the engineering practice. Moreover, as said in [31],
uncertain TRs and partially unknown TRs were still too
restrictive to describe some actual problems better [44]-[48].
As a result, a kind of more general TRs labeled as generally
uncertain transition rates was put forward in [31], in which
each TR was allowed to be known, unknown and uncertain.
The uncertain TRs meant that estimate values and bounds of
TRs were known [44]-[46]. The description on the partially
unknown TRs was that each TR whether was completely
known or completely unknown [47], [48]. It is easy to see
that uncertain TRs as well as partially known TRs can be
viewed as the special case of GUTRs. However, it is not
trivial to generalize the results of completely known TRs to
uncertain TRs or GUTRs. When designing the controller of
systems with GUTRs, the nonlinear term resulting from the
Young inequality will appear. A natural question is, how to
overcome the difficulty of nonlinear term and subsequently
design a convex controller? Although [31] explored the sta-
bility of linear Markovian jump systems with GUTRs, but
the feedback controller was not designed. [32] generalized
the results of [31] to singular systems, sufficient conditions
of stability for systems under consideration were obtained,
and a state feedback controller was presented by using the
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duality principle. Reference [33] derived less conserva-
tive conditions than those in [32] with the aid of free-
weighting matrices and slack variable matrices. On the basis
of [32], [34] further discussed the stability and stabiliza-
tion for singular Itd Markovian jump systems with GUTRs,
the state feedback controller was presented by introducing a
equality constraint to bind the uncertain term. Reference [37]
proposed a separated method to decouple the intercon-
nection between Lyapunov variables and controller gains.
Reference [38] studied the passivity and passification for
normal It6 Markovian jump systems with GUTRs by using
free-weighting matrices and the same equality constraint as
that in [34]. Reference [39] was concerned with the delay-
dependent H, filtering for stochastic singular It6 systems
with GUTRs, in which the delay-dependent sufficient con-
ditions were presented to ensure the filtering error system to
be stochastically admissible. On the basis of above analysis,
to the authors’ best of knowledge, the problems of finite-
time stochastic Hy, control for singular Itd Markovian jump
systems with GUTRs haven’t been fully explored, even for
the case of (x, v)-dependent noise, which also motivate us to
do this study.

This paper will study finite-time stochastic Hu, control for
singular Itd Markovian jump systems with (x, v)-dependent
noise and GUTRs. The main contributions of this paper
are summarized as follows: First, taking advantage of two
equivalent sets technique, sufficient conditions of finite-time
stochastic Hy, control for the considered systems with com-
pletely known TRs are derived. The obtained results not
only are less conservative than those in [27]-[30], but also
can be viewed as generations from singular Markovian jump
systems to singular [t6 Markovian jump systems with multi-
plicative noise. Second, the nonlinear terms resulting of the
Young inequality have been eliminated by resorting to the
combination of free-weighting matrices and slack variable
matrices. A new criterion ensuring singular It6 Markovian
jump systems with GUTRs to be finite-time stochastically
bounded with H,, performance level is established, which
makes the controller analysis go smoothly. Third, the state
feedback controller and observer-based controller for the cor-
responding closed-loop systems are presented, respectively.
Finally, numerical examples are proposed to verify the effec-
tiveness of our obtained results.

The rest of this paper is organized as follows. In Section II,
we give important assumptions and present several use-
ful lemmas. Section III contains main results of this paper
on finite-time stochastic Hs, stabilization via state feed-
back controller and observer-based controller. Numerical
examples are presented in Section IV to illustrate the
effectiveness of obtained results. Conclusions are drew
in Section V.

Throughout this paper, the following notations will be
used. Notations: R": the linear space of all n— dimensional
real vectors with usual 2-norm || - ||; R™*": the linear space
of all m x n real matrices; A > O(resp.A < 0): A is a real
symmetric positive definite (resp. negative definite) matrix;
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AT the transpose of A; E*: Moore-Penrose pseudo inverse
of a matrix E; £(-): the expectation operator; I,: the n X n
identity matrix; He(A) : A + AT; rank(A): the rank of a
matrix A.

Il. PRELIMINARIES
Consider the following singular It6-type Markovian jump
system with (x, v)-dependent noise and generally uncertain
transition rates:
Edx(t) = [A(ro)x(t) + B(r)u(t) + D(r)v(1)]dt
+[Ao(r)x(2) + Do(r)v(t)ldw(t),

() = F(ro)x(@), (1)
z(t) = C(ro)x(t) + Bi(rou(t) + D1 (r)v(d),
Ex(0) = xo,

where x(1) € R" u(t) € R™v(t) € RY, yt) € R
and z(r) € R? are, respectively, the system state, the control
input, the disturbance signal, the measure output and the
controlled output; w(¢) is one-dimensional, standard Wiener
process that is defined on the complete filtered probability
space (£2, F, F;, P) with a filtering {F; }{;>0); E is a constant
matrix with rank(E) = r < n; A(r;), B(ry), D(ry), Ag(ry),
Do(r;), F(ry), C(ry), Bi(r;), Di(r;) are known matrices of
compatible dimensions, {r;,# > 0} is a right continuous
homogeneous Markovian jump process taking values in a
finite state space S = {1, - - - , N} with transition probability

matrix [ [ = {7;;}yxn given by

jjh + o(h), i #J,
1+ mih + o(h), i=],

with & > 0, lim,_9o0(h)/h =0, and 77; > 0(G # j)
represents the transition rate from i to j, which satisfies
N
mii = — Y. 7. Suppose that Markovian jump process
J=1,j#
{rs,t = 0} is independent of w(¢), and the external distur-
bance signal v(¢) satisfies

Prirogn =jln =1} = {

t
5{ f vT(s)v(s)ds} <2 h>0,1e[0,T]. ()
0

In this paper, TRs of Markovian jump process are assumed
to be known, unknown as well as uncertain, simultaneously.
Concretely speaking, the transition probability matrix of
system (1) with N jump modes can be described as

E = (Tj)NxN

? T2 ? TN + ATy
M1 + Amag ?7 0 m3 e ?
= 9
N1 + Ay ? ? NN + ATtvn

3

where 7;; and A € [—wij, pijl(pi; > 0) respectively rep-
resent the estimate value and the estimate error of uncertain
transition rate 77;;. Also, 7;; and p;; are known. The notion

? denotes the completely unknown TRs, namely, both the
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estimate value and the estimate error of 77;; are unknown. For
eachr; =i,i € S,wedefineS = S,i+$,ik, where S,i é{j T
is completely known or the estimate value of 7;; is known for
jeSY, Slik é{j : 71;; is unknown for j € S}. Note that if 77;; is
completely known, its estimate error equals 0. In view of this,
if S! # 0, we denote S} = {ki, ki,--- ,kj} with1 <I <N,
where k,i,l eZt1 < kfn <N,m=1,2,---,1) represents
the index of the mth estimate value-known element in the ith
row of matrix E.

Remark 1: Notice that if Am; = 0, (3) degenerates to
the partially unknown transition probability matrix [47], [48].
Also, if there is no ? appearing in (3), in this case, (3)
becomes the uncertain bounded transition probability matrix
[44]-[46]. Therefore, the GUTRs matrix considered in
this paper is more general and complex than other two
cases.

Because of special characteristics of TRs, it is reasonable
to give the following assumptions; see. e.g., [31]-[33], [39].

Assumption 2:

IS = S, thenmyj — py > OYj € S,j # i), i =

N

N
— Z TTjj <0, and,u,-i = - Z Hij-
j=Lj# J=1j#i

(i) If S, # Sandi € S, then m; —
Stod # 1), i + i < 0, and 3 i 7y < 0

(ii) If S] # Sandi e S thenm; — w;; > 0(Yj € S) and
B = minieSL’; Tii.

For notational simplicity, we denote A(r;), B(r;), D(r;),
Ao(rt), Do(rt), C(rt), Bi(rt), Di(r1), F(rt) by Ay, Bi, Di, Ao,
Dy;, C;i, By, Dy;, F; for each r, = i,i € &. Further-
more, to make fully use of the known information of TRs,
the lower bound of the uncertain element 77;; is expressed as
Tj = Tij — Hije

Assumption 3: For each r, = i,i € S, two equivalent
assumptions are given as follows. (i) rank(E, Ag;) = rank(E).
(ii) There exist a set of matrices Y;, i € S such that Ag; = EY;
hold.

Remark 4: It was shown from [1]-[4] that, due to the
appearance of diffusion term, the sole regularity condition
cannot guarantee the existence of solution to the singu-
lar 1t6 stochastic system equation any more. For this rea-
son, the additional assumptions have to be presented, which
implies that the stochastic disturbance term does not really
cause the change on system structure. It can be seen that if
the input matrix depends on noise in system (1), the condition
of Assumption 3 may be destroyed after implementing a state
feedback control law on system (1). In addition, the item (i) of
Assumption 3 was given in [3], [4], which is less conservative
than previous work such as [1], [2]. Recently, the item (ii)
of Assumption 3 was presented in [8]. However, it can be
proved that two conditions are equivalent. (i) = (ii): Due

wij = 0j €

to rank(E,Ag;) = rank(E), there must exist nonsingular
matrices U and V such that
|40 . Aoti Ao
UEV = |:O O]’ UAyV = [ 0 0 |- @)
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By (4), Ag;, i € S are equivalently expressed as

Agi = U™ |:Ir 0] v-ly [12\011' AOZi] vl

0 0 0 0
_ A011’ AO2[ —1
= EV [ 0 0 } v (5)

LetY; = V |:A8” A82ii| VL, then we have Ay; = EY;.

(if) = (i): If Ag; = EY; hold for some matrices Y;,i € S,
it is easy to see that rank(E, Ap;) = rank(E, EY;) = rank(E).
Next, we present several important Lemmas which will be
used in the sequel.
Lemma 5 [1]: For a general stochastic singular system

Edx(t) = fi(x(2), )dt + fo(x(t), )dw(1), (6)

where fi,/2 : R" x Rt — R” satisfy the local Lipschitz
condition and the linear growth condition. Let V(x(¢),t) =
xT(O)ET Px(r) with ETP = PTE > 0. Then V(x(¢), 1) is
again an Itd process with the singular stochastic differential
given by

dvV(x(0), 1) = [ff x(0), )Px(t) + xT PLA(x(2), 1)

+ £ (@), N EDTETPE fo(x(1), D]dt
+ 2" (OPT fr(x (1), Hdw(@). (7)

Remark 6: 1t should be pointed out that E™ and the relation
E = EETE are introduced to compute dV(x(t), t); see,
e.g., [1]-[3]. By applying It&’s formula to V (x(¢), ¢), we have
dv(x(1), 1) = dxT OETPx(@) + xT (1)PT d(Ex(1))

+d(xT(ETPd(x(1)). (8)
But we only know the expression of dEx(t) rather than dx(z).
In view of this, the third term d(x” (t)ET)Pd(x(t)) in (8) is
rewritten as d(xT () ETYE)TET PETd(Ex(1)). Correspond-
ingly, dV (x(t), t) can be easily calculated.

Lemma 7 [49]: Foreach r, = i,i € S, let P; € R"*" be
symmetric such that E] P;E; > 0, and R; € R"=*0=7) gre
nonsingular. Then, P;E + CDTR,-AT are nonsingular and their
inverse matrices are expressed as

(PiE + ®TRAT)' = PET + AR, )
where P; € R"™ " are symmetric and R; € R"="*"=") are
nonsingular such that

(Eg PiER)”' = E[ PiEx, (10)

Ri= W' NTRT@DHT, an
where E; and Ex have full column ranks with E = E; EL, ®
and A are the left and right null matrices of E, respectively.

Lemma 8 [21]: The following sets are equivalent for each
ry = i, ieS:
U ={M; ¢ RV" . ETMizMiTEEO, M, are nonsingular},
Y ={M; = PE+®TRAT : P;=PT e R™" EI'P;E >0,
R; € R=7*(=1) are nonsingular}, (12)

where Ej, Er, A and ® are defined in Lemma 7.

VOLUME 7, 2019

Lemma 9 [50]: Let Z and F > 0 be real square matrices,
then we have the following matrix inequality

cZ+Z0)y<lF+zF 12T (13)

for any real number ¢.

Ill. MAIN RESULTS
A. FINITE-TIME STOCHASTIC H., CONTROL
VIA STATE FEEDBACK CONTROLLER
This section aims to design a state-feedback controller for
system (1) with GUTRs such that the resultant closed-loop
system is finite-time stochastically bounded with an H
disturbance attenuation level y .

Below, we consider the following state feedback controller
for system (1)

u(t) = K(r)x (1), (14)

where K(r;) denoted by K; for each i € &, is the state
feedback gain matrix to be designed. Substituting (14) into
system (1), we obtain the resultant closed-loop system
Edx(1) = [A(r)x(t) + D(ro)v()1dr
+ [Ao(r)x(t) + Do(r)v(t)]dw(t)

. (15)
2(t) = C(r)x(t) + Di(rov(2),
Ex(0) = xo,
where A(r;) = A(r) + BUr)K(r), C(r) = C(r1) +
Bi(r)K (ry).

Similar to [27], the following fundamental definitions for
the singular It6 stochastic system (15) are introduced, which
are crucial to give our main results.

Definition 10: For scalars 0 < ¢ < ¢, T > 0,h > 0,
y > 0 and a positive matrix Q > 0,

(i) the closed-loop system (15) with v(t) = 0 is said to be
finite-time stochastically stable (FTSS) with respect to (wrt)
(c1,¢2, T, Q), if it has an impulse-free solution in the time
interval [0, T'] and satisfies

ExTOET QEx(0)} < 2 = E(xT()ET QEx(1)) < c3.
(16)

(i1) The closed-loop system (15) is said to be finite-time
stochastically bounded (FTSB) wrt (c1, c2, T, h, Q), if it is
FTSS and the condition (2) holds for all nonzero v(z).

(iii)) The closed-loop system (15) is said to be finite-
time stochastically bounded (FTSB) with an H, disturbance
attenuation y wrt (c1, c2, T, h, y, Q), if, under the zero initial
condition, it is FTSB and satisfies

5{/0TZT(t)z(t)dl} < yzg{/oT vT(t)v(t)dt}. (17)

Remark 11: In contrast with the notion of finite-time
boundedness for the deterministic system [25], [26], mathe-
matical expectation is introduced to evaluate the boundedness
of the state trajectory over a finite time interval, which reveals
some differences between deterministic and stochastic sys-
tems. In addition, it should be pointed out that finite-time
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stochastic boundedness of system (15) implies that the state
trajectory of the dynamical mode of system (15) is finite-
time stochastically bounded, so does the whole mode. The
reason is that the static mode of system (15) is impulse free.
Therefore, the definition of finite-time stochastic bounded-
ness given in this paper is consistent with those of [25], [26].

In what follows, we will firstly provide sufficient condi-
tions for finite-time stochastic Hy, control of system (15)
with completely known TRs, which pay the way for following
discussions.

Lemma 12: The closed-loop system (15) with completely
known TRs is FTSB with an H, disturbance attenuation y
wrt (c1,¢2, T, h, y, Q), if there exist scalars § > 0,y > 0,
a set of symmetric matrices P; = Pl.T, nonsingular matrices
R; and positive symmetric matrices G; > 0 such that the
following inequalities hold for eachi € S :

EI'PE; > 0, (18)
z:li E:Zi (jf
x Y, DI|<O, (19)
* * —I

E™M; = ET0'?G;0'’E, (20)
AT (e supics Amar(GY+TH?) < Sinficshmin(G)},  (21)

where

>, = He@ My + AGE) ETMA(ET)Ao

N
+ Y #yE"M; - SE"M;,
j=1
>, = AGEN ETMAE)Do: + M] D,
>, = DLEDT ETM(E)Do; — 71,
M; = PEE + ®TRAT, y=./peT. (22)

Proof: The proof will be divided into three steps.

Step (1): We will prove that system (15) has an impulse-
free solution in the time interval [0, T]. By (18) and M; =
PE+®TR; AT, itis easy to see that a set of matrices M;,i € S
satisfy the set 7" in Lemma 8, then by the two equivalent sets,
M;, i € S satisfy the set 7, i.e.

E™™M; =M]E > 0. (23)
Note that (19) implies ) ;; < 0, which together with (23)
yields

N
AiTM,'—i—MiTA,'—i-(TA[U—S)ETM,'< — Z ﬁijETM/ <0. (24
FLi#
On the other hand, because of rank(E) = r < n, there must
exist a pair of nonsingular matrices U, V such that

I, 0 A A Ay
E = A = ~ ~ . 2
=[5 9 e[l B o

64816

Setting
_ M Mz-]
UMy =" L 26)
’ |:M3i My, (
and substituting (25) and (26) into (23), we obtain
My =M{; >0, My =0. (27)

Then applying (25), (26) and (27) to (24), we have ;\LI\;LH +
M £A4i < 0, which implies A4l~, i € § are invertible.
Furthermore, considering Assumption 3, there must exist
nonsingular matrices U; and V such that

~oo [0 ~au [A—AyA Ay 0
UZEV—|:O 0], U,A,V—|: As Al

. Aot Anos
UiAOiV=[ 0 32’], (28)

a1
with U; = |:é A2I’A4i ] U. Hence, by Lemma 3 of [4],

it follows that system (15) has an impulse-free solution in the

time interval [0, T'].
Step (ii): The closed-loop system (15) is FTSB wrt
(c1,¢2, T, h, Q). By Schur complement Lemma, (19) leads to
[Z*” Zzi] < 0. (29)

3i

Let us choose the Lyapunov function candidate as
V@), r, = i) = xT(t)ET M;x(¢) and consider E = EEYE.
On the basis of Lemma 5 and generalized 1t6’s formula [see
(5.2) of [15]], it follows that

LV(x(1),1)
= [Ax(t) + DO Mix(2) + xT ()M [Aix(t) + Dpv(1)]
+ [Aoix(t)+Dov)IT (ETT ET My(ET)[Agix(£)+Doiv(1)]

N
+ ) mE' M
j=1
T T Q. Q|| x@)
=[x'@® v (l)][ N Q3i] |:v(t)i| (30
where

Qi = ATM; + MTA; + AL(EDTET MET Ao
N
+ ZﬁijETMj,
j=1
Qi = M D; + ALUEDY E" M;ET Dy,
Q3 = DLEDTET M;ET Dy,
In view of (29) and (30), we can get
LY(x(1), i) < 8V (x(1), i) + 7vT (1)v(@). (31)
Pre-multiplying (31) by e~%, which yields
Lle 'V (x(@), )] < e v (). (32)
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Integrating (32) from O to ¢ and taking expectation on it, (32)
becomes

t
e EV(x(1), i) < E(V (x(0), ro)}+Ef / 70T (s)v(s)ds}.
0
(33)
By (33), we have

t
EWV @, D) < M [EV(x(0), ro) + 7] / v (v(s)ds) .
0
(34)
By making use of (20), we get
EV @), ) = EXTOE Mx (1)}
infies Amin(GOYE(XT (OET QEx(1)}, (35)
EV(x(0),r0)} = ExT(OET Mix(0)}
< supic s rmax(G)IE(XT (ET QEx(0)} (36)

As aresult, (21), (34), (35) as well as (36) result in
ETMETQEx(1)) < 3, 1 €0, TI. (37)

v

Step (iii): We will show that the closed-loop system (15)
is FTSB with an H,, disturbance attenuation level y wrt
(c1,¢2, T, h,y, Q). Based on Definition 10-(iii), it remains
to prove that the expression (17) holds. The procedures below
are similar to those of [27], [28], [48]. By (19) and (30), one
can get

LV(x(1), i) < 8V(x(1), i) + pvT (Ow(t) — 27 (1)z(r). (38)
Pre-multiplying (38) by e~%, it follows that
Lle ' V(x(r), D] < e [y (tw@t) — 2" (Hz®)].  (39)

Integrating (39) from O to T and taking expectation on it,
we obtain the following inequality under the zero initial
condition

T
¢ / e ) — VT ol
0
< =& TV (x(T), i)} <0. (40)
Notice that e %7 < ¢=% vz € [0, T, (40) becomes
T T
5[ / e*”zT(z)z(t)dr} < 5[ / e*af;?vT(t)v(r)dt].
0 0
(4D
(41) is the same as
T T
&l / AD)z(t)dr) < 5{ / e5<T—'>;7vT(t)v(z)dz]. (42)
0 0
It is easy to see that the following inequality holds
T T
5{ / ST=D5T (1yw(r)de) < & f e”;;vT(t)v(t)dt}
0 0
(43)

Finally, let y = /y¢€®T, then (42) as well as (43) results
in (17). The proof is ended.
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Remark 13: A new criterion, which guarantees singu-
lar stochastic systems (15) with completely known TRs
to be FTSB with an Hy performance level y, is estab-
lished in Lemma 12. It should be pointed that the obtained
results are not trivial extensions to singular Itd stochastic
systems. By using the two equivalent sets [21], the equal-
ity constraint PET = EPiT given in [27]-[29] and [30]
has been removed, which makes the numerical computa-
tion more reliable and tractable. Moreover, with the help

N
of Lemma 7, the nonlinear term z%ij,-Pj*lEPiT pre-
]:
sented in Theorem 1 of [27] can be replaced as follows:
N N
3 nl-jMi_TMjTEMi_l = > n;N'ETP,EN; = myNTET +
j=1 j=1

N _ _

> wyNTER(ETP.EL)EEN; with N; = P.ET + AR;®.
J=1igj

N
Note that ) nijNiTER(E LT P,Er)E Ig N; can be directly con-
J=Lif
verted into the linear term, which lays a solid foundation for
designing a controller in terms of strict LMIs.

Theorem 14: The closed-loop system (15) with GUTRs
is FTSB with an H, disturbance attenuation level y wrt
(c1,¢2, T, h,y,Q), if there exist scalars § > 0,y > 0,
a set of symmetric matrices P;, W;, Sj;, Xj;, positive symmet-
ric matrices G; > 0,H; > 0,T; > 0,Z; > 0, and
nonsingular matrices R; such that (18), (20), (21) and the
following inequalities hold for each r; = i,i € S:

[ u+0i Y CF W Wi

* 23 DlTi 0 0 )
* * —I 0 0 <0, ieS,
* * * —H; 0
L * * * * —\Wy;
(44)

_Z4i +62 D o CiT W3,

* Z?)i D{l 0 . i
* * -1 o | = 0, €Sy
L * ko =Wy
(45)
E"™; —E"M; —W; <0, jeSy,,ieS, i#],
(46)
E"M; —E"M; —W;—S; <0, jeS.ieS, i#],
47)
E™™; —E™; —W; —X;; <0, jeSi,ieSy, i#]j,
(43)
where
24. = He(ATM;) + AL(ENTET P,E(ET)Ao; — SET PiE,
1
w3
O = Z [@(ETIWJ - ETMi - W)+ PLijSlj + TUTU]
JESL i
wz
+ T”Hi — m;iWi,
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vy = [Sik{ , Siké’ ey Sik,i]’

Wy = diag[Tik{ , Tik&" R Tik[i],
Wy = [Xikf s Xiké’ e, Xikli]’

Wy = diag[Ziki' , Ziki,’ e Zik[i],
ki, € Sp,k, #im=1,2,...,1,

62 = ) lmy(ETM; — E"M; — W) + pijX;y
jeSk
2
Hij
+ TZU] - BWi,

> »;and ) 5, are the same as those in Lemma 12.

Proof: Due to Ty = — Z ﬁ’ij — Z J%ij, it fol-
jeSk i JeSi i
lows that
N
Y wE™Mj= Y #y(E"M;— E"M))
Jj=1 JjeSki#
+ Y #GEM;—E"M).  (49)
JESi i

Inspired by [33], [45], [46], [47], we introduce the free
weighting matrices W;,i € S and the zero sum equation

N
> 7;jW; = 0, then (49) is converted into
j=1

N
D AE M= ) AGHE"M;—E"M; — W)
Jj=1 jeSLi#
+ > wE M~ ETM; — W) — Wi
JESL, i

(50
Case (i) (i € S,i).' Taking into account (46) and 77;; > 0
(j € S,,), itis easy to see that
> #GETM;— ETM; — W) <0. (51)
JESL i
Then (50) and (51) can result in
A T T A
D=2t Z #GETM; — ETM; — W) — 7:Wi
jeSLi#i
T T
=Dt 2 (i ATE M — ETM; — W)
jeSLi#
— (i + Amip)W;
T T
=> .t > E M —E"M; — Wy

JESLi#
+ (A + ) ET M) — ETM; = W; = Sy)
+ (Ami; + wij)Sijl — (i + Ami) Wi, (52)

where ), ; is given in (19). According to Lemma 9, we obtain
u
> oAmsy< Y (T”Tl-j + 85T 'Sy, (53)
JESLi#] JESLi#]
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and

2
—AmiWi < %Hi + WiH Wi (54)

Via (47) and Assumption 2-(ii), we have
(A + ugE"M; — ETM; — Wi — S;) < 0. (55)
Therefore, (52)-(55) can lead to

Doy S 20t D STy Sy Wil Wi (56)
JES i
Applying Schur complement Lemma to (44) and considering
(55), it can be verified that condition (44) implies (19).
Case (ii)(i € S,ik) : Along with the similar line as that in
Case (i), we get the following inequality

Doy St 2 XeZy ' Xy D)
JESi#
Employing Schur complement Lemma to (45) and using
(57), we derive that (45) implies (19). This completes the
proof.

Remark 15: As it can be seen, most of existing references
investigated the control problems on Markovian jump sys-
tems with GUTRs by classifying the TRs as three cases, that
is:()ieS,LS, =0 G)ieS,S, #0i)ie S,.
However, the item (i) and the item (ii) have been merged in
Theorem 14. In fact, in the case of (i), we only need to set
W; = 0, H; = 0 and delete the fourth row and column in
(44), then (44) and (47) can ensure system (15) to be FTSB
with an H, disturbance attenuation y .

Remark 16: As said in [8], [37], [45], [46], it is diffi-
cult to design a convex controller for systems with uncer-
tain TRs or GUTRs. This is because the nonlinear associ-
ation terms caused by the Young inequality often emerge.
To obtain a convex controller, the duality principal in [32]
was employed to study the stability and stabilization of sin-
gular Markovian jump systems, however, which is not appli-
cable to system (1) of this paper. Similarly, the separated
approach adopted in [37] is still restricted to the case that
the measurement output equation doesn’t contain the control
input. Therefore, the technique called the association of free-
connection weighting matrices with slack matrices is used in
Theorem 14. It can be seen that the free-connection weight-
ing matrices W; are proposed to deal with the completely
unknown transition rates, which can provide less conservative
results than fix-weighting matrices [38], [47]. Also, the aim
introducing the slack matrices S;; and Xj; is to conquer the
nonlinear difficulty arising in the Young inequality, which
provides a convex method for controller synthesis [33].

Theorem 17: The closed-loop system (15) with GUTRs
is FTSB with an Hs, disturbance attenuation y wrt
(c1,¢2, T, h,y, Q),ifthereexistscalars§ > 0,y > 0, A > 0,
a set of symmetric matrices P;, W;, S’,-j, )_(ij, positive symmet-
ric matrices I:Ii > 0, Tij > 0, Z,-j > 0,Jp; > 0, matri-
ces L;, and nonsingular matrices R; such that the following
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inequalities hold for each r; = i,i € S:

EYPiER > 0,

Di Y NTAREDTER W3 T
yl DI, DIL(ETTER 0 0

*****M
=

EE | 0 0 0
* * E}{I_)iER 0O O
* * * Yy 0
* * * * Ty |

<0, ieS,
[—W; —NTET  NTEg ]
- =<0,
* —E}XPiER
ieS, jeS,, i#]
—Wi — NiTET — S,‘j NiTER ]
_ <0,
* —E} PiEg
ieS, jeSi, i#]
[—W; —NTET —X;  NlEg }
_ <0,
* —EXPiER
ie€Sy, JjeS. i#]

A < QU diagihyi, Jh)U™TQ? <1,
2

C
—C%ef‘ST + )7h2 + 71 <0,
where
ZSi = He(AN; + BiL;) — SNTET 4 63,
2

i} o MA
O3 = Y [y ET + Wy + iy + 7 T
JeSi. i#j
+ l:_”H nllWl
> =Nl +L-TBlTi
i
\l'lll = [S,kl s lk’ PE Sik,i]’
qul—dlag[Tkl s ,kt y Tikli]’
‘I/3i=[ka,sz, e ikf]’
lII4l dlag[zkl ) lkl s TN Zlk;]’
Tllz[ lkiNl ER lkéNlTERs ]
T
”ik;Ni ER],
TziZdiag{Egl_’iki‘ER, ElgpikéER’ cee
ET]_)kiER},
(k’ ES;C,k,ln #i,m: 1,2,---,0D),
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D5 Di Do NIAGEDTER Wi Wi Yy
x yI DI, DIENTER 0 0 0
E I T § 0 0 0 O
* % % ng’iER 0O 0 O
* % % * H 0 0
* * * * x Wy 0

| x ok % * * x|

<0, ie S,’;,

(58)

(59)

(60)

(61)

(62)

(63)
(64)

(65)

Y, = He(AiNi + BiLi) = SNJ E" + u,

W

Oai = Y [=m5(N] ET + W) + Xy + L Zi1 — BWi,
jeS’

N; = I_’l‘ET + AR[@,

Jiu=1[I, OWENUT[I, 0]'.

The state feedback gain matrices are presented as K; =
LN ' ieS.

Proof: As observed in Lemma 7, we obtain
(EI'PiEr)~' = EfPiEg and N; = M;"' = P.ET + AR;®, so
inequality (58) implies (18). Next, pre- and post-multiplying
(44), (45), (46)-(48) by diagiM ", 1,1,1,1}, diagiM; "1,
1,1}, M l._T and their transposes, respectively, and introducing
the following new matrices L; = K;Nj, W; = N WN,, S,,
NIS;Ni,Z; = NIzZ;NI X; = NT X,]N,, H =
NiTH,-Ni, 7_‘,-]- = NiT T;iN;, we derive that inequalltles (44) and
(45) are respectively equivalent to (59) and (60) by applying
Schur complement Lemma and a series of simple compu-
tations. Furthermore, inequalities (46)-(48) are equivalently
transformed to (61)-(63).

The remainder is to prove that conditions (64) and (65)
imply (20) and (21). Note that (20) is equivalent to

NTET = NTET Q2 G,Q2EN;. (66)

So we will only need to find the suitable matrices G; > 0,
i € S to satisfy (66). To this end, setting V~!N;UT =
|:N1’ NZl:I, and taking into account N'ET = EN; > 0,
N3; Ny !
we derive 1§/1,~ = NlTl > 0, 1§/2,~ = 0. Also, IVU is positive
because of the nonsingularity of ;. Thus, (66) holds when
Ny; 0
0 Jy
positive matrices Jp; > 0. On the other hand, N 1i is expressed
as the following form of known symmetric matrices

-1
taking G; = Q_% ur |: :| UQ_% with the arbitrary

=Ny =1, ov-'NuT, o
=[I, OJUEN;UT[I, 0]". (67)

Hence, condition (66) is satisfied. Finally, it can be seen from
(64) that I < G; < A~ !, which together with (65) can result
in (21). This completes the proof.

When system (15) includes neither noise nor unknown and
uncertain TRs, Theorem 17 degenerates to the conditions of
finite-time stochastic H, stabilization by state feedback con-
troller for singular Markovian jump systems with completely
known TRs, which is presented as follows.

Corollary 18: There exist the mode-dependent state feed-
back controller u(t) = K;x(¢t) with K; = L,-Ni_l, i €
S such that system (15) with completely known TRs and
w(t) = 0 is FTSB with an H, disturbance attenuation y wrt
(c1,¢2, T, h,y, Q) if there exist scalars 6 > 0,y > 0, A > 0,
a set of matrices P = P , Joi > 0, L; and nonsingular matri-
ces R; such that (58), (64) (65) and the following inequalities
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hold foreach r, =i,i € S:

T
* vl Dy 0 g (68)
* * -1 0

* * * —W;

where
Y, = He(AiNi + BiLi) + (i — )EPET,

Ws; = [T N/ Eg, TaN! Eg, - -, JmiioiN! Eg,
TN Eg, -+, /TivN] Eg],

We; = diag{EL PiER, EX PoER, --- , Ef Pii—1ER,
EXP;ii1ER, - , EYPivER),

and ) ¢; is given in Theorem 17.

Remark 19: It can be seen that conditions (58),(64),(65)
and (68) are given in terms of strict LMIs. Thus, what we
have obtained are superior to Theorem 1 of [27] and Theo-
rem 22 of [30] whether in theory or numerical computation.

B. FINITE-TIME STOCHASTIC H,, CONTROL BY
OBSERVER-BASED CONTROLLER

It is well known that state variables of the system are gener-
ally difficult to measure in most of practical situations. There-
fore, it is desirable to design a controller without resorting to
accessing to the state. This subsection is devoted to designing
an observer-based output feedback controller that ensures the
closed-loop system with GUTRs to be FTSB with an Hy
disturbance attenuation y. The observer-based controller is
provided as follows:

Edx(t) =A(ro)x(t)dt +B(rou(t)dt +J (r)[3() — y(1))dt,
YO)=F(r)x(), (69)
u(t) =K (r)x(1),
where x(r) € R" is the estimation of x(¢); K(r;) and J(r;)
are the controller gain and observer gain to be designed,
respectively.

Lete(t) = x(1) —x(t) and ¥(t) = [xT(t) €T (#)]7, then the
corresponding closed-loop augment system is given as in the
following form:

Edx(t) = [A(r)%(t) + D(r)v(t))dt
+ [Ao(r)X(1) + Do(ri)v(1)1dw(t),

|l : (70)
2(t) = Crp)x(t) + D1(r )v(e),
EX(0) = o,
where
- [E 0 ~ _ [Ao(r) 0O
E= 0 E} AO(F’)_[AO(r;) o]
Ay — [AG0 +BODKG) B ()
v i 0 A(ry) +J(rp)F(ry) |°
Dir) = g&;] bom):[ggg;g], Di(r) = Di(r).

C(r1) = [C(r1) + Bi(r)K (r) = Bi(r)K (r)].
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Definition 20: For scalars 0 < ¢; < ¢, T > 0,y > 0
and a matrix Q = diag{Q, Q} > 0, the closed-loop augment
system (70) is said to be

(i) FTSS wrt (c1, c2, T, Q) when v(r) = 0, if it has an
impulse-free solution in the time interval [0, 7] and satisfies
the following condition

EFET(OET QEX(0)) < & = EFT(HET QEX (1)} < 5.
(71)

(ii) FTSB wrt (¢, ¢2, T, h, Q), if it is FTSS and condition
(2) holds for all nonzero v(t).

(iii) FTSB with an Hy disturbance attenuation y wrt
(c1,¢2, T, h,y, Q), if it is FTSB while satisfying condition
(17) under the zero initial condition.

Theorem 21: The closed-loop augment system (70) with
completely known TRs is FTSB with an H,, disturbance
attenuation y wrt (c1,c2, T, h, y, Q), if there exist scalars
§ > 0,y > 0, a set of matrices P; = PiT, nonsingular
matrices R;, and positive symmetric matrices G; > 0 such
that (18), (20), (21) and the following inequalities hold for
eachr, =i,ieS

Iy Iy I ITy4;

* My Tl —K[ B,

. <0 (72)
* * 133 Dy;
* * * —1I

where
Iy; = He(A'M; + KB M;) + 2L (ENYTET P.EET A,

N
+ Y #G;E"P,E — SETPiE,
j=1
Iy = —M;TBiKi,
M3 = MI'D; + 2AL (ENTET P,EE™ Dy,
My = C]Tl- + Kl-TBTi,
N
My = He(A] M; + Fl 1] M) + > #;E" PJE — 8E" PiE,
j=1

M3 = M/ D, Tlsz = —y1 + 2D{(ET) ET PLEET Dy

Proof- Setting E; = diag{Ey , E.}, Er = diag{Eg, Eg},
Et = diag{lEt E*),P; = diag{Pi,P;}},R; = diag
{Ri, Ri}, M; = diag{M;, M}}, G; = diag{G;, Gi}, Gi > 0,
it is easy to see that (18),(20) together with (21) imply the
following conditions hold, respectively

ELIB,'EL > O, (73)
ETM; = ETQ'?G,0'E, (74)
AT (g + 7h%) < A, (75)

where Ay = supics{tmar(Gi)} = supics{tmar(G)}, M1 =
infics{Amin(Gi)} = infies{Amin(Gi)}. On the other hand,
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(72) is just the same as

My My CTF
T
* My Dy | < 0, (76)

with

1; = He(AI'M;) + ALETET My(E)Ag;
N
+ Z #iETM; — SE™ M,
Jj=1
M = ALEDTETM(E Do + M D;,
Mo = DGEDE" My(E+)Doi — 71.

Hence, based on Lemma 12, conditions (73)-(76) ensure that
system (70) with completely known TRs is FTSB with an H
disturbance attenuation y . This completes the proof.

Theorem 22: The closed-loop augment system (70) with
GUTRs is FTSB with an H, disturbance attenuation y wrt
(c1,¢2, T, h,y, Q) if there exist scalars8 >0,y >0,A >0,
a set of symmetric matrices P,, Pl, W,, S,], Xl], positive sym-
metric matrices Jo; > 0, H; > 0, T,j > 0,Z; > 0, matrices
L;, J and nonsingular matrices R;, R such that (61)-(65) and
the following inequalities hold for each r; = i,i € S:

EYPiEg > 0, (77)
EYPER > 0, (78)
F;N; = (i)iET + ZA\IA?,'&))FI',
(79)
T Tizi T3 Ti4i TISi
* o 3 0 0 '
* * 33 0 0 | <0, ies;, (80)
* * * T44i 0
| * * * * T55i |
[Cii Q2 Q3 Qai o Qisi |
* b 3 0 0 _
* * £33 0 0| <0, ieS,, (@
* * * Cadi 0
L * * * * o 05si
where
—ZSi —B;L; D; 261'
T = s TI2i = o |
L * X p; -LTBI,
[NTALEDTER  NTAL(EN)TEg }
T13i = ,
I 0 0
S —V_V, ‘i’l,' Y1 S 9 _0 0
MElooo0 0 PTIW Wy i
_[-v1 Df;
7221 - | * I k]
S [ DI(EDT ER D&(E*)TER]
0 0 ’

t33i = diag{—E} PiEg, —E} PiER),
44 = diag{—H;, —W3;, —Y2;},
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i —BiLi]
T55i = T4di, 110 = |: ! ,
A A

C12i = T12is $13i = T13is

o @3,’ Y1 o _0 0
C1ai = 0o o |’ C15i = Iy 1y, |

$22i = T22i,  §23i = T23i, §33i = 133},
Caai = —diag{Wa;, o}, $55i = L4,
> = He(AiN;i + JiF)) = SNTET + 03,

Zg‘ = He(A;N; + JiF;) — SNTET 4 64,
1

E is a suitable singular matrix with £ = ELﬁg, ® and
A are left and right null matrix of I;", respectively, and
D osis Doei 27ir Wi Wai, T1i, Yoy, 634, 04; are given in Theo-
rem 17. In this case, the state feedback control gain matrices
are presented as K; = L,-Nl._l with N; = P,ET + AR ®, i €
S, and the observer gain matrices are calculated as J; =
ji(l,\)iET + [A\k,’d\))_l, ied.

Proof: Performing the congruence transformation on
(72) with diag{Mi_l,Mi_l,I, I} and setting L; = K;N;, ji =
Ji(PiET + AR;®), then using the Schur complement equiva-
lence, (72) becomes

T TIzi T3
* T 3 | <0, (82)
* k T33;

where

~ Vii —B;L;
T]ll - * vzl ’
N

Vii = He(AiN; + BiL;) + Z #;NTETP,EN; — SNTET,
j=1

N
Vai = He(AiN; + JiFi)) + Y 7N ET P,EN; — SN] ET.
j=1

N
Furthermore, ) frile.TE TPjENi can be taken the same mea-
N =
sures as Y 7;ET M; in Theorem 14. Then it can be proved
=1
that ineq]ualities (80) and (81) imply (82). The detail proof
here is omitted.

As a byproduct of Theorem 22, the following conditions
regarding FTSB with an Hy, performance index y of the
closed-loop augment system (70) with completely known
TRs and w(t) = 0 are derived.

Corollary 23: There exist the mode-dependent observer-
based controller in the form of (69) such that the closed-
loop augment system (70) with completely known TRs and
w(t) = 0 is FTSB with an H, disturbance attenuation y wrt
(c1,¢2, T, h,y, Q) if there ex1stscalars¢3 >0,y >0,x >0,
a set of matrices P; = P f’i = P Jyi > 0,L;, J, and
nonsingular matrices Ri, Rl, such that (64),(65), (77)-(79) and
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the following inequalities hold for each i € S:

[ > —BiLi D 2 6i Ws; 0 ]
* 221- D; —LiTB{l- 0 Ws;
* * -yl DI 0 0 |_,
* * * -1 0 0
* * * * We; 0
| * * * * * We; |
(83)

where Y, = He(A;N;+JiF;)+(mii —8)EPET, Y ., W5 Vg
are the same as those in Corollary 18. The state feedback gain
and the observer gain are presented as those of Theorem 22.

Remark 24: 1t is observed that the state feedback gain
and observer-based gain are simultaneously resolved at the
expense of using the equality constraint (79), how to remove
it deserve our further study. Also, to solve (79) by applying
Matlab LMI toolbox, we replace it as the following inequality

_ N, — (P.ET AR.-DVE.
[ fl F;N; (PZE_I+ ARZQD)FZ} <0, 84)

where p is a sufficiently small positive scalar.

IV. NUMERICAL EXAMPLES
In this section, two examples are proposed to demonstrate the
effectiveness of our presented results.

Example 25: Consider a oil catalytic cracking model
[4], [12], which is described by

x1(t) = a1x1(t) + azxa(t) + bru(t) + dv(@),
0 = azx1(t) + agxp(t) + bou(t) + drv(t), (85)

where x(¢) denotes a vector to be regulated, such as regen-
erate temperature, valve position, blower capacity, etc; x2(¢)
represents the vector reflecting business benefits, administra-
tion, policy, etc; u(¢) is the regulation value, and v(¢) repre-
sents a extra disturbance. Obviously, (85) can be equivalently
expressed as

Ex(t) = Ax(t) + Bu(t) + Dv(1), (86)
with
x(0) = 0" o',
e=lo o) o= %)
B:[Zﬂ, D:[Z;]. (87)

To demonstrate the efficiency of our proposed results, with-
out loss of generality, the coefficient matrices of (86) are
modeled by a Markovian process, and the control output
equation

2(t) = C(rox(r) + Bi(r)u(t) + D1(re)v(r)
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is taken into account, then (86) becomes

Ex(t) = A(ro)x(t) + B(r)u(r) + D(re)v(?)
2(t) = C(ro)x(t) + Bi(r)u(t) + D1 (r)v(2), (88)
Ex(0) = xo.

In order to compare Corollary 18 with the existing results
of [27], the coefficient matrices of (88) are taken the same
data as example 2 of [27]:

(10 ~0.8 1.5
E:_oo]’ A‘Z[z 3]’

[—21.2 ~1 02
=1y } B = [0.5 —0.1}’

[—1 1 0.2
Ba=10s —2}’ Dl:[0.1:|’

[0.2
D) = 0_3], Ci=C=[11],

By =B =1[0.10.2], Dj; =D, =0.1.

The Markovian jump transition probability matrix is

given by
-12 1.2
12 12] )

Other parameters are givenas h = 1,7 =2,c; = 1,0 = 1.
According to the method proposed in [27], the expression
min(y? + c%) was viewed as the optimal objective to get
the state feedback gain for FTH,SB of system (88), then
feasible solutions can be obtained when § changes the value
in [1.85 10.34]. Furthermore, in the case of § = 2.4283,
the optimal values were presented by ¢; = 20.0345 and y =
12.5486. However, by applying Corollary 18 of this paper,
feasible solutions can be found when § € [0 10.35], and the
optimal values are given as ¢c; = 11.3967 and y = 1.1348.
Therefore, it can be seen that, even for system (1) without
noise, our obtained results are much better than existing one.

Example 26: In many practical cases, the environment
noise often exist and cannot be neglected. If we take white
noise w(t) into account system (88), then the singular Itd
stochastic Markovian jump system in the form of (1) is
presented. To verify the efficiency of Theorem 17 and
Theorem 22, the three-mode singular Itd6 Markovian jump
system (1) with GUTRs was taken the following data:

For mode 1,

[—05 —-08 —1 02 04
Al = 1.5 —1 1 |, Bi= 1 1 |,

| O —1 1 —1

0.2 04 02 -0.1
Di=|(04], Aogi=/|05 0 03 |,

| O 0 0 0

0 1 2 1
Do = 0 , ;=13 1 1],

| —0.6 4 1 1
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2 —-0.4 0.5
B =107 08 |, Di=|-04],
0 1 0.8
1 =07 =2
F1= [2 10 }
For mode 2,
[ =5 0.5
Ay =102 —8 6 1 1,
L0 1
0 ] 03 —-0.10.2
D, = 0.6 |, Ap= —0 4 O 2 0 ,
| —0.8 |
[ —0.2
Dy = 0 3 ,
0.3
2 6 O 6
Bp,=102 09|, D= —0.6 ,
12 1.4 0.8
[—0.7 09 -1
F2=109 o8 1 }
For mode 3,
[—10 0 0 0 05
Az = 0 -9 0|, B3=109 1 |,
1 -1 -6 1 08
0.2 ~0.50.4 —0.3
Dy=|-04|, Ap=|-0203 0 |,
| 02 0 0 0
0.1 .1 0 -1
Doz = 0|, C3=|-01-05 0 [,
| 0.4 —02 0 0
[—0.5 0.7 0.6
Bz = 0.9 04, Diz=|-04/{,
L0102 ~0.9
I T (|
Fs = (09 —45 —3]'

The Markovian jump matrix with GUTRs is given as

—14+ Anyy ? ?
? ? 2 4+ Amos . (90)
02+ Am3; 034+ Am, =054+ Amss

In addition, we choose

1 0 0 1 0 10

E=|10 1 0|, EL=(0 1|, Eg=1|01],
0 0 0 0 0 00

E = [(1) 8], ®=[0 0 07, A=[0 0 0.9],

=10 05], A=[0 0.6], w;=0.1%|Am.

In this paper, we mainly concern with the Hy, performance of
system, so y is considered as optimized variable to obtain an
optimized finite-time stabilized controller. Given ¢; = 0.3,
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0 0.5 1 15 2

FIGURE 1. State response curves of the closed-loop system (15).

=5h=1T=2,6§=02,=50=1,p=10x
1071, then by solving inequalities (58)-(65) in Theorem 17,
the optimal value of y is 1.3400, and the state feedback gain
matrices are presented by

Koo | ~11328  —1.4788  —0.7780 ]
PT ] -5.0131  —1.6555  —0.7776 |
Ko — | 20603 1.0426  0.1517 ]
2T 44259 —2.7252 —0.8340 |
K. — | 11864 —0.3998  —0.7173]
37| -1.9402  —1.3976  1.0412 |

Also, by solving inequalities (61)-(65) and (77)-(81) in
Theorem 22, the optimal value of y is 1.3541. The state
feedback controller gains are obtained as follows:

[ 1.1977  —1.6600 —0.8449 ]
| —4.6190 —1.0782 —0.5892 |’

[ 2.1343 1.0335 0.1827 |
| —4.2151  —-2.2946  —0.7128 |’

[ 0.9321 —0.2976  —0.6477 |
| —0.0982  —0.7014  0.0132

K| =

K, =

K3 =

The observer gains are given as

[0.2874
0.2579
| 0.2191

[ 0.2674
—0.2029
0.3902

© 13.2093
_28.9715
| —25.3593

—1.5799
—0.0475 |,
1.2021

—0.3510
—1.4795 |,
0.0352

—0.2293
22.4344
23.5054

J1 =

Jy =

J3 =

Remark 27: To perform the simulation, we assume
v(it) = O.6’(f02 0.6%dt = 0.8519 < 1) and the initial
value x(0) = [0.3 0.3 0.2]7. By using the Euler-Maruyama
approach to simulate Wiener process, state response curves
x(t) in Figure 1, xT(0)ETQEx(t) and E{xT(1)ET QEx (1)}
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FIGURE 2. £{xT (t)ET QEx(t)} for the closed-loop system (15).

|2(s)l[*ds} and E{f{ +[v(s)|[Pds}

ety

FIGURE 3. H, performance analysis for the closed-loop system (15).

0 05 1 15 2

FIGURE 4. Curves of ry.

(0

0

X0

FIGURE 5. State response curves of the closed-loop system (70).

in Figure 2 for the closed-loop system (15) are obtained.
Figure 1 shows that the curves asymptotically converge O,
which denotes that the closed-loop system (15) with GUTRs
is mean square admissible at infinite time. This is because
LMIs (58)-(65) still have feasible solutions in the case

64824
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FIGURE 7. Hy performance analysis for the closed-loop system (70).

of § = 0. Furthermore, it can be seen from Figure 2 that
system (15) with GUTRs is FTSB wrt (0.3, 5, 2, 1, I). Under
the zero initial condition, Figure 3 exhibits that the desired
Hy, performance is achieved in the finite-time interval
[0, 2]. So what we have obtained in Theorem 17 are effec-
tive. Similarly, to illustrate the efficiency of Theorem 22,
the initial value for system (70) is taken as x(0) =
[0.3 0.3 0.2 0 0 0]7. Then state response curves x(¢) and
error response curves e(t) are proposed in Figure 5, and the
response for £ (FT()ET QEX(0)} is presented in Figure 6.
Therefore, we can also draw a conclusion that the closed-
loop augment system (70) with GUTRs not only is FTSB wrt
(0.3, 5, 2, 1, I) but also mean square admissible in the infinite
time. Besides, from Figure 7, Hy, performance for system
(70) is satisfied as well.

V. CONCLUSION
In this paper, we have discussed the problems of finite-time
stochastic Hy, control for singular [t6-type Markovian jump
systems with (x, v)-dependent noise, including both cases of
completely known TRs and generally uncertain TRs. First,
sufficient conditions ensuring the considered systems with
completely known TRs to be FTSB with Hy, performance
have been presented, which, even for the system without
noise, are still less conservative than the results of [27]-[29].
Then by utilizing the association of free-weighting matrices
and slack matrices, we have obtained the new criteria of
finite-time stochastic Hy, control for the underlying systems
with GUTRs. The state feedback controller and observer-
based controller have successfully been designed.

It is interesting for us to extend the obtained results of this
paper to discrete-time singular systems or semi-Markovian
jump systems in the near future.
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