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ABSTRACT In this paper, the carrier frequency offset (CFO) estimation bound is presented to assess the CFO
estimation performance of an orthogonal frequency division multiplexing (OFDM)-based single relay net-
work over multipath channels, for which an amplify-and-forward (AF) protocol is adopted. We theoretically
derive the Cramer—Rao bounds (CRBs) of the CFO estimation in multipath channels. Unlike the analysis
in flat fading channels where the CFOs of the two hops can be combined together as a single estimation
parameter, the CFOs of the source-relay (S-R) and the relay-destination (R-D) links are required to be
evaluated separately in multipath channels. The first-order Taylor series expansion is applied to simplify the
calculation of the inverse of the covariance matrix which reflects the correlation of multipath channels and
relay noise. In addition, we derive the modified CRB (MCRB) of the CFO estimation to get more insight into
the influence of the system parameters on the CRB performance. Through computer simulations, we evaluate
the impact of multipath channels, the operating signal-to-noise ratio (SNR), and the number of effective
multipaths on the CFO estimation error in the dual-hop relay transmission.

INDEX TERMS Orthogonal frequency division multiplexing, relay networks, carrier frequency offset,

multipath channels, Cramér-Rao bound

I. INTRODUCTION

With the rapid growth of wireless services, next-generation
wireless systems are expected to provide higher data rates
and better quality of services. Orthogonal frequency division
multiplexing (OFDM) techniques have been widely accepted
as the most promising air interface due to its ability to com-
bat the multipath fading [1]. To further improve reliability,
multiple antennas are commonly employed to perform spa-
tial diversity [2]. However, multiple-antenna systems often
accompany with considerably high implementation cost at
the terminals as the number of antennas increases. Coop-
erative communication, which relies on multiple distributed
relays for data transmissions, is an alternative cost-effective
solution [3]. By exploiting the distributed nature of relays,
a cooperative relay network has a great potential to resist
channel fading and to increase data throughput. As such,
OFDM-based relay networks have also received a lot of
attentions in the applications of multipath environments [4].
In general, wireless relay schemes can be classified into
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two categories: amplify-and-forward (AF) and decode-and-
forward (DF). The AF relay scheme simply retransmits the
amplified version of its received signals to the destination
without causing too much computation effort. On the other
hand, the DF relay scheme firstly decodes and re-encodes
the received signals and then forwards the signals to the
destination, which usually involves higher complexity than
that of the AF scheme. Both of the AF and DF schemes
are popular in wireless relay networks. We will focus on
OFDM-based AF relay networks in this paper, and the study
of the DF scheme is beyond the scope of this paper.

Similar to the OFDM systems, the performance of
OFDM-based AF relay networks is sensitive to the carrier
frequency offset (CFO) problem caused by the mismatch
between the transmitter’s and receiver’s oscillators [5]. The
CFO will destroy the orthogonality of the OFDM signals,
leading to the inter-carrier interference (ICI) and thus dete-
riorating the system performance [6]. Furthermore, the ICI
on subcarriers becomes more severe while the system is
operated in multipath channels [7], [8]. When it comes to
the OFDM-based relay network, multiple CFOs arise due
to the distributed nature of the network with discrepant
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oscillators [9]. With multipath receptions, the multiple CFOs
estimation is mainly affected by two factors. First, the CFOs
at the relay and the destination yield complicated distortion
of the received signals at the destination node because of the
dual-hop transmission. Second, the Gaussian noise amplified
by the relay and filtered by the multipath channels becomes
colored noise at the destination. In this regard, the multiple
CFOs estimation problem is an essential issue for the suc-
cessful deployment of OFDM-based relay networks.

The Cramer-Rao bound (CRB) is a lower bound on the
variance of any unbiased estimator with nuisance parame-
ters, and it is a useful benchmark for examining the perfor-
mance of estimation algorithms [10]. The CRB of the CFO
estimation usually depends on some nuisance parameters
such as channel parameters and the timing delay in wireless
channels. In our study, we focus on the CFO estimation
under the assumption of perfect timing synchronization. The
true CRB of the CFO estimation is obtained by assuming
that all the nuisance parameters (channel parameters) are
known. In more practical scenarios, however, the CFO esti-
mation is implemented with unknown channel parameters.
The modified CRB (MCRB) of the CFO estimation can be
computed only based on the statistical distribution of the
nuisance parameters (channel parameters) [11]. The MCRB
is generally looser than the true CRB. Similar to the deriva-
tion of the true CRB, the derivation of the MCRB depends
on the definition of the modified Fisher information matrix
(MFIM), which is the expectation value of the conventional
FIM (Fisher information matrix) with respect to the channel
parameters.

For OFDM systems, the CRBs of the CFO estimation were
proposed in [12], [13]. Also, the CRBs of the blind CFO
estimation for OFDM systems over multipath channels were
derived in [12]. By considering virtual, pilot and data sub-
carriers embedded in one OFDM block, the CRB of the CFO
estimation was investigated in [13]. Some works analyzed the
CRBs of the CFO estimation in multipath fading channels
for the DF cooperative communication systems [14], [15].
In [14], the authors considered two-phase transmission for
three-node cooperative communication systems and derived
the CRBs of the CFO estimation in multipath fading channels.
In [15], the authors derived the CRBs of the joint channel
and CFO estimation for DF multi-relay networks. Based on
the assumption of the perfect data detection at each relay
node, both of these DF cooperative communication sys-
tems addressed the CFO estimation problem only for the
relay-destination (R-D) link. In [16], the CRBs of the mul-
tiple CFOs estimation were proposed for both DF and AF
relay networks in flat fading channels. In [17], the CRBs of
the multi-parameter estimation were derived for multi-relay
networks in the presence of multiple CFOs and multiple
timing offsets. Since the channel fading is assumed to be flat
in these cases, the two CFOs due to the source-relay (S-R)
and R-D links can be merged together as a single estimation
parameter, and the overall noise term at the destination is
still preserved as white Gaussian noise. With block-rotated
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preambles design in [18], the authors derived the CRB of
the CFO estimation in frequency-selective fading channels
for two-way AF relay systems. Although multipath channels
were considered in [18], the CRB derivation was degenerated
to a single parameter estimation problem, which is only
related to the difference between the CFOs of the source
and the destination nodes, based on the specific design of
block-rotated preambles. However, this requires a particu-
lar design of preambles, which may not be applicable to
general cases. To the best of our knowledge, there have
been no literature addressing the CRBs of the CFOs esti-
mation for OFDM-based AF relay networks over multipath
channels.

In this paper, we focus on the CRBs of the CFO estimation
for an OFDM-based AF single-relay network in multipath
fading channels, which is different from the previous works
in flat fading channels where only require single parameter
estimation to extract the integrated CFO. On the contrary,
the CFOs from the S-R and R-D links are both needed to be
estimated in multipath fading channels. A closed form for the
true CRB of the CFOs estimation is theoretically presented.
The first-order Taylor’s series expansion is also applied to
ease the difficulty of calculating the inverse of the color noise
covariance matrix in the FIM. In addition, we derived the
theoretical MCRB with statistical channel state information,
but unknown channel parameters, for the CFOs estimation.
Based on this, we can get more insight into the impact of
the multipath channels and the operating SNRs on the CFO
estimation error in the dual-hop relay transmission. By com-
puter simulations, the true CRB performance and the MCRB
performance are compared at different operating SNRs and
channel scenarios. It is found that the MCRB provides a
looser bound than the true CRB does. The CRB performance
is dominated by the relay SNR and also affected by the power
delay profile of the R-D channel link. The proposed CRBs
can serve as an important benchmark for the future design
of CFO estimation algorithms in OFDM-based AF relay
networks. The main contributions of this paper are listed as
follows.

« We derive the true CRB of the CFOs estimation for an
OFDM-based AF relay network over multipath fading
channels.

o We derive the MCRB of the CFOs estimation with sta-
tistical channel state information for an OFDM-based
AF relay network over multipath fading channels, and
investigate the relationship between the MCRB and the
SNRs of the S-R and R-D links.

o We provide the numerical results of the true CRB and
the MCRB by computer simulations.

The rest of this paper is organized as follows. In Section II,
the system model for OFDM-based AF single relay networks
is described. Both the true CRB and the MCRB associated
with the CFO estimation for the considered relay networks are
derived in Section III and IV, respectively. Numerical results
of the CRB performances are presented in Section V. Finally,
the conclusions of this paper are drawn in Section VI.
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FIGURE 1. The block diagram of an OFDM-based single relay system.

Il. SYSTEM MODEL

In Fig.1, we consider an OFDM-based single relay network,
consisting of a source (S) node, a unit-gain AF relay (R) node,
and a destination (D) node. During each OFDM symbol
period, the input data vector x = [x(0),x(1),...,x(N —
D]”, in which each data symbol x(i) has the signal power
052, is modulated by N orthogonal subcarriers to generate a
time-domain OFDM signal vector X. Here we address the
CFOs estimation problem, while the timing synchronization
is assumed to be perfect in this paper. The two-phase trans-
mission protocol and the AF relay scheme are adopted for the
considered relay network. During the first phase, the source
broadcasts the OFDM signal to the relay node. For the second
phase, the relay amplifies and forwards the OFDM signal
received from the source node to the destination node. It is
assumed that the wireless links in the network are multipath
fading channels. We define an N x 1 channel vector from the
source to the relay nodes as

T
Bk = [sx(0), hsw(D), .- hse(L—1),0,0,....0] . (1
N-L

where hgg(l) is the complex Gaussian channel coefficient
for the Ith path with zero mean and variance USZR’ ;»and L
is the total number of the effective paths between the source
and the relay nodes. The CFO between the source node and
the relay node is denoted by egr, which is normalized by
the subcarrier spacing. Similarly, the channel from the relay
to the destination nodes is denoted as an N x 1 column
vector:

T
hgp = [hRD<0), hrp(D), ... hrp(L — 1),0,0, ... 0] ,
%/__/
N-L

@

where hgp(l) is also the zero-mean complex Gaussian chan-
nel coefficient with variance (TI%D’ ;» and without loss of gener-
ality, the total number of the effective paths between the relay
and the destination nodes is assumed to be L. In addition,
the normalized CFO between the relay and the destination
nodes is denoted by erp. Furthermore, we assume that the
length of the cyclic prefix (CP) is larger than the maximum
channel delay spread 2L from the source to the destination
via the relay in order to alleviate the inter-symbol interfer-
ence problem. Therefore, during the first transmission phase,
the received OFDM signal at the relay node can be repre-
sented as

r = EggHgrWx + v, 3
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where W is an N x N inverse discrete Fourier trans-
form (IDFT) matrix, in which the (m, n)th element is given

by W(m, n) = \/Lﬁexp(jz’gvﬂ),form,n =0,...,N — 1,

and v = [w(0), v(1)...,v(N — 1)]T is a complex additive
white Gaussian noise (AWGN) vector with zero mean and
covariance 0,%1. The CFO matrix Egg is a diagonal matrix
with the linear phase exp (/ hfvi") as its diagonal elements:

2mesg - 1 2mesg -2
=y ) =5 —):

.., exp (J’—ZT[ESR NV — 1))]T). “

Egr = diag([l, exp

N

Moreover, the matrix Hgg represents an N x N circular con-
volution channel matrix from the source to the relay nodes,
which can be explicitly expressed as

hsr(0) hsr(N — 1) hsr(1)
hsr(1) hsr(0) hsr(2)
Hgsg = : : :
hsg(N —2)  hsr(N — 3) hsg(N — 1)
hsg(N —1)  hsr(N —2) hsr(0)

&)

For the sake of simple notations, the desired signal compo-
nent in r is defined by

sg = EsgHspWx. (6)

From (3), the received signal in the second transmission phase
at the destination node can be obtained as follows:

y = ErpHgpr +z
= EgpHgpsg + EgrpHgpv + 2 @)
where z = [z(O), z(1), ..., z(N — 1)]T is a zero-mean com-
plex AWGN vector at the destination node with covariance

Ugl. Similar to the definition in (4) and (5), the CFO matrix
Egp with respect to the R-D link is given as

.2JT€RD -1 .27T€RD -2

(R0 e (TRR2)
2mepp - (N — 1)\17

.., exp (/T)] >, )

and the N x N circular convolution channel matrix Hgp from
the relay to the destination nodes can be represented by

Erp = diag([l, exp

hrp(0) hgrp(N —1) hgp(1)
hrp(1) hrp(0) hrp(2)
Hgp = : : :
hgp(N —2)  hgp(N —3) hgrp(N —1)
hgp(N —1)  hgp(N —2) hrp(0)
9

Definition 1: The true CRB is a CRB requiring the perfect
knowledge of the channel coefficients hgg and hgp.

Definition 2: The MCRB is a CRB without knowing the
exact channel coefficients but requiring the statistical infor-
mation of the channel coefficients hgg and hgp.
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lIil. DERIVATION OF THE TRUE CRB FOR THE CFOS
ESTIMATION

In this section, we derive the true CRB for the CFOs esti-
mation at the destination node by assuming that the instanta-
neous channel coefficients is known to the destination node.
Additionally, the signal power of the data symbol is set by
one, i.e., a = 1. First, the FIM needs to be calculated in
order to determme the CRB, and the (k, m)th entry of the FIM
can be computed according to the definition in [10]:

9C, _,9C,

Y ot M) el et 2o

Y Bsm}+ { Y Qe Bem}
k=12 andm=12, (10)

F(k, m) = 2Re{

where €1 = egg and &, = ¢egp for the simplicity of notation,
Re {-} denotes the real part of a complex value, tr {-} takes
the trace of a matrix, and the notations Iy and C/V represent
the mean and the covariance of the received signal y at the
destination node, respectively. Using (7), the mean p, and
the covariance Cy, can be calculated as

#y = ErpHgpsg; (11)
H
Cy =E |:<ERDHRDV + Z) (ERDHRDV + Z) :|
= 0ZErpRrpEL, + o}, (12)

where E [-] takes the expectation, ()H is the Hermitian oper-
ation, and Rpp represents the channel correlation matrix for
the R-D link:

Rrp = HRDHf{D
rrp(0)  rrp(1) ---
rrp(N —1) rgp(0) - --

rrRo(N —2) rgp(N—1)
rrRp(N —3) rrp(N —2)

reo(1)
rrp(0)

rep(0)
rrp(N —1)

rep(3) -
rrp(2) -

()
rrp(1)
(13)

where rrp(i) = YN hrp(n)hly((n + D)y is the circular
autocorrelation function of the channel from the relay to
the destination nodes, and the brace ((-))y is a modulo-N
operator. From (13), it is worth mentioning that the channel
power of different channel paths is accumulated in rgp(0),
and the off-diagonal entries in Rgp are typically much smaller
than the diagonal entries due to the non-coherent combining
in rgp(i) as i # 0. Accordingly, the correlation matrix
Rprp possesses a strongly diagonal property under multipath
environments. By applying (11) and (12), the derivatives in
the FIM of (10) can be explicitly calculated as follows:

o 2m

—2 = j=—EgpHgpDsg; (14)
0ESR N

oy, 2m

— = j—DEgpHgpsg; (15)
88RD N

oC,

— =0 (16)
0esr
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9C, 2

_ 2R B 17
3eRD ~ R rpQrpEL a7

where D = diag([O, 1,....N — l]T), and QRD is given
(18), as shown at the top of the next page. To simplify the
computation of tr{C ! %g[ Cy 1 gf’ in (10), the covariance

matrix C, in (12) is reformulated in terms of Egp as follows:

C, = 03ErpQrpEL, | (19)

where Qrp = Rgp + o 20[2)1. As a result, the inverse of the
covariance matrix C, can be derived as

C;' =0z "ErpQppEfp - (20)

Notice that the matrix Qgp still preserves the strongly diag-
onal property, since it involves the summation of a strongly
diagonal matrix Rgp and an identity matrix. To calculate the
inverse of the matrix Qgp, we further define a scalar factor
Srp and a zero-diagonal matrix Bgp which satisfy

Qrp = 3RD(I + 81;[1)BRD> , (21)

where Sgp = rrp(0) + o . 05. By applying the first-order
Taylor’s series expansion into (21), the matrix Qgé can be
approximated as

Qe ~ 8 (1= 8ipBro) - 22)

By substituting (14)-(17) and (20) into (10) and after some
straightforward manipulations, the entries of the FIM F can
be explicitly computed as

F(1,1) = 2Re[as§’ D”Hg’DQ,;,;HRDDsR]; (23)
F(1,2) = 2Re[as DY HY QLB DDERDHRDSR} (24)
FQ. 1) = 2Re{asR ui gf pH ERDQRDHRDDSR} (25)
F(2,2) = 2Re{asl H{l, Eff, D ErpQypDHRnsk |
+tr[B QEDQRDQEDQRD], (26)

where o = aR 2(27”)2, B = (%”)2 and lel) can be obtained

from (22) via approximation. Finally, the CRBs of the CFOs
estimation for €gg and egp can be represented as [10]

CRB, = F7I(1, 1)
F(2,2)
= ;o (@D
F(1, DF(2,2) — F(1,2)F(2, 1)
CRB, = F71(2,2)
F(,1)
= , (28)
F(1, DFQ2,2) — F(1,2)F(2, 1)
where F~1(, j) is the (i, j)th entry of the matrix FL
63903



IEEE Access

C.-C. Chen, M.-L. Ku: CFO Estimation Bound for OFDM-Based Single Relay Networks With Multipath Receptions

0 (=Drrp(1)
(Drgp(N — 1) 0

Qrp =j | @Qrrp(N —2)  (Drrp(N — 1)

(N — Drgp(1) (N —2)rgp(2)

—(N —2)rgp(N —2)
—(N —3)rgp(N — 3)

—(N — Drgp(N — 1)
—(N — 2)rgp(N —2)

(18)

0 —(Drrp(1)
(Drrp(N — 1) 0

IV. DERIVATION OF THE MCRB FOR THE CFOS
ESTIMATION

For the derivation of the MCRB, it only relies on the sta-
tistical distributions of the channel parameters without the
acquisition of the exact channel coefficients. The relay SNR
and the destination SNR are denoted by I'g(= é) and

I'p(=
symbol is assumed to be one (62 = 1). Similar to the
derivation of the true CRB with the perfect knowledge of the
channel coefficients, the derivation of the MCRB requires the
calculation of the MFIM, which is the expectation value of
the FIM as derived in (23)-(26) with respect to the random
channel parameters. Prior to deriving the MFIM of the CFO

estimation, some lemmas are provided in the following.
Lemma 1: Assume that y;, for [ = 0,1,...,L — 1,
are L independent circular symmetric complex Gaussian
random variables with zero mean and distinct variance
. Then, the expectation value of the random variable

0—12) respectively, where the signal power of the data
D

1
Iyl + c) , where c is a positive constant, is given

(2

-1
L—1 2
L—-1 o < C
2 _ i . eol? —_
leo o1 1_[ (1 2) et El( 2)’

i=0,i£l %1 oj

where Ej (-) is the exponential integral function and defined
by

oo ,—t
El (x) = / ert.
X

Proof: The detailed proof is provided in Appendix A. B
Lemma 2: Assume that x and y are two independent
random variables with the exponential distribution and gen-
eralized chi-square distribution, respectively, and the corre-
sponding probability density functions are

Jfx (x)
_L1lz
of ’
f(y,(L .02 ... )

-1,
L1 —
_le<2nzlz#l<_?)) €

Letc be a positive constant. Then, the mean of the random
variable ——-— is given by

|: | % CE c
— —e — -
x—l—y+c of ! o5

C

o2

E 0l‘?] —2 —661 E]
90

where w; = (al ]_[l Litl ( #
Proof: The detailed proof is provided in Appendix B. B
Lemma 3: Assume that y;, for/ = 0,1,...,(L — 1), are

L independent circular symmetric complex Gaussian random

variables with zero mean and distinct variance al Then,

-2
the mean of the random variable (Z —o v |2 + c) , where
c is a positive constant, is given as

L 07 L1 -1 2
[ T2 ()
1=0 i=0,il |

C
_ 5 2 c
. (c l—al 2e0i -E; <—2)>
9

Proof: The detailed proof is provided in Appendix C. &

Before we develop a theorem to establish the MFIM of

the CFOs estimation for the relay network with multipath
receptions, some notations are defined in the following:

L—1—m 2 2
Sm = Zl_o ORD,I9RD,i1+m>
g
I'p’
Reoo? -2 .
e RD,IEl (RCGRD,I) ;

2
ORD,i .
Ti,m - 2 ’

ORD,m
L—1

Xk = Hi:O,i;ﬁk,i;&l (1
5 L-1 -1
pr = (URD,J l_[i=0‘i;él (1- Ti,l)) ;

L—-1 _ _
¢ = leo P (Rc - URDZ,lé“l);

m=12,...,L —1;
R. =

a =

- Ti,k)71 ;
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27\ ? -
A =2N <Wn> -Zizllm(N —m) - Sp;

(1 —Ro-2. . I UV
Y = (1 Reogp §1> (1 Zk:(),k# (1- fl,k))

L—1 Tl,le,k
= o e @5

Theorem 1: The 2 x 2 MFIM of the CFOs estimation with
the statistical distribution of the channel parameters can be
approximated as

_ [EIFQ, 1] E[F(,2)]
ELF1= [E [FQ. )] E[FQ, 2)]] :
where
2
N

re(¥)
E[F(I, D] = —5—N N -1 N 1)

: [1 —R Y o c,} : (29)

2
e (2
E[F(1,2)] =E[F2,1)] = M

3
. Z:Ol [2N3 —3N2 N+3N12—3N21] s
(30)
E[F(2.2)] = E [F(I. 1)] + A. 31)

Proof: To facilitate the derivation, we utilize the
strongly diagonal property of the channel correlation matrices
Rrp and H?RHSR, which can be approximated as the diagonal
matrices rgp (0) - I and rgg (0) - I, respectively. Accordingly,
the inverse matrix Qgé can be obtained by )»;1 - I, where
Aq = rgp (0) 4 R.. In addition, we have E [WXXH wH ] =1
and E[rsg (0)] = 1. In what follows, we in turn derive the
expectation values of F(1, 1), F(1, 2), F(2, 1) and F(2, 2),
as described in (23)-(26), to obtain the MFIM with the sta-
tistical distribution of the channel parameters.

a. Derivation of E [F(1, 1)]
Since F(1, 1) in (23) is a scalar, we can rewrite F(1, 1)
and substitute Sg in (6) as

F(1, 1) = 2Reltr[a - x" W/HLELD"HY),
- QrpHrpDEsrHsp Wx]}

= 2Re{tr[o - EsgkHog Wxx" W/ H{,

-Ef.D"HY, Q. HrpD]}, (32)
2
where ¢ = 01;2(%”) and D = diag([0, 1,...,N —
117). Then the expectation value of F(1, 1) is given by
E[F(1, 1]

2
= 2a§2<2—n) : Re{tr[E [—rRD (O)]
N g
E [WXXH wH ] DPDE [rgz (0)] - 1} }
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Il
)
~
=

I

[N}

-
N TN N
z|¥ =z|¥ =z|¥

)2~E[1—%]Re{tr[DHD]}
) (-regf]) X
)2 NN —1)QN - 1)

: (1 —R.- E[,\q—l]). (33)

By using Lemma 1 and the definition of A, = rgp (0)+
R., we can get E [X;l] = ZzL;ol o1 - ;. Thus, it leads
to

Il
—
=

|

E[F(1, 1)] = 8 <2”>2N(N )N — 1)
D= (F) v -naey -

. [1 Ry pl§1:| G

. Derivation of E [F(1, 2)]

Since F(1, 2) in (24) is a scalar, we can rewrite F(1, 2)
and substitute s in (6) as

F(1,2) = 2Re{axH WHHILES DF Rl
- QryEfpDErpHypEsgHsg W
= 2 - Re{tr[HRDESRHSRWxx” wHH,
: E?RD”HQDQ;,;EQDDERD] } (35)
The expectation value of F(1, 2) can be obtained by
E[F(1, 2)]

1
=20 - Re{tr[E [A—DHHRIZIDDHRD]
q

E [waH wh ] E [rsg (0)] - 1} }

2m\? 1
— Tk (F”) ‘Re {tr [E [EDHHQDDHRD]}}
2m\? S I
— 2Tg (F) : { > [E[ZN
2
—3N2 4N + 3N - 3N 1]| - E [M} }

Ag
(36)

where the term tr [D” HY,)DHgp| is derived in the
Appendix D. Moreover, we can get E [W] =

[M
rrp (0)+R¢
expectation value E [F(1, 2)] can be finally represented

by

2
E[F{,2)] = %FR <2—ﬂ> : ZH [2n3 — 3N?

] = Y by applying the Lemma 2. The

N =0
+N +3NI> = 3Ny (37)
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c. Derivation of E [F(2, 1)]
Similar to the derivation of the expectation value
E [F(1, 2)], we can first represent F(2, 1) by

FC, 1) = 2Reftr]ax” WHHI B B, Ef
-D"Egp QE&HRDDESRHSRWX] }
= 2Re|tr[eEsxHsxWxx W HI,
- ESHI B, D Ero Qb HroD | |

The expectation value of F(2, 1) can be derived by

E[F(2, 1)]
= ZaRe{tr[E [rsr (0)]
-E [%HRDDHI,}IDDH } ”
q
2m\? 1
- 2FR(F7T) Re {E [tr [X—qHRDDHgDDHH}
= E[F(1,2)]. (38)

d. Derivation of E [F(2, 2)]
We can derive F(2, 2) as

F(2,2) = 2Re[tr[ax” wHHL B 1Y EH
-D"Egp QE&DHRDESRHSRWX] }
+1r [ﬂQEll)(NIRDQELI)(NIRD] ) (39)

2
where 8 = (%”) . Accordingly, the expectation value

of F(2, 2) is given by
E[F2,2)]

2
- 2Re{tr[1“R (2—”> E [VRD—(O)} DD
N iy
1~ ~
-E[rsg (0)] - I]} +p-E [tl’ |:EQRDQRD:|:|
a

27\ 2 [ ~ ~
= E[F(1, D] + (V”) E [tr [A—EIQRDQRDH

2
= e+ () X0 Ny - )
2
.E|:|”RD(2m)| ] ’ “0)
)\'(1

where the value of tr [GRD(SRD] can be explicitly
derived in the Appendix E. Since |rgp (m) |2 and )‘121 are
uncorrelated with each other, form = 1,2, ..., (L—1),
we can further obtain E [F(2, 2)] by

E[F(2,2)]
L—1
=E[F(LDI+-) [2Nm(N —m)]
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E[Ireo m P E [357]

= EIF(L D]+ 2NE- 3 mN = m) -5
, 1)

where one can obtain E [A;z] = ¢ by using Lemma 3.

]

From (34), (37), (38) and (41), the MFIM can be deter-

mined, and the MCRBs of the CFOs estimation for esg and
€rp can be calculated by [10]

MCRB.,
B E[F(2,2)] .
~ E[F(I, ] -E[F2,2)] - E[F(1,2)]- E[F2, D]’
(42)

MCRB,,,
_ E[F(1, 1]
~ E[F(I, D] E[FQ2,2)] - E[F(I.2)] - E[F2, D]
43)

To facilitate the analysis of the MCRBs, we have the
following two assumptions:

Assumption 1: The total channel power is set to one.

Assumption 2: The channel power delay profile of the L-
paths fading channels keeps unchanged.

According to (42) and (43) and the above assumptions,
we can get two corollaries for the MCRBs.

Corollary 1: The MCRB of €gg is always larger than that
of egp. Moreover, the MCRB of esg gets close to that of
€rp When the ratio of the relay SNR to the destination SNR
approaches infinity, i.e., R, — o0.

Proof: From (31), (42) and (43), since the term A is
positive, it implies that the MCRB of €gr, is always larger than
that of egp. In addition, the term A varies with the parameter
R; in ¢. Actually, the term ¢ can be approximated as [19]

o2
ln 1+ RD.m
o ZL—I 1 Re 44)
= 2o | & o2 '

When the parameter R, approaches infinity, it can be
observed that the term ¢ degrades to zero:

0,2
-1 | In (1 + %)

lim — 3
e m=0 eTo0 RC GRD,m
L—1
= pn(0-0)=0. (45)
m=0

Therefore, the term A approaches zero as the ratio of the
relay SNR to the destination SNR goes to infinity, and the
corresponding MCRB of €gg is comparable to that of egp. W

Corollary 2: Iftherelay SNR I'g is equal to the destination
SNR I'p, i.e., R, = 1, the MCRB is approximately inversely
proportional to the SNR.
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Proof: Under the setting of R = 1 and Assump-

tion 2, we 2can represent (29) by E[F(1, 1)] = 'gA, where
2

A= @N(N— 1) (2N — 1)[1 —RC.Z,L;OIp,.;,] is a

constant. Similarly, the expectation values E [F(1, 2)] and

E[F(2, 1)] can be expresésed by E[F(1,2)] = E[F(2,1)]

2
= ['g©, where © = (N3> 1o [2N?—3N2+ N +3NI2 -
3N? | ] Yy is a constant. In addition, the expectation value
E [F(2, 2)] is nearly the same as E [F(1, 1)], since the term A
in (31) is much smaller than E [F(1, 1)]. Accordingly, we can
approximate (42) and (43) by

MCRB,,,, = MCRB.y,

A
= - = — 46
r2.A2-T%.02 TIr A2-0? (46)
Therefore, it is concluded that the MCRBs of esg or egp is
almost inversely proportional to the SNR T'g. ]

V. NUMERICAL RESULTS AND DISCUSSIONS

We evaluate the true CRBs with the exact channel coefficients
and the MCRBs with the statistical information of the channel
parameters for the OFDM-based single-relay networks by
computer simulations. In the simulation, the training sig-
nals are randomly generated from the binary phase-shift
keying (BPSK) modulation scheme and assumed to be per-
fectly known to the destination. The system bandwidth is
5 MHz, and the number of subcarriers, N, is set to 64. The
normalized CFOs are uniformly distributed between —0.5
and 0.5. An International Telecommunication Union (ITU)
Veh. A channel model with six effective paths is adopted to
investigate the impact of multipath channels on the true CRBs
and the MCRBs, where the relative path power profiles are
setas 0, —1, —9, 10, —15, —20 (dB) [20]. The channel gains
are generated by independent identically distributed (i.i.d.)
zero-mean complex Gaussian random variables. In the eval-
uation of the true CRBs, it is assumed that the exact channel
coefficients are perfectly available at the destination. The
channel path delays are random and uniformly distributed
between zero and eight sampling periods. Finally, the average
true CRBs performances are obtained by averaging the results
over ten thousands of randomly generated channel realiza-
tions through the Monte Carlo simulations.

In the evaluation of the MCRBs, the channel path delays
for the six-path ITU Veh. A channel are assumed to be
ranged between zero and five sampling periods, in order to
examine the impact of the unknown channel gains on the
MCRBs performances. The numerical results of the MCRBs,
which are obtained via computer simulations, are provided
to validate the theoretical results of the MCRBs derived in
Section I'V. We also investigate the impact of the number of
effective channel paths on the true CRBs and the MCRBs
performances by taking an exponentially-decay fading chan-
nel model in [21] into account. For this model, the average

channel power of the Ih effective path, E [||], is propor-
T,

. -1 . . . .
tional to e °r, where T is the sampling period and o7 is the
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FIGURE 2. The true CRBs and the MCRBs performances for esp (T = I'p)-

10"

102 ¢ 5

103 F

CRB

—@— True CRB (FH=1 0 dB)

10 | —y— MCRB (Simulated, I';=10 dB)
—m— MCRB (Theoretical, FR=1O dB)
—o0— True CRB (FR:2O dB)

,5 L <
10 —s— MCRB (Simulated, I' ;=20 dB)
—3— MCRB (Theoretical, I‘R:QO dB)
106 | ! | | | | |
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SNR, I';, (dB)

FIGURE 3. The true CRBs and the MCRBs performances for egp at
different operating SNR values of I'p.

maximum channel delay spread. Moreover, the channel paths
are assumed to be uncorrelated with each other, and the total
channel power is normalized to one. The ratio of the sampling
period to the maximum channel delay spread is set to 0.2.
Finally, the timing synchronization is assumed to be perfect
throughout the simulation.

In Fig.2, the true CRBs and the MCRBs performances of
€sg are demonstrated in the ITU Veh. A channel, and the relay
SNR is set equal to the destination SNR. It is found that both
the true CRBs and the MCRBs of €5z monotonically decrease
as the operating SNR increases. It can be observed that for
the MCRBs, the theoretical result is slightly lower than the
simulation results due to the approximation of the channel
correlation matrix by a diagonal matrix in the derivation of the
theoretical MCRB. Moreover, the MCRB is a little bit looser
than the true CRB. For example, the true CRB is 3 x 107#
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FIGURE 4. The simulated MCRBs performances for esp and ¢pp at
different operating SNR values of T'p.

106 . . . . . . .
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FIGURE 5. The true CRBs performance of ¢gp in the exponential fading
channel as Ty = T'p.

at ' = I'p = 25 dB, while the MCRB is given by 107,
In Fig.3, we compare the true CRBs and the MCRBs of egg
at different operating values of the relay SNR I'g. The values
of I'p are set as 10 dB or 20 dB. The theoretical MCRB is
slightly lower than the simulated MCRB as the destination
SNR is large. It is also observed that the relay network with
a higher relay SNR setting can achieve better true CRB
and MCRB performances. Overall, the performance can be
improved as the destination SNR I'p increases, whereas the
improvement becomes gradually saturated, since the noise at
the relay becomes a dominant factor for the CFO estimation.
A closer look at this figure reveals that the performance
saturation occurs when the destination SNR I'p is ten times
larger than the relay SNR T'g.
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FIGURE 6. The simulated MCRBs performance of ¢gp in the exponential
fading channel as T'g = Tp.

To investigate the performance difference between the
CFOs €gg and egp, we evaluate the simulated MCRBs at
different values of the operating relay SNR I'g in Fig. 4.
From this figure, we can find that the performance of egp is
worse than that of egp, since the term E [F(2, 2)] is larger
than the term E [F(1, 1)] in (42). Moreover, the performance
difference between €sg and €gp becomes more obvious
when the relay SNR I'g is poor. As the relay SNR I'g
increases and is larger than 0 dB, the performance gap
between them is almost zero. Fig. 5 and Fig. 6 show the
true CRBs and the simulated MCRBs performances of egg
in the exponentially-decay fading channels with the differ-
ent numbers of the effective paths, respectively, in order to
capture the effect of the multipaths on the CFO estimation
bound. We can find that the true CRBs and the MCRBs
both decrease as the number of the effective paths increases.
The performance improvement of the true CRBs is larger
than that of the MCRBs as the number of the effective paths
increases, since the channel parameters are known for the
true CRB calculation. In addition, the performance improve-
ment is gradually saturated as the number of the effective
paths is larger than six. This is because for the case of
the eight effective paths, the accumulated power of the first
six effective paths occupies up to 88% of the total channel
power.

VI. CONCLUSIONS

The CFO estimation bounds for an OFDM-based AF relay
network in multipath fading channels have been theoretically
analyzed. Due to the multipath effect, the CFOs of the S-R
link and the R-D link for the AF relay network are needed to
be estimated separately. Both the true CRBs and the MCRBs
for the CFO estimation have been derived in closed forms.
Computer simulations are used to investigate the impact of
the multipath fading channels, the operating SNR and the
number of the effective paths on the CFO estimation errors.
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The MCRB of the CFO estimation is about 5 dB looser than
the true CRB in terms of the SNR. The CFO estimation
bound is mainly dominated by the relay SNR, and the true
CRBs performance gets saturated when the destination SNR
is larger than the relay SNR. The CFO estimation bound
for the S-R link is higher than that for the R-D link, and
the performance gap between the two links is enlarged as
the relay SNR is much smaller than the destination SNR.
The CRBs performance decreases when the number of the
effective paths in the multipath fading channels increases, and
the performance degradation gradually becomes saturated
when the number of the effective paths is larger than six. The
proposed true CRBs and MCRBs can provide an important
insight into assessing any unbiased CFO estimation algo-
rithms for an OFDM-based relay network in multipath fading
channels.

APPENDIX A

PROOF OF LEMMA 1

Let us first define x = ZIL;O] |h[|2, which is a generalized
chi-square distributed random variable and has the probabil-
ity density function

X

L-1
fx; L, 002, R JL2_1) = Zple o forx >0, (A.1)
=0

_ 2 L—1 o‘iz —1 ey
where p; = (of [ [, (1= ?)) . Thus, the probability
] ]

L
x+c

1 (1 I L-1 5 =3
g(u):;f(;—c) = ;ZZ:O pre’te "I,

where u is varied between 0 and % The mean of u can be
derived as

density function of u = is given by

(A2)

1
1 -

l C
‘ L=t 2 el =iz
Elu] = f ug(u)du = leo p1e’i /0 ue i du

0
-1 5 (* (1
=2 o ret | e (X) dx

2
%

Lfl C
) c
=Y s, (—) |
=0

o

(A.3)

where E1(a) = faoo e (%) dX is the exponential integral
function.

APPENDIX B
PROOF OF LEMMA 2
The cumulative density function (CDF) of the random vari-

X
able g can be computed as

Prl o <]
xX+y—+c

ool

VOLUME 7, 2019

= Pr|:x <%—1) —c<0]
1 1
+Pr[yZx(;—l)—cx(;—l)—czo}. (B.1)

Note that the first term in (B.1) can be explicitly calculated
as

=1—e a(%(%il),

and the second term in (B.1) can be derived as

oo -oh(i-) =]

L—1 1 [ -5 (™ -5
= Zl L9 e % e I dydx
= C

= 1
% 715 x(z=D-c
)
L1 1 00 - ) _Hy=)=o
= Z w]— e %0ofe T dx
=1 0-02 i
(+-1
L—1 l 1 _(é‘
= W —0 e D (B.3)
1=1 Y2 T I : :
=+
% 9

From (B.1)-(B.3), we can obtain the CDF of the random

variable -
Pr [; < ti|
xX+y+c
=1 ein(%(%_l)
L A B ) B
R A M
=5+
oG of
By using [22] and (B.4), we can derive the mean of )ﬁ by
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(B.5)
% 9
By letting u = 62(+1 the mean of —*— in (B.5) can be
0=

) x+y+c
rewritten by

(]
xX+y—+c

'/OO =3 01400214 ) 1 du
2 2.2
0 ofu+1 (1+ogu)

: 1 k k k
Since 4 = 5142+ 3 where
crlzu+1 (1+<7§u)2 0]2u+1 Ugu-i-l (1+O’§M)2 ’

2
E [;} = /OO e_cu . G—OZdu
Fytel Jo (1 +0gu)

L-1 > —cu, 4 2

- wy e Yooy - 2—du
I=1 0 ofu+1
00

ka
+/ e ool - 5 du
0

< 4 2 k3
+/ e C“o, o) ~—2du . (B.7)
0 (1+00u)2

By mathematical integration, we can obtain the integration
results:

o0 o} S| -5 ¢ ¢
/ e_C”—02du =e% e ——=E ]|
0 (1+ ogu) 9 9

(B.8)

f Ui = e TE 5. (B.9)
0 oju+1 oj oj

f M —du= e E 5 ). (B.10)
0 oyu + 1 o, o

/ e—cu—3 2du = —32603 e % —%El % .
0 (14 ou) % % 0
From (B.7)-(B.11), we can finally derive the mean by

()
X+y—+c
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(B.12)

APPENDIX C
PROOF OF LEMMA 3
From (A.1), we can represent the probability density function

2
of u= ((Zztol | ? +C) ) by
Va1
c 1
U ~—L-1 5 ——5—
= 2_\2 Doy PreTe T C.1)

Then the mean of u can be derived by

1

Elu] = /62 ug (u) du
0
c L —1
-1 5 . —=
_ e’ /zﬁe”lzﬁdu . (€2
1=0 0o 2u

By the change of variables \/lﬁ = t, the integral in (C.2) can
be evaluated by

1 -1
¢ ﬂeﬂfﬁdu
0 2u
¢ Sl , 3
:/ (=2)t7 7 —t"el dt
00 2t

i

L-1 5| e 1 c
E [Li] = Zl:O ,016“12 T - E] (—2) . (C4)
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APPENDIX D
DERIVATION OF tr [D"’ H:;’DDH,,,,]
From (9) and D = diag([O, I,...
compute tr [DHY ) DHgp | as

,N —1]17), we can directly

tr [D" H}{,DHp |
N—1
= w2 lhrpO)
m=1
N-2 )
+y . mm+ 1) lhgo(D)
L—1 «N—I—1
+Zl=2 Zmzl m(m+1) - lhgp (DI
L—1 -1
+2 s Dy N =L m) ke (D (D.1)

Since the first three terms in (D.1) can be combined
by YL SN i m 4 1) - |hgp (1)1, and through some

m=1
mathematical manipulations, we have

tr [DH HgDDHRD]

L—1 1

= D" SN = DN =1 = DN =20 = Dllrp())*
=0
L—-1 1
—I(l = D3N — I — D]hgp(D)|?
TSI Nhrn(D)
=0
L—-1 1
= [5(2N3 —3N% 4+ N +3NI% — 3N21)] lhrp(D)I*.
1=0
(D.2)
APPENDIX E o
DERIVATION OF tr [QR,,QRD]
From (18), we can directly calculate tr [QRDC)RD] as
~ ~ N-=-2 k
tr [QroQrp] = Zk:l [Zmz] m?|rrp(m)|*
N—k—1
+3 L il
N-—1
+) o, 2 irrp@m. (B

Then, we divide the first term of tr [QRDQ D | into three terms
01, 6> and 03, which are

L-2 k
o=y [Zm:1 m?|rrp(m))?

+X, 0 o] 2
02 = ZkN;LL_l [Z;zl m?|rgp(m)|*

* ZI,::_I m2|rRD(m)|2: ; (E.3)
= ZZ;I\Z’—L—H [an:l m?|rrp(m)|®

+ Z::];_l mzerD(m)IZ: . (E.4)

Since rgp(m) = O form = L, L+ 1,...,(N — L) due to
the L-path channel and |rgp(m)| = |rgp (N — m) |, we can
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rewrite 0 by
L-2

=3 [3 mranmP
Y N m N — ml?
+ 3 )]
=y [an_l m2|rRD<m>|2]
Y [ZZ;H N —m)? |rRD<m>|2]
L= Y o)l
L—1 2 2
=D, _ L —m=1mlrrp(m)|
3 = )W = m) ran(ml?
L -2) Y )l
L—-1 2
=3 [(2L —m—3)m

+ On= DN =m)? |Irrp(m).

From (E.3), similarly, 6, can be further calculated as
=T (X o
+ 3 Pl
=2(N—2L+2) Zj:l m?|rrp(m)|*.  (E.6)

For the derivation of 63, the first term in (E.4) can be rewritten
as

(E.5)

N-2

k
Zk=N—L+IZm=1 m?|rrp(m)|?
N-2 L—1

B Zk:N—L+1 [Zm:l m?|rgp(m)|?

k

L—1

=(L-2-) mlrrom)l

L—1

+ Zmzl (m — DN — m)*|rrp(m)|*. (E.7)

On the other hand, the second term in (E.4) can be rewritten
by
N-2 N—k—1

> v mPlrro(m)?
L—1
= L—m=Dm’|rp®N—m). (E8)
From (E.4), (E.7) and (E.8), we can obtain 63 as
65 = an;ll [(ZL —m—3)m?
+ m—-1) NN — m)2]|rRD(m)|2. (E.9)

Furthermore, the second term of tr [QRDQRD] can be rewrit-
ten by

N—1
> 2mPlrrp(m)®
m=1
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- Z;;ll (2’"2 T2 - m)2> Irrp(m)*>. (E.10)

From (E.S), (E.6), (E.9) and (E.10), we can represent
tr [QrpQrp | by

tr [QRDQRD] =60, +6, +65
+ ij;ll (2m2 +2(N - m)2> |rrp(m)|?
NV ) s, (A1)
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