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ABSTRACT This paper investigates a finite-time formation control problem for multiple networked quadro-
tors. A novel distributed control approach is presented under the leader-follower formation framework, and
the approach is developed based on the finite-time Lyapunov theory and the homogeneous system theory such
that all quadrotors form and maintain a desired geometric pattern within finite time while tracking a reference
trajectory. The designed control law is composed of a dynamic observer, a position controller and an attitude
controller, in which the observer is adopted to provide estimates of the leader quadrotor information for
each follower quadrotor, and the controllers are in a cascade structure. It is shown that the finite-time leader-
follower formation of a group of quadrotors can be achieved via the distributed control approach, and the
cascade control architecture conforms to quadrotor dynamic characteristics. The constructive procedures on
how to synthesize such a control law are also given. The effectiveness of the proposed control approach is

verified by the simulation.

INDEX TERMS Finite-time control, formation control, unmanned aerial vehicles.

I. INTRODUCTION

Recent years have seen impressive progress in distributed
cooperative control of networked multi-agent systems,
see [1]-[6]. Considerable amount of relevant works con-
tribute enormously to the enrichment of the research topic
(e.g., [7]-[12] and references therein). In particular, forma-
tion control of multiple aircrafts, as one of the most essential
cooperative control problems, has attracted extensive interest
from control and robotics communities. The objective of
formation control of multiple aircrafts is to make a group of
networked aircrafts form and maintain some desired positions
and orientations so as to achieve a common goal. As of now,
much research efforts have been given to flight formation
control [13]-[17], and many salient results on the distributed
formation control of multiple aircrafts have been achieved,
see [18]-[21]. Thanks to the significant progress achieved by
aircraft formation control, it has been verified that multiple
aircrafts with a desired geometric pattern have the capability
to carry out more complicated tasks than a single aircraft,
see [22]-[24] for details.

The associate editor coordinating the review of this manuscript and
approving it for publication was Haixia Cui.

Although several valuable results have been obtained on
formation control design of aircrafts, yet most of them only
focus on formation error convergence to prescribed bounds
over a fixed time interval. However, for some demanding
situations where it is hoped that multiple aircrafts are able to
reach and maintain a desired geometric structure thereafter
within a finite-time interval, most existing formation control
approaches are inapplicable to such scenarios. Moreover,
in practice, engineers often concentrate on transient per-
formance of formation control systems besides steady-state
performance, and robustness against modeling uncertainties
and external disturbances. Fortunately, finite-time control has
proved to enjoy advantages in terms of fast response, better
robustness and perturbation attenuation [25]-[27]. Consider-
ing the aforementioned features owned by finite-time control,
more recently, formation control design in conjunction with
finite-time control has got increasing attentions in the field of
aviation.

Initial work on finite-time control approach to formation
of multi-agent systems was considered in [28]. Following
this research, in [29], decentralized observers based on the
sliding mode control method were employed to facilitate
the study on finite-time formation tracking problems for
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single/double-integrator dynamics. Then in [30], an optimal
formation controller was synthesized for networked linear
systems to achieve desired formation over finite time. In [31],
the finite-time formation-containment control problem for
double-integrator-like dynamics subject to uncertain nonlin-
earities was addressed. Later in [32], finite-time formation
maneuvering of single-integrator dynamics was investigated
with a distance-based control approach. In [33], a time-
varying formation tracking controller was presented for mul-
tiple linear systems with mismatched disturbances. It can be
observed from the aforementioned works that finite-time for-
mation control has been extensively investigated for certain
specific classes of systems, which are insufficient to describe
the complex aircraft dynamics caused by strong nonlinear
coupling and changeable flight environments. Therefore, it is
desirable to develop finite-time formation control approaches
for aircrafts.

More recently, several valuable results have been published
on finite-time formation control of aircrafts. Zhao et al. [34],
Zhang et al. [35] used the precise feedback linearization
method to design distributed finite-time formation controllers
for networked aircrafts. However, these results are hardly
extended to flight control systems subject to modeling uncer-
tainties and external disturbances due to the dependance
on accurate system models. Compared with these works,
the proposed control approach can be readily integrated
with robust control approaches to deal with uncertainties
and disturbances. Wang et al. [36] addressed the finite-time
formation control problem via the terminal sliding mode
control. However, such control approaches usually involve
potential singularity problems due to the existence of negative
fractional powers in comparison with the proposed control
approach. Du et al. [37] established a finite-time formation
tracking control scheme for multi-UAV systems with input
quantization based on the backstepping technique. However,
only a few specific classes of nonlinear systems can be
handled by the technique because applications of recursive
design is complex. By contrast, the proposed formation con-
troller and Lyapunov functions can be constructed without
intermediate steps.

In this paper, a novel distributed control approach to finite-
time formation of multiple quadrotors is developed, in which
a distributed observer is designed to estimate the leader
information for each follower, a position tracking controller
is proposed for each follower quadrotor to achieve the
desired formation pattern within finite time while tracking
the reference trajectory generated by the leader quadrotor,
and an attitude controller is presented such that each fol-
lower quadrotor is able to track the desired attitude. The
major advantages of the proposed control approach include:
1) a unified framework for designing distributed control
schemes is established to achieve finite-time formation
of 6-DOF aircrafts in comparison with most existing works
as shown in [34] and [35], where each aircraft is treated
as a point-mass system without attitude requirements; 2) all
follower quadrotors are not required to receive the leader
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quadrotor information in comparison with most existing for-
mation control such as [34], [37], where all followers can
have access to the leader information; and 3) upper bounds on
the time taken for the quadrotors to form a desired geometric
structure are calculated while only finite-time formation is
achieved without estimating finite settling time in some exist-
ing works [38].

The rest of the paper is arranged as follows. Section II
outlines a quadrotor model, the graph theory and two tech-
nical lemmas. A distributed finite-time formation control
approach along with the stability analysis is proposed in
Section III. Numerical simulations of an illustrative exam-
ple are shown in Section IV, and conclusions are given
in Section V.

Il. PRELIMINARIES

A. QUADROTOR MATHEMATICAL MODEL

Consider a group of N + 1 three-dimensional quadrotors,
of which mathematical models are derived based on the
assumption that each quadrotor is regarded as a rigid body
and the origin of the body-fixed coordinate system is at its
center of mass.

1) COORDINATE SYSTEMS AND TRANSFORMATIONS
To describe the states of quadrotor motion, appropriate coor-
dinate systems are established [39], [40] as follows:

o Inertial coordinate system Oxyz: coordinate origin O is
at a certain point of the earth surface; Ox axis is in
the ground plane and points to the East; the negative
direction of Oz axis is perpendicular to the ground plane
and points to the geocentre, Oy axis is in the ground
plane as well and makes up the right-handed coordinate
system with Ox axis and Oz axis.

o Body-fixed coordinate system o0;xpypzp: coordinate ori-
gin o; is at the centroid of the ith quadrotor; o;xp axis
coincides with the headward direction of the quadro-
tor; oz, axis is in the quadrotor symmetric plane
containing o;x;, axis and points upward; o;y, axis is
perpendicular to the symmetric plane and makes up
the right-handed coordinate system with o;x; axis and
0;7) axis.

The transformation matrix from the inertial coordinate

system Oxyz to the body coordinate system o0;xpy»zp for the
ith quadrotor is given by

RZ(HB
C@icwi C@l’SI//i —SQ,'
= | s¢isOici — coisyi  sQisOisyi + cpicyi  spich;
coisOicyi + sisyi  cPisOisyi — spicy;i  cpich;
(D

where (RI=8)T = (RI=B)~1 s and ¢ denote the trigonomet-
ric functions sin and cos respectively, and 6;, v;, and ¢; are
the pitch angle, yaw angle and roll angle of the ith quadrotor,
respectively.
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2) FORCES AND MOMENTS

The forces acting on the ith quadrotor are thrust 7;, gravity G;
and drag D;. Thrust T; equals to the resultant thrust from four
rotors; gravity G; is obtained as

Gi =mg, @

where g is the gravitational acceleration and m; the mass of
the ith quadrotor; and drag D; is calculated by

D; = —ki y Xis 3)

where k; , = diag {ki.x, ki,y. ki } is the acrodynamic damp-
ing coefficient matrix, and x; = [x;,y;, 71T is the posi-
tion vector of the ith quadrotor under the inertial coordinate
system.

To facilitate analysis of rotational motion for quadrotors,
resultant moment can be decomposed into pitch moment
M; g, roll moment M; » and yaw moment M; y, respectively.
Pitch moment M; ¢ and roll moment M; 4 are generated by
thrust difference, and yaw moment M; y is generated by the
reaction moment caused by the drag acting on four rotors. The
drag makes quadrotors have yaw tendency whose direction is
opposite to the corresponding rotor rotation.

3) QUADROTOR DYNAMICS MODEL
It follows from [41] that the 6-DOF dynamics model of the
ith quadrotor is described by

i 0 0] [—kixki
i = 0 |[+REZTL O [+| —kiyyi “4)
Zi L _—ml-g Tl' _ki,zzi
and
Jiob; ] —kiolio6i Mg
JiyVi | =| —kiy¥i |+ | Miy |. ®)
Jip®i | —ki ol p @i M;

where J; g, Ji y, Ji,p are moments of inertia, k; g, ki y, ki ¢
are aerodynamic damping coefficients, and /; g, [; 4 represent
the distance from the epicenter of rotors to the corresponding
longitudinal plane of symmetry of the fuselage as shown
in Fig.1.

B. ALGEBRAIC GRAPH THEORY

This paper studies a finite-time formation control problem of
networked quadrotors, in which the leader quadrotor labeled
0 decides the reference trajectory and others labeled i, i =
1,..., N, are followers. The network among these quadro-
tors is constituted by onboard sensors and data transmit-
ting/receiving devices, of which topology is described as
follows.

The graph is denoted as G = {V, £} with a set of nodes
VY ={0,1,..., N} representing N 4 1 quadrotors and a set
of edges € = {(j, )li,j € V;j # i, }. A directed edge (j, i),
i,j € V means that the ith quadrotor can have access to the
information of the jth quadrotor, and the node j is also called
a neighbor of node i. Let A; denotes the set which contains
all neighbors of node i. The adjacency matrix of the graph G
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FIGURE 1. Schematic of a quadrotor from top view.

is denoted by A = [a;] € RVTD*N+D with q; = 0 and
a;j = 1for (j, i) € £. The Laplacian matrix of the graph G is
denoted by £ = [[;] € RV+DXN+D with [; = Y 4 and
lij = —a;j for (j, i)eé.

C. RELATED DEFINITIONS AND LEMMAS
To facilitate stability analysis and formation control synthesis
for the quadrotors as modeled above, some basic definitions
and useful technical lemmas are introduced here.

Definition 1 (Finite-Time Stability): Consider a system of
the form

x(r) = f(x(1)),

where f : D — R”" is continuous on a neighborhood D of
the origin and f(0) = 0. The origin is said to be a finite-
time stable equilibrium if the system satisfies the following
conditions:

« finite-time convergent: there exist a neighborhood

Do € D of the origin and a function T : Dg\{0} —
(0, 00), called the settling-time function, such that for
every x9 € Do\{0}, x(t,x0) € Do\{0} for all r €
[0, T'(x0)) and limy_ 7(xy) x(¢, x0) = 0;

« Lyapunov stability.

If Dy = D = R", then the origin is globally finite-time
stable.

Remark 1: 1t is known from [27] that the difficulty in
finite-time control problems is to find a Lyapunov function V
satisfying V. < —kV® with k > 0Oand 0 < « < 1 for
concerned systems in general. In [26], the authors analyzed
finite-time stability of homogeneous systems, which bridges
the differences between asymptotical stability and finite-time
stability, and inspired from the seminal work, homogeneous
system theorems have been increasingly used to deal with
finite-time control problems.

Definition 2 (Homogeneous Function and Homogeneous
System): A continuous function V : R" — R is said to be
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homogeneous of degree k; > 0 with respect to (r1, ..., 1)
where r; > 0,i =1, ..., n, if for any given ¢ > 0,

V"X, ..., e"xy) =M V(x), xeR™
A continuous vector-field function f(x) = [fi(x), ..., fn(x)]T
is said to be homogeneous of degree k» with respect to
(r1,...,rp) where kp > —minj—y,_,r, and r; > O,
i=1,...,n,if for any given ¢ > 0,
fie"xy, ..., e"x,) = £k2+r"fi(x), i=1,...,n, xeR".
A system x = f(x) is said to be homogeneous if f(x) is
homogeneous.

The following lemma provides an essential tool to analyze
finite-time stability for homogeneous systems.

Lemma 1 ([26, Th. 2]): Suppose that a system x = f(x)
is homogeneous of degree k. Then the system is finite-time
stable if and only if the system is asymptotically stable
with k < 0.

Before introduce the next lemma, let the Laplacian
matrix £ of the graph G be partitioned as follows.

_ ZL]GOI'[GOI,H-JlON])
L= ( —Aoly | H ©

where Ag = diag {a\0, . .., ano}T and each entry of 1y is 1.

Lemma 2 ([42, Lemma 1]): All nonzero eigenvalues of H
are with positive real parts. Furthermore, H is nonsingular if
and only if the graph G contains a directed spanning tree with

the node O as the root.

D. PROBLEM FORMULATION
Throughout this paper, the communication topology among
quadrotors satisfies the following assumptions.

Assumption 1: There is no directed path from followers to
the leader; conversely, there exists at least one path from the
leader to any one of the followers. The data communication
between two followers is mutual.

Assumption 2: The graph G contains a directed spanning
tree with the node O being the root.

The objective of this paper is to synthesize a suitable con-
trol law such that the finite-time formation control problem of
multiple quadrotors defined as follows is addressed. It should
be noted that the formation trajectory is decided by the leader
quadrotor and the formation structure is determined by the
desired relative position dj; := [djjx, djjy, d,'j,z]T, i,j €V,
from the ith quadrotor to its neighbor, the jth quadrotor.

Definition 3 (Finite-Time Formation Control Problem):
Consider N follower quadrotors and a leader quadrotor as
described in (4)-(5), and define the formation tracking errors
as

eix = X0 — X +dio x,

eiy = yo — i +dio,y,

ei; =20 —zi t+dioz- (7
Given the graph G and the formation trajectory (xo, Yo, z0)

decided by the uncontrolled leader quadrotor, find a dynamic
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control law such that
lim e; x(t) = 0,
t—>T*

lim e; () = 0,
t—>T*

lim ¢; . (t) = 0, ®)
t—>T*
and
eix(t) =0,
eiy(t) =0,
ei (t)=0, t>T" ©)

where T* is finite time.
Remark 2: We only consider the formation structure on
the x axis as an example. It follows from (7) and (8) that

tgr?* ejjx(t) = tEHTl* [ei,x(t) - ej,x(t)]
= lim [dj. — (i —x)]
=0,

where djj = djo — djo, and one has tl_i)nTl*(x,- — X)) = djj x.

Similarly, (x; — xj) = djjx for t > T* followed from (7)
and (9).

Therefore, one obtains that the finite-time formation con-
trol problem of networked quadrotors can be formulated in
terms of the formation tracking errors (7).

Remark 3: Quadrotor orientations (6, ¥, ¢) are physically
restricted, i.e., 6 € (—7/2,7/2), ¢ € (—mw/2,7/2)
and v € [0,2x]. In fact, the inertial measurement unit
(IMU) of quadrotors made up by onboard accelerometers
and gyroscopes can provide orientation measurements in
[0,27]) or (—m, 7).

IIl. MAIN RESULTS

In what follows, the main results of this paper will be pre-
sented in two steps. First, a distributed observer is designed
to provide the estimated information on the leader for each
follower. Second, a finite-time controller under a cascade
structure is designed to achieve leader-follower formation.

A. DISTRIBUTED FINITE-TIME OBSERVER DESIGN

It is known from Assumption 1 that not all follower quadro-
tors have knowledge of information on the leader quadrotor.
Moreover, it is also known from the communication net-
work setup among quadrotors that each quadrotor only has
access to local information. Therefore, the formation tracking
errors in (7) cannot be directly used in finite-time formation
controller design. To circumvent the problem, a distributed
observer is designed to estimate the leader information for
each follower, which takes the form of

i

1 moo . s
= - ajj — ———sig" Z aij(xi — %) |,
> ag > ajj :
jeN; - deN JEN; eNi
(10)
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moo. .
——sig” | D aiGi =3 |
Y ~

JjeN; 7 jeN: jeN;:
(11)
R 1 R n3 A A
Ty & T g g Z @@ =) |
JEN; N JjeN; eNi
i=1.....N. (12

where [%;, Vi, Zi, )éi, ;,‘, éi]T are the states of the ith observer,
which are the estimates of positions and velocities of
the leader quadrotor for the ith follower quadrotor,
0< op, 0,03 < 1 and ni, N2, N3 > 0.

The distributed observer (10)—(12) has the following
property.

Lemma 3: Consider the graph G and the distributed
observer (10)—(12) Under Assumptions 1 and 2, the estimates
xi(0), yi(1), zi(¥), i = 1,..., N, converge to xo(t), yo(t), zo(t)
within finite time 7.

Proof: Take the distributed observer design on the x axis
as an example. It follows from (10) that

> ayi - )|
=~

D ayE — &) = —misig™

JeN;
i=1,...,N. (13)
Define A; := ) a;j(x; — X;) and rewrite (13) as
JeN;
A= —misig” (A, (14)

where sig®'(A;) =
signum function.
Consider Lyapunov functions V; = %Al.z, i=1,...,N.
The time derivative of V; along the trajectory of (14)
satisfies

|Aj]*'sgn(A;) with sgn(-) being the

y 1
Vi= = Ay
14a; I+ay

:—7’“2 2 V. 2

l
= _nlvl'ala (15)

14y _ It
where 71 = 71272 > 0and 0 < @; = —5+ < 1. Upon
using finite-time stability theorem in [27], one has that A;
reaches zero within finite-time ¢ = w

Recall the Laplacian matrix E of graph Q as shown in (6).
Since there exist no edges from followers to the leader, one
has that Zivzl aog; = 0 and [agq, ..., aonv] = 0.

Denote X = [%1, ..., %y]T. Since Xy = x, one has

[A1(1), ..., ANO]T = HE (@) — Iy ® x0(1)) = 0,

Vt > Topx := max{t], ..., 15} (16)

where A;(17) =0

Applying Assumption 2 and Lemma 2, one knows that
‘H is nonsingular. It thus follows from (16) that x; = x¢ for
allt > Typ .

VOLUME 7, 2019

Similarly, it is obtained that y; = yg and z; = z¢ for all
t > Top 1= max {T()b‘)ﬁ Tob.y, Tob,z}-
The proof is thus completed. [ ]

B. DISTRIBUTED FINITE-TIME FORMATION CONTROLLER
DESIGN

The proposed controller is composed of an inner-loop attitude
controller and an outer-loop position controller in terms of
cascade structures since it is known from the analysis of
dynamic characteristics for aircrafts that quadrotors have
slower position dynamics and faster attitude dynamics. The
distributed position controller receives quadrotor states to
make a group of quadrotors achieve a desired formation
pattern, while the attitude controller receives desired angles
generated by the position controller to regulate quadrotor
attitudes.

1) POSITION CONTROL
For the convenience of description, the translational dynam-
ics of the ith quadrotor in (4) is expressed as

k.
Xi=— =% + Uiy,
mi
. ki,y .
Yi=——"Vi+uy, (17)
m;
. ki,z .
L=z — 8t Uiy,
1
where
T; . . .
u; x = —(cos y; sin 6; cos ¢; + sin ; sin ¢;),
mi
Ujy = —l(sin Y sin 6; cos ¢p; — cos V¥; sin ¢;), (18)

mj
T;
u;; = —(cos 6; cos ¢;).
my
To address the formation control problem as formulated
in Definition 3, the distributed position controller for each
quadrotor is designed as follows:

PN
Uiy = E a,-j|:k,-,1Slg (X —Xj—xi+xj+djj x)

JeN;
+ ki o5ig* 2 (Vi x — Vjx — Vi + Vj,x)]
i+ L, (19)
mj
iy = Y aj |:ki,1Sigai'l()A’i_)A’j_yi‘i‘)’j‘f‘dij,y)
JjeN;:
+ ki 25ig%2 (V; y— Viy —Viy+ vj,y):|
R (20)
mj
iz =) aj |:ki,15igai'l Gi—z—zit+zg+dj2)
JeN;
+ ki 2sig2 (Vi ; — Vi, — vip + Vj,z)i|
: kiz.
i, — g+ =z, 21
m;
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201
l+oz,-,1 ’

where k;1,kio > 0,0 < ;1 < 1land ojp =
i=1,...,N.

Theorem 1: Consider the graph G and the closed-loop sys-
tem consisting of the system (17) and the distributed dynamic
control law (10)—(12) and (19)—(21). Under Assumptions 1-2,
then the leader-follower finite-time formation control prob-
lem is solved via the proposed control law.

Proof: When designing the position controller, we only
take the proof on the x axis as an example.

Define

eix = X — Xi + djo.x,
éi,vx = i\’i,x — Vix, (22)
where X; and V; , are the estimates of the leader information
on position and velocity for the ith follower.
From (17)—(19) and (22), one has that

€ix = €jxv,

X A ki,x .

Cjyx =Vix + —Xi — Ujx
mj

@i on R
=— E ajjki 15ig"" 1 (&; x — €jx)

JeN;
— Y ajkinsig®? @Cian — ). (23)
JeN;

Next, we will prove the finite-time stability of system (23)
in three steps.

Step 1: To show system (23) is globally asymptotically
stable.

Consider a Lyapunov function as

N éi,):_éj,.\'
V:Z[Z a:‘jki,l/(; sigai_l(f)d‘[ +é,'2",x:|, (24)
i=1 SjeN;

where a;j = ajj for i, j € V except that aj, = 2ajo fori € V.
Taking the time derivative of V along the trajectory of
system (23) with a;; = aj; for i, j € V\{0} yields that

N
V= Z |: Z a;‘jki,lSigai'l(éi,x - éj,x)(éi,vx - éj,vx)i|

i=1 “jeN;
N

-2 Z éi,vx |: Z aijki,lﬂlgoﬁ'l (éi,x - éj,x)
i=1 jeN;

s i n «
+ Z a;jki 2sig* "2 (8 vy — ej,vx)j|
jeN;:
N N
/ .o ~ A N ~
= Z aijki,l”g "l(ei,x - ej,x)(ei,vx - ej,vx)
i=1 j=1
N
, w1 oa A
+ E ajoki,15ig" " (€ x)ei vx

i=1
N N

- Z Zaijki,ISigai’l(éi,x - 2'j,x)(éi,vx - éj,vx)
i=1 j=1
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N
—2) " aioki, 1518 (8i.1)i x

i=1

N
~ i ~
_zzei,vx E aijki,ZSlg " (ei,vx - ej,vx)
i=1 jeN;

N
- Z Z a;jki,ZSigai’z(éi,vx - 2j,vx)(éi,vx - éj,vx)

i=1 jeN;
<0. (25)
Let Agj:= ) a;j(éi,vx - éj,vx)9 then
JjeN;
T n n T
[Ae,l ) Ae,N] ZH/[el,vx_eO,vm cees eN,vx_eO,vx] )
(26)
where H' = H + Ay with H and Ay as defined in (6).
Upon using Lemma 2, one has that [Ae,l, e AE,N]T =

[0,...,01Tis equivalent to &; ,, = Ofori=1,..., N, since
H’ is nonsingular and e, = 0.

From (25) and (26), it is known that V =0 implies
¢ivx = 0 and thus ¢;,, = 0. It is also known from (23)
that (&;yx, €;.yx) = O implies &;y = 0. Applying LaSalle’s
theorem, one has that system (23) is globally asymptotically
stable.

Step 2: To show system (23) is homogeneous.

It is obtained from Definition 2 that system (23) is homo-

geneous of degree k, = = ‘271 with respect to the dilation

(F,1, 71,25 -+ Fi1s Fi20 -5 N1, TN 2D,
1
where ri; = 1, rip = a”; ,0 < a1 = k) < 1, and
o 20 1
@2 = Tg -

Thus, by Lemma 1, system (23) is globally finite-time
stable. Then, with Lemma 3 and Definition 3, one concludes
that the quadrotors can form a desired geometric structure
within finite time.

Step 3: To estimate the finite upper bound on the settling
time of system (23).

Leté, = [61.0, ..., enx] and ey := [210ms ... n 0] -

Then, for any given ¢ > 0, the Lyapunov function (24) and
its derivative satisfy

2
2 . en
V(e 1ey, geyy) = Ve, eyx),

(27)
o2 .
V(g éx» 8évx) = £1+Kl V(éx» éV)c)- (28)
Denote ¢ = V (e, évx)_%. Thus, one has
V(ey, e A T .
Vo) iy, vl (29)
A A Itk
Vex,enx) 2
Moreover, it follows from (27) that
_ 1
VIV e, VT8, = 1. (30)

Based on the above mentioned analysis on the asymptotical
stability of system (23), there exists a positive constant c;
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such that
V(x, ep) N B
"—”fm—wv B8y, V722m) < —e1, (1)
V(ex»evx)
that is
A A A oA M
V(ey, enx) < —c1V(ey, ex) 2 (32)

Applying the finite-time stability theorem in [27], one has
that

1—«
2V (6 (t0). 21 (t0) T
ci(1 —«1)
Thus, the proof is completed. ]
Remark 4: It can be observed from (33) and the finite-
time stability theory that the settling time 75, . is related
with two parameters c¢; and k1. A smaller c; leads to a larger
Tout.x» Which is easy to be obtained, while the influence
of k1 on Ty, x is more complex because of the dependence
on V(ex(to), evx(t0)). If V(ex(to), eyx(to)) =< 1, a larger
leads to a larger Ty . However, if V(ex(%), &,x(t0)) > 1,
the influence of k1 on T, x is not monotonic any longer.

(33)

Tout,x =

2) ATTITUDE CONTROL
The desired attitude of the quadrotors calculated by interme-

. . T .
diate control inputs u; = [ujx, uiy, uiz] i = 1,...,N,
is given by
d _ . |2
T =m; ui)x—i—u +u1z’
q_ . /mi(u; x sin 1//i — U,y COS wl.d)
¢; = arcsin 7d © o (34)
l
d cod
Uiy COS Y + Uy sin s
Gid = arctan( o L LY L ),
Ujz

where the yaw angle 1/fid is a degree of freedom, which may
be set to O for the sake of convenience.

To facilitate the attitude controller design, rewriting the
rotational dynamics of the ith quadrotor in (5) gives that

o k19119

0; = — 9 +Tig,

i -119 i,0

. k;

wi:_l_lp i+ Ty, (35)

Jiy

. kiolio -

¢i = — L0 i + Ti g,
Jl,¢

where 7,9 = 1\149’ Tiy = M"” and 7,4 = M’d’

Jig
Thus, the attitude controller for each quadrotor is designed
as follows:

Tio = ki3sig®3 (07 — 6))

. . . kigl;
hiasig 4@ — ) + 0 + =70, (36)
10
Tiy = ki3sig®3 (Y — )
+ ki asig® 4 (= ) + U + Jl__zwt" 37
1,
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Tig = ki3sig®3 (o — ¢r)

o k"Pl
+ ki asig® (@ — di) + & + Jio ¢, (38)

where k; 3, ki4 > 0and 0 < o; 3, 0054 < 1 fori=1,...,N.
Theorem 2: Consider the graph G and the closed-loop
system consisting of the system (35) and the control
law (36)—(38). Then with the proposed control law,
the desired attitudes in (34) can be tracked within finite time.
Proof: We take pitch angle 6 as an example.
Define

eig =01 —0;. (39)
From (35), (36) and (39), one has that
éip = 07 — 6,
i = —ki3sig"3 (i) — kiasig¥ (& ). (40)
Choose the following Lyapunov function
eip 1
Wi=ki3 /0 sig“3(t)dT + 26, 0> 41)
and its time derivative is
Wi = ki 35ig%3 (e 0)éig + €i9é;
i i,3518 ( 1,9) i,0 1,0€i,0 (42)

= —kialéio|' T < 0.

It follows from (42) that W;=0 implies é; 9 = 0 and then
¢i.p = 0. Moreover, system (40) indicates that (é; 9, €;9) = 0
implies e¢; 9 = 0. Thus, it is known from LaSalle’s theorem
that system (40) is globally asymptotically stable.

Furthermore system (40) is homogeneous of degree
ks = a’32 with respect to the dilation

(F1,3: 71,4y -3 T3, Fids -, IN,3, TN 4),
o 1
where ;3 = 1, 4 = 3%

20,3

,0 < i3 = k2 < 1, and

oj4 = —.
There?gr[g, one concludes from Lemma 1 that system (40)
is globally finite-time stable, that is, with the proposed con-
troller (36)—(38), the desired attitudes are tracked by the
quadrotors within finite time.
Following the similar proof to obtain the upper bound
as shown in (33), the settling time of system (40) is upper

bounded by

. l-xy
2Wi(€i,9(l‘o), eip(tp)) 2

T} , 43
e = 2l = k2) @)
where c; is a positive constant satisfying
Wieig, éi - g
M) W, e, W )
Wileio, €i9) 2
< —o. (44)
The proof is thus completed. [ ]

Remark 5: 1t should be noted that both the derivatives of
observer information and the derivatives of desired attitudes
are used in the design of formation controllers (19)-(21)
and (36)—(38). However, their explicit expressions are too
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FIGURE 2. Topology graph and the desired formation pattern.

TABLE 1. Quadrotor simulation parameters.

Parameter Description Value
m;, kg quadrotor mass 1
g,m/s? gravity acceleration 9.8

Ji0, Ji,p, kg - m? moments of inertia 1.466 x 10~2
Jip, kg - m? moment of inertia 2.848 x 102
ki, kiy. kg/s aerodynamic damping coefficients  6.579 x 10~2
ki .z, kg/s aerodynamic damping coefficient 0.054

ki g, ki ¢, kg-m/s  aerodynamic damping coefficients 0.01
ki, kg-m?/s aerodynamic damping coefficient 0.02

li,g, liy(lﬂ m length 0.025

[ index of quadrotors 0,1,2,3

intricate to be described. To solve this problem, the technique
of finite-time differentiator as shown in [43] and [44] is
adopted. The details on how to use this technique are given
in the following simulation section.

Remark 6: The settling time Tl.’;q’ g 1s related with two
parameters ¢ and k». Following the arguments presented in
Remark 4, one has the similar result regarding the influence of
¢ and k> on Ti’;l) o- Furthermore, it is worth mentioning that in
practice, the settling time 7,,; := max {To,,,) x> Tout,ys Toum}
should be more than twice as long as the settling time

Tin = i:I?aXN {Ti"n,@, :ln & Til;a, ¢} to ensure that the inner-
loop control systems can accurately receive the signals from

the outer-loop control systems [45].

IV. NUMERICAL SIMULATIONS

Consider four quadrotors with dynamics (4)-(5) to demon-
strate the performance of the proposed finite-time control
algorithm. Simulations with three quadrotors following a
leader quadrotor while maintaining a triangle formation have
been conducted.

The topology graph describing the information exchange
among quadrotors is shown in Fig. 2, which satisfies Assump-
tions 1-2, and the quadrotor simulation parameters are given
in Table 1 .

The desired formation trajectory is [xo(t), yo(?), 20O1F =
[55in(0.21), 5 cos(0.2¢), 117, the desired formation struc-
ture is a triangle, and the desired relative positions
from each follower to the leader are given by djp =
[0,0, 101", dyg = [10cos(ZZ),0,10sin(Z)]T, d3g =
[10cos(—Z), 0, 10sin(—Z)]T.
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TABLE 2. Initial position and linear velocity of each quadrotor.

Label  [2:(0),9i(0),z:(0)]T,m  [#:(0),9:(0), 2:(0)] T, m/s
1 [0.8,0,—5]T [0,0.1,0]T
2 [0,0.8,5]T [0,0.5,0]T
3 [-0.5,0.8,0]T [0,0.8,0]T

TABLE 3. Initial angle and angular velocity of each quadrotor.

Label  [05(0),4:i(0), $i(0)]", rad _ [6:(0),4:(0), :(0)]", rad/s
1 [0,7/6,0]" [0,0,0]"
2 [0,57/6,0]T [0,0,0]"
3 [0,—7/6,0]T [0,0,0]T
TABLE 4. Initial states of each finite-time observer.
Label f:i(o), m Qz (0), m 21'(0), m
1 z0(0) 0(0) 20(0)
2 0.15 -0.21 -0.18
3 0.10 0.20 -0.13

15,

0. 5
E s :
- ,

Y ’ Lo :

o L : Leader :

"~ | ===0Quadrotor ane

S B Quadrotor two :

g’ B ——-Quadrotor three |
g

#m

FIGURE 3. Trajectories of all quadrotors.

TABLE 5. Settling time of observation errors for each follower quadrotor.

Label Xr; — C%,L Yi — :'?7. Zi — 21
1 0.185s 0.539s 0.194s
2 0.189s 0.543s 0.198s
3 0.189s 0.543s 0.198s

In the simulation, the initial states of each follower quadro-
tor are listed in Tables 2-3 and the initial states of each finite-
time observer are given in Table 4. It should be noted that the
initial states in Table 2 are the same as that in [38], and the
initial states in Tables 3-4 are chosen randomly.

Then, apply Lemma 3, Theorem 1 and Theorem 2 with the
following control parameters to each follower quadrotor. The
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FIGURE 4. Observation errors of all follower quadrotors.
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FIGURE 5. Formation position errors of all follower quadrotors.

finite-time differentiator used in the simulation is the same as
that in [43].

m=m=n3=10, aj=ar=03=0.7,

kit =10, kip =10, aj1 = 0.7, ajp = 201/(1 + 1),
kiz =10, k4 =10, a;3=0.7, ajs4 =20;3/(1 +;3),
i=1,2,3.
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FIGURE 6. Formation attitude errors of all follower quadrotors.

TABLE 6. Settling time of formation errors for each follower quadrotor.

Label €ix €iy €iy (W) € €i¢
1 8.456s  9.005s  8.352s 0Os 3.981s 0Os
2 8.651s  8.902s  8.507s 0Os 3.474s 0Os
3 8.618s 9.013s 8.960s 4.395s 3.981ls 4.212s

Fig. 3 shows the formation trajectory of all quadrotors
during 10s. It is observed that quadrotors converge to the
desired formation.

The observation errors x; — X;, y; — y; and z; — Z; are
shown in Fig. 4, and the formation tracking errors ¢; ,, €; y,
eiz €ig, ey and e; 4 are shown in Figs. 5-6. The settling
time taken for the observation errors and formation errors to
converge to the origins is shown in Tables 5-6 , respectively.
It is observed that the observer of each follower quadrotor
can estimate the leader quadrotor information within 0.55s at
most, and the desired formation can be achieved at about 9s.
The effectiveness of the proposed control approach is verified
by the simulation results.

V. CONCLUSIONS

In this paper, a distributed control approach to the finite-
time formation of networked quadrotors has been proposed.
It is shown that leader-follower formation of the quadrotors
can be achieved within finite time via the proposed control
approach. Moreover, the control law is designed under a
cascade structure with an inner-loop attitude controller and
an outer-loop position controller, and the control architecture
accords with quadrotor dynamic characteristics. Based on the
obtained results, it is of interest to extend the static network
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to the time-varying one, and to take into account the presence
of disturbances and uncertainties.
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