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ABSTRACT In this paper, we investigate the performance of asymmetric radio frequency (RF) and free space
optical (FSO) dual-hop cooperative relay network alongwith a direct RF link between source and destination.
The FSO link experiences double generalized Gamma turbulence in the presence of the generalized non-zero
boresight pointing errors, andRF links experience non-identically distributedNakagami-m fading.Moreover,
considering both cognitive radio and non-cognitive scenarios, a partial relay selection (PRS) strategy has
been employed. Furthermore, both relay selection and underlay power restriction are governed with the
outdated channel state information (CSI). We also assume both heterodyne and intensity modulation/direct
detection methods in the FSO receiver. Under the assumption of amplify-and-forward relaying and PRS,
we derive closed-form expressions for outage probability (OP) of both scenarios, while bit-error probability
and ergodic capacity of the non-cognitive scenario are also obtained. The asymptotic expressions of OP and
diversity order of this network are derived for both perfect CSI and outdated CSI cases. It is demonstrated
that the diversity order is a function of the fading severity of the RF links, turbulence parameters of the FSO
link, and pointing error, regardless of interference channel parameter of the primary user.

INDEX TERMS Cognitive radio network, double generalized Gamma, free space optical communications,
non-zero boresight pointing errors, outdated channel state information, partial relay selection.

I. INTRODUCTION
Free-space optical (FSO) communications has attracted con-
siderable research attention due to their advantages including
high bandwidth, full-duplex gigabit Ethernet throughput in
certain applications, a huge license-free spectrum, a certain
immunity to interference, and a high level of security [1].
These advantages of FSO communications can compen-
sate some shortcomings of the radio frequency (RF)
communications.

A. TURBULENCE CHANNEL MODEL
However, the major limitation in the FSO communication
systems is the atmospheric turbulence-induced fading that
restrict FSO communication systems to short range links.
In order to model this random phenomenon, several statistical
models in the literature have been proposed. These include
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the log-normal, log-normal Rician, I-K distribution, Malaga,
Gamma-Gamma (G2) and Double-Weibull [2]. The G2 is
widespread distribution for modeling FSO turbulence chan-
nel in the literature, however, G2 distribution is not com-
pletely match with experimental data particularly in tails [2].
Recently, a novel statistical model called Double General-
ized Gamma (DGG) distribution has been introduced by [2],
where irradiance fluctuations are given by production of
small-scale and large-scale fluctuations, both of which are
function of generalized Gamma distribution. This model pre-
cisely describes the signal propagation under all conditions,
(i.e., from weak to strong turbulence conditions) added to the
fact that it generalizes other distributions.

B. NON-ZERO BORESIGHT MISALIGNMENT
Additionally, the building sway phenomenon leads to the
vibration of transmitter beam that causes a misalignment
between transmitter and receiver known as pointing error.
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Pointing error has two components i.e., boresight and jit-
ter. The boresight is static displacement between center of
the beam and detector’s center which is mostly caused by
the thermal expansion of the buildings. On the other hand,
the random offset of the beam center at detector plane leads
to jitter which is largely caused due to the buildings sway and
vibration.

Several statistical models have been proposed to model
misalignment such as Rayleigh distribution [3], Hoyt distri-
bution [4], Rician distribution [5] and Beckmann distribu-
tion [6]. Among all above models, Beckmann distribution is
a general model which includes all other models as special
cases. However, due tomathematical intractability, thismodel
has not became popular. Recently, Beckmann distribution is
approximated with a modified Rayleigh distribution [7].

C. MOTIVATION
By increasing the data rate demands of wireless users, coop-
erative communications is introduced in order to improves
the capacity of wireless communication and reliability and
power-efficient coverage [8]. In this way, an asymmetric dual-
hop cooperative relaying systems assuming the RF and FSO
links in each hop of information transmission was suggested
in [9]. The dual-hop RF-FSO relay network provides an
efficient solution to fill the connectivity gap between the
RF access network and the fiber optic-based backbone net-
work as well. Due to high capacity of FSO links, a large
number of RF users could be multiplexed through a single
FSO link.

D. RELATED WORK
The outage performance of dual-hop amplify-and-forward
(AF) RF-FSO relaying systems in various turbulence con-
ditions was investigated in [9], [10], while bit error prob-
ability (BEP), symbol error rate and ergodic capacity (EC)
are achieved in [11]. The study in [12] was extended these
results to multiuser selection. The authors in [13] general-
ized distribution model of the FSO link to DGG turbulence.
A cooperative RF-FSO system suffering from co-channel
interference was investigated in [14].

Furthermore, due to lack of enough frequency spectrum
and high cost of using frequency bands, cognitive radio
networks have been proposed to improve the spectrum effi-
ciency [15]. The impact of underlay cognitive radio on
the RF-FSO relay network was evaluated in [16]–[21].
In [16], [17] performance analysis were done for channel
state information (CSI)-assisted and fixed gain AF relaying
techniques assumingRayleigh andG2 distributions for the RF
and FSO links, respectively. The authors in [21] generalized
these results for DGG and Nakagami-m distributions for the
RF and FSO links, respectively. Moreover, diversity order
of this relay network was presented for single relay system
as well. The authors in [18], [19] extended these results for
cognitive multiple-input multiple-output (MIMO) RF-FSO
relay network while [20] considered impact of imperfect CSI
of the primary user (PU) channel. So far, in all of underlay

RF-FSO cognitive relay works, only a single relay has been
considered.

Considering multiple relays and using relay selection strat-
egy leads to performance improvement [22]. In the partial
relay selection (PRS) strategy contrary to best relay selection
one, the relay is selected based on CSI of only one hop
(source-relay or relay-destination link) [23] which leads to
power, bandwidth and time savings. In addition, CSI may
be outdated at the time of selection since it takes some time
for the destination to acquire the estimates of all source-relay
channels. Due to the time varying nature of the RF channels
and feedback delay, the instantaneous CSI which is deployed
for relay selection may be outdated for the relay selection.
The effect of outdated CSI on the performance of multi-relay
RF network was investigated in [24], [25] and [26] assuming
respectively the Rayleigh and Nakagami-m fading channels.
In order to generalize the performance analysis when the
best relay is not available due to the practical implementa-
tion restriction such as some scheduling or load balancing
conditions, selection among all relays except the best one
(k-th worst relay selection) was proposed for Rayleigh fading
channels in [27].

The idea of the PRS in a dual-hop RF-FSO relay system
with outdated CSI was proposed in [28]. In [28], [29], the out-
age performance of RF-FSO relaying system with consider-
ation of Rayliegh/(G2) fading was derived and the BEP and
EC were achieved in [30] while [31] derived OP assuming
Malaga distribution for the FSO links. The authors in [32]
generalized it with hardware impairment consideration in
transmitters and receivers for fixed gain AF and decode-
and-forward (DF) relaying methods, while they considered
Malaga distribution for the FSO links. Additionally, in [33]
upper-bounded OP, BEP and EC of CSI-assisted AF relaying
were derived where RF links were subjected to Nakagami-
m fading and co-channel interference and the FSO links was
influenced by DGG.

E. CONTRIBUTION
From a realistic point of view, the choice of Nakagami-m
fading is to characterize more versatile fading scenarios that
are more or less severe than Rayleigh fading via the m fading
parameter, which includes the Rayleigh fading (m = 1)
as a special case. Furthermore, PUs and secondary users
(SUs) are often far from each other; as such, independent and
non-identically distributed (i.n.i.d.) fading is assumed with
distinct fading parameters in the respective links.

While all previous works have improved our knowledge
on the performance characterization of RF-FSO systems,
the most important differences between our work
and [28]–[33] are: 1)We consider underlay cognitive RF-FSO
relay network with PRS scheme, which is not considered
in [28]–[33]. 2) Unlike [28]–[33], we considered a direct link
between source and destination. 3)We derive exact value of
OP, BEP and EC of RF-FSO relay network with fixed gain
AF relaying technique assuming Nakagami-m and DGG for
the RF and the FSO links, respectively while in [33] the
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upper-bounded of these parameters are obtained for
CSI-assisted AF relaying technique. 4) Contrary to [33],
we derive diversity order of AF RF-FSO relay network
with both imperfect CSI and perfect CSI scenarios for fixed
gain AF relaying technique. 5) We consider the generalized
pointing error model with non-zero boresight which is not
considered in [28]–[33].

Motivated by the above mentioned limitations
of [28]–[33], we herein pursue a detailed and generalized
performance analysis of dual-hop cognitive mixed RF-FSO
AF relaying systems, where k-th worst (or (N − k)-th best)
relay selection strategy for mixed RF-FSO relay network
with outdated CSI are explored. In this light, we derive
the OP and BEP at arbitrary signal-to-noise ratio (SNR),
along with asymptotic expressions in the low outage regime.
The contributions of this paper can be summarized as
follows:
• We consider a mixed dual-hop multi-relay RF-FSO con-
figuration along with a direct RF link between source
and destination for cognitive and non-cognitive scenar-
ios, where SUs use the resources of a primary net-
work (PN) in an underlay spectrum sharing scenario.
This is a practical but complicated setup which has
scarcely appeared in the literature. Closed-form expres-
sions of OP of both scenarios and BEP and EC of
the non-cognitive scenario are obtained by assuming
the i.n.i.d. Nakagami-m fading for the RF links and
the DGG atmospheric turbulence for the FSO links
with considering generalized pointing errors. Assum-
ing the outdated CSI case and the PRS method, the
k-th worst relay selection strategy is performed at the
first hop. Additionally, it is worthy to mention that
the best relay selection scheme is a special case of
our proposed scheme. The destination employs the
selection combining scheme where the optical receiver
employs both type of detection i.e. heterodyne and
IM/DD methods.

• We consider generalized pointing error model in
this paper where non-zero boresight pointing errors
with non-identical jitter variance are taken into
account.

• It is the first time that multi-relay RF-FSO configura-
tion considered in a cognitive radio network (CRN). In
other word, the OP of the RF-FSO relay network is
obtained with considering a power constraint strategy in
an underlay cognitive radio scenario while the CSI of the
interference channel between PUs and SUs is considered
outdated.

• The asymptotic expression of the OP and the diversity
order of this system are given for both outdated and
perfect CSI cases. It has been shown that the diversity
order of secondary network (SN) strictly depends only
on the fading severity of the RF link and turbulence
parameters of the FSO link and pointing errors and is
independent of the PU parameters. We prove that when
CSI of the RF link is outdated, increasing number of

relays does not provide more diversity order (i.e. the
diversity order reduces to fading severity of a single
RF link).

Notation: Throughout this paper, we use fh(.) and Fh(.)
to denote the probability density function (PDF) and cumu-
lative distribution function (CDF) of a random variable
(RV) h, respectively. 0 (n) =

∫
∞

0 e−t tn−1dt is the Gamma
function [34, Eq. (8.310.1)], 0 (n, x) =

∫
∞

x e−t tn−1dt is
the upper incomplete Gamma function [34, Eq. (8.350.2)]
and ϒ (n, x) = 0 (n) − 0 (n, x) is the lower incomplete
Gamma function. Furthermore,G.,..,. [.] andH

.,.:.,.:.,.
.,.:.,.:.,. [.] denote

Meijer’s-G and extended generalized bivariate Fox-H func-
tion (EGBFHF) which are explained in [34, Eq. (9.301)]
and [35, Eq. (1)], respectively. Iν (.) and erf (.) represent the
ν-th order modified Bessel function of the first kind [34,
Eq. (8.406.1)] and error function [34, Eq. (8.250.1)], respec-
tively. [x]p shows a vector with identical values equal to x
and length p. Assuming that X is a RV, X is denoted expected
value of X (i.e. E[X ]). In the following 1(. : .), 1(. : .) and
1(., ., .) are respectively defined as

1(j : x) ,
x
j
, . . . ,

x + j− 1
j

,

1 (j : x) ,
x + j− 1

j
, . . . ,

x
j
,

1 (r, j, x) , 1

(
r,
x + j− 1

j

)
, . . . ,1

(
r,
x
j

)
.

The outdated CSI denotes by ‘‘ˆ’’ throughout this paper.

II. SYSTEM MODEL AND FADING STATISTICS
As demonstrated in Fig. 1, a dual-hop RF-FSO relay system
in an underlay cognitive network scenario is considered with
a single PU P, a single secondary source S, a single sec-
ondary destination D and N secondary AF relays Rn, (n ∈
{1, . . . ,N }). Indeed for each relays, we consider several
secondary sources with different data rate requirements in
which their data are amplified and multiplexed through the
FSO link. For simplicity’s sake and without loss of generality
we just show one of the secondary sources and analyze the
system for a single random user. Based on partial relay selec-
tion strategy, the best available relay with maximum SNR is
selected. However, in order to fairly generalized our analysis,
sometimes the best relay may not be available for transmis-
sion, the k-th worst or (N −k)-th best relay selection strategy
is considered [27]. The source node transmits the signal viaN
RF links. TheAF relaywith k-th worse SNR is being selected.
The selected AF relay amplifies the transmitted signal from
node S with gain G and by proceeding conversion to the
optical signal, retransmits it to the destination. The des-
tination is equipped with both receiver lens aperture and
RF antenna for optical and RF signals, respectively. The
destination received signal via both the direct RF link and
the asymmetric RF-FSO dual-hop link. The destination node
deploys selection combining (SC) scheme between these two
links.
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FIGURE 1. System model of multi-relay underlay cognitive RF-FSO
transmission system.

A. RF LINK
All S → Rn links experience independent and identically
distributed (i.i.d.) Nakagami-m fading with the same fading
severity and average SNR parameters [23]–[27] which is
denoted by hn. S → P and S → D links experience
Nakagami-m fading, where the channel coefficients are pre-
sented by hp and h0, respectively. Therefore, |hn|2, |hp|2 and
|h0|2 are Gamma distributed with fading severity mR , mI and
mD and mean power �R , �I and �D and scale parameter
aR = mR/�R , aI = mI /�I and aD = mD/�D , respec-
tively. The Gamma distribution PDF and CDF are defined as
follow [36, Eq. (2.21)].

f
|h|2 (γ ) =

a
mX
X γmX−1

0
(
mX

) exp
(
−aX γ

)
, (1)

F
|h|2 (γ ) =

ϒ
(
mX , aX γ

)
0
(
mX

)
= 1− exp

(
−aX γ

) mX−1∑
i=0

(
aX γ

)i
i!

, (2)

where X ∈ {R, I ,D} and aX = mX /�X , while mX is the sever-
ity parameter and�X represents the average SNR. The second
expression in (2) can be written when mX is an integer.
In the underlay scenario of CRN, the transmit power of

S has been restricted by maximum tolerable interference
power of PN which is defined as Q. Coming from delay
and time-varying nature of channel, the available CSI at the
selection instant may be differ from the actual one and the
CSI of interference link to the PU is outdated due to feedback
delay, as well. The correlation coefficients between |hn|2

and |ĥn|2 and |hp|2 and |ĥp|2 are depicted with ρR and ρI ,
respectively. The joint PDF of two Gamma RV with fading
severity mY , mean power �Y , scale parameter aY = mY /�Y

and correlation coefficient ρY is as follow [36, Eq. (9.333)].

f
|h|2,|ĥ|

2 (x, y) =
a
mY +1
Y(

1− ρY
)
0
(
mY

)( xy
ρY

)mY −1
2

×exp

(
−
aY (x + y)(
1− ρY

) )ImY −1
(
2aY
√
ρY xy(

1− ρY
) ),
(3)

where Y ∈ {R, I }. Here we define SNR of the RF link for two
circumstances:

1) With neglecting PU and its corresponding link from the
systemmodel in Fig. 1 (i.e. non-cognitive scenario) and
performing the k-th worst relay selection strategy in the
mixed RF-FSO system, the SNR of the RF links S →
Rk and S → D are defined as γSR = |hk |

2γ
S
and γSD =

|h0|2γS , respectively. Also, the average SNR is defined
as γ

S
= Ps/N0 andPs is power of the transmitted signal

from S.
2) Considering the k-th worst relay selection strategy in

themixed RF-FSO system assuming underlay scenario,
the SNR of the RF links from S to Rk and D are
respectively, defined as

γSD =
αI γSQ

|h0|2

|ĥp|2
, (4)

γSR =
αI γSQ

|hk |2

|ĥp|2
, (5)

where γ
SQ
= Q/N0 and αI is the power margin factor

at S which can be obtained numerically for a given
probability of interference to the PU (PI ) [37, Eq. (12)].
The interference probability at the PU can be written as
PI = Pr(αIQ|hp|

2/|ĥp|
2
> Q).

Without loss of generality, N0 is noise variance at all nodes.

B. FSO LINK
The Rn → D FSO links undergo DGG turbulence chan-
nel that is denoted by In. The stochastic behavior of the
FSO link depends on three parameters, i.e. path loss Il , atmo-
spheric turbulence Ia and pointing error Ip. The path loss has
deterministic value with the exponential Beers-Lambert law
hl = exp(−σL), where σ and L show the atmospheric atten-
uation and the distance between relay and destination nodes,
respectively. The atmospheric turbulence is RV and fol-
lows DGG distribution. With considering non-zero boresight
and based on approximated Beckmann distribution proposed
in [7], the pointing error is a RV with modified Rayleigh
distribution.

The corresponding FSO channel coefficient to the selected
k-th worse RF link is defined as Ik = IlIpIa. The instanta-
neous electrical SNR of the received signal at D is γRD =
(η Ik)r /N0 (for simplicity we omit the index k for parameters
belong to Ik ). The PDF of SNR distribution of the FSO link
assuming non-zero boresight pointing error is defined as [21]

fγRD
(
γRD
)
=

A1
γRD

Gm,0α2p,m

[
B1 gα2p

(
γRD

µr

) α2p
r
∣∣∣∣ κ1κ2

]
, (6)

where A1 = ξ2modp
m2−

1
2 qm1−

1
2 (2π)1−

p+q
2
/
(r0 (m1) 0 (m2)) ,

B1 = mq1m
p
2

/(
ppqq�q

1�
p
2

)
, m = p + q + α2p, κ1 =

[1
(
α2p : ξ2mod + 1

)
] and κ2 = [1

(
α2p : ξ2mod

)
,1 (q : m1) ,

1 (p : m2)]. The small-scale and large-scale atmospheric
fluctuations of the turbulence channel are described by
{α1,m1, �1} and {α2,m2, �2}, p and q are positive
integer values such that p/q = α1/α2 and g =
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A1B
−1/(α2p)
1

p+q∏
i=1

0
(
1/(α2p)+ κ0,i

)
/(ξ2mod + 1) where κ0 =

[1(q,m1) ,1 (p,m2)] while κl,i represents the ith term of κl .
Moreover, µr denotes the average electrical SNR of the
FSO link for both type of detectors which is defined as
µr = (ηE [Ik ])r/N0 and the value of this is obtained as
µr = (hl η Amod g)r /N0. ξmod shows the ratio between
the equivalent beam radius and the pointing error standard
deviation at the receiver [3] which is given as ξmod =
wzeq/2σmod , while wzeq is the equivalent beam radius at the
receiver given through w2

zeq =
√
πerf(ν)w2

z/2ν exp(−ν
2),

ν =
√
πar/
√
2wz where wz and ar are Gaussian beam radius

on the receiver plane and radius of receiver aperture, respec-
tively. σmod is defined in terms of Beckmann distribution
parameters as [7].

σ 2
mod =

(
3µ2

xσ
4
x + 3µ2

yσ
4
y + σ

6
x + σ

6
y

2

)1/3

, (7)

where µx , µy, σx and σy are Beckmann parameters. The
(µx , σx) and (µy, σy) represent static boresight displacement
and the standard deviations (jitter) for horizontal and vertical
directions, respectively. Moreover, with matching the first
moments of Ip when pointing error displacement follows
Beckmann distribution and modified Rayleigh in the log-
domain, the Amod is obtained as [7]

Amod = A0 exp

(
1

ξ2mod
−

1
2ξ2x
−

1
2ξ2y
−

µ2
x

2ξ2x σ 2
x
−

µ2
y

2ξ2y σ 2
y

)
,

(8)

where ξx = wzeq/2σx and ξy = wzeq/2σy. The A0 is amount
of collected power at the center of receiver (A0 = erf2(ν)).
As a special case, with considering zero-mean Gaussian
(µx = µy = 0) and identical standard deviation (σs =
σx = σy) for each directions, the non-zero boresight point-
ing error reduces to zero boresight pointing error in [3]
(i.e. ξmod = wzeq/2σs and Amod = A0). Accordingly, the rela-
tionship between µr and γD is readily derived as

γ
RD
=

{
µ1 if r = 1(
σ 2
si + 1

)
µ2 if r = 2,

(9)

where σ 2
si is the scintillation index [3].

In the semi-blind fixed gain AF relaying technique, G =
1/
√
N0(E(γSR)+ 1). Therefore, the SNR’s distribution of

fixed gain AF dual-hop mixed RF-FSO system at the desti-
nation can be written as

γSRD =
γSR γRD

γRD + C
. (10)

Using a semi-blind relaying technique, C = E
(
γSR
)
+ 1

[28]. By using the SC method at the destination, where the
higher SNR path is selected, the end-to-end SNR of the
system under consideration can be written as

γe2e = max
(
γSRD , γSD

)
. (11)

III. PERFORMANCE ANALYSIS OF NON-COGNITIVE
RELAY NETWORK SCENARIO
Here, we consider PRS strategy with neglecting the effect of
PU and its corresponding link in Fig. 1. Note that, although
this scheme is suboptimal compared with the traditional relay
selection scheme, it incurs lower implementation complexity.
In fact, in this scheme, the relay chooses the best channel
based on the source-relay channels, whereas in the traditional
relay selection, the destination chooses the link with maxi-
mum end-to-end SNR, which requires full instantaneous CSI
of all links. This requirement renders the implementation of
such schemes laborious. To the best of our knowledge, the OP,
BEP and EC of dual-hop fixed gain AF relaying in mixed
RF-FSO network with a direct link assuming Nakagami-m
and DGG fading channels respectively for the RF and FSO
links and employing the PRSwith outdated CSI have not been
derived, yet.

A. OUTAGE PROBABILITY
The OP is defined as the probability that the end-to-end
SNR falls below a specified threshold, γth. It is defined as

Pout (γth) = Pr [γe2e ≤ γth] = Fγe2e (γth) , (12)

where Fγe2e (γth) denotes the CDF of γe2e evaluated at
γ = γth. In the following, we derive the CDF of γe2e required
to calculate (12).

As mentioned above, due to the time variations of channel
and the feedback delay, k-th worst relay selection strategy
is done based on the outdated CSI of the RF links. With
inspiring from deviation method in [38] for calculating PDF
of best relay and generalizing to k-th worst relay selection,
the CDF of |hk |2 is given by

F|hk |2 (x) = 1−9
(
k,N ,mR

) β∑
j=0

mR+j−1∑
s=0

(
mR + β − 1
β − j

)

×

(
mR + j− 1

j

)
β!k4

(
aRχx

)s exp (−aRχx)
s!χmR+j

,

(13)

where χ = 1/(1− ρR )−λ
2/$ ,$ = ρR/(1− ρR )+N + l−

k+1 and λ =
√
ρR/(1− ρR ).9

(
k,N ,mR

)
and4 are defined

respectively as follow

9
(
k,N ,mR

)
=

k−1∑
l=0

N+l−k∑
p1=0

p1∑
p2=0

· · ·

pmR−2∑
pmR−1=0

(
N
k

)(
k − 1
l

)

×
(−1)l(N + l − k)!

pmR−1!

mR−1∏
i=1

(
1

(pi−1 − pi)!(i!)pi−pi+1

)
,

(14)

4 =
λmR+2j−1

$mR+β+j (1− ρR) ρ
(mR−1)/2
R

, (15)
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TABLE 1. Parameters of binary modulation.

while p0 = N + l − k , pmR = 0 and β =
mR−1∑
q=1

pq. Here,

we assume that mR and mD have integer values.
Based on the definition of γSD and γSR for non-cognitive

scenario in II-A, the CDFs of SNR distribution for the
RF links are derived by substituting (13) and (2) (for X = D)
into FγSR (γ ) = F

|hk |2
(
γ /γ

S

)
and FγSD (γ ) = F

|h0|2
(
γ /γ

S

)
,

respectively.
Based on (10), the CDF of γSRD is derived with following

integral

FγSRD (γ ) =
∫
∞

0 FγSR

(
γRD+C
γRD

γ
)
fγRD

(
γRD
)
dγRD . (16)

Due to the fact that RF-FSO dual-hop link and direct
RF link are independent, the CDF of γe2e is given by [39]

Fncγe2e (γ ) = FγSRD (γ )FγSD (γ ) , (17)

where index ‘‘nc’’ indicates the non-cognitive scenario.
By substituting the CDF of γSR and (6) into (16), we obtain
an integral involving a Meijer’s-G function. The expo-
nential function could be altered to a Meijer’s-G func-
tion using [40, Eq. (8.4.3.2)]. Subsequently, by employing
binomial expansion [34, Eq. (1.111)] and integral identity
[40, Eq. (2.24.1.1)], the CDF of γSRD is obtained.

By substituting the CDF of γSRD and (2) with X = D
into (17), the CDF of γe2e can be written as

Fncγe2e (γ ) =
(
1−9

(
k,N ,mR

) β∑
j=0

j+mR−1∑
s=0

s∑
i=0

×

(
β + mR−1
β− j

)(
j+ mR−1

j

)(
s
i

)
A(2π)(1−α2p)/2

×
β! k4(α2p)i+

1
2

s!χmR+j

(
aRχγ
γ
S

)s−i
exp

(
−
aRχγ
γ
S

)
×Grm+α2p,0rα2p,rm+α2p

[
B
(
aRχCncγ
α2pγS µr

)α2p ∣∣∣∣ κAκ3
])

×

ϒ
(
mD ,

aDγ
γ
S

)
0
(
mD

) , (18)

where κA =
[
1
(
r, α2p, ξ2mod + 1

)]
, κ3 = [κB ,1 (α2p : i)]

and κB = [1
(
r, α2p, ξ2mod

)
, 1 (r, q,m1) , 1 (r, p,m2)];

while A and B are respectively defined as

A =
ξ2mod p

m2−
1
2 qm1−

1
2 (2π)

1−
(
p+q
2

)
r
rµ−1

0 (m1) 0 (m2) α2p
,

B =

(
gα2pmq1 m

p
2

pp qq�q
1�

p
2 r

(p+q)

)r
,

where µ =
α2p∑
j=1
κ2,j −

m∑
i=1
κ1,i −

p+q
2 + 1. Based on probabil-

ity laws, the expected value of γSR is derived in term of CDF
of γSR as follow

E
(
γSR
)
=

∞∫
0

(
1− FγSR (γ )

)
dγ . (19)

By substituting the CDF of γSR into (19) and utilizing
[34, Eqs. (3.326.2)], we obtain

Cnc = 1+9
(
k,N ,mR

) β∑
j=0

(
β + mR − 1
β − j

)(
j+ mR − 1

j

)

×

(
mR + j

)
β!k4

χmR+j+1

(
γ
SR

aR

)
. (20)

Special Case: The Rayleigh and G2 distributions are
respectively special cases of Nakagami-m and DGG distribu-
tions. As a special case, it can be shown that formR = mI = 1,
α1 = α2 = �1 = �2 = 1, m1 = α and m2 = β

(i.e. Rayleigh/G2 fading) with zero boresight pointing error
(µx = µy = 0 and σx = σy) and without consideration of
direct link, eq. (18) reduces to [29, Eq. (17.28)].

B. BIT ERROR PROBABILITY
We now turn our attention to the BEP. We mention that
the BEP for most binary modulations can be expressed
as [14, Eq. (21)]

Pe =
δτ

20(τ )

∫
∞

0
e−δγ γ τ−1Fγe2e (γ )dγ, (21)

where τ and δ are the modulation’s parameters which can be
selected from set {0.5, 1} in Table 1.
By substituting (18) into (21) and employing integral iden-

tities [40, Eq. (2.24.1.1)] and [34, Eq. (3.351.3)], we arrive
to (22), as shown at the top of the next page.

C. ERGODIC CAPACITY
Another important figure of metric is EC. The EC is defined
as C = E[log2(1 + cγ )], where c = 1 for heterodyne detec-
tion (i.e. r = 1) [41, Eq. (14)] and c = e/(2π ) for IM/DD
(i.e. r = 2) [42, Eq. (26)]. Additionally, this expression is
exact for the case of r = 1while it is a lower-bound for r = 2.
The EC can be written in terms of the complementary CDF
of γe2e as follow

C =
1

ln(2)

∫
∞

0

1− Fγe2e (γ )
1+ cγ

dγ. (23)
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Pe
nc
=

1
2
+9

(
k,N ,mR

) β∑
j=0

j+mR−1∑
s=0

s∑
i=0

(
β + mR − 1
β − j

)(
j+ mR − 1

j

)(
s
i

)
A(2π)1−α2p

×
β!δτ k4(α2p)τ+s

20(τ )s!χmR+j

(
aRχ
γ
S

)s−i( mD−1∑
t=0

1
t!

(
aDα2p
γ
S

)t (aRχ + aD
γ
S

+ δ

)i−τ−s−t
×Grm+α2p,α2p(r+1)α2p,rm+α2p

[
B

(
aRχCnc(

aRχ + aD + δγS
)
µr

)α2p ∣∣∣∣1(α2p : 1+ i− τ − s− t) , κAκ3

]

−

(
aRχ
γ
S

+ δ

)i−τ−s
Grm+α2p,α2p(r+1)α2p,rm+α2p

[
B

(
aRχCnc(

aRχ + δγS
)
µr

)α2p ∣∣∣∣1(α2p : 1+ i− τ − s) , κAκ3

])

−

mD−1∑
t=0

0(τ + t)δτ

20(τ )t!

(
aD
γ
S

)t ( aD
γ
S

+ δ

)−τ−t
. (22)

C
nc
= 9

(
k,N ,mR

) β∑
j=0

j+mR−1∑
s=0

s∑
i=0

(
β + mR − 1
β − j

)(
j+ mR − 1

j

)(
s
i

)
β!k4(α2p)i−

1
2A(2π)(1−α2p)/2

ln(2)s!χmR+j

×

(
B

1
α2p

(
aRχCncγ
α2pγSµr

))i−s(
H rm+α2p ,α2p ;1,1;1,0
(r+1)α2p,rm+α2p;1,1;0,1

[
3(κ3, s− i, rm+ α2p)
3
(
κA , s− i, rα2p

) ∣∣∣∣ (0, 1)(0, 1)

∣∣∣∣ −(0, 1)
∣∣∣∣D1,D2

]
−

mD−1∑
t=0

1
t!

×

(
aD
γ
S

)t (
B

1
α2p

(
aRχCncγ
α2pγSµr

))−t
H rm+α2p ,α2p ;1,1;1,0
(r+1)α2p,rm+α2p;1,1;0,1

[
3(κ3, s− i+ t, rm+ α2p)
3
(
κA , s− i+ t, rα2p

) ∣∣∣∣ (0, 1)(0, 1)

∣∣∣∣ −(0, 1)
∣∣∣∣D1,D3

])

+

mD−1∑
t=0

1
ln(2)t

(
aD
cγ

S

)t
exp

(
aD
cγ

S

)
0

(
1− t,

aD
cγ

S

)
. (24)

We transform the fractional and exponential functions to
Meijer’s-G functions by employing [40, Eq. (8.4.2.5)] and
[40, Eq. (8.4.3.2)], respectively. Then, we have an integra-
tion on product of three Meijer’s-G functions. By employ-
ing [40, Eq. (8.3.1.21)] and [43, Eq. (6.2.3)], we can
transform these Meijer’s-G functions into Fox-H func-
tions [44, Eq. (1.2)]. This integral can be solved in terms
of EGBFHFs by using [35, Eq. (2.3)]; then by using
[34, Eq. (3.383.10)], we end up with (24), as shown at the top
of this page, where D1 ,

(
B−1/α2pcα2pγµr

) /(
aRχCncγ

)
,

D2 ,
(
B−1/α2pα2pχµr

) /
(χCncγ ) and D3 ,(

B−1/α2pα2p
(
aRχ + aD

)
µr
) /(

aRχCncγ
)
, while 3(., ., .) is

defined as

3
(
κG , ϕ, θ

)
,

(
1− κG − ϕ

[
1
α2p

]
θ

;

[
1
α2p

]
θ

,

[
1
α2p

]
θ

)
.

(25)

Note that, the EGBFHF is implemented by [45] and [46] in
MATHEMATICAr and MATLABr, respectively.

IV. PERFORMANCE ANALYSIS OF RF-FSO RELAY
NETWORK IN UNDERLAY COGNITIVE SCENARIO
Cognitive radio is a promising technique for improving spec-
trum utilization efficiency. In a CRN, there are two networks
(i.e. PN and SN). In an underlay system, a SU can have
full spectrum access if the imposed interference on the PU’s
spectrum is less than a threshold limit. To this end, the

SU should confine their transmission powers to a predefined
threshold. In this section, we analysis underlay cognitive
mixed RF-FSO relay network in two scenario 1) with direct
link 2) without direct link.

A. OUTAGE PROBABILITY ANALYSIS WITHOUT DIRECT
LINK
Here, we analysis RF-FSO relay network when the direct link
between source and destination is not available. In order to
obtain the CDF of γe2e without direct link, we obtain the CDF
of γSR . Based on the definition of γSR in (5), we have

FγSR (γ ) =
∫
∞

0
F|hk |2

(
γ

αI γSQ
x

)
f
|ĥp|2

(x) dx. (26)

By substituting (13) and (1) (for X = I ) into (26) and
employing [34, Eq. (3.351.3)], the CDF of γSR is derived as

FcoγSR (γ ) = 1−9
(
k,N ,mR

) β∑
j=0

mR+j−1∑
s=0

(
mR + β − 1
β − j

)

×

(
mR + j− 1

j

)(
mI + s− 1

s

)
β!k4a

mI
I

χmR+j

×

(
aRχγ
αI γSQ

)s
(
aRχγ
αI γSQ

+ aI

)mI+s , (27)
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where ‘‘co’’ indicates the underlay cognitive scenario.
We substitute (27) and (6) into (16) and employ the def-
inition of binomial coefficients in [34, Eq. (1.111)]. Then
by deploying [40, Eq. (2.24.2.4)] and after some algebraic
manipulations, the CDF of γe2e is obtained as

Fcndγe2e
(γ ) = 1−9

(
k,N ,mR

) β∑
j=0

j+mR−1∑
s=0

s∑
i=0

×

(
β + mR − 1
β − j

)(
j+ mR − 1

j

)(
s
i

)
β!k4a

mI
I (α2p)

mI+s

0
(
mI

)
s!χmR+j

×

(
aRχγ
αI γSQ

)s−i(
aRχγ
αI γSQ

+ aI

)i−mI−s
A(2π)1−α2p

×G
rm+α2p,α2p
(r+1)α2p,rm+α2p

B
 aRχCcoγ

µr

(
aIαI γSQ + aRχγ

)
α2p∣∣∣∣ κ4κ5

 ,
(28)

where index ‘‘cnd’’ indicates cognitive and non-direct link
scenario, while κ4 =

[
1
(
α2p : 1+ i− mI − s

)
, κA
]
and

κ5 =
[
1(α2p : i) , κB

]
.

By substituting (27) into (19) and using [34, Eqs. (3.194.3,
8.384.1)], we obtain the constant value as follow

Cco = 1+9
(
k,N ,mR

) β∑
j=0

(
mR + β − 1
β − j

)(
mR + j− 1

j

)

×

(
mR + j

)
β!k4aI(

mI − 1
)
χmR+j+1

(
αI γSQ

aR

)
, (29)

which is valid for mI > 1.

B. OUTAGE PROBABILITY ANALYSIS WITH DIRECT LINK
In the underlay scenario of CRNwith direct link, due to power
restriction at S with respect to RV |ĥp|2, the SNR of the
S → Rk and S → D links are not independent. Therefore,
the RVs γSRD and γSD are not independent, as well. Hence,
we cannot utilize (17) in order to calculate the CDF of γe2e.
Since both γSRD and γSD depends on |ĥp|2, we employ the
conditional CDF of γSD and γSRD on RV Z = |ĥp|2 as bellow

Fγe2e
(
γ
∣∣Z) = FγSRD

(
γ
∣∣Z)FγSD (γ ∣∣Z) . (30)

Then the overall CDF is obtained by using the following
integral

Fcoγe2e (γ ) =
∫
∞

0
Fγe2e

(
γ
∣∣Z) fZ (z) dz. (31)

Based on (4) and (5), the conditional CDF of γSR and γSD
can be written respectively as

FγSD
(
γ
∣∣Z) = F|h0|2

(
γZ
αI γSQ

)
, (32)

FγSR
(
γ
∣∣Z) = F|hk |2

(
γZ
αI γSQ

)
. (33)

Based on (10), the conditional CDF of γSRD by employing
the following integral is derived as

FγSRD

(
γ

∣∣∣Z) = ∫∞0 FγSR

(
γRD+C
γRD

γ

∣∣∣Z)fγRD (γRD) dγRD . (34)

In order to obtain the conditional CDF of γSRD , we put
(33) and (6) in (34). The exponential function is transformed
to Meijer’s-G function with [40, Eq. (8.4.3.2)]. Employing
binomial expansion [34, Eq. (1.111)] and integral identity
[40, Eq. (2.24.1.1)], the conditional CDF of γSRD is derived
as

FcoγSRD
(
γ
∣∣Z) = 1−9

(
k,N ,mR

) β∑
j=0

mR+j−1∑
s=0

s∑
i=0

×

(
mR + β − 1
β − j

)(
mR + j− 1

j

)(
s
i

)
×
β! kλmR+2j−1(α2p)i+

1
2A(2π)(1−α2p)/2

s!$mR+β+jχmR+j
(
1− ρR

)
ρ

(
mR−1

)
/2

R

×

(
aRχZγ
αI γSQ

)s−i
exp

(
−
aRχZγ
αI γSQ

)

×Grm+α2p,0rα2p,rm+α2p

[
B

(
aRχCcoZγ
α2pαI γSQ µr

)α2p ∣∣∣∣ κAκ3
]
.

(35)

Based on (30) and by substituting (35), (32) and (1)
(for X = I ) into (31) and applying integral identity
[40, Eq. (2.24.3.1)] we get (36), as shown at the top of the
next page. The C parameter for with direct link scenario is
same as (29).

C. SPECIAL CASES
In order to fulfill our analysis, we consider two extreme cases:
1) without CSI (ρR = 0) and 2) with perfect CSI (ρR = 1).
We consider some special cases for all scenarios which are
mentioned in this paper (i.e. non-cognitive and cognitive
scenarios). Therefore, the resulted derivations are valid for
the OP in (18), (28) and (36), the BEP in (22) and the EC
in (24).

1) OUTAGE PROBABILITY ANALYSIS WITHOUT CSI (I.E.
ρR = 0)
Here, we suppose ρR = 0, which means the outdated version
of CSI are not related to actual ones at all. Therefore the relay
selection is performed randomly. When ρR → 0, we have
$ = N + l − k + 1, λ =

√
ρR and χ = 1. Therefore,

4 in (15) when ρR goes to zero can be rewritten as

lim
ρR→0

4 =
ρj
R

(N + l − k + 1)mR+β+j
. (37)

This equation is zero when ρR = 0 and is non-zero when
j = 0. With i.i.d. assumption for all RF links, it is similar
to existence of only one RF link with Nakagami-m fading
with mR and aR parameters. Therefore, the OP is obtained
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Fcoγe2e (γ ) = 1+9
(
k,N ,mR

) β∑
j=0

mR+j−1∑
s=0

s∑
i=0

(
mR + β − 1
β − j

)(
mR + j− 1

j

)(
s
i

)
A(2π)1−α2p

×
β!k4(α2p)mI+sa

mI
I

0(mI )s!χ
mR+j

(
aRχγ
αI γSQ

)s−i( mD−1∑
t=0

(α2p)t

t!

((
aRχ + aD

)
γ

αI γSQ
+ aI

)i−mI−s−t

×

(
aDγ
αI γSQ

)t
G
rm+α2p,α2p
(r+1)α2p,rm+α2p

B
 aRχCcoγ((

aRχ + aD
)
γ + αI γSQaI

)
µr

α2p ∣∣∣∣1 (α2p : 1+ i− mI − s− t
)
, κA

κ3


−

(
aRχγ
αI γSQ

+ aI

)i−mI−s
G
rm+α2p,α2p
(r+1)α2p,rm+α2p

B
 aRχCcoγ(

aRχγ + αI γSQaI
)
µr

α2p ∣∣∣∣1 (α2p : 1+ i− mI − s
)
, κA

κ3

)

−

mD−1∑
t=0

0
(
mI + t

)
a
mI
I

0
(
mI

)
t!

(
aDγ
αI γSQ

)t(
aDγ
αI γSQ

+ aI

)−mI−t
. (36)

as in (36) when N = 1 and k = 1. Moreover, when N = 1
and k = 1 (35) reduces to [21, Eq. (14)].

2) OUTAGE PROBABILITY ANALYSIS WITH PERFECT
CSI (I.E. ρR = 1)
Here, we suppose ρR = 1 which means we have perfect CSI
of the RF links (i.e. |hn|2). In this case, we have $ = λ =

1/(1− ρR ) and χ = N + l − k + 1, thus, 4 in (15) when ρR
goes to 1 is equal to

lim
ρR→1

4 =
(
1− ρR

)β−j
. (38)

We should note that, (38) is equal to zero except for j = β.

V. ASYMPTOTIC ANALYSIS OF OUTAGE PROBABILITY
Since the derived exact closed-form expressions provide lim-
ited physical insights, we now focus on the high SNR analysis
and obtain diversity order. Here, we analysis the OP of cogni-
tive scenario which is presented in Section IV-B.We consider
two circumstances: 1) 0 ≤ ρR < 1 and 2) ρR = 1 and derive
the diversity order for these two different cases.

A. ASYMPTOTIC EXPRESSION FOR 0 ≤ ρR < 1
With employing integration in [34, Eq. (3.381.2)], we can
reexpress the CDF of |hk |2 in (13) as follow

F|hk |2 (x) = 9
(
k,N ,mR

) β∑
j=0

∞∑
s=0

(
mR + β − 1
β − j

)

×

(
mR + j− 1

j

)
1

0
(
mR + j+ s+ 1

)
×
β!k 4(aRχx)

mR+j+s exp
(
−aRχx

)
χmR+j

. (39)

By substituting (39) into (33), the conditional CDF of
γSR can be obtained.

In order to derive the conditional CDF of γSRD , we put
CDF of γSR and (6) in (34). Using [40, Eq. (8.4.3.2)], the

exponential function is altered to the Meijer’s-G func-
tion. By employing the binomial coefficients in [34,
Eq. (1.111)] and integral identity [40, Eq. (2.24.1.1)],
we have

FcoγSRD
(
γ
∣∣Z) = 9 (k,N ,mR

) β∑
j=0

∞∑
s=0

mR+j+s∑
i=0

(
mR + β − 1
β − j

)

×

(
mR + j− 1

j

)(
mR + j+ s

i

)
β! k4(α2p)i+

1
2

0
(
mR + j+ s+ 1

)
χmR+j

×A(2π)(1−α2p)/2
(
aRχZγ
αI γSQ

)mR+j+s−i
exp

(
−
aRχZγ
αI γSQ

)

×Grm+α2p,0rα2p,rm+α2p

[
B

(
aRχCcoZγ
α2pαI γSQ µr

)α2p ∣∣∣∣ κAκ3
]
. (40)

Using [34, Eq. (3.381.2)], we can reexpress the conditional
CDF of γSD as follow

FcoγSD
(
γ
∣∣Z) = exp

(
−
aDγZ
αI γSQ

) ∞∑
t=0

(
aDγZ
αI γSQ

)mD+t
0
(
mD + t + 1

) . (41)

Without loss of generality, we suppose γ
SQ
is equal to d1µr

such that γ = γ
SQ
= d1µr , where d1 is an arbitrary positive

value. By substituting (41), (40) and (1) (when X = I )
into (31) and employing [40, Eq. (2.24.3.1)], we
arrive to

Fcoγe2e (γ ) = 9
(
k,N ,mR

) β∑
j=0

∞∑
s=0

mR+j+s∑
i=0

∞∑
t=0

(
mR + β − 1
β − j

)

×

(
mR + j− 1

j

)(
mR + j+ s

i

)
A(2π)1−α2p

0
(
mD + t + 1

)
0
(
mI

)
×
β! k4(α2p)mR+mI+mD+j+s+ta

mI
I

0
(
mR + j+ s+ 1

)
s!χmR+j
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×

(
aRχ
αI

)mR+j+s−i (aD
αI

)mD+t (γ
γ

)mR+mD+j+s+t−i
×

((
aRχ + aD

)
γ

αI γ
+ aI

)i−mR−mI−mD−j−s−t
2(6, 3, χ),

(42)

where

2(ϑ, ν, ω)

= G
rm+α2p,α2p
(r+1)α2p,rm+α2p

B
 d1

aRωCcoγ
aI αI γ(

(aRω+aD )γ
aI αI γ

+ 1
)
γ

α2p∣∣∣∣ κϑκν
 ,
(43)

where κ6 =
[
1
(
α2p : 1+ i− mR − mI − mD − j− s− t

)
, κA
]
.

At high SNRs, when γ →∞, (29) is approximately equal
to Cco ' d2γ for 0 ≤ ρR < 1, where d2 is defined as

d2 = 9
(
k,N ,mR

) β∑
j=0

(
mR + β − 1
β − j

)(
mR + j− 1

j

)
×

(
mR + j− 1

)
0
(
mI − 1

)
β!k4aI

0
(
mI

)
χmR+j+1

(
αI
aR

)
. (44)

By using the Taylor series expansion of Meijer’s-G func-
tion in [34, Eq. (9.303)], we can reexpress (43) approximately
as follow

2(ϑ, ν, ω)

'

rm+α2p∑
f=1

rm+α2p∏
l=1, f 6=l

0
(
κν,l − κν,f

) α2p∏
l=1
0
(
1− κϑ,l + κν,f

)
(r+1)α2p∏
l=α2p+1

0
(
κϑ,l − κν,f

)
×

B
 d1

aRωd2γ
aI αI(

(aRω+aD )γ
aI αI γ

+ 1
)
γ

α2pκν,i . (45)

B. ASYMPTOTIC EXPRESSION FOR ρR = 1
Here, we assume that the PRS is performed based on the
perfect CSI case (i.e. ρR = 1). Therefore, the actual values
of CSI are sorted for relay selection. The CDF of k-th order
statistic of perfect CSI case can be attained as follow

F|hk |2 (x) =
N∑
l=k

(
N
l

)[
F|hn|2 (x)

]l[1− F|hn|2 (x)]N−l .
(46)

With substituting (2) (for X = R) in (46) and applying
power series expansion of lower incomplete Gamma, we have

F|hk |2 (x) =
N∑
l=k

N−l∑
j=0

(
N
l

)(
N − l
j

)
(−1)j

×

[
∞∑
i=0

(
aRx
)mR+i

0
(
mR + i+ 1

)]l+j exp (−aR (l + j)x).
(47)

The conditional CDF of γSR is achieved by substituting
(47) into (33). The conditional CDF of γSRD , when ρ = 1,
is derived by substituting the conditional CDF of γSR and (6)
into (34) and keeping only the dominant terms. The expo-
nential function is altered to the Meijer’s-G function with
using [40, Eq. (8.4.3.2)]. Employing the binomial coefficients
[34, Eq. (1.111)] and integral identity [40, Eq. (2.24.1.1)],
we end up with

FcoγSRD
(
γ
∣∣Z) γSQ�1

'

N∑
l=k

N−l∑
j=0

mR (l+j)∑
i=0

(
N
l

)(
N − l
j

)

×

(
mR (l + j)

i

)
(−1)j(α2p)i+

1
2A(2π)(1−α2p)/2(

0
(
mR + 1

))(l+j)
×

(
aRZγ
αI γSQ

)mR (l+j)−i
exp

(
−
aR (l + j)Zγ
αI γSQ

)

×Grm+α2p,0rα2p,rm+α2p

[
B

(
aR (l + j)CcoZγ
α2pαI γSQ µr

)α2p ∣∣∣∣ κAκ3
]
.

(48)

As mentioned in subsection V-A, we consider γ = γ
SQ
=

d1µr for high SNR regime. By substituting (41), (48) and (1)
(for X = I ) into (31) and employing [40, Eq. (2.24.3.1)],
the CDF of γe2e when ρ = 1 is obtained as

Fcoγe2e (γ )
γ�1
'

N∑
l=k

N−l∑
j=0

mR (l+j)∑
i=0

∞∑
t=0

(
N
l

)(
N − l
j

)(
mR (l + j)

i

)

×
(−1)j(α2p)mR (l+j)+mI+mD+tA(2π)1−α2pa

mI
I(

0
(
mR + 1

))(l+j)
0(mI )0(mD + t + 1)

×

(
aR
αI

)mR (l+j)−i(aD
αI

)mD+t (γ
γ

)mR (l+j)+mD+t−i
×

((
aR (l + j)+ aD

)
γ

αI γ
+ aI

)i−mR (l+j)−mI−mD−t
×2(7, 3, l + j), (49)

where κ7 =
[
1
(
α2p : 1+ i− mR (l + j)− mI − mD − t

)
, κA
]
.

Therefore, in the high SNR regime, (42) and (49) are given
respectively when 0 ≤ ρR < 1 and ρR = 1.
The diversity order determines the slope of the OP andBEP

versus average SNR curve at asymptotically high SNR in a
log-log scale. Therefore, the diversity order is the power of
SNR in the dominant term (which means the lowest power
of SNR). Based on high SNR definition of Meijer’s-G func-
tion in (45), the lowest power of SNR for (42) and (49) are
respectively given in (50) and (51), as shown at the bottom of
the next page.

Hence, the lowest feasible values of power of SNR can be
found when t = 0, j = 0, s = 0 and i = mR for (50) and
when l = k , j = 0 and i = mR (l + j) for (51). Consequently,
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the diversity order of this relay network is obtained as

Gd =


min

{
mR ,

ξ2mod
r , α1m1

r , α2m2
r

}
+ mD 0 ≤ ρR < 1

min
{
kmR ,

ξ2mod
r , α1m1

r , α2m2
r

}
+ mD ρR = 1

.

(52)

The value of k in (52) depends on k-th worst relay selection
strategy which can be selected from set k ∈ {1, 2, . . . ,N }.

For the non-cognitive scenario in Section III, we can obtain
the same diversity order expression as in (52). This indicates
that the diversity order is a function of RF link severity
parameters (i.e. mR and mD ) and FSO turbulence parame-
ters (i.e. α1, m1, α2 and m2), pointing error (i.e. ξmod ) and
detection method in the destination (i.e. r). Assuming that
the effect of the relay-to-destination link becomes dominant
in (52), then enhancing the source-to-relay link does not lead
to improving the overall link performance and vice versa,
however enhancing the quality of direct source-to-destination
link leads to enhancing the overall system performance.

VI. NUMERICAL RESULTS
In this section, we compare the analytical expressions against
Monte-Carlo simulations. We have assumed that the channel
mean powers of S → Rn, S → P and S → D are �R =

16, �I = 4 and �D = 1, respectively. The attenuation
coefficient of the FSO link is equal to σ = 0.43 dB/Kmwhich
is considered for clear air conditions [47]. We considered
the Euclidean distance between Rk and D is 0.5Km. For the
FSO link, the following parameters respectively for strong,
moderate and weak turbulence conditions are assumed:

• m1 = 0.5, m2 = 1.8, �1 = 1.5074, �2 = 0.928,
α1 = 1.8621, α2 = 1,

• m1 = 0.55, m2 = 2.35, �1 = 1.5793, �2 = 0.9671,
α1 = 2.169, α2 = 1,

• m1 = 4.02, m2 = 4.52, �1 = 1.0676, �2 =

1.06, α1 = 2.1, α2 = 2.

Furthermore, the effect of pointing error parameters (the
jitter and boresight error) on the performance are investigated.
We consider normalized beam width value wz/ar = {10}.
Otherwise stated, we assume (µx/ar , µy/ar ) = {(1, 1)} and

FIGURE 2. Outage probability versus (γ ) under weak turbulence
conditions under zero and non-zero boresight displacement
with IM/DD detection technique.

(σx/ar , σy/ar ) = {(3, 3)} for non-zero boresight (ξmod =
1.6) while (µx/ar , µy/ar ) = {(0, 0)} and (σx/ar , σy/ar ) =
{(1, 1)} are considered for zero boresight (ξmod = 5.03).
Unless otherwise stated, we have mI = 3, PI = 0.1 and
ρI = 0.707 and hence αI = 0.53.
Figure 2 illustrate the analytical expression for the OP of

fixed gain relaying in 18 for non-cognitive scenario without
direct link, versus the global average SNR (γ = γ

S
= d1µr ).

The fading severity of the RF links are assumed mR = 3.
Weak turbulence conditions and variety conditions of point-
ing error are supposed. In this Figure, we examine the impact
of boresight and jitter parameters of pointing error on the
OP performance. We can notice that increasing jitter and
boresight parameters leads to performance degradation. The
good agreement between the derived expression in 18 and
the simulation results in different pointing error conditions,
shows the accuracy of modified Rayleigh approximation and
our analytical expression.

In Fig. 3 the analytic expression of OP in 18 for
non-cognitive scenario with direct link, versus the average
electrical SNR of the FSO link are illustrated for various
turbulence conditions with considering non-zero boresight
pointing error. The average SNR at S is γ S = 20dB and the

α2pκ6 + mR + mD + t + j+ s− i =
[
i+ mR + mD + t + j+ s− i, ...,

ξ2mod/r + mR + mD + t + j+ s− i, ...,

α1m1/r + mR + mD + t + j+ s− i, ...,

α2m2/r + mR + mD + t + j+ s− i, ...
]
. (50)

α2pκ7 + mR (l + j)− i =
[
i+ mR (l + j)− i, ...,

ξ2mod/r + mR (l + j)− i, ...,

α1m1/r + mR l + j− i, ...,

α2m2/r + mR (l + j)− i, ...
]
. (51)
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FIGURE 3. Outage probability versus (µ2) under various turbulence
conditions with IM/DD detection technique and non-zero boresight
displacement.

FIGURE 4. Bit error probability of direct detection technique under strong
turbulence conditions for fixed gain relaying with non-zero boresight
displacement.

fading severity of the RF links are considered mR = 2 and
mD = 1. We can notice that high turbulence effect degrades
the OP of the system.

In Fig. 4, we present the analytical expression of BEP
of binary modulations in (22) versus the average electrical
SNR of the FSO link. The fading severity of the RF links
are assumed mR = 2 and mD = 1 and the SNR at S is
γS = 5dB. We assume that N = 5 relays are available
and the best relay selection strategy is applied (i.e. k = 5).
Furthermore, the two correlation factors ρR = {0, 0.8} are
assumed. Also, strong turbulence conditions and non-zero
boresight are supposed for the FSO link and ξmod = 1.6.
It is observed that by increasing the average electrical SNR
of the FSO link, the BEP decreases; however, as the SNR
increases an error floor takes place. It comes from the fact
that if SNR of one link grows with no bound, the other
link’s SNR becomes dominant. For the reason of superiority
of PSK versus FSK from spectral efficiency point of view,
the BEP of PSK outperforms the BEP of FSK. As expected,

FIGURE 5. Ergodic Capacity versus (µ2) under strong turbulence
conditions for fixed gain relaying with IM/DD technique and non-zero
boresight displacement.

FIGURE 6. Outage probability versus (γ ) under weak turbulence
conditions for fixed gain relaying with IM/DD technique and zero
boresight displacement.

increasing the value of correlation factor leads to significant
enhancement of the BEP.

In Fig. 5, we demonstrate analytical expression of EC
in (24) versus the average electrical SNR of the FSO link over
strong turbulence conditions assuming IM/DD technique and
non-zero boresight pointing errors. A fixed average SNR
γ
S
= 15dB is assumed at S with mR = 2 and mD = 2. In

order to make visual distinction between curves, we increase
the number of available relays to 10. We consider two sce-
narios of best relay selection (i.e. k = 10) and worst relay
selection (i.e. k = 1) for various values of ρR . As can be seen,
the best relay selection strategy always outperforms the worst
relay selection strategy. As observed, when the best relay is
selected, increasing ρR leads to increasing EC and vice versa.
However, when the worst relay is selected, increasing ρR leads
to decreasing EC.

Figure 6 illustrates the analytical expression for the OP of
fixed gain relaying in (36) for outdated CSI case with direct
link, against the global average SNR (i.e. γ ). We assume
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FIGURE 7. Outage probability versus (γ ) for fixed gain relaying under
various turbulence conditions and non-zero boresight pointing errors for
IM/DD and heterodyne detection techniques.

weak turbulence conditions and IM/DD technique with zero
boresight (ξmod = 5.03), mR = 1 and mD = 1. As observed,
by increasing ρR , the OP curves move toward the OP curve
of perfect CSI case, however the diversity of multi-relay
case is never obtained and increasing ρR just bring us the
benefit of coding gain, except for ρR = 1 where the full
diversity is achieved. The diversity orders for the different
value of ρR from lowest toward highest (i.e. 0, 0.9, 0.95,
0.995), are equal to 2 and the diversity order when ρR = 1 is
equal to 5 which also confirm our derived expression in (52).
It should be mentioned that for the reason of weak turbulence
conditions, pointing errors and IM/DD technique, the effect
of RF link becomes dominant.

Figure 7 shows the analytical expression for theOP of fixed
gain relaying in (36) for outdated CSI case with direct link,
against the global average SNR (i.e. γ = γ

SQ
= d1µr with

d1 = 1). Weak, moderate and strong turbulence conditions
and non-zero boresight pointing error are supposed. The fad-
ing severity of the source-relay and source-destination links
are respectively set to mR = 2 and mD = 1 with ρR = 0.9.
It is observed that the simulation results are in excellent
agreement with the derived expression in (36) indicating its
accuracy. There is no error floor as expected from analytical
derivation. The diversity orders from lowest toward highest
outage curves are equal to 1.466, 1.596, 1.93, 2.19 and 2.27
which are in coincidence with the diversity order expression
in (52).

Figure 8 demonstrates the analytical expression for the
OP of the cognitive scenario given in (36) and OP of the
non-cognitive scenario given in (18) with outdated CSI as a
function of γ . Different location of PU is considered of cog-
nitive scenario. We suppose a two-dimensional plane ([x, y])
for the location of S and P where the channel mean power
of each link is proportional to the inverse of fourth power
of their distance. The location of S is considered [0, 0] and
three different locations [0.1, 0.1], [0.2, 0.2] and [0.3, 0.3]
are considered for P (A unit in this plane is a Kilometer).
Weak turbulence conditions and IM/DD technique with zero

FIGURE 8. Outage probability versus (γ ) under weak turbulence
conditions for fixed gain relaying with IM/DD technique and zero
boresight displacement.

FIGURE 9. Outage probability versus (ρR ) under weak turbulence
conditions for fixed gain relaying with IM/DD technique and zero
boresight displacement.

boresight are considered for the FSO link.We considerN = 5
available relays and best relay selection (i.e. k = 5). More-
over, the fading severity of hk and h0 are considered mR = 2
and mD = 1, respectively and ρR = 0.707. Again, at high
SNRs, the effect of RF link becomes dominant. As mentioned
in section V, regardless of being cognitive or non-cognitive,
the diversity order is given in (52). For the reason of out-
dated CSI, the diversity order is Gd = 3. As expected from
our analysis, furthering the PU from source reduces the OP
and its curve moves toward the non-cognitive curve.

Figure 9 illustrates the OP versus correlation factor ρR.
We consider weak turbulence conditions and IM/DD tech-
nique with zero boresight displacement. The fading severity
of the RF links are assumedmR = 3 andmD = 2. The average
electrical SNR of the FSO link and average SNR of the
RF link are supposed γ

SQ
= 10dB and µr = 30dB,

respectively. As expected, by increasing the value of k , the
OP decreases. It can be observed that, while we intentionally
select the worst existed relay (i.e. k = 1) based on perfect

VOLUME 7, 2019 58623



H. Arezumand et al.: Exact and Asymptotic Analysis of PRS for Cognitive RF-FSO Systems

FIGURE 10. Outage probability versus (ρI ) under strong turbulence
conditions for fixed gain relaying with IM/DD technique and non-zero
boresight displacement.

knowledge of CSI (i.e. ρR = 1), we definitely select
the worst existed relay and as a result we have the worst
OP performance. However, with decreasing correlation fac-
tor ρR in this scenario, the OP performance improves since
selecting the worst existed relay is not granted.

Finally, we present the OP of mixed RF-FSO system with
respect to ρI in Fig. 10. The SNRs of the RF and the FSO
links are set to γ

SQ
= 20dB and µr = 60dB, respectively

and ρR = 0.707. We assume strong turbulence conditions
and IM/DD technique with non-zero boresight displacement.
We calculate corresponding value of αI based on different
values of ρI for the fix interference probability PI = 0.1 and
using numerical methods. For different values of ρI from 0
to 1, for mI = 4, the value of αI is varied from 0.38 to 1
and for mI = 3, the value of αI is varied from 0.33 to 1.
An interesting point is, when we do not have any informa-

tion of interference link CSI (i.e. ρI = 0), there is no need to
decreases transmission power to zero. With setting the power
of source to 0.38 Q and 0.32 Q respectively for mI = 4 and
mI = 3, the interference probability constraint (i.e. PI = 0.1)
is guaranteed. As expected, by increasing ρI , the value of αI
increases and OP performance improves.

As can be seen, there is a non-linear relationship between
OP and ρI . When ρI > 0.8, the OP curve’s slope with respect
to ρI is non-linear and more than ρI < 0.8, which means that
additional overhead data which leads to increasing the value
of ρI , significantly improves the outage performance.

VII. CONCLUSION
In this paper, we have investigated the performance of cooper-
ative asymmetric dual-hop RF-FSO relay network with direct
link and selection combining for cognitive and non-cognitive
scenarios assuming the availability the imperfect CSI for
partial relay selection and underlay power restriction and non-
zero boresight pointing error for the FSO links. The closed-
form expressions for the outage probability (OP), average
bit-error rate and ergodic capacity of the non-cognitive sce-
nario and OP of the cognitive scenario were derived which

complement and generalized several previous results in the
literature. The asymptotic expressions of OP and diversity
order of this network were obtained for both perfect CSI
and outdated CSI cases. It has been shown that, the diversity
gains are available and their exact values depend on RF links
and FSO turbulence parameters, pointing error and detection
method in the destination, regardless of interference channel
parameter of PU. We prove when CSI of the RF link is
outdated, increasing the number of available relays in relay
selection does not increases diversity. Despite the existence
of correlation between dual-hop mixed RF-FSO system and
direct link, the full diversity were archived.More importantly,
it has been shown increasing number of relays does not
necessarily enhance the performance and it has been limited
by the atmospheric turbulence conditions and pointing error
of the FSO link.
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