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ABSTRACT Firefly algorithm (FA) belongs to the swarm intelligence algorithm, which is famous for its
strong exploration, a small number of parameter settings and effortless operation. However, there are some
drawbacks in the searching process for FA, as the poor accuracy of the solution, high-computational time
complexity, and doughty oscillation. These phenomenons are attributed to two factors: 1) in classical FA,
the firefly, which is gloomier than others can be attracted by any one of them and 2) FA cannot fully utilize
the information of objective function and its fitness. In this paper, to overcome these shortcomings, based on
specific probability prit, a new modified firefly algorithm (pFA) is proposed. In this algorithm, for speeding
up the convergence, the specific probability pg; determined by the value of fitness of the firefly is used to
choose a neighbor among the better fireflies compared with the predefined firefly, which helps the predefined
firefly to move toward a better direction. If there is no neighbor, the opposite learning strategy is employed
to lead the firefly to move. The performance of pFA is tested on some well-known benchmark functions. The
findings of the test show that pFA is outperformed to FA and some other state-of-the-art algorithms. Finally,

we apply pFA to solve four engineering applications.

INDEX TERMS Firefly algorithm, specific probability, opposite learning, engineering application.

I. INTRODUCTION

The swarm intelligence algorithm is computational intelli-
gence algorithm by simulating collective intelligence of bio-
logical groups. It came into being and developed rapidly,
since the traditional optimization technics, namely determin-
istic algorithms, like branch and bound algorithms, is inca-
pable of solving complex practical problems, such as data
mining [1], [2], 0-1 knapsack problems [3], [4], vehicle rout-
ing problem [5], [6]. For a deterministic algorithm, it can
not solve complex practical problems mainly because it often
requires these problems have some good properties, such as
continuous, smooth, convex, monotonic, etc. However, many
of these problems do not have such properties. Different
from the deterministic methods, a stochastic algorithm has
less requirements on these problems, so it has good per-
formance to solve these problems with little information of
objective function, higher dimensional, multiobjective opti-
mization and even no concrete form of objective function.

The associate editor coordinating the review of this manuscript and
approving it for publication was Khalid Aamir.

What’s more, it mainly simulates collective behavior of bio-
logical groups to solve optimization problems. Up to now,
many swarm intelligence algorithms have been proposed, e.g.
Artificial Bee Colony (ABC) [7]-[9], Ant Colony Optimiza-
tion (ACO) [10], Particle Swarm Optimization (PSO) [11],
Simulated Annealing (SA) [12], Cuckoo Search (CS) [13],
Tabu Search (TS) [14], Harmony Search (HS) [15], Firefly
Algorithm (FA) [16]-[18] and so on.

As one of swarm intelligence algorithms, firefly algorithm
(FA) has captured much attention of many scholars since it
was proposed by Yang in 2008 [19]. And it was applied to
solve many problems, including network reconfiguration of
unbalanced distribution networks [20], visual tracking [21],
vision-based railway overhead inspection system [22], job
shop scheduling problem [23] and so forth.

Since FA was presented, it has many variants, which can
be divided into three aspects: (1) the fixed step o easily
makes the algorithm getting into the local optima, in order
to overcome such drawback, variable strategies for step set-
ting were utilized to modify it [24]-[27]. (2) FA is good at
exploiting, while PSO prefers to explore. It is a good idea
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that make up for FA with PSO in terms of performance. Thus,
Sivaranjani and Kumar [28] proposed hybrid particle swarm
optimization-firefly algorithm (HPSOFA) to solve combina-
torial optimization of non-slicing VLSI floorplanning. In FA,
except the darker firefly, the brighter firefly almost does not
move, only the brightest one move at random. Xia et al. [29]
employed three novel operators in a hybrid optimizer based
on the two algorithms. In [30], pattern search algorithm was
utilized as a local optimization method to improve firefly
algorithm. In order to enhance the search of the brighter one,
Wang et al. [31] hybridize firefly algorithm with differential
evolution (DE). To solve the capacitated facility location
problem, Rahmani and Mirhassani [32] proposed a hybrid
firefly-Genetic Algorithm. In order to solve vehicle routing
problems, Goel and Maini [33] combined ant colony and fire-
fly algorithm to improve the performance of firefly algorithm.
(3) in order to further improve the performance of FA, some
authors combine FA with classical optimization techniques.
For example, Gandomi et al. [34] combined chaos with FA
to improve its exploration and the robustness of solution.
Kotteeswaran and Sivakumar [35] introduced Lévy -flight
into FA to enhance the performance of FA.

Furthermore, in classical FA, for any darker firefly, it can
be allured by all the fireflies that are brighter than it. Thus,
it can make the computation complexity of time higher and
be easy to cause oscillations in the search process. In order
to alleviating its negative effects, in 2016, Wang et al. [36]
proposed a new FA: firefly algorithm with random attrac-
tion (RaFA). In the paper, each firefly x; is only attracted
by the firefly x;, which is randomly selected from others
except x;, rather than all fireflies. Therefore, to a large extent,
the time complexity is reduced. However, it can’t guarantee
that there is a better direction to direct x;, it may reduce the
accuracy and convergence speed of the algorithm. In order to
overcome such disadvantage, Wang et al. [37] introduced an
improved FA: firefly algorithm with neighborhood attraction
(NaFA). x; identified k-neighbor around it to compose a circle
topology, and then if x;, which belongs to the k-neighbor,
is brighter than x;, x; will move toward x;.

Although the aforementioned FA variants have a better
performance than the classical FA, there is still room for
improvement. Based on the above considerations, we propose
an improved FA algorithm(pFA). The contributions of this
paper are given as follows:

(1) We put these fireflies, whose values of fitness are
bigger than x’s, into a set K, and then we randomly select a
firefly in the K as its neighbor with pg;, which can reduce
computational time complexity, speed up the convergence,
and avoid oscillation in the iteration.

(2) To deal with the situation that there is no neighbor,
we take the opposite learning strategy into account to help the
firefly jump out of a local position and increase the diversity
of the population.

The rest of the paper is composed as follows. FA algorithm
is described in Section 2. And then, the proposed algorithm
pFA is depicted in Section 3. Section 4-Section 5 show the
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corresponding experimental results. In Section 6, we apply
pFA to solve four practical problems. Finally, in Section 8§,
there are some conclusions.

Il. CLASSICAL FIREFLY ALGORITHM

In FA, it mainly imitates the flashing behavior among fire-
flies. Each firefly is considered as a potential solution in
search space, and the move behavior among fireflies stands
for solutions’s upgrading to find a better solution. Moreover,
in order to guarantee the algorithm on the right road, it is
idealized by 3 hypotheses which are depicted as follows:

(1) Fireflies are asexual; namely, they can be attracted with
each other regardless of gender.

(2) The size of the attraction is proportional to the bright-
ness of the flashing. For two random fireflies x; and x;, if x; is
gloomier than x;, then x; is attracted by x;. If x; is the best one
among all fireflies, it will move randomly in search space.

(3) The brightness of fireflies is relative with the value of
objective function.

A. BASIC PARAMETERS
In FA, both brightness (/) and attractiveness (8) play an
important role. In general, for maximum problem, the bright-
ness of a firefly is positively relative with the value of objec-
tive function, and for minimum problem, they are negatively
relative with each other.

Prior to defining the attractiveness(namely ), firstly,
the Euclidean distance of x; and x; should be calculated as
follows:

D
D i = xi0)?, (1)
t=1

where D is the dimension of the problem.
Then, attractiveness is described as follows:

B=poxe i, @

where B is the maximum attractiveness, and y is the absorp-
tion coefficient.

B. THE MOVEMENT OF THE FIREFLY
Supposed that x; is attracted by x;, and then, x; will move as
following formula:

xl{+l =xl+ B x (x; —x)+a x (rand — 0.5),  (3)

where x! represents the position of x; at the 7-th iteration.

rand € [0, 1], « is the random step, and « € [0, 1].

C. THE DETAILED STEP OF THE FA

Step 1: Initialize population NP, and set parameters, such
as fo and «.

Step 2: Calculate r;; and 8 with formula (1) and (2), respec-
tively.

Step 3: Upgrade solution with formula (3).

Step 4: Generate a better solution by comparing the previ-
ous solution with the current solution.
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Step 5: For the new solution, calculate its value of objective
function.

Step 6: Judge whether the algorithm satisfies the terminate
condition(up to the max number of iterations(/tMax)). If sat-
isfied, the algorithm end, and output optimal solution; else,
return to Step 2.

lll. THE IMPROVED FA: PFA
In FA, each firefly can be attracted many times by the brighter
fireflies, which may cause severe oscillation. Thus, in order
to alleviate this disadvantage, we proposed an improved algo-
rithm abbreviated as pFA. In pFA, the attraction among fire-
flies is reduced greatly, and it can also reduce computational
time complexity and increase the accuracy of solution. The
detailed description is as follows.

In pFA, firstly, we calculate the value of fitness(fit) of each
firefly x; with formula (4):

I .
THfey Se0=0 @)

I+ f(x) |, else,

fit =

where f(x;) is the objective function of firefly x;. And then,
those values of fitness are bigger than x/s(namely i — th
firefly’s) are put into a set K. Finally, we utilize the roulette
wheel selection to choose its neighbor, the formula is shown
as the following:

oy = Jit (e
Y e fitt)”

For x;, we randomly select a firefly x; as its neighbor with pg;,
in set K, not in all fireflies. By this way, the worse fireflies are
sifted out, and the remainders are better than x;. Furthermore,
from (5), we can see that, the better the firefly is, the more
chances to be chosen it has. Thus, no matter which one is
selected, the chosen one will always give a good direction to
lead x; rightly. Obviously, this strategy can not only speed up
the convergence and guarantee the diversity of population, but
also reduce selection pressure for fireflies.

However, there exists such case that no firefly is better
than x;, that is to say x; is the best one in the whole population.
Thus, it falls into local optimum easily. To deal with this
case, the opposite learning skill is adopted by utilizing the
information of x;.

Based on the above discussion, we can rewrite formula (3)
as follows:

&)

2
—vra
x!+ Boe i(xf — xb)

+a(rand — 0.5), if K # 0, (6)
I+u—x, else,

xH =

where [ and u are the lower bound and upper bound of
variables, respectivey; x; is chosen from set K with py;.

As far as the step «, this paper employs the following
formula to update:

oy = o0 —1, (7)
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FIGURE 1. The flow chart of pFA.

where o9 = 0.7. And the «p’s scope should be between
0Oand 1, o = 0.25.
The detailed description of pFA is given in algorithm 1.

Algorithm 1 Pseudo-Code of pFA

01:Initialize the population size NP, {x;|i = 1,2, - - -, NP},
the maximum number of iterations ItMax.

02: while t <= ItMax do

03:fori = 1to NP do

04: Calculate the value of fitness of x;.

05: better fireflies are chosen to form the set K.

06:  Choose a firefly x; from set K with probability py;

07: Move x; according to (6).

08:  Compute the fitness value of the new x;.

08: end;

09: Rank the fireflies and find the current best;

10:r =1t +1;

11: end

The flow chart of pFA is shown in Fig. 1

A. TIME COMPLEXITY

For the optimization problem (f'), suppose that O(f) is com-
putational time complexity of evaluating its function value.
Thus, the computational time complexity of FA is O(ItMax *
NP? « f), while the computational time complexity of RaFA
and NaFA are O(ItMax * NP x f) and O(ItMax * k x*
NP x f), respectively, k is the number of neighbor in NaFA.
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TABLE 1. Benchmark functions.

Functions Range Optimal value
i
f1= Zl z? [-100,100] 0
D D
TEDMEE e [-10,10] 0
=] i=1
fa= ZI[E1 ;) [-100,100] 0
o
fa=max;{| z; |,1 <4< D} [-100,100] 0
fs = E;;_. ia? [-10,10] 0
fo =31 iz} [-1.28,1.28] 0
fr=X e |0 [-11] 0
i—1
fs=2P 10°T-1 [-100,100] 0
D
fo= % (lz: +035))? [-100,100] 0
=]
' D
fio =Y da? + random|0, 1) [-1.28,1.28) 0
i=1
D a
fir= 3 (2% — 10 cos(2mx;) + 10) [-5.12,5.12] 0
i=1
| D
f1z = —20exp(—0.2 « v{ 3 a?/D) — exp( Y cos(2ma; /D) + 20 + e [-32.32] 0
| i=1 i=1
L&, n .
f13 = qgo 2 @ — [ cos(Th) +1 [-600,600] 0
i=1 =1
~ rn‘u-’l_r\.-"z;j_1 2205
f11=05+ (140,001 z}.'j_] .f-? )2 (-100.100] 0
DL T T N
fr5 = Zi=a G Se) [5.5] 0
fia E?_1 | zisin(xz;) + 0.1z, | [-10,10] 0
fir = D (x? — 10cos(21Te;) + 10), | & |< 0.5 L5181 0
17 = Tand <HH. x 3 P 3 =t e
D ((remdomi) )2 y0 cos(Mrandom(2a:)) + 10), | a; |> 0.5
fia= %lllsiluz(l_[‘yl) + % E‘.D_l] (y: — 1}2[1 + IU.‘s-inz{l'[y.-+1 ]
+8up - 1% + T2 ulx, 10,100, 4)
x;+1
yi =1+ 25
k(z; —a)™, Ti > a
u(zi,a, k,m) 0, —a<r <a |-50.50] 0
k(—xz; —a)™, =z < -1
i—1
fio=50 (00T w202 s =2 M [-100,100] 0
fao = (1000x)* + 5F 22 e =aws M [-100,100] 0
fa=%P" 2 =a-0 [-100.100] 0

In this paper, for pFA, its computational time complexity is
O(ItMax = NP x ). Apparently, when it comes to computa-
tional time complexity, NaFA is equal to pFA, however, con-
sidering the accuracy and convergence speed of the algorithm,
pFA is still better than NaFA.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

In this section, the performance of pFA is tested on 21 com-
mon benchmark functions derived from CEC 2005 and com-
pared with FA, RaFA, and NaFA. Here, fi — f9 are unimodal
functions, fjo is noise function, f1; — fig are multimodal
functions, fi9 and f>o are orthogonal functions and f>; is
shifted sphere function. The specific descriptions of these
functions are given in Table 1.

A. PARAMETER SETTING

To make it fair, for all algorithms, the population size NP is
set to 40, and the maximum iterations(/tMax) is set to 2500.
Both the initial By and y are set to 1, and except for pFA, o =
0.25. The « in pFA is discussed in Experiment 1. Moreover,
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for NaFA, K is set to 3(the number of neighbors). Further-
more, to deeply analyze the performance of pFA statistically,
all algorithms run 30 times on 30, 50 and 100 dimension,
respectively, and we take minimum, mean and deviation as
the evaluation criterion to analyze the statistical results.

B. EXPERIMENT 1: DETERMINE THE VALUE OF THE
ag AND oy IN FORMULA (7)
In our algorithm, the values of ¢g and «¢1 in formula (7) play a
vital role. In the early stages of the iteration, the larger value
of o can enhance the global search capability of the algorithm.
As the iteration progresses, the smaller value of « can give the
algorithm a strong local search ability. Thus, the « should be
regressive with iterating, To determine which value is better
for pFA, we set o to 0.1, 0.3, 0.5, 0.7, 0.9, and o to 0.15,
0.35, 0.55, 0.75, 0.95, respectively. And compare them on
21 benchmark functions with 30 dimension. The results are
given in Table 2 and Table 3.

According to the data given in Table 2, for most functions,
the best value of g is chosen in [0.5, 0.7]. For fig, g = 0.9 is
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TABLE 2. Results obtained by pFA with different values of oy and «; on 30-dimension.

Function ap = 0.1,y = 0.25 ap = 0.3, a7 = 0.25 ag = 0.5,0; =0.25 ag = 0.7, a1 = 0.25 ag = 09,0y, =0.25
i 0(0) 0(0) 0(0) 0(0) 1.03e-224(0)

fa 1.59¢-280(0) 6.39¢-281(0) 1.80e-281(0) 3.08e-279%0) 4.37e-113(4.58¢e-113)
fa 1.78¢-119(9.76¢-119) 1.64e-158(9.03¢-158) 6.35¢-155(3.48¢-154) 1.65¢-133(9.06¢-133) 3.50e-140(1.40e-140)
fa 2.66e-242(0) 2.64e-240(0) 9.00e-243(0) 1.19e-241(0) 4.46e-113(5.38e-114)
fs 0(0) 0(0) o0) 0(0) 1.55e-225(0)

fo 0(0) 0(0) 0(0) 0(0) (U]

fr 0(0) 0(0) 00y 0(0) 1.36e-234(0)

fs 0(0) 0(0) 00) 0(0) 3.28e-220(0)

fo 0(0) 0(0) 00y 0(0) 2.2396e-63(1.1914e-62)
fio 1.06e-05(1.02e-05) 1.08e-05( 9.68e-05) 1.39¢-05(1.88e-03) 1.30e-05(1.35e-05) 8.94e-06(9.51e-06)
fin 0(0) 0(0) (0] 0(0) 000)

fiz 3.49e-15(1.52e-15) 3.13e-15(1.22e-15) 3.37e-15(1.44e-15) 3.49e-15(1.52e-15) 8.94e-15(3.45e-15)
fiz 000 0(0) (U] 0(0) 0(0)

f1a 0.0097(6.23e-11) 0.0097(3.41e-07) 0.0097(3.3167e-10) 0.0097(2.16e-07) 0.0097(1.01e-10y
Jis -38.4619(2.0583) -39.0839(2.3885) -38.9468(2.2689) -39.52(2.4386) -46.8126(4.8447)
f1e 1.78e-278(0) 1.97e-280(0) 2.85e-282(0) 1.21e-282(0) 0.0034(0.0064)

fir 0(0) 0(0) 00) 0(0) 0(0)

fis 0.7996(0.2319) 0.8171(0.2756) 0.7627(0.2608) 0.8048(0.3094) 0.0468(0.0267)

fio 1.86e-12(1.02e-11) 1.09e-13(6.00e-13) 546e-12(2.52e-11) 9.41e-18(5.14e-17) 4.06e-15(2.18e-14)
fz0 0(0) 0(0) 0(0) 0(0) 2.28e-221(0)

f21 0.0094(1.00e-11) 0.0110(1.21e-10) 0.0064(2.83¢-18) 0.0108(9.11e-19) 0.0115(2.73e-18)

TABLE 3. Results obtained by pFA with different values of oy, and «; on 30-dimension.

Function g = 0.7, 03 = 0.15 g = 0.7, 07 = 0.35 kg = 0.7, 1 = 0.55 ag = 0.7,07 = 0.75 ap = 0.7, a; = 0.95
h 0(0) 0(0) 0(0) 0(0) 0(0)

fa 7.80e-280(0) 9.41e-282(0) 8.86e-279(0) 1.12e-280(0) 4.37¢-280(0)

NE 9.27e-127(5.08e-126) 8.94e-133(4.89%-132) 1.16e-155(6.36e-155) 9.98e-148(5.41e-147) 3.30e-97(1.80e-96)
fa 1.40e-239(0) T.76e-242(0) 1.36e-238(0) 1.41e-241(0) 4.87e-242(0)

fs 0(0) 0(0) 0(0) 0(0) (0)

fe 0(0) 0(0) 0(0) 0(0) ()

fr 0(0) 0(0) 0(0) 0(0) ()

fs 0(0) 0(0) () H(0)] (m

fa 0(0) 0(0) 0(0) 0(0) 0(0)

J1o 1.13e-05(1.01e-05) 9.88e-06(1.00e-05) 1.18e-05(9.54e-05) 1.04e-05(9.87e-05) 1.03e-05(1.27e-05)
fi1 0(0) 0(0) 0(0) 0(0) 0(0)

fiz2 3.37e-15(1.44e-15) 3.84e-15(1.70e-15) 3.25e-15(1.34e-15) 3.49e-15(1.52e-15) 3.49¢e-15(1.52e-15)
fis 0(0) 0(0) 0(0) 0(0) 0(0)

f1a 0.0097(3.16e-09) 0.0097(5.65¢-09) 0.0097(1.65e-08) 0.0097(8.64e-11) 0.0097(2.38e-11)
fis -39.0518(3.2473) -39.4378(2.0107) -38.7370(2.5830) -39.6825(2.8559) -39.1156(2.1769)
fie 4.01e-282(0) 1.27e-281(0) 2.17e-282(0) 1.38e-282(0) 9.86e-282(0)

fiz 0(0) 0(0) 00) 0(0) 00)

fis 0.7197(0.2452) 0.7063(0.2046) 0.7107(0.2567) 0.7918(0.2931) 0.7459(0.2802)
f19 6.43e-24(3.52e-23) 1.42e-22(7.82e-22) 1.02e-17(5.62e-17) 9.87e-12( 5.3%-11) 1.95¢-20(1.00e-19)
f20 0(0) 0(0) 1.13e-27(1.98e-27) 2.06e-17(6.46e-17) 4.80e-09(9.40e-09)
fau 0.0126(5.86e-18) .0.0122(4.89¢-18) 0.0065(3.47e-17) 0.0146(5.06e-18) 0.0059(1.51e-18)

best, and for fi9, fo1, g = 0.7 is better than others. In Table 3,
for f3 and f14, 1 = 0.55/0.75 is best, except them, its better
that the value of «; is chosen in [0.15, 0.35] based on overall
consideration. Thus, it is recommended that this combination,
ag = 0.7, a; = 0.25, should be selected.

C. EXPERIMENT 2: COMPARISON WITH OTHER FAS ON
MIN, WORST, MEAN AND STANDARD DEVIATION

In this part, to verify the superiority of pFA, we compare it
with FA, RaFA and NaFA on 21 benchmark functions, which
are described in Table 1.

When the dimension of the problem is 30, the compu-
tational results of FA, RaFA and NaFA and pFA are given
in Table 4. From the table, it can be seen that, for the mean,
minimum and standard deviation, pFA is better than others on
f>—f>1. Among them, for fs5 — fo, f11, f13, f17 and f>0, pFA can
find the minimum value of 0, and even the mean and standard
deviation are 0, which demonstrates its high accuracy and
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better robustness; For f3, f1, f10, f12, fi6 and f19, the minimum
value found by pFA is close to 0. Moreover, both of FA and
pFA can find the minimum value of 0 on f; and fg, while RaFA
and NaFA fail to find it. Finally, for f14, fi5, fis and f>1, pFA
is nearly equal to others.

The computational results on 50 and 100 dimension are
given in Tables 5 and 6. Comparing with the results in Table 4,
we can see, with dimension increasing, the mean, minimum
and standard deviation of FA, RaFA and NaFA are all get-
ting worse, while the results of pFA is almost invariable.
It shows that pFA is still effective in solving high dimensional
problems.

In order to further analyze the performance of pFA, we give
some convergent curve graphs of f3, f7, fi1, f15, f19 and f>1 on
30, 50 and 100 dimension, respectively. The results are shown
in Figs. 2-4. In Fig. 2, for f3, pFA almost converge to 0 when
the iteration ends, and all of FA,RaFA and NaFA present slow
increasing trend throughout the iteration process. For f7, f11

VOLUME 7, 2019
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TABLE 4. Computational results of FA, RaFA, NaFA, and pFA for each function on 30 dimension.

Function Algorithm Time Min Mean Std

f1 FA 249 0 0 0
RaFA 4 874.6161 2.11e+03 647.9445
NaFA 6 450.5938 1.17e+03 508.6607
pFA 62 0 0 0

f2 FA 159 9.73e-322 0.8723 1.5287
RaFA 4 13.2200 18.6540 3.3840
NaFA 6 9.3045 15.1840 3.4537
pFA 69 1.26e-292 3.08e-279 0

f3 FA 25 551.8415 1.90e+03 874.7558
RaFA 4 1.17e+03 3.18e+03 1.40e+03
NaFA 8 1.59¢+03 2.87e+03 799.3186
pFA 93 2.84e-273 1.65¢-133 9.06e-133

fa FA 25 0.0062 2.9432 2.5806
RaFA 2 15.4290 20.0772 3.4026
NaFA 5 10.3884 16.2469 2.7713
pFA 76 1.57e-254 1.19¢-241 0

fs FA 22 1.76e-04 2.2007 4.2620
RaFA 4 174.1170 325.1527 77.6503
NaFA 6 62.8256 183.4959 69.9538
pFA 55 0 0 0

fe FA 164 0 0 0
RaFA 5 0.0233 0.1905 0.2088
NaFA 8 0.0025 0.0998 0.0747
pFA 83 0 0 0

b id FA 33 7.59¢-08 1.13e-06 6.33e-07
RaFA 5 5.39¢-08 5.39e-05 1.32e-04
NaFA 8 1.01e-08 2.19e-06 2.82e-06
pFA 83 0 0 0

fs FA 31 1.38e+06 4.91e+06 2.53e+06
RaFA 5 5.80e+06 3.26e+07 1.79e+07
NaFA 8 2.54e+06 9.51e+06 6.17e+06
pFA 107 0 0 0

fo FA 1 1 2.5330 1.3322
RaFA 0.5 1 24333 1.1351
NaFA 0.7 0 1.9000 1.1552
pFA 44 0 0 0

fio FA 1088 0.0193 0.0552 0.0250
RaFA 31 0.0742 0.3144 0.2032
NaFA 181 0.0705 0.2063 0.0900
pFA 125 3.30e-08 1.30e-05 1.35¢-05

fi1 FA 63 31.8386 53.5950 12.5248
RaFA 4 101.9936 146.5316 21.3669
NaFA 10 65.0032 99.0897 16.2696
pFA 27 0 0 0

fi2 FA 22 6.21e-15 1.67e-14 5.3le-15
RaFA 4 7.3980 9.5945 0.9476
NaFA 6 5.5759 8.2415 1.1312
pFA 30 2.66e-15 3.49e-15 1.52¢-15

fi3 FA 217 5.02e-04 0.8384 0.3028
RaFA S 0.9594 0.9955 0.0076
NaFA 46 0.7904 0.9476 0.0485
pFA 35 0 0 0

fi4 FA 21 0.1270 0.2915 0.0843
RaFA 3 0.4419 0.4735 0.0107
NaFA 59 0.4297 0.4706 0.0127
pFA 77 0.0097 0.0097 2.16e-07

f1s FA 113 -70.7927 -67.3345 2.2962
RaFA 5 -47.4986 -41.3536 2.7055
NaFA 9 -53.9663 -48.5161 3.4484
pFA 123 -45.8318 -39.5200 2.4386

fie6 FA 29 0.0302 0.3067 0.4919
RaFA 4 7.1728 12.1989 2.5347
NaFA 6 2.1486 7.6929 1.8520
pFA 70 1.58e-289 1.21e-282 0

fi7 FA 17 30 56.1333 17.7234
RaFA S 66.8561 121.6540 23.2301
NaFA 17 40.4044 69.3322 13.0052
pFA 38 0 0 0

fis FA 47 1.58e-27 0.1424 0.3472
RaFA o 5.3744 530.7299 2.30e+03
NaFA 13 5.9968 15.1325 7.0716
pFA 182 0.3828 0.8048 0.3094

fio FA 35 2.18e+03 1.03e+04 5.44e+03
RaFA 6 3.07e+04 5.82e+04 2.04e+04
NaFA 11 9.83e+03 3.75e+04 1.45e+04
pFA 135 0 9.41e-18 5.14e-17

f20 FA 27 1.58e+04 2.63e+04 7.21e+03
RaFA 4 2.27e+03 6.05e+03 2.27e+03
NaFA 8 3.44e+03 6.76e+03 2.40e+03
pFA 78 0 0 0

fo1 FA 30 0.0173 0.0173 3.34e-18
RaFA 12 0.0131 0.0131 8.38e-18
NaFA 36 0.0137 0.0137 6.54e-18
pFA 78 0.0108 0.0108 9.11e-19
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TABLE 5. Computational results of FA, RaFA, NaFA, and pFA for each function on 50 dimension.

Function Algorithm Time Min Mean Std

Ji FA 49 3.03e-104 1.60e-04 6.17e-04
RaFA 5 3.26e+03 5.15e+03 1.83e+03
NaFA T 2.67¢+03 4.49e+03 1.08¢+03
pFA 68 0 0 0

Iz FA 23 1.0787 139119 8.7174
RaFA 4 29.6556 39.2844 4.1969
NaFA 6 27.7283 38.6810 6.0088
pFA 74 3.31e-277 1.47e-266 0

Ia FA 34 5.41e+03 9.71e+03 3.07e+03
RaFA 6 4.09e+03 1.06e+04 4.58e+03
NaFA 12 5.60e+03 9.23e+03 2.80e+03
pFA 129 5.39e-179 5.12e-62 2.80e-61

fa FA 26 7.2956 14.0661 2.8475
RaFA 3 18.3396 23.7321 2.9446
NaFA 6 18.2441 22,5221 2.6046
pFA 83 4.44e-242 2.41e-234 0

fs FA 22 3.8608 42.1408 29.4447
RaFA 4 7269976 1.47e+03 260.9366
NaFA 6 585.9786 1.06e+03 3162513
pFA 65 0 0 0

fs FA 41 2.51e-09 1.27e-04 1.63¢-04
RaFA 6 0.2298 0.9258 04317
NaFA 10 0.2569 0.7123 0.3796
pFA 118 0 0 0

fr FA 41 2.17e-07 1.34e-06 8.20e-07
RaFA 6 6.67¢-08 8.38¢-05 2.55¢-04
NaFA 9 1.70e-09 3.98e-06 4.54e-00
pFA 109 0 0 0

fs FA 38 6.40e+06 1.81e+07 8.36e+06
RaFA 6 3.92e+07 1.06e+08 5.49e+07
NaFA 10 1.12e+407 4.31e+07 1.94¢+07
pFA 150 0 0 0
RaFA 0.6 4 7.5667 1.6333
NaFA 0.9 2 6.5000 1.9608
pFA 52 0 0.8000 0.9965

fio FA 1422 0.0918 0.1879 0.0638
RaFA 38 0.3719 1.0542 0.5028
NaFA 230 04187 1.0951 0.5019
pFA 168 3.44e-07 8.09¢-06 7.92¢-06

f1a FA 44 60,6024 1009517 21.1218
RaFA 4 2384711 300.2502 31.4020
NaFA 8 180.3972 246.0055 24.5482
pFA 31 0 0 0

iz FA 60 3.10c-14 1.1351 0.7038
RaFA 4 9.2711 10.8784 0.8054
NaFA 8 8.8794 10.6574 0.8643
pFA 34 2.66e-15 3.84e-15 1.70e-15

e FA 20 1.0000 1.0000 7.26e-10
RaFA 4 1.0000 1.0000 1.48¢-06
NaFA 39 0.9937 0.9994 0.0014
pFA 44 0 0 0

f1a FA 73 0.4147 0.4798 0.0177
RaFA 3 0.4850 0.4930 0.0031
NaFA 64 0.4888 0.4932 0.0023
pFA 82 0.0097 0.0097 6.87e-08

fis FA 38 -70.1781 -66.0138 1.9884
RaFA 7 -40.9722 -37.7798 1.8800
NaFA 13 -48.9140 -43.6976 2.6474
pFA 167 -41.4030 -35.9725 2.5076

fie FA 28 0.7043 3.0358 1.6669
RaFA 4 18.9912 25.1443 2.7943
NaFA 8 16.6327 204971 2.5943
pFA 76 2.20e-277 1.43e-266 0

fir FA 18 68 111.9750 28.0144
RaFA 5 193.7580 258.1913 29.0084
NaFA 23 150.2852 189.0966 23.2016
pFA 43 0 0 0

fis FA 54 1.0212 4.6927 2.1361
RaFA 9 9.7041 6.15e+03 2.20e+04
NaFA 15 15.5344 1.14e+03 4.19e+03
pFA 241 0.5145 0.8954 0.2381

fie FA 45 1.26c+04 4.59¢+04 2.28c+04
RaFA 8 8.21e+04 1.73e+05 6.05e+04
NaFA 16 6.17e+04 1.23e+05 3.6%+04
pFA 195 0 1.95¢-66 1,07e-65

f20 FA 30 2.98e+04 4.84e+04 1.29e+04
RaFA 5 6.51e+03 1.05e+04 2.43e+03
NaFA 9 7.90e+03 1.36e+04 3.53e+03
PFA 92 0 0 0

fa1 FA 74 0.0091 0.0091 3.42e-18
RaFA 19 0.0073 0.0073 4.3%-18
NaFA 93 0.0062 0.0062 2.24e-18
pFA 113 0.0059 0.0059 2.95¢e-18
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TABLE 6. Computational results of FA, RaFA, NaFA, and pFA for each function on 100 dimension.

Function Algorithm Time Min Mean Sud

f FA 28 1.25¢+03 3.28e+03 1.61e+03
RaFA 5 1.05e+04 1.39e+04 2.04e+03
NaFA 8 1.24¢+04 1.73e-+04 2.75c+03
pFA 79 0 0 0

fa FA 25 45.7986 93.6254 19.3097
RaFA 4 75.6588 91.2161 8.1710
NaFA 7 86.5001 105.3091 9.7488
pFA 83 1.51e-265 7.46e-265 0

I3 FA 33 6.76e+03 9.85e+03 2.40e+03
RaFA 6 5.97e+03 9.63e+03 3.22e+03
NaFA 13 3.91e+03 9.63e+03 3.22e+03
pFA 129 8.96e-199 1.32e-56 6.58¢-59

fa FA 29 19.7073 29.5103 3.3598
RaFA 3 229635 29.3519 2.7539
NaFA 6 25.5820 30.6770 2.2555
pFA 91 6.78¢-237 2.67e-227 0

fs FA 25 724.7314 2.04e+03 716.0177
RaFA 4 4.13e+03 6.54e+03 1.19e+03
NaFA 7 5.13e+03 7.82e4+03 1.22e+03
pFA 74 0 0 0

fe FA 56 0.2542 1.1921 0.6860
RaFA 9 3.0133 6.3736 2.0038
NaFA 16 4.0194 9.5038 2.7436
pFA 197 0 0 0

Fid FA 60 4.56e-07 1.41e-06 7.20e-07
RaFA 8 1.53¢-06 2. 14e-04 8.78¢-04
NaFA 14 2.94¢-08 3.41e-06 5.64e-06
pFA 177 0 0 0

fa FA 55 3.4e407 8.77e+07 2.27e+07
RaFA 9 1.70e+08 3.71e+08 1.13e+07
NaFA 17 9.24e+07 2.51e+08 9.16e+07
pFA 260 0 0 0

fa FA 2 9 17.3333 4.1133
RaFA 0.8 19 24.5667 3.5006
NaFA 1.3 15 21.2000 24691
pFA 63 4 8.2000 2,3839

fio FA 2086 1.1660 3.0710 1.2766
RaFA 56 3.9583 7.2508 3.0172
NaFA 349 47223 11.4290 4.7380
pFA 274 1044e-07 1.40e-05 1.43e-05

f11 FA 29 182.9112 283.1775 32.5341
RaFA 5 666.9288 743.7117 43.0929
NaFA 10 573.5190 643.1476 30.7975
pFA 39 0 0 0

fiz FA 28 6.2005 8.4004 1.1137
RaFA 5 11.2087 12,1025 04671
NaFA 11 11.0521 12.9293 0.6050
pFA 38 2.66e-15 4.08¢-15 1.77e-15

fiz FA 27 1.0000 1.0000 0
RaFA ! 1.0000 1.0000 0
NaFA 5 1.0000 1.0000 0
pFA 61 0 0 0

fra FA 115 0.4979 0.4991 4.12e-04
RaFA 4 0.4980 0.4988 3.49¢-04
NaFA 71 04976 0.4987 3.83¢-04
pFA 93 0.0097 0.0097 1.78¢-08

fis FA 58 -62.4677 -59.1327 1.7.38
RaFA 12 -38.9661 -34.5243 1.7015
NaFA 23 -43.6207 -37.4587 2.0631
pFA 270 -35.8802 -33.1229 1.4444

fie FA 28 12.8347 22.8740 4.6885
RaFA 5 51.0554 61.2341 4.7078
NaFA 9 52.8338 60.5799 4.9688
pFA 90 1.79¢-265 2.50e-257 0

fi7 FA 27 234.5053 322.2796 46.2017
RaFA 5 5752118 672.3144 46.8110
NaFA 20 477.7268 546.7777 36,9873
pFA 55 0 0 0

fis FA 90 13.6919 42.0941 12.5882
RaFA 15 237.7223 1.77e+05 2.70e+05
NaFA 24 3.03e+04 1.82e+05 2.21e+05
pFA 399 0.7731 1.0352 0.0986

fro FA 78 1.29e+05 2.36e+05 5.19e+04
RaFA 14 3.45e+05 5.29e+05 1.11e+05
NaFA 26 3.82e+05 5.66e+05 1.22e+05
pFA 362 0 1.95e-66 1.07e-65

fan FA 45 6.43c+04 9.95¢+04 2.72e+04
RaFA 7 1.75e+04 2.45e+04 5.03e+03
NaFA 15 2.16e+04 29le+04 4.63e+03
pFA 152 0 0 0

fo1 FA 165 0.0038 0.0038 1.62¢-18
RaFA 29 0.0037 0.0037 1.93¢-18
NaFA 217 0.0033 0.0033 1.15e-18
pFA 210 0.0031 0.0031 2.02e-18
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FIGURE 2. Convergence curves of f3, f7, f;1, 5, f19, and f,; on 30 dimension.

and fi9, pFA is able to converge to 0 within the iteration
process, while others change little. For fi5, RaFA is better
slightly than others, and for f>1, pFA is worse than others
at the beginning, with the iteration goes, it quickly caught
up with others. As shown in Figs. 3 and 4, as the dimension
increase, the convergence of pFA becomes slower in f3. For
f7, f11 and f>1, all of them remain unchanged, and for f5 and
Jf19, pFA becomes better, while others change little.

In summary, the performance of pFA is better than FA,
RaFA and NaFA on most functions, and for majority func-
tions, pFA can find the minimum value of 0. And it also
effectively for solving higher dimension problem.

V. EXPERIMENT 3: COMPARISON WITH OTHER FAS
BASED ON A PROBABILISTIC METRIC

In [48], Gomes et al. proposed a new way of comparison
among metaheuristic optimization algorithms. In this way,
it can be clearly seen which algorithm is better. In this paper,
as shown in [48], we regard Pperer as the probability that
represents pFA is better than FA, RaFA and NaFA. If pFA
is worse than FA, RaFA and NaFA, we regard P, .5 as the
probability, and if pFA is equal to FA, RaFA and NaFA,
we regard Peguq as the probability. Here, the population size,
dimension and the maximum iterations are set to 40, 50 and
2500, respectively. Moreover, we select f3, f7, f11, f15, f19 and
f>1 as benchmark functions, and for each algorithm, it was run
30 times. The results are shown in Table 7.
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As shown in Table 7, for f3, f7, fi1 and fi9, pFA is the
best, and it is 100% likely to find the optimal value in a
single run. For fis, it can be seen that pFA is worse than FA,
RaFA and NaFA with the probability of 100%, 72% and 99%,
respectively. And for f>1, pFA is better than FA, RaFA and
NaFA with the probability of 100%.

VI. EXPERIMENT 4: COMPARISON WITH DE AND DES

In this part, the validity of the improved algorithm is fur-
ther tested by comparing with DE, chDE [49], jDE [50],
aDE [51] and IMMSADE [52] on f1 — fo, fi1, f13, f15, f17,
f19 and f>1. These benchmark functions are consistent with
literature [52]. For the sake of fairness, all parameter settings
are derived from literature [52]. For each algorithm, it runs
30 times independently. The dimension D and the population
size NP are set to 30, 100, respectively, and the maximum
iterations(/tMax) is set to 3000. We utilize the statistics of
average value(mean) and standard deviation(std) to evaluate
the performance of algorithms after 30 times running. The
statistical results are displayed in Table 8. And except for
the statistics of pFA, statistics of others are derived from
their original papers. For example, the parameter settings of
IMMSADE algorithm are the same as literature [52]: all of
A?, Fl.0 and CR? are randomly chosen from [0.7, 1.0], [0.1, 0.8]
and [0.3, 1.0], respectively. Besides, the parameter settings
of DE originate from literature [49], in Which CR is set
to 0.9 and F is set to 0.9, 0.5. For pFA, By, and y are set
to 1.
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TABLE 7. Computational results of FA, RaFA, NaFA, and pFA based on a probabilistic metric for f5, fa;, f;1, f;5, f19, and fy;.

Function Algorithm Pretter Pequal Puorse
Ifa FA 1.00 0.00 0.00
RaFA 1.00 0.00 0.00
NaFA 1.00 0.00 0.00
b FA 1.00 0.00 0.00
RaFA 1.00 0.00 0.00
NaFA 1.00 0.00 0.00
f11 FA 1.00 0.00 0.00
RaFA 1.00 0.00 0.00
NaFA 1.00 0.00 0.00
fis FA 0.00 0.00 1.00
RaFA 0.28 0.00 0.72
NaFA 0.01 0.00 0.99
f10 FA 1.00 0.00 0.00
RaFA 1.00 0.00 0.00
NaFA 1.00 0.00 0.00
fa1 FA 1.00 0.00 0.00
RaFA 1.00 0.00 0.00
NaFA 1.00 0.00 0.00
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FIGURE 3. Convergence curves of f3, f;, f;q, f;5, f19, and f,; on 50 dimension.

As shown in Table 8, for fi, f3 — f7 and fo, both mean
and std of pFA are superior to others’. In particular, both of
them are O on fi, f3, fo and f;. For fg and fi5, the values of
mean and std of all algorithms are 0. For fi3, pFA is as good
as aDE and IMMSADE, of which mean and std are 0. For
/> and fy7, the performance of pFA is worse than others’.
Furthermore, mean and std of pFA is slightly lower than
others’ in f>1. In conclusion, The results show that pFA is
reliable and effective.

VII. APPLICATION OF PFA

In the engineering field, many practical problems can be
boiled down to the optimization problem under a certain
mathematical model. Many practices prove: the intelligent

VOLUME 7, 2019

algorithm is introduced into the field of engineering opti-
mization to solve all kinds of complex problems, which will
obtain lots of economic and social benefits. In this part,
in order to further verify the superiority of pFA, we use pFA
to solve the four major engineering problems: pressure vessel
design, the structure design of tension-pressure spring, Three-
bar truss design and I-beam vertical deflection. Besides,
the results are compared with those results obtained by some
other algorithms.

Moreover, first of all, we need to solve the inequal-
ity constraints of the following problems. In this paper,
we adopt Deb’s rules [53] to solve constraint condi-
tions. The detailed description of Deb’s rules is given as
follows:
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TABLE 8. Computational results of DE and DEs.

Function Algorithm Mean Std
fi DE 6.45¢-37 9.42¢-37
chDE 1.02e-56 2.80e-560
JDE 3.24e-39 3.48e-39
aDE 2.63e-36 2.23e-56
IMMSADE 5.68e-165 0
pFA 0 0
f2 DE 1.27e-05 1.41e-05
chDE 1.65e-04 1.90e-04
JjDE 2.5800 1.2800
aDE 1.23e-01 7.11e-02
IMMSADE 1.71e-137 9.20e-137
pFA 4.86e-55 2.66e-54
Ia DE 1.08e-33 1.55e-33
chDE 7.16e-53 2.08e-52
JDE 2.11e-36 2.58e-36
aDE 2.93e-53 2.68e-53
IMMSADE S544e-161 2.93e-160
pFA 0 0
fa DE 4.16e-18 3.83e-18
chDE 3.06e-34 4.40e-34
JDE 3.40e-23 2.49¢-23
aDE 6.75e-33 4.42e-33
IMMSADE 4.64e-48 2.50e-47
pFA 1.10e-321 0
Is DE 1.99¢-01 3.39¢-01
chDE 1.02e+01 5.0600
iDE 1.91e-05 1.12e-05
aDE 2.77e-04 1.10e-03
IMMSADE 3.14e-88 1.69¢-87
pFA 4.82e-283 0
fa DE 8.13e-31 8.51e-31
chDE 9.73e-51 1.97e-50
JDE 1.57e-33 1.69e-33
aDE 1.71e-50 1.74e-50
IMMSADE 3.99¢-165 0
pFA 0 0
Iz DE 1.49¢-36 1.93e-36
chDE 7.19e-56 3.33e-55
iDE 5.34e-39 4.91e-39
aDE 5.15e-56 5.00e-56
IMMSADE 9.09e-125 4.8%e-124
pFA 0 0
Js DE 0 0
chDE 0 0
iDE 0 0
aDE 0 0
IMMSADE 0 0
pFA 0 0
) DE 4.32¢-03 1.30e-03
chDE 3.87e-03 1.02e-03
JjDE 4.88e-03 1.42e-03
aDE 4.85e-03 1.41e-03
IMMSADE 1.33e-04 7.24e-05
pFA 4.32e-06 4.04¢-06
fua DE 0 0
chDE 2.46e-04 1.33e-03
iDE 0 0
aDE 0 0
IMMSADE 0 0
pFA 0.0776 0.2426
fis DE 1.44e+02 2.20e+01
chDE 2.5200 2.1300
JiDE 4.5900 3.5800
aDE 0 0
IMMSADE 0 0
pFA 0 0
fis DE 0 0
chDE 0 0
JjDE 0 0
aDE 0 0
IMMSADE 0 0
pFA 0 0
fi7 DE 1.35¢-19 2.40e-35
chDE 1.35¢-19 3.13e-29
jDE 1.35¢-19 2.41e-35
aDE 1.35e-19 2.4l1e-35
IMMSADE 1.35¢-19 2.95e-32
pFA 0.5411 02116
fa1 DE 341e-01 4.50e-02
chDE 1.60e-01 4.55¢-02
iDE 3.09¢-01 4.0le-02
aDE 3.18e-01 4.11e-02
IMMSADE 6.10e-02 1.72¢-02
pFA 0.49e-01 0.98e-01
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FIGURE 4. Convergence curves of f3, f;, f11, f;5, f19, and f,; on 100 dimension.

(1) Between a feasible solution and an infeasible solution,
the feasible solution is preferred.

(2) The infeasible solution is regarded as a feasible solu-
tion, when the infeasible solution violates the constraints very
rarely.

(3) For two feasible solutions, the solution with better
objective function value is better.

(4) For two infeasible solutions, the solution violating
constraints very little is better.

A. PRESSURE VESSEL DESIGN

The pressure vessel design is from literature [38] and belongs
to the widely used structural design benchmark problem.
It minimize mainly the total costf (x), which includes the cost
of materials, forming and welding. In this problem, there are
some parameters: the thickness of shell (7§), the thickness
of the head (T}), the inner radius (R) and the head (L).
The detailed description is shown in Fig. 5 [38]. In this
paper, we let x1, x2, x3 and x4 represents Ts, Ty, R and
L, respectively. Thus, the variable vector can be written as
x =[x, x2, X3, x4].

The optimization problem can be written as follows:

minf(x) = 0.6224x1x3x4 + 1.7781x2x§
+3.1661x7x4 + 19.84x%x3
subject to

g1(x) = —x1 +0.0193x3 <0,
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FIGURE 5. Pressure vessel design problem.

g2(x) = —x3 4+ 0.00954x3 < 0,
g3(x) = —madxy — 4/3(mx3) + 1296000 < 0,
g4(x) = x4 —240 <0,

where

0<x <99,
0<x <99,
10 < x3 < 200,
10 < x4 < 200,
For this optimization problem, there are many scholars
utilize different algorithms to solve it, such as memory based
Hybrid Dragonfly algorithm(MHDA) [38], Cuckoo Search

algorithm (CS) [39], improved Particle Swarm Optimizer
(IPSO) [40], Artificial Bee Colony algorithm (ABC) [41] and
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TABLE 9. Comparison the best solution obtained by different algorithms for pressure vessel design.

Optimum variables MHDA CS 1PSO ABC PGABC pFA
T 0.778169 0.812500 0.812500 0.812500 07781686 0.957100
T2 0.384649 0.437500 0.437500 0.437500 0.3846491 0.005900
T3 40.3196 42.0984456 42,098445 42.098446 40.3210545 49.554600
T4 200 176.6363595 176.6365950 176.636596 199.9802367 101.976400
f(z) 5885.3353 6059.7143348 6059.7143 6059.714339 5885.40322828 2727.320000
TABLE 10. The statistical results obtained by different algorithms for pressure vessel design.
Algorithm Min Worst Mean Sid
MHDA 5885.3353 5885.3353 5885.3353 0
CcS 6059.714 6495.3470 6447.7360 502.693
IPSO 6039.7143 NA 628992881 305.78
ABC 6059.714339 NA 6245.308144 205
PGABC 5885.403285 5895.126804 5887.557024 2.745290
pFA 2727.320000 4511.1000 3517.000 562.9108

TABLE 11. Comparison the best solution obtained by different algorithms for structure design of tension-pressure spring.

Optimum variables CPSO MPM

10D SPA TGA pFA

T 0.051728
@2 0.357644
T3 11.244543

f(x) 0.0126747

0.050000
0.315900
14.250000
0.0128334

0.053396
0.399180
9.185400
0.0127303

0.051480 0.051989 0.051825
0.351661 0.363965 0.359999
11.632201 10.890522 11.099404
0.0127048 0.0126810 0.0126652

penalty guided ABC (PGABC) [42]. To be fair, the maximum
iteration is set to 1500, and the population size is set to 50.
For each algorithm, program runs 30 times independently.
The best solutions obtained by different algorithms are shown
in Table 9. In order to verify the performance of pFA, we com-
pare different algorithms by min, worst, mean and std. The
results are given in Table 10. And except for the statistics of
PFA, statistics of others are derived from literature [38].

Frm Table 11, we can see that, for pressure vessel design
problem, pFA can obtain the best result. In Table 10, con-
sidering min, worst and mean, we can know that the results
obtained by pFA are superior apparently to others, and for
standard deviation, pFA is worse than other algorithms. Based
on above analysis, we can draw a conclusion: the perfor-
mance of pFA is superior to others, and it is more applicable
to solve the pressure vessel design problem.

B. STRUCTURE DESIGN OF TENSION-PRESSURE SPRING
The structure design of tension-pressure spring problems
(see Fig. 6) is chosen from literature [43], it aimed mainly at
minimizing its quality under satisfying the constraint condi-
tions. The constraint conditions include minimum deflection,
shear stress, surge frequency, limits on outside diameter and
on design variables. There are three design variables: coil
diameter of spring (d(x1)), average diameter of spring coil
(D(x2)) and the effective number of circles (P(x3)).
The optimization problem can be written as follows:

min f(x) = (x3 + 2)x2x12
3
X53X3 <
71785x}
4x22 — X1X2 1

— 1<
12566(xox; —x})  5108x7 T

subject to g1(x) =1 —

g2(x) =

57436

N
v

FIGURE 6. Structure design of tension-pressure spring.

140.45x;
g0 =1———1 <0,
x2x3
X1 +x2

= ——1< 0’
84(x) G <

where

0.05 <x; <2,
0.25 < x < 1.3,
2 < x3 <15,

For this optimization problem, it was solved by
different algorithms, such as an effective co-evolutionary
particle swarm optimization (CPSO) [43], a study of math-
ematical programming methods (MPM) [44], introduction
to Optimum Design (IOD) [45], a self-adaptive penalty
approach (SPA) [46] and genetic algorithms through the
use of dominance-based tournament selection (TGA) [47].
For each algorithm, program runs 30 times independently.
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TABLE 12. The statistical results obtained by different algorithms for structure design of tension-pressure spring.

Algorithm Min Worst Mean Std
CPSO 0.0126747 0.012730 0.012924 5.198500e-005
MPM 0.0128334 NA NA NA
10D 0.0127303 NA NA NA
SPA 0.0127048 0.012769 0.012822 3.939000e-005
TGA 0.0126810 0.0127420 0.012973 5.900000e-005
pFA 0.0126652 0.0126735 0.0126676 2.311605e-006
TABLE 13. Comparison the best solution obtained by different algorithms for three-bar truss design.
Optimum variables BWOA MBA MFO DEDS CS pFA
T 0.788666327 0.7885650 0.788244770931922 0.78867513 0.0.78867 0.788676772
o) 0.408273202 0.4085597 0.40946695784741 0.40824828 0.40902 0.408243657
S(x) 263.8958435 263.8958522 263.895979682 263.8958434 263.9716 263.8958433

TABLE 14. Comparison the best solution obtained by different algorithms for I-beam vertical deflection.

Optimum variables ARSM Improved ARSM CS S0S pFA
Ty 37.05 48.42 50.000000 50.00000 50.00000
I 80.00 79.99 80.000000 80.00000 80.00000
T3 1.71 0.90 0.900000 0.90000 1.36985
g 231 2.40 23216715 0.32179 5.00000
flz) 0.0157 0.0131 0.0130747 0.0130741 0.007100

FIGURE 7. Three-bar truss design.

The best solutions obtained by different algorithms are shown
in Table 11. In order to verify the performance of pFA,
we compare different algorithms by min, worst, mean and std.
The results are given in Table 12. And except for the statistics
of pFA, statistics of others are derived from literature [43].

As shown in Tables 11 and 12, for the structure design
of tension-pressure spring, compared with other algorithms,
pFA can find the best solution and obtain the best objective
function value. For pFA, its worst solution is better than the
best solution obtained by other algorithms, and its mean and
standard deviation are also better than others. That is to say,
the pFA is better than others in solving this problem.

C. THREE-BAR TRUSS DESIGN

For this problem, to minimize the weight subject to stress,
deflection, and buckling constraints, the two parameters
A1(x1) and Az(xp) should be optimized(see Fig. 7). The
problem of three-bar truss design has been studied by many
scholars. In order to solve this case, Chen [54] proposed

VOLUME 7, 2019

the balanced variant of WOA, that is BWOA. Sadollah [55]
utilized Mine blast algorithm (MBA) to solve this problem.
Moreover, there are other algorithms used to optimize it.
Such as, Mirjalili [56], Zhang [57] and Gandomi [58] adopted
MFO, DEDS and CS, respectively.

The optimization problem can be written as follows:

min f(x) = (2\/5)51 +x2) x [

subject to g1 (x) = P(«/E)q +x2)/(\/§x%+2x1x2)—o <0,
gx) = sz/(x/ixl2 + 2x1xp) — o0 <0,
g3(x) = P/(V2x +x1) — 0 <0,

where

0<x =1,
0<x =1,

[ = 100cm, P =2kN/cm?*, o = 2kN /cm?.

For each algorithm, it runs 30 times independently.
NP is set 20. The results of the above-mentioned algorithms
are given in Table 13. Observing the Table 13, we can see
that the best weight of the problem of three-bar truss design
is 263.8958433 when x; and x, are set as 0.788676772,
0.408243657, respectively, which is obtained by pFA. For
BWOA, MBA, MFO, DEDS and CS, the results obtained by
them are worse than that of pFA’s.

D. I-BEAM VERTICAL DEFLECTION

For I-beam vertical deflection problem(see Fig. 8), its aim
is to minimize the vertical deflection of an I-beam. More-
over, The cross-sectional area and stress constraints should
be satisfied at the same time. For this problem, there are
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FIGURE 8. I-beam vertical deflection.

4 variables: length(b), height(h), and two thick-nesses of this
problem(t,,,tr). For convenience, we set this 4 variables as xp,
X2, x3 and x4, respectively.

The optimization problem can be written as follows:

min f(x) = 5000/(x3(x2 — 2x4)/12 + x1x3 /6
+ 2x1x4((x2 — x4)/2)%)
subject to g1(x) = 2x1x3 4+ x3(x2 — 2x4 — 300 < O,
22(x) = 18x x 10%/(x3(x2 — 2x4)> + 21 x3(4x2
+ 3x2(x2 — 2x4))) + 15x1 x 10 /((x2 — 2x4)x3
+ 2x3x3) — 56 < 0,

where

10 < x1 <50,
10 < x» < 80,
09 <x3 <5,
0.9 < x4 <5,

For each algorithm, it runs 30 times independently;
NP is set to 20. The results obtained by ARSM[59], improved
ARSM[59], CS[58], SOS[60] and pFA are given in Table 14.
From the statistical data in Table 14, it can be seen that the
optimal value of this problem is 0.007100, which is obtained
by pFA. Meanwhile, for ARSM, improved ARSM, CS and
SOS, the best result is 0.0130741, which is much worse than
that of pFA’s.

VIil. CONCLUSION

In this paper, in order to reduce computational time complex-
ity, speed up the convergence, avoid oscillation in the iteration
and overstep the local optimum, a novel firefly algorithm
(pFA) was proposed. First, it utilizes the probability pg; to
choose a firefly with high quality, and then the opposite
learning skill is employed to generate a new firefly in this
situation, where all fireflies are worse than x;.

In pFA, we use the probability selection to determine the
firefly that x; move towards to. In this way, the attraction
among fireflies can be reduced, thus, it can avoid oscillation,
Improve the precision of solution and speed up convergence.
And the usage of opposite learning strategy makes the diver-
sity of population increased and enhance exploration. The
comparison results show that the performance of pFA is supe-
rior to others. Furthermore, it also obtains satisfying results
when pFA is applied to solve four engineering optimization
problems.

57438

In the future, we will do more experiments to test the
performance of pFA, for example, we can use it to deal with
multi-objective optimization problems and cluster.
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