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ABSTRACT Freeform surfaces exist widely in the stock cutting process of clinical prosthesis preparation,
aviation, ship, and other manufacturing industries. The free-form contours of surfaces need to be packed
before they are machined from raw materials. The existing methods search a contour position by rotating
the contour and translating it to connect other contours for packing. The relative position between two
contours will be changed after the rotation as the contour description is lack of geometric invariance. These
methods easily miss the best layout position resulting in interspaces in the raw material. Moreover, this
result seriously reduces the performance and efficiency of an automatic packing system. Therefore, a new
packing algorithm is proposed in this paper by combining the geometric invariant description and coding
matching for contours to solve the contour rotating and position connecting problems. The optimal position
of a contour can be found directly and then connected by the extracted similar complement features of the
contour. The experimental results show that the proposed method can greatly improve quality and efficiency
of the layout, especially in the material utilization.

INDEX TERMS Computer graphics, code matching, shape, free-form contour packing, freeman chain code,
geometric invariant description, layout.

I. INTRODUCTION
The problem of 2D packing is widespread in industrial appli-
cations. According to whether the shape of a layout contour
is regular or not, there are regular and irregular packing
problems. The regular packing is relatively easy to locate
regular contours such as rectangles and triangles [1]–[3].
As irregular contours are increasingly applied in fields of the
aviation, automobile, clothing, and furniture, research on the
layout of 2D irregular contours has been increasing [4]. For
improving utilization of raw materials or capacity planning,
a slight increase in the contour layout efficiency can generate
great economic and environmental benefits [5], [6], such as
reducing negative impacts of manufacturing on environments
for green manufacturing [7]. The free-form surfaces are usu-
ally machined through computer numerical control (CNC)
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machining center. The machining boundaries of free-form
surfaces can be represented by complex irregular polygons.
Free-form contour packing problem can be regard as complex
irregular packing problem.

The layout positioning strategy determines the packing
contour position and final outcomes of material requirement
planning [8]. Irregular contour positioning strategies can be
divided into transformation method and trial solution algo-
rithm (TSA). The former method transforms complex irreg-
ular contours into regular or simple irregular contours before
contours are positioned. An example of this method is the
envelope polygon packing algorithm that accomplishes the
transformation using the smallest envelope polygon of irreg-
ular contours [9]. If the results are regular contours such as the
smallest envelope rectangle, the regular contour positioning
strategy will be adopted. Otherwise, the TSA will be used for
the layout. This method only simplifies the problem of irregu-
lar packing since it does not solve the problem of positioning
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FIGURE 1. Illustration of finding the optimal position by TSA.

of irregular nesting [10]. In addition, such method has a
limited ability to solve complex contour packing problems.
TSA searches a series of layout contour positions by rotating
each contour. An optimal position of the contours is then
selected from these positions based on the principle of the
lowest center of contour or the lowest height of packing.
Examples of these methods include algorithms of no-fit poly-
gons (NFP) [11] and discrete nesting and description of image
pixels [12]. As the layout result of this method is affected
by the rotating angle, the reduced angle is only considered
to improve the material utilization, which results in the low
efficiency of nesting. An optimal contour position is easily
missed because of the contour initial position and improper
angle used in this method. As shown in Fig. 1, the contour
is rotated 12 times at 30◦ to find the optimal position using
the TSA. However, the optimal position is found at 226.9◦,
a general angle that cannot be found by rotating the con-
tour evenly at a smaller interval angle. Choosing the smaller
interval angle will result in more searching time. Thus, most
researchers have to choose a position based on somemeasures
such as the contour center lowest principle. Under these
methods, the cumulative interspace among contours causes
a poor layout solution.

Although irregular packing problems can be solved effec-
tively by the transformation method and TSA, it is chal-
lenging for the free-form contour packing problem. In this
paper, a new packing algorithm is proposed based on the
geometric invariant description and coding matching. The
optimal position of a contour can be found directly and then
connected by the extracted similar complement features of the
contour. The proposed method can search an optimal contour
position more quickly and efficiently than TSA. Experimen-
tal results show that the proposedmethod can greatly improve
quality and efficiency of the layout, especially the average
15% improvement of material utilization is achieved. Related
work of this research is reviewed in the next section. The
proposed algorithm is expounded in Section 3. Experimen-
tal results of the proposed method and comparisons with
the existing algorithm, TSA, are presented in Section 4.
The conclusion and outlook of our method are discussed
in Section 5.

II. RELATED RESEARCH
Different algorithms have been proposed for positioning
problems but none of them can provide an optimal layout
solution. Guo et al. [13] proposed a contour packing algo-
rithm for free-form contour machining, which discretizes the
packing area of materials based on the bottom-left and the
lowest gravity center stray. This algorithm finds the position
by collided the contour after rotating it, thus it belongs to
the trial solution method (TSA) and takes a lot of time to
obtain a satisfied result. Cherri et al. [14] and Leao et al. [15]
used a mixed-integer linear programming (MIP) model to
solve the complexity of geometry handling algorithms for
the piece non-overlapping constraints. It improves robustness
of modeling method but the complex process is difficult
to apply in practice. Elkeran [16] proposed a method that
hybridizes cuckoo search and guided local search optimiza-
tion techniques, which clustered the group congruent poly-
gons together to discover matched features among them. This
algorithm can reduce the complexity of the nesting problem
but it has to calculate the NFP to conduct intersection tests
between pairs of polygons to confirm the connecting position.
Thus the algorithm efficiency is lower. Wang et al. [17] pro-
posed a customized branch-and-bound approach to address
the nesting problem to guaranteed optimality of the layout,
but the algorithm is very complex and difficult to apply in
factories. In summary, the above algorithms have limitations
in solving nesting problems because of defects of TSA and
ignoring contour features.

There are some other methods that use heuristic and
genetic algorithms to solve the irregular nesting problem.
Elkeran [16] proposed the cuckoo search for a population
meta-heuristic to group congruent polygons together in pairs
and then place them. Del Valle et al. [9] proposed a GRASP
based heuristic to solve the cutting stock problem with items
of the irregular shape by combining with a column generation
algorithm. Burke et al. [18] proposed a genetic programming
contributing to a growing research area that represents a
paradigm shift in search methodologies. Beyaz et al. [19]
proposed an algorithm that introduces new crossover and
mutation operators for the selection of the heuristics to obtain
a high percentage of the optimal solutions. Hong et al. [20]
proposed a mixed bin packing algorithm combined with a
heuristic packing and the best fit algorithm as a hybrid heuris-
tic algorithm based on iterative simulated annealing. The
binary searchwas then developed to further improve results of
their backtracking algorithm. Pinheiro et al. [21] presented a
random-key genetic algorithm (RKGA) for the nesting prob-
lem combined with the well-known position rules. Therefore,
increasingly sophisticated and complex heuristic approaches
have been developed to address these problems. The role
of heuristic approaches is globe searching. In other words,
the heuristic approach is used to search an optimal order
among all contours, it cannot locate the contour position.
It has to combine with the traditional position principle to
solve the nesting problem. They do not involve in improving
the basic algorithm for contour positioning.
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In summary, the exiting layout positioning methods rotate
the contour to find the final layout position. As the con-
tour description method does not possess geometric rotating
invariance, each contour generates a new layout position with
every rotation as shown in Fig. 1. These methods can generate
confused and flexible data of the contour positions result-
ing in the low efficiency and poor material utilization [22].
If a method can be found to describe the contour with the
invariance, there is no need to rotate contours. The optimal
position of a contour can be found directly by the geometric
invariant description and then connected by the extracted
similar complement features of the contour.

III. PROPOSED METHODS
The process of the proposed algorithm is summarized as fol-
lows. A contour is first discretized into a polygon with some
equaling units such as pixels. Relationships of adjacent pixels
are established using the theory of geometric invariability of
curves [23]. The contour then be encoded using Freeman
Chain Code (FCC) based on the established relationships
among adjacent pixels to extract contour shape features. After
then, the longest common subsequence (LCS) is obtained by
matching the code sequence to find the similar complement
features of two contours. Positioning of the contour can be
decided using the proposed hub-and-spoke algorithm. The
outer boundary of contours nested in the rawmaterial contour
is treated as a new contour to match the next contour until all
contours are nested in the raw material contour. There is no
need to rotate the contour to find the optimal contour position.
Contours can contact more closely because the contact mode
becomes the line contact from the point contact using contour
shape features. Experimental results show that the proposed
algorithm can be used to improve the automatic nesting sys-
tem in CNCMachining systems to obtain an optimal material
requirement plan.

A. GEOMETRIC INVARIANT DESCRIPTION OF CONTOUS
The description of a contour has to be remained when it is
transformed for positioning and connecting to others. As fea-
tures extracted by the description are used to search optimal
positions that can directly contact to other contours closely,
the geometric invariance is an essential requirement for the
description of contours. According to the theory of geomet-
ric invariability of curves, the description of curve vector
parameterization can meet requirements of the geometric
invariance.

1) VECTOR PARAMETERIZATION OF CURVE FOR THE
GEOMETRIC INVARANCE
The geometric invariant description represents a shape with
limited information such as a parabola with 3 points. If the
relative relationship of these points is determined, the shape
and its description will not be changed when it is rotated.

A parabola of y = −0.5x2 + x is shown in Fig. 2.
After it is processed using the vector parameterization, a vec-
tor quadratic polynomial curve equation can be obtained to

FIGURE 2. Illustration of a parabola of y = −0.5x2 + x .

FIGURE 3. Rotated anticlockwise at 45◦.

describe the shape as follows.

p(u) =
n∑
i=0

aiϕi =
3∑
i=0

piϕi(u)

= 2(u− 0.5)(u− 1) p0 − 4u(u− 1) p1
+ 2u(u− 0.5) p2 (1)

where p0, p1 and p2 indicate three position vectors that are
also referred to as absolute vectors, ϕi expresses a basis
function with parameter u. Inter-relationships among points
of the curve have been determined by the basic function.

When the parabola is rotated anticlockwise at 45◦ as shown
in Fig. 3, position vectors turn into p′0, p

′

1 and p
′

2. Multiplied
with the rotation matrix based on (1), an equation is formed
as follows.

p(u) =
n∑
i=0

aiϕi =
3∑
i=0

pi
′ϕi(u)

= 2(u− 0.5)(u− 1)p0
′
− 4u(u− 1)p1

′

+ 2u(u− 0.5)p2
′ (2)

The shape has not been changed because the selected basic
function possess the geometric invariance. In conclusion,
the description method can express a shape with unchanged
information when the shape position is changed. However,
the shape described by a basis function that only possesses the
full normativeness or partial normativeness has the geometric
invariance. Thus, the basic function has three categories as
follows.
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1) Full normalized basic function
The basis function satisfies Cauchy Condition:
n∑
i
ϕi ≡ 1 such as the linear interpolation: p(u) =

(1− u)p0 + up1.
2) Partial normalized basic function

The basis function satisfies the condition of
k∑
i
ϕi ≡ 1, 0 ≤ k < n, such as p(u) = a0 + a1u.

3) Basic function without normativeness
Other cases except the two cases mentioned above,
such as p(u) = (1− u)2p0 + u

2p1.

2) EXPRESSION OF THE LAYOUT CONTOUR USING PARTIAL
NORMALIZED BASIC FUNCTION
For a layout contour with the closed irregular polygon,
the contour is expressed by partial normalized basic functions
in this paper. The general formula of a vector function can be
rewritten as follows.

p(u) =
n∑
i=0

aiϕi =
k∑
i=0

aiϕi +
n∑

i=k+1

aiϕi (3)

where (a0, a1, a2, · · · · · · , ak) represents absolute vec-
tors, (ak+1, ak+2, ak+3, · · · · · · , an) are relative vectors,
k∑
i
ϕi ≡ 1. Let the rotation matrix be ‘M’ and translation

vector be ‘c’. Using (3), an equation after the rotation and
translation is formed as follows.

p∗(u) = p(u)M + c

= (
k∑
i=0

aiϕi +
n∑

i=k+1

aiϕi)M + c

=

k∑
i=0

aiϕiM +
n∑

i=k+1

aiϕiM + c

=

k∑
i=0

aiϕiM +
k∑
i=0

ϕic+
n∑

i=k+1

aiϕiM

=

k∑
i=0

(aiM + c)ϕi +
n∑

i=k+1

(aiM)ϕi

=

n∑
i=0

a′∗i ϕi (4)

where a′i = aiM + c, (i = 1, 2, 3, · · · , k) and a′i = aiM ,
(i = k + 1, k + 2, · · · , n). They are vectors rotated and
translated. However, basis functions are as same as before.
Therefore, the expression of a contour is not changed.

As shown in Fig. 4, a contour is expressed with the vector
parameterization as follows.

p(u) =
7∑
i=0

aiϕi = a0ϕ0+a1ϕ1 + . . .+a7ϕ7 (5)

Absolute vector a0 positions the contour in the
coordinate system, relative vectors are a collection of

FIGURE 4. Schematic diagram of the geometric invariance of layout
contour.

FIGURE 5. (a) Contour discretized into pixels. (b) Contour expressed by
vectors.

(a1, a2, a3, a4, a5, a6, a7) representing each edge of the con-
tour. (ϕ0,ϕ1,ϕ2, . . . ,ϕ7) is a collection of basis functions
for each corresponding vector.

Let ϕ0 equal to 1, (5) is expressed using partial normalized
basic functions no matter what the other basis functions will
be taken. But the other basis functions should be used to
describe the contour shape. The next step is to establish the
relationship between relative vectors as the basic function.

3) SELECTION AND FORMING OF THE BASIS FUNCTION
As the contour is complex, there is no exact mathematical
equation to express it. The relationship of the adjacent vector
has to be considered to form the contour geometric invari-
ance. For an unequal-length edge of the contour, there are two
parameters, length and relative angle of the adjacent relative
vectors. Therefore, the entire contour is firstly discretized into
polygons with some equilong units such as pixels to reduce
one parameter, the length. As all pixels are same, the contour
is expressed by the collection of relative vectors between the
adjacent pixels as follows.

p(u) =
7∑
i=0

aiϕi = a0+I1ϕ1+I2ϕ2 + I3ϕ3 + . . .+Inϕn

(6)

where (I1, I2, I3, I4, . . . ., In) and (ϕ1,ϕ2, . . .,ϕn) are col-
lections of adjacent relative vectors and basis functions,
respectively, as shown in Fig. 5.
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To describe the relationship, the rotation angle of adjacent
vectors is chosen as the basis function parameter.

I2ϕ2 = I1∗f (θ1); I3ϕ3 = I2∗f (θ2); . . . ;

Inϕn = In−1∗f (θn−1) (7)

Bring (7) to the right of (6), a derivation process of the
adjacent vector relationship is as follows.(
I2ϕ2 + I3ϕ3 + , . . . ,+ Inϕn

)
= (I1∗f (θ1)+ I2∗f (θ2)+ , . . . ,+ In−1∗f (θn−1))

= (I1∗f (θ1)+ I1∗f (θ1)f (θ2)+ , . . . ,

+,I1∗f (θ1)f (θ2) . . . f (θn−1))

= I1∗(f (θ1)+ f (θ1)f (θ2)+ , . . . ,+ f (θ1)f (θ2) . . . f (θn−1))

= I1∗F(θ1,θ2, . . . ,θn−1) (8)

where I1 represents the original relative vector, the collection
of (θ1, θ2, θ3, . . . ,θn−1) indicates the rotation angle between
adjacent vectors, F(θ1,θ2,θ3, . . . , θn−1) shows the relation-
ship between adjacent pixels.
According to (8), the contour can be expressed by the

original relative vector and established relationships based
on angles. When a contour is rotated, the original rel-
ative vector is multiplied with the rotation matrix. But
the description of adjacent vector relationships will not be
changed.
In summary, (a0, I1, I∗1F(θ1, θ2, θ3, . . . ,θn−1)) is used to

describe a contour. This method has the geometric invari-
ance expressed by absolute vectors, relative vectors and basis
functions.

B. EXTRACTION OF CONTOUR SHAPE FEATURES FOR
CONTOURS’ CONNECTION AND POSITION
After forming the geometric invariance of the contour,
the next step is extracting contour shape features by encoding
the contour with the geometric invariance for the contour
connection more closely and quickly to reduce interspaces
among contours. The features are extracted by encoding con-
tours. An extracting method is developed for the geometric
invariant description.
There are many methods that can encode a contour such as

Wavelet Transform and Fourier Transform [24]. But results
from these two methods do not possess the geometric invari-
ance. Chain Code is a common method for contour coding.
Compared to the above two methods, the Chain Code can
extract the feature information with the geometric invari-
ance. Freeman Chain Code (FCC) is a sequence to express
indexical relations between adjacent units after a contour is
discretized into pixels. The pixels and their relationship are
treated as equilong units and basis functions, respectively.
After taking the difference of FCC, a new generated sequence
(DFCC) can represent the contour with shape information of
the geometric invariance.

FIGURE 6. (a) Value of the chain code. (b) Direction of the chain code.

1) DIFFERENCE FREEMAN CHAIN CODE (DFCC) FOR THE
CONTOUR REPRESENTATION
The direction that a pixel points to the next adjacent pixel is
called a chain. There are 8 pixels around the central pixel as
shown in Fig. 6 (b), In other words, there are 8 kinds of chains.
Values of them are shown in Fig. 6 (a). FCC is generated by
tracking the contour expressed by the pixel. A flow diagram
of generating the normalized DFCC is shown in Fig.7.

As shown in Fig. 7, a contour is tracked. FCC is obtained
to describe shape features of the contour but there is no
geometric invariance. The general expression of the FCC is
as follows.

M = S
n
C
i=1

ai = Sa1a2a3· · · an, ai ∈ Z[0, 7] (9)

where S indicates the coordinate of an original pixel, which is
equivalent to the absolute vector. ai is a chain that expresses

the direction between adjacent pixels,
n
C
i=1

ai expresses the

chain sequence.
However, the relationship between adjacent pixels has not

been established because the chain value is independent,
in other words, every chain relies on the absolute coordinate
system. The relationship is built by taking the difference as
follows:

a′1 = (a1 − an) mod N, i = 2, 3, . . .n
a′i = (ai − ai−1) mod N, i = 2, 3, . . .n

M ′ = S′
n
C
i=1

a′i, i = 2, 3, . . .n
(10)

where ‘mod’ represents the modular arithmetic and the value
ofN represents number of the chain kind. S′ equals to S. After
the operation, DFCC is represented byM′.

For the only representation of a contour with the sequence,
the sequence is processed with the normalization. Above
all, the DFCC sequence is treated as a positive integer with
n digits. The sequence is then searched corresponding to the
minimum positive integer [25].

After the differential and normalized processing, a sequence
is obtained with feature information of the contour. In addi-
tion, this sequence satisfies the requirement of the geometric
invariant description as the relationship between the adjacent
units has been established.

As shown in Fig. 8, diagrams (a) and (b) show the orig-
inal and rotated at 90◦ anticlockwise contours expressed by
the chain code, respectively. It is found that the normalized
DFCC of Figs 8. (a) and (b) are the same in Table 1. Thus the
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FIGURE 7. Flow diagram of generating normalized DFCC.

FIGURE 8. (a) Original chain code. (b) The transformational contour.

relationship established between adjacent pixels by the nor-
malized DFCC possess the geometric invariance.

2) TWO CONTOURS CONNECTION
As a contour is represented by DFCC, the connection prob-
lem has been transformed into the sequence alignment prob-
lem to search the longest common subsequence (LCS) of
two sequences that are respectively obtained by encoding
two contours according to clockwise and anticlockwise.
LCS reflects the matching position with the combination
of shape features of tow contours. Each contour will be

TABLE 1. Comparison of three chain codes.

FIGURE 9. Flowchart of the sequence alignment.

finally connected by matching parameters calculated by
LCS [26], [27].

Because the number of chains is large, a cycle search algo-
rithm is developed for the sequence alignment. A flowchart
of the algorithm is shown in Fig. 9.

From the sequence alignment, it is found that the most
similar part of two contours includes the origin-termination
coordinate of the LCS.

The two pairs of coordinates are regarded as two vectors:
a and b, as shown in Fig. 10. Transformation parameters are
then calculated according to vectors as shown in Fig. 11.

Where the rotation parameter θ , and translation
parameters tx and ty are calculated as follows.{

tx = xA − x ′A
ty = yB − y′B

(11)(
x ′

y′

)
=

(
cos θ sin θ
− sin θ cos θ

)
∗

(
x − tx
y− ty

)
(12)
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FIGURE 10. (a) LCS of two contours encoded in anticlockwise. (b) LCS of
two contours encoded in clockwise.

FIGURE 11. The angle between the vectors.

FIGURE 12. Schematic diagram of finding LCS.

After the parameters are calculated, the two contours are
connected based on the coordinate transformation matrix
using Eqs. (11) and (11). Where (x ′, y′) are new coordinates
of the contour, (x, y) indicates the original coordinate of the
contour. The result of connection is shown in Fig. 12.

If connected contours overlap in the matching part, con-
tour 1 will be translated in pixels according to the normal
direction of vector (b) until connected contours are next to
each other. Finally, the connected contour is treated as a
new standard contour. The outer boundary of the contour is
extracted to match other contours to complete the layout of
all contours.

FIGURE 13. Result of traditional positioning algorithm.

FIGURE 14. Result of the hub-and-spoke algorithm.

3) POSITIONING OF THE NESTED CONTOUR BY
HUB-AND-SPOKE ALGORITHM
Although two contours have been connected each other, they
have not been positioned in the raw material contour. The
hub-and-spoke algorithm is proposed for positioning.

The traditional positioning algorithms, such as those using
the Bottom-left principle [28]–[30] and the lowest center
principle, place the contour with the contour boundary of raw
material, which results in some parts of the contour cannot
be used as shown in Fig. 13. The contour marked in red is
underused.

The proposed algorithm places the contour using the only
contour itself. The boundary of the raw material contour is
regarded as a constraint to ensure the connected contour is in
the raw material contour as shown in Fig. 14. Numbers in the
figure express the nesting order. Arrows indicate the position-
ing of contours. It can be found that contour number 1 is fully
used and the space between contours is reduced observably
using the hub-and-spoke algorithm by following steps.
Step 1: A largest and most complex contour is chosen as

the original contour. Its centroid coordinates are calculated.
The contour is translated to the center of the raw material
contour.
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FIGURE 15. Comparison results of sample 1. (a) Nesting result
of TSA (15◦). (b) Result of the proposal method.

FIGURE 16. Comparison results of sample 2. (a) Nesting result
of TSA (15◦). (b) Result of the proposal method.

FIGURE 17. Comparison results of sample 3. (a) Nesting result
of TSA (15◦). (b) Result of the proposal method.

Step 2: Other contours are connected around the original
contour one after another in the order through the proposed
algorithm. After a contour is connected with the original
contour, the outer boundary will be extracted from connected
contours to match other contours until all of them has been
nested in the raw material contour.
Step 3:When two contours are connected each other, their

outer boundaries are checked for whether beyond the raw
material contour. If yes, the contours are rotated as a whole
around the center. Because of the geometric invariance of
the contour, the expression information of the contour will
remain.

The above steps are repeated to position all of the contours.
Features of each contour are used for contours connections
closely to reduce interspaces among contours.

FIGURE 18. (a) Statistical nesting results using two algorithms for
sample 1, (b) sample 2, and (c) sample 3.

However, because of neglecting the shape of the raw mate-
rial contour, this algorithm is not applicable in a free-shape
contour of raw material. This problem is to be solved in the
future work.

IV. EXPERIMENTAL RESULTS
In order to verify the feasibility and effectiveness of the pro-
posed algorithm, the algorithm is implemented using Matlab
and tested by three instances with different amounts and
shapes of contours chosen from freeform surfaces of plane
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TABLE 2. Computational results of two algorithms.

projections. As testing for improvement of the layout posi-
tioning strategy is the purpose of the experiments, contours’
order is equally treated. A comparison is conducted to find
the optimal position of each contour using the proposed algo-
rithm and trial solution algorithm (TSA). The TSA represents
a class of methods that find an optimal position by the contour
rotation based on some principles such as the lowest center
principle. These methods include NFP, discrete nesting, and
image pixel algorithms. For the comparison, each contour of
the sample is rotated at interval angles, 15◦, 30◦ and 45◦,
respectively.

Figs. 15-17 show layout results of three instances. Com-
putational and comparison results of material utilizations are
shown in Table 2. Fig. 18 is statistical results of the material
utilization and execution time of all instances using the two
methods.

From experimental results shown in Figs. 15-17, it is obvi-
ous that our algorithm achieves a complementary of contour
shape features. Spaces between contours are reduced observ-
ably. In addition, the average 15% improvement of material
utilization is achieved based on data in Table 1. Fig. 18 shows
that our algorithm has the better performance on nesting than
that of TSA.

From Fig. 18, it can be found that the relation of decreased
rotating angles and increased time is nonlinear. As the angle
becomes smaller, the processing time increases faster and the
material utilization increases little. In sample 1, the angle
is changed from 45◦ to 30◦, the time is increased by 43%
according to the data in Table 2. When the angle is decreased
by 15◦, the processing time is increased by 115% based
on data in Table 2. By comparing results of the three sam-
ples, we also find that the TSA has less ability to increase
the material utilization by reducing the angle. Furthermore,
the similar statistical results of three samples prove the sta-
bility of our algorithm. In conclusion, the algorithm pro-
posed in this paper has achieved the expected goal for
increasing the material utilization and reducing the execution
time.

V. CONCLUSION AND OUTLOOK
Existing nesting algorithms rotate contours for position-
ing, which cannot easily find the optimal positions of con-
tours. There are many interspaces left among the contours.
As shown in Fig. 15 (a). The proposed algorithm can position
contours contact closely in the line contact using the contour
shape feature with the geometric invariant description for the
complementary combination of concave and convex features.

The optimal position of each contour can be found quickly
and accurately by shape features using the nesting algorithm
proposed based on invariance of the contour description.
There is no need to rotate the contour to find the optimal
contour position. Contours can contact more closely in the
line contact using contour shape features. Therefore, the pro-
posed method improves the strategy of nesting positioning
in the execution efficiency to promote automation of the
irregular nesting system. The similarity of contours will be
assessed further to improve the versatility and practicality of
the nesting system in the future work.
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