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ABSTRACT This paper addresses the problem of ride height tracking for an electronically-controlled
active air suspension (AAS) system in the presence of parametric uncertainties and unmodeled dynamics.
A mathematical model of a quarter vehicle with AAS system is first built on the basis of thermodynamics to
describe the dynamic characteristics. Then, by employing the backstepping technique, a novel height tracking
controller is proposed in order to guarantee that 1) the ride height of a vehicle can converge on a neighborhood
of the desired height, achieving global uniform ultimate boundedness (GUUB); 2) the controller is robust to
the parametric uncertainties by designing parameter estimators and introducing some conservativeness in the
control law to dominate the unmodeled dynamics. Moreover, a group of smooth projectors is used to ensure
all estimates remain within predefined corresponding bounds. To validate the efficiency and performance
of the proposed strategy, the simulation and experimental results are presented and analyzed, showing that the
proposed control strategy is superior to the PID controller and the recently proposed hybrid model predictive
controller.

INDEX TERMS Active air suspension, pneumatic system, auto-mobile height control, robust control,
parameter estimation.

I. INTRODUCTION
Controllable active air suspension (AAS) systems have been
widely applied to improve the vehicle performance (ride
comfort, road holding capacity and handling stability) by
adjusting the vehicle ride height and level. The height of the
vehicle sprung mass is adjusted by inflating and deflating
the air spring to protect the vehicle body on rough roads,
to reduce air drag, and to enhance safety during high-speed
driving mode [1]–[4]. However, it is still a challenge to
control the AAS robustly due to the fact that it is diffi-
cult to build a mathematical model that can be used to
describe the dynamic characteristics of the AAS [4], [5],
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especially if we consider the fact that the adjustment of ride
height usually changes the stiffness and hysteresis of the air
spring caused by the aerothermodynamics, the behavior of the
twisted cord rubber material of the air spring and the external
disturbances [6]–[10].

The development of mathematical models for the AAS
is an active research topic in the literature. For instance,
the authors of [5] and [6] derived a nonlinear model for an air
spring under the assumption that the working process of this
air spring is adiabatic or isothermal. However, a linearised
model is used for the stiffness of the air spring which is
unable to capture the nonlinear nature of the spring dynamics.
Further developments in [7] and [8], based on the aerothermo-
dynamics fundamentals, yielded mathematical models of the
air spring that appropriately describe the main characteristics
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of stiffness and hysteresis. However, their models were devel-
oped without considering the dynamic characteristics caused
by the behavior of the twisted cord rubber material of the
air spring under the external disturbances. The authors of [9]
conducted several experiments to analyze the twisted cord
rubber material of the air spring with alternative cord angles
and cord diameters for building a numerical model. However,
this model was built using the finite element method, so it
cannot be utilized for the ride height control (RHC) system.
In [10], a dynamic model of an air spring was designed to
investigate the dynamic behavior of an air spring suspension.
However, this dynamic model does not consider the air varia-
tion in the air spring caused by inflation or deflating, so that it
is also not suitable for the model-based RHC system. There-
fore, the dynamic characteristics of the air spring as well
as the external disturbances cannot be modeled exactly for
RHC system in the existing literature, so they are classified
as unmodeled dynamics and parametric uncertainties [11].
Apart from building an AAS model, the development of

a ride height controller is also a challenge. Some researches
have analyzed the control of a pneumatic system (AAS is
one such system), such as the linear controllers presented
in [12]–[14], but are not robust to unmodeled dynamics. The
author of [4] developed a hybrid model predictive controller
(HMPC) based on a linearized model to adjust the ride height.
However, due to the highly nonlinear characteristics of the
AAS, it is difficult to establish an accurate linearizedmodel in
the presence of the parametric uncertainties and unmodeled
dynamicswhile guaranteeing the tracking performance under
external disturbances. In order to overcome this weakness,
several nonlinear controllers have been proposed. For exam-
ple, the authors of [15] developed a self-tuning controller
which can be used to improve the servo-control accuracy in
the presence of highly nonlinear dynamics. However, their
work is based on the assumption that the external force
is constant which is not realistic for an actual test plat-
form. The authors of [16] presented an adaptive neural net-
work state feedback control approach, in which an adaptive
radial basis function neural network was adopted to approxi-
mate uncertain non-linear functions in the dynamic suspen-
sion system. However, this neural network state observer
is not effective in practice due to its long computation
time.

By employing the sliding mode control (SMC) tech-
nique, nonlinear controllers were proposed in [14], [17]–[19],
achieving asymptotic stability. However, the authors relax the
matching condition for robustness in the existence of unmod-
eled dynamics and parametric uncertainties at the expense
of high gain feedback, making the controllers prone to chat-
tering. In order to avoid the chattering that affects sliding
mode controllers, smoother techniques, such as backstep-
ping, were employed for improving the tracking performance
in [20]–[22], achieving local stability. Nonetheless, the pro-
posed methodologies therein are not robust to parametric
uncertainties, which are difficult to be measured and suscep-
tible to change depending on the vehicle working conditions.

In this respect, several estimation approaches are proposed
in [23]–[26].

The objectives of this paper are to deal with the above
issues, and the contributions and novelties of the paper are
summarized as follows,

1) Building a mathematical model of the AAS for the
multi-input-multi-output (MIMO) nonlinear model-
based controller design. Unlike the linearized model
derived in [5], [6], this model is able to describe the
dynamic characteristics of the AAS by considering the
unmodeled dynamics caused by the aerothermodynam-
ics, behavior of the twisted cord rubber material of the
air spring, and parametric uncertainties caused by the
external disturbances;

2) Proposing a solution for the problem of height tracking
in the presence of parametric uncertainties and unmod-
eled dynamics that drives the tracking error close to
zero, achieving GUUB;

3) Designing parameter estimators through the use of a
group of smooth projectors to ensure the estimates
remain within predefined corresponding bounds, and
introducing some conservativeness in the control law to
dominate the unmodeled dynamics while guaranteeing
robustness.

4) Designing an experimental platform of a solenoid-
operated valve-controlled active air suspension
(SOVCAAS) to validate the performance and robust-
ness of the proposed controller. Experimental results
are presented that validate the performance of the
proposed control strategy.

For experimental tests, an in-house quarter car is used that
is compact, low cost, low energy consumption and covers
the tire nonlinearity and suspension geometry. The executive
component of the pneumatic servo control system used herein
is the solenoid-operated electro-pneumatic valve, in which
the solenoid simply provides a fully open or fully closed posi-
tion for the valve port. Compared with the proportional direc-
tional control valve, the solenoid-operated electro-pneumatic
valve is more effective due to the application of the pulse
width modulation (PWM) method [27], especially in the
control of AAS systems [4], [17].

The remainder of this paper is structured as: In Section II,
the notation used throughout this paper is introduced.
Section III formulates a mathematical model for an active
air suspension based on the first law of thermodynamics.
In Section IV, a novel adaptive robust controller is designed
based on the backstepping control technique. Section V-
A shows simulation results and the comparison with the
HMPC [4] which is the latest technique for RHC, and the PID
controller. The experimental setup and experimental results
are presented in Section VI-A and Section VI-B, respectively.
Finally, Section VII summarizes the contents of this paper.

II. NOTATION
In this paper,Rn denotes the n−dimensional euclidean space.
A function f is of class Cn if the derivatives f ′, f ′′, . . . , f n
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exist and are continuous. For a vector x ∈ Rn, its norm is
defined as ‖x‖ =

√

xTx. A distinction between the partial
derivative of a function with respect to a parameter, f ′(s) =
(∂f (s)/∂s), and the total time derivative ḟ (s(t)) = (∂f (s)/∂s)ṡ
is made through the use of the prime (′) and overdot (˙) oper-
ators. In addition, the unit vectors n1 and n2 are introduced
as n1 = [1, 0]T, n2 = [0, 1]T. Throughout this paper, for a
generic constant quantity x ∈ Rn, the estimate is denoted by
x̂, the estimation error is x̃ = x− x̂, and its dynamics verifies
˙̃x = −˙̂x,

∫ t
0 x dτ denotes the integral of x, and τ denotes the

integration variable.
For the reader’s reference, Table 1 features the main sym-

bols and description pairs for the model, controller, and
parameter estimators introduced in the sequel.

III. SYSTEM MODELING
To effectively achieve the RHC of the AAS and identify
parametric uncertainties, it is necessary to gain a thorough
understanding of the dynamic characteristics of the AAS sys-
tem. Amathematical model of the AAS should be formulated
first as a part of model-based controller design, and then
the control action for inflating or deflating the adjustable
air spring can be determined. The following assumptions are
made to formulate amathematical model of the air suspension
system [17],

(1) The air is a perfect gas, and its kinetic energy is
negligible in the AAS;

(2) The pressure and temperature of the air are homoge-
neous in the AAS;

(3) The process is polymorphic;
(4) The cross-sectional area of the AAS is constant;
(5) There is no air leakage in the AAS system components;
(6) The solenoid valve allows the air mass into or out

of the air spring and is modeled by the static area-
normalized mass flow equation (1), as shown at the
bottom of this page, where q(pu, pdn) denotes the area-
normalized mass flow rate between the high pressure
source and the low pressure source, Cq is the deflating
coefficient, γ is the specific heat ratio of air, R is the
perfect gas constant, T is the air temperature, pdn is the
downstream pressure and pu is the upstream pressure.
The flow type depends on the pressure ratio (pdn/pu)
and the critical pressure ratio pcr .

Figure 1 shows the adjustable air spring in design-position
and inflated position, including the states of the air. The flow
of the air mass into or out of the control volume is con-
trolled by operating the directional control valve. During the

TABLE 1. Symbols.

operation of the RHC, the difference of temperature between
the inner and the outer sides of the control volume generates
a heat transfer. In order to determine the energy interaction
among the enclosed air inside the spring, the mounting ele-
ments and the control circuit environment, the adjustable air
spring is divided into two control parts, Part I (inside of the
red line) corresponds to the air volume enclosed in the air
spring, and Part II (outside of the blue line) runs along the
outer contour of the air spring. So the mounting elements and
the rolling lobe are merged in one control system.

q(pu, pdn) =



√
2γ

R(γ − 1)

√(
pdn
pu

) 2
γ

−

(
pdn
pu

) γ+1
γ Cqpu
√
T
, if

(
pdn
pu

)
≥ pcr (unchoked)√

γ

R

(
2

γ + 1

) γ+1
γ−1 Cqpu
√
T
, if

(
pdn
pu

)
< pcr (choked)

(1)
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FIGURE 1. System borders of control volume of adjustable air spring.

The balance of the internal energy is modeled by the first
law of thermodynamics [7], and the flow rate of air mass
into or out of the control volume is viewed as a control input
that is expressed by Equation 1. In this case, the model of the
air spring is expressed as

Q̇+ Ḣ = U̇ + Ẇas, (2)

where Q̇ denotes the heat transfer rate between the inner and
the outer sides of the control volume, which is given by

Q̇ = htAheat (Te − Tas), (3)

where ht is the heat transfer coefficient, Aheat represents the
area of the heat transfer, Te and Tas are temperatures of the
outer and the inner sides of the control volume, respectively.
And Ḣ denotes the energy change caused by the air mass
transfer, which is expressed as

Ḣ = cpTeṁin − cpTasṁout , (4)

with cp is the specific heat at constant pressure, ṁin represents
the increment of the air mass in the air spring, and ṁout
denotes the decrement of the air mass in the air spring. The
time derivative of the internal energy of the air spring control
volume is defined by

U̇ = cv(ṁin − ṁout )Tas. (5)

Moreover, Ẇas denotes the change of the power that is
performed on the control volume, and is defined as

Ẇas = −pasv̇as. (6)

To derive the pressure dynamic equation from (2), the temper-
ature inside the control volume is replaced with the pressure
inside the control volume using the following ideal gas law

pasvas = masRTas. (7)

The derivative of the temperature inside the control vol-
ume with respect to time can be derived by differentiating
Equation (7) with respect to time as follows

dTas
dt

1
Tas
=
dpas
dt

1
pas
+
dvas
dt

1
vas
−
dmas
dt

1
mas

, (8)

where Tas is the air temperature, pas denotes the air pressure,
vas represents the air volume and mas is the air mass inside

the control volume. The mass m0 denotes the initial air mass
inside the control volume and it varies with the air mass
flowing into ṁin and out ṁout of the control volume on the
basis of the mass conservation as follows

mas = m0 +

∫ t

0
(ṁin − ṁout ) dτ. (9)

Combining (2), (8) and (9), the first order differential equa-
tion for the temperature and pressure of the air in the control
volume can be expressed as,

Ṫas =
RTas(γTe − Tas)

pasvas
ṁin −

RT 2
as(γ − 1)
pasvas

ṁout

+
Tas(1− γ )

vas
v̇as +

Tas(γ − 1)
pasvas

Q̇

ṗas =
γR
vas

(ṁinTe − ṁoutTas)−
γTas
vas

v̇as

+
γ − 1
vas

Q̇

(10)

where γ = cp/cv denotes the specific heat ratio, and R/cv =
γ − 1. Equation (10) represents the exact higher-order model
of the air spring, however the gas temperature inside the air
spring cannot bemeasured. Nonetheless, the influence of heat
transfer coefficient between Part I and Part II can be assessed
by using a reduced model [28]. Additionally, considering the
gas to follow the polymorphic process leads to the following
reduced model,

Tas = Te
( ps
p0

) n−1
n

ṗas =
γR
vas

(ṁinTe − ṁoutTas)−
γ pas
vas

v̇as

+
γ − 1
vas

Q̇

(11)

where p0 is the initial air pressure when the air spring is at the
design-position, ps is the pressure of high-pressure source,
n is the polytropic index with a mean value of 1.35. The
adjustable air spring force can be obtained as,

Fas = (pas − patm)Aas (12)

where Fas is the force, through which the pressure inside
the air spring is transformed into the force, and patm is
the atmosphere pressure. Under the assumption that the
damper is linear, a quarter vehiclemodel with AAS, displayed
in Figure 2, is modeled as,


zas = zs − zu
msz̈s = Fas − bżas − msg
muz̈u = kt (zr − zu)− Fas + bżas

(13)

where b is the damping coefficient of the damper, ms is
the sprung mass of a quarter vehicle, mu is the unsprung
mass of a quarter vehicle, kt is the tire stiffness, zr is the
road disturbance, and zu and zs are the displacements of the
unsprung mass and the sprung mass of the quarter vehicle,
respectively. In the AAS system, the highly nonlinear charac-
teristics of the air spring as well as the external disturbances
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FIGURE 2. Quarter vehicle model with active air suspension.

cannot be modeled exactly, so they are classified as paramet-
ric uncertainties and unmodeled dynamics. For the sake of
simplicity, the quarter vehiclemodel with anAAS determined
by Equations (10), (11), (12), and (13), can be written in a
compact state-space form as

ẋ1 = x2, ẋ2=
1
ms

(Āas(x3 − patm)−b(x2−żu)−msg+fn+f0),

ẋ3 =
γR
spvas

(ṁinTe − ṁoutTas)−
γAas
vas

x2x3

+
γ − 1
spvas

Q̇+ dn + d0. (14)

where x1 = zs, x2 = żs, x3 = pas/sp, zs denotes the
displacement of the sprung mass of the quarter vehicle,
sp = 105, Āas = Aassp is the effective area of the adjustable
air spring. In addition, ms denotes the sprung mass of the
quarter vehicle, Tas is the air temperature, vas is the air
volume, Q̇ is the heat transfer rate between the inner and
the outer sides of the control volume, b denotes the damping
coefficient, (fn+ f0(t)) are the lumped modeling errors of the
state variable of z̈s, including parametric uncertainties caused
by the external disturbances and unmodeled dynamics caused
by the aerothermodynamics and behavior of the twisted cord
rubber material of the air spring, and fn denotes its nominal
value. (dn+d0(t)) are the lumped modeling errors of the state
variable of ṗas/sp, including parametric uncertainties caused
by the external disturbances and unmodeled dynamics caused
by the aerothermodynamics and behavior of the twisted cord
rubber material of the air spring, and dn represent its nominal
value [26]. Moreover, we make the following two assump-
tions as,
Assumption 1: Under the same vertical excitation,

the damping coefficient b, nominal values fn and dn are
constant, uncertain, and satisfy

|b| ≤ κ1, |fn| ≤ κ2, |dn| ≤ κ3 (15)

where κ1, κ2 and κ3 are known positive numbers.
Assumption 2: Unmodeled dynamics f0(t) and d0(t)

satisfy

|f0(t)| ≤ fmax, |d0(t)| ≤ dmax (16)

for all t ≥ 0, where fmax and dmax are known positive numbers
which can be determined through the experimental test of the
corresponding hardware components.

It is crucial to point out that Assumption 1 is unrealistic
in practice because the values are not exactly constant and
difficult to be measured precisely, in general, they are slowly
changing quantities. Therefore, it is a convenient starting
point for us to improve the stability of the AAS system even
if they are not exactly constant.

Furthermore, in order to highlight the linear dependence
on the parametric uncertainties, the dynamic equations for
ẋ2 and ẋ3 can be rewritten more compactly as

ẋ2 =
1
ms

(Āas(x3−patm)−msg+8(x2, żu)θx2+f0) (17)

ẋ3 = qLD −
γAas
vas

x2x3 +
γ − 1
spvas

Q̇+ θx3 + d0 (18)

where8(x2, żu) = [−(x2− żu), 1], θx2 = [b, fn]T, θx3 = dn,
and qLD = γR(ṁinTe − ṁoutTas)/(spvas) is viewed as the
virtual control input.

IV. CONTROLLER DESIGN
In this section, we consider the problem of height tracking
in the presence of parametric uncertainties and unmodeled
dynamics, stated as: let xd (t) ∈ R denotes the desired height,
which is a curve of class at least C3 (the derivatives of
ẋd (t), ẍd (t) and x

(3)
d (t) exist and are continuous) and its time

derivatives are bounded. The control objective of this problem
is to design a control law for the virtual control input of the
AAS that guarantees the convergence of the ride height on a
neighborhood of the desired height. Moreover, it is important
to point out that when there is a change of mode (desired
height is changed), the controller can be viewed as the restart
with different initial conditions.

To solve the height tracking problem, we start by denoting
the position error as

e1 = x1 − xd , (19)

and consider an initial Lyapunov function candidate given by

V1 =
1
2
e21, (20)

whose time derivative yields

V̇1 = e1(ẋ1 − ẋd ). (21)

Isolating a negative definite term in e1 and rearranging the
terms of V̇1, we get

V̇1 = −k1e21 + e1(ẋ1 − ẋd + k1e1). (22)

Following the backstepping technique, we define the new
error e2 as

e2 = ẋ1 − ẋd + k1e1, (23)

and rewrite (22), we have

V̇1 = −k1e21 + e1e2. (24)
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Constructing a new Lyapunov function candidate by incor-
porating e2, we obtain

V2 =
1
2
e21 +

1
2
mse22, (25)

with time derivative

V̇2 = −k1e21 − k2e
2
2 + e2

(
Āas(x3 − patm)− msg+ f0

+8(x2, żu)θx2−msẍd+k1msė1 + k2e2 + e1
)
. (26)

Furthermore, we can rewrite (26) as

V̇2 ≤ −W1 + e2
(
Āasx3 − Āaspatm − msg+8(x2, żu)θx2

−msẍd + k1msė1 + k2e2 + e1
)
+ |e2f0|

≤ −W1 + e2
(
Āasx3 − Āaspatm − msg+8(x2, żu)θx2

−msẍd + k1msė1 + k2e2 + e1
)
+ |e2fmax|, (27)

whereW1 = k1e21 + k2e
2
2 is positive definite. Following [29],

the inequality

|χ | − χ tanh
(χ
ε

)
≤ 0.2785ε (28)

is used, where ε is a positive number that can be chosen
arbitrarily small. We have

|e2fmax| ≤ e2fmax tanh
(e2fmax

ε1

)
+ 0.2785ε1, (29)

then, Equation (27) can be further rewritten as

V̇2 ≤ −W1 + e2
(
Āasx3 − Āaspatm − msg+8(x2, żu)θx2

−msẍd + k1msė1 + k2e2 + e1 + fmax tanh
(e2fmax

ε1

))
+ 0.2785ε1. (30)

It is noted that the parametric uncertainties θx2 cannot be
included in the control law. As such, we introduce estimates
for these quantities, as θ̂x2. For a generic constant quantity
x ∈ Rn, the estimate is denoted by x̂, the estimation error
is x̃ = x − x̂, and its rate of change is ˙̃x = −˙̂x. The new
Lyapunov function candidate featuring the estimation errors
θ̃x2 is then

V2b = V2 +
1
2
θ̃

T
x23
−1
1 θ̃x2, (31)

with time derivative

V̇2b ≤ −W1 + e2
(
Āasx3 − Āaspatm − msg+8(x2, żu)θ̂x2

−msẍd + k1msė1 + k2e2 + e1 + fmax tanh
(e2fmax

ε1

))
+ 0.2785ε1 + θ̃

T
x2

(
8(x2, żu)Te2 −3

−1
1
˙̂
θx2

)
, (32)

where the estimation gain 31 = diag(λ1, λ2) is a positive
definite diagonal matrix. Letting h be the collection of mea-
surable and known terms given by

h = −Āaspatm − msg+8(x2, żu)θ̂x2 − msẍd + k1msė1

+ k2e2 + e1 + fmax tanh
(e2fmax

ε1

)
, (33)

and rearranging terms, V̇2b becomes

V̇2b ≤ −W1 + e2
(
Āasx3 + h

)
+ 0.2785ε1

+ θ̃
T
x2

(
8(x2, żu)Te2 −3

−1
1
˙̂
θx2

)
. (34)

Even though the parametric uncertainties are assumed to
be bounded, a straightforward implementation of estimators,
such as setting

˙̂b = λ1
(
n18(x2, żu)Te2

)
, (35)

can lead to wind-up phenomena and result in unbounded
growth of the estimates. Therefore, in order to ensure the
estimations remain within an a prior bounded set, and are
sufficiently smooth for continuing the backstepping process,
a smooth projection operator is employed [30], [31]. The
projection is given by

Proj(µ, ŝ) = µ−
η1η2

2(ς2 + 2ςB)n+1B2
ŝ, (36)

where µ is the variable to be projected and ŝ denotes the
estimate of s. The parameters are defined as

η1 =

{
(ŝTŝ− B2)n+1 (ŝTŝ− B2) > 0,
0 otherwise,

(37)

η2 = ŝTµ+
√
(ŝTµ)2 + δ2, (38)

where ς, δ are arbitrarily positive parameters, and B is the
upper bound of ||s||. This projection has the following impor-
tant properties

1) ||ŝ|| ≤ B+ ς , ∀t ≥ 0
2) s̃T Proj(µ, ŝ) ≥ s̃Tµ
3) ||Proj(µ, ŝ)|| ≤ ||µ||(1 + ((B + ς )/B)2) + (B +

ς )δ/(2B2)
4) Proj(µ, ŝ) is of class Cn.

The estimate updating laws for ˙̂b and ˙̂fn are set as

˙̂b = λ1Proj(n18(x2, żu)Te2, b̂), (39)
˙̂fn = λ2Proj(n28(x2, żu)Te2, f̂n), (40)

which ensures, by Property (2) of the projector that

8(x2, żu)Te2 −3
−1
1
˙̂
θx2 ≤ 0 (41)

with n1 = [1, 0], n2 = [0, 1]. Substituting (39) and (40) into
(34), V̇2b becomes

V̇2b ≤ −W1 + e2
(
Āasx3 + h

)
+ 0.2785ε1. (42)

Continuing with the backstepping process, we define the
last error term as

e3 = Āasx3 + h, (43)

and augment the Lyapunov function candidate as

V3 = V2b +
1
2
e23. (44)
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The closed-loop time derivative is then

V̇3 ≤ −W2 + e3

(
e2 + Āas

(
qLD −

γAas
vas

x2x3 +
γ − 1
spvas

Q̇

+ θx3 + d0
)
+ ḣ+ k3e3

)
+ 0.2785ε1. (45)

whereW2 = W1 + k3e23.
Here, we notice that apart from the parametric uncertain-

ties θx2 and θx3, the time derivative V̇3 is also dependent on
the unmodeled dynamics d0 and f0 through the dependency
of ḣ in these quantities. In order to simplify the dynamic
presentation and exploit the linear dependency of x2 in the
uncertain quantities, the time derivative ḣ can be expressed as

ḣ = ˆ̇h+
∂h
∂ ẋ2

(
8(x2, żu)θ̃x22 + f0

)
, (46)

where θ̂x22 is introduced as new estimate for θx2 and θ̃x22
is the estimation error. The symbol ˆ̇h is the estimate for ḣ
obtained by using the new estimate θ̂x22 for the parametric
uncertainties. The second term in Equation (46) is therefore
the estimate error. We now establish the final Lyapunov func-
tion candidate by adding the terms of parameter estimate error
to V3 as follows,

V3b = V3 +
1
2
θ̃x223

−1
2 θ̃x22 +

1
2λ5

θ̃2x3, (47)

where the estimate gain 32 = diag(λ3, λ4) is a positive
definite diagonal matrix and λ5 is also a positive constant.
Computing the time derivative of V3b, we obtain

V̇3b ≤ −W2 + e3

(
e2 + Āas

(
qLD −

γAas
vas

x2x3

+
γ − 1
spvas

Q̇+ θ̂x3 + dmax tanh(
e3Āasdmax

ε2
)
)

+
ˆ̇h+ k3e3 +

∂h
∂ ẋ2

fmax tanh(
∂h
∂ ẋ2

e3fmax

ε3
)
)

+ θ̃
T
x22

(
e3
∂h
∂ ẋ2

8(x2, żu)−3
−1
2
˙̂
θx22

)
+ θ̃x3

(
e3Āas −

1
λ5

˙̂
θx3

)
+ 0.2785

3∑
i=1

εi. (48)

Choosing the virtual control law for qLD as

qLD = −
1

Āas

(
e2 +

∂h
∂ ẋ2

fmax tanh(
∂h
∂ ẋ2

e3fmax

ε3
)

+
ˆ̇h+ k3e3

)
+
γAas
vas

x2x3 −
γ − 1
spvas

Q̇− θ̂x3

− dmax tanh(
e3Āasdmax

ε2
), (49)

and the estimating laws for ˙̂b2,
˙̂fn2 and

˙̂
θx3,

˙̂b2 = λ3Proj(n1e3
∂h
∂ ẋ2

8(x2, żu), b̂2), (50)

˙̂fn2 = λ4Proj(n2e3
∂h
∂ ẋ2

8(x2, żu), f̂n2), (51)

˙̂
θx3 = λ5Proj(e3Āas, θ̂x3). (52)

Moreover, it is important to point out that in (39) and (50),
the value of B in (36) is κ1. In (40) and (51), the value of
B is κ2. In (52), the value of B equals to κ3. In sum, the value
of B is changed according to the actual maximum value of the
unknown parameter needed to be estimated.

Substituting (49), (50), (51) and (52) into (48), in closed-
loop, we have

V̇3b ≤ −W2 + 0.2785
3∑
i=1

εi. (53)

whereW2 = k1e21 + k2e
2
2 + k3e

2
3 is positive definite.

In summary, the main result of height tracking problem is
stated as
Theorem 1: Let the model of the active air suspension

system be described by (14) and xd ∈ C3 be the desired
height. Considering the closed-loop obtained by the following
control law (49), and the adaptive estimation laws (39), (40),
(50), (51) and (52) for any initial condition, the tracking
errors (e1, e2, e3), given by (19), (23) and (43), can converge
on a ball origin with arbitrarily small radius, achieving
GUUB.

Proof: Going back to (53), notice that V̇3b, in closed-
loop, can be upper bounded by

V̇3b ≤ −k1e21 − k2e
2
2 − k3e

2
3 + 0.2785

3∑
i=1

εi

≤ −λminxTx+ 0.2785
3∑
i=1

εi (54)

where λmin = min(k1, k2, k3) and x = [e1, e2, e3]T, which is
strictly negative for

||x|| > δ =

√
0.2785

∑3
i=1 εi

λmin
. (55)

It follows that ||x|| is ultimately bounded by δ which can be
made arbitrarily small by adjusting the values of k1, k2, k3
and εi. �
Remark 1: With respect to the role of εi, it is noted that

from Theorem 1, we conclude that for the same gains, smaller
εi leads to smaller final position error. In light of this con-
sideration, it seems that we should choose εi as small as
possible. Nonetheless, since the input qLD relies on the inverse
of εi, a smaller εi could lead to εi becoming more sensitive to
e1, e2 and e3. As a consequence, unwanted oscillation could
arise. Similarly, we cannot choose gains k1, k2, k3 as large
as possible. In summary, we need to find a trade-off between
the amplitude of oscillation and tracking accuracy.

V. SIMULATION STUDY
A. SIMULATION
In order to verify the effectiveness of the proposed controller,
a co-simulation is conducted in this section by combining
the virtual plant of SOVCAAS in AMESim software with
the proposed controller in MatLab/Simulink to adjust the
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ride height of a quarter vehicle. The RHC is performed by
a frequent air inflating and deflating of the air spring in order
to track the desired height. The main objectives of the RHC
are to facilitate passenger entry/exit, reduce the air drag on
the vehicle, improve the ride comfort, and driving safety.
The operation modes of the air suspension include easy entry
mode, normal mode, highway mode and off-road mode [17].
When there is a change of the desired modes, the controller
presented in Section IV is restarted with different initial
conditions so as to track its corresponding desired height.

FIGURE 3. Control block diagram of co-simulation.

TABLE 2. Parameter used in simulation.

A virtual plant of a quarter vehicle with AAS sys-
tem is established by using the toolboxes provided by
AMESim. The mathematical model of the AAS and the pro-
posed controller are designed and programmed in MatLab/
Simulink. Figure 3 shows the control block diagram of the
co-simulation. Different from the mathematical model of
the proposed controller implemented in MatLab/Simulink,
the AMESim-based virtual plant is established based on the
actual system configuration. The major parameters of the air
suspension and the vehicle used in the co-simulation are given
in Table 2. It is noteworthy that the parameters b, fn and dn
are assumed to be known and used in the virtual plant only.
The virtual plant can be viewed as a real vehicle with an
AAS system and those parameters are uncertain in practice.
In this section, the estimators developed to demonstrate how
to approximate the practically uncertain parameters.

FIGURE 4. Height of SOVCAAS on a quarter vehicle in co-simulation.

FIGURE 5. Performance comparison of SOVCAAS on a quarter vehicle in
co-simulation.

B. SIMULATION RESULTS
The simulation is conducted under the condition of a rough
road corresponding to the class B of ISO road profile (which
is a standard random road profile) and a driving speed of
50 km · h−1 [32]. Figure 4 shows that the ride height of
the virtual plant with the proposed controller can track the
desired value within 3 s during both leveling up (time from
5 s to t1) and lowering down (time from 13 s to t2) processes.
As presented in Remark 1, the tracking error can be decreased
by increasing the values of k1, k2, k3 from a theoretical point
of view. However, large gains will cause oscillation. Figure 5
plots the tracking performance of the proposed controller
with three sets of gain values. It is also necessary to choose a
set of suitable gains for the closed-loop RHC system, which
can effectively improve the tracking accuracy while guaran-
teeing a tolerable amplitude of oscillation. Based on Figure 5,
the set of gain values (k1 = 3, k2 = 450 and k3 = 50) is
selected as shown in Table 2.

Compared with the pressure of the air spring simulated by
the virtual air suspension (i.e. virtual plant), the maximum
error of the air pressure is 0.22 bar as shown in Figure 6, from
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FIGURE 6. Air pressure of SOVCAAS on a quarter vehicle in co-simulation.

where we can see that the maximum error of air pressure is
smaller than the value (0.25 bar) given in [17]. It is important
to point out that the dynamic characteristics of AAS can be
described by the proposed model, which is therefore accurate
and better than the existing model in [17].

FIGURE 7. Parameter estimation of SOVCAAS on a quarter vehicle in
co-simulation.

As displayed in Figure 7, the estimated parameters all
converge and are close to their corresponding preset values
through the parameter estimators. It means that the parameter
estimators developed are effective and accurate. Moreover,
the stability and robustness of the RHC system are guaranteed
by the proposed controller, in which the designed parame-
ter estimators dominate the parametric uncertainties in the
proposed model.

Figure 8 displays the time evolution of e1, e2 and e3. It can
be seen that all of them converge on a neighborhood of zero
as time increases during the period of each operation mode.
Furthermore, when the virtual control input qLD is synthe-
sized by the proposed adaptive robust control law accord-
ing to Equation (49), the desired air mass change ṁdes is

FIGURE 8. Tracking errors of SOVCAAS on a quarter vehicle in
co-simulation.

FIGURE 9. Control commands of SOVCAAS on a quarter vehicle in
co-simulation.

calculated according to Equation (59) in Section VI-A, and
then the control signal u can be converted into the correspond-
ing PWM duty cycle for air inflating and deflating as shown
in Figure 9. Under the same simulation parameters and road
disturbance, Figure 4 also shows the simulation result of ride
height with the PID controller and HMPC. The PID gains
are determined by the Ziegler-Nichols method and the gains
are Kp = 0.3,Ki = 0.01 and Kd = 0.005. Figure 4 shows
the PID controller cannot track the desired height effectively
due to the substantial overshooting and steady-state error
during the control process. Therefore, the PID controller is
not suitable for practical RHC with AAS system.

Compared with the latest and comparable technique
HMPC [4], the parametric uncertainties are estimated
through the use of a group of smooth projectors in the pro-
posed control approach, while these are not fully considered
in the HMPC. As a result, the proposed controller can achieve
a better performance than the HMPC. The comparison of the
performance indexes of HMPC, PID controller and proposed
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TABLE 3. Performance index comparison of simulation results.

TABLE 4. Height error statistics of air spring model in steady state
for RHC.

controllers is shown in Table 3, which shows that the root
mean square (RMS) and standard deviation (SD) of the ride
height and adjustment time are decreased by using the pro-
posed controller. The simulation results in Figure 4 and the
performance comparison in Table 3 indicate that the proposed
control technique is superior to the HMPC and PID controller.

FIGURE 10. Height comparison of SOVCAAS with and without
considerations of the parametric uncertainties and unmodeled dynamics
on a quarter vehicle in co-simulation.

C. COMPARISON OF SIMULATION RESULTS
In order to further illustrate the benefits of the considerations
of the parametric uncertainties and unmodeled dynamics in
the proposed controller, Figure 10 displays the ride height
of the air spring with/without the considerations of the para-
metric uncertainties and unmodeled dynamics in a simulation
period of 200s. During the time form 100s to 200s, where
the system stays in a steady state, as shown on the right side
of Figure 11, the height error e1 without the considerations
of the parametric uncertainties and unmodeled dynamics is
ultimately bounded by 6mm, which is much larger than the
average 0.2mm when using the proposed controller with-
out the considerations of the parametric uncertainties and
unmodeled dynamics as shown in Figure 11. The comparison
of height error of the air spring model in steady state is
described in Table 4.

VI. EXPERIMENTAL PLATFORM AND TEST
A. EXPERIMENTAL SETUP
To implement such a ride height system, a DC 12-V air
compressor is employed to compress the air and then deliver
the air to a tank. When the real air pressure reaches the

FIGURE 11. Height error comparison of SOVCAAS with and without
considerations of the parametric uncertainties and unmodeled dynamics
on a quarter vehicle in co-simulation.

FIGURE 12. Experimental setup for air inflating and deflating system.

preset value, the air pressure sensor on the tank sends a signal
to the relay, and then the air compressor power is cut off.
When the air pressure inside the tank is lower than the preset
air pressure value, the tank-air pressure sensor generates a
control signal to activate the air compressor. The detailed
experimental setup for air inflating and deflating is shown
in Figure 12. In order to ensure a steady delivery of the
high-pressure air mass, an air box is fabricated to store the
high-pressure air temporarily. Additionally, the RHC system
consists of a laptop computer (CPU i7-4770 3.40 GHz),
a National Instruments cRIO-9073 (8-Slot, 266 MHz CPU,
64 MB DRAM, 128 MB Storage) embedded controller [33],
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FIGURE 13. Experimental setup of SOVCAAS on the quarter car test rig.

three ride height sensors, two solid-state relays, a 3-port
3-way directional control valve and an air pressure sensor.

The experimental setup of the RHC system is designed
by combining an in-house quarter car test rig (QCTR) with
the SOVCAAS. The implementation and testing of the RHC
system can be achieved on the QCTR as shown in Figure 13.
During the RHC process, an air pressure sensor is used to
measure the pressure inside the air spring, and two displace-
ment sensors are employed to monitor the height changes
of the sprung mass and the unsprung mass, respectively.
By using the Measurement and Automation Explorer (MAX)
software installed in a laptop computer, we can create and edit
channels, tasks, and interface with the SOVCAAS system.
The data acquisition (DAQ) procedure is compiled into
a virtual instrument (VI) program to measure the electri-
cal or physical signals, such as voltage and current from
sensors in LabView software. The proposed control algorithm
programmed in MatLab/Simulink is able to run the script
module in the VI program. The C code of the VI program
can also be generated automatically. It is then stored in the
NI cRIO-9073 hardware so that the air pressure and height
information can be obtained in a real-time manner.

In order to illustrate the operation details of leveling up
and lowering down procedures, a schematic of the active air
spring system for a quarter car is provided in Figure 14. The
leveling up and lowering down procedures of the target air
suspension are as follows,

1) Leveling up procedure: The solid line in Figure 14
shows how to increase air mass in the air spring for
leveling up the sprung mass. When the air pressure in
the air tank is smaller than 8 bar, the compressor starts
to work and provides the high-pressure air in the air
tank. The compressed air flows from the air tank to the

FIGURE 14. Circuit diagram of RHC for a quarter vehicle air suspension.

air spring through the air box and the directional control
valve, which regulates air flow into the corresponding
air spring in an on-off manner.

2) Lowering down procedure: When the vehicle height
needs to be lowered, the control signal from the elec-
tronic control unit switches the directional control
valve spool to the opposite position. Then, the air in the
air spring deflates to the atmosphere, thus the volume
of the air spring decreases and then the vehicle height
drops.

Therefore, the control operation can be one of the following
three procedures,
Pro.I Leveling up: according to Equation (1), the maxi-

mum increment of the air mass within a PWMperiod
Tp an be expressed as,{

ṁin = q(ps, pas)Tp,
ṁout = 0.

(56)
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where ps is the upstream pressure and pas is the
downstream pressure in the leveling process;

Pro.II Lowering down: according to Equation (1), themaxi-
mumdecrement of the air mass within a PWMperiod
Tp can be expressed as,{

ṁin = 0,
ṁout = q(pas, pe)Tp.

(57)

where pas is the upstream pressure and pe is the
downstream pressure in the lowering process;

Pro.III Hold: both of the valves are closed, the air mass in
the spring remains unchanged as,

ṁin = ṁout = 0. (58)

Thereby, once the virtual control input qLD is chosen,
the desired air mass change ṁdes is calculated according to
Equation (18) as,

ṁdes =

{
spvasqLD/(γRTs) if qLD > 0,
spvasqLD/(−γRTas) if qLD ≤ 0.

(59)

The corresponding PWM duty cycle (Dc) of the chosen vir-
tual control input qLD can be viewed as the control signal
which can be determined as,

Pro.I : Dc = min
(
qLDspvas
ṁinγRTs

, 1
)
,

Pro.II : Dc = min
(

qLDspvas
−ṁoutγRTs

, 1
)
,

Pro.III : Dc = 0.

(60)

When there is a demand for ride height adjustment,
the cRIO-9073 generates the control signal with the cor-
responding PWM duty cycle according to Equation (60).
The solenoid-operated electro-pneumatic valve receives this
control signal to provide a fully open or fully closed position
for the valve port so that the air inflating and deflating (IFDF)
port can be opened until reaching the target height that is
measured by the ride height sensor. The prototype and reg-
ulating mechanism of the adjustable air spring are shown
in Figure 13.

B. TEST RESULTS
The proposed controller is tested for tracking a height profile
of easy entrymode, and the experimental results are presented
in this section. The parameters of the SOVCAAS used in the
experimental tests are given by: ms = 90 kg, mu = 20 kg,
p0 = 2.5 bar, k1 = 1, k2 = 450, k3 = 50, λ1 = 1.7 × 104,
λ2 = 5, λ3 = 43, λ4 = −0.08, and λ5 = 0.5× 10−3.
Figure 15 shows the time evolution of the desired and

actual heights of the proposed controller in both simulation
result (Pro. Con. in Sim.) and experimental result (Pro. Con.
in Exp.), PID controller with the same gains as in the sim-
ulation and the HMPC [4]. Figure 15 presents the proposed
controller can track closely to the desired ride height within
2.5 s during both leveling up (time from 0 s to te1) and low-
ering down (time from 10 s to te2) processes, and the height

FIGURE 15. Height tracking of SOVCAAS on the quarter car test rig.

FIGURE 16. Pressure of SOVCAAS on the quarter car test rig.

tracking error is within the tolerance of ±1mm, while the
PID controller cannot track the desired height and the HMPC
takes a longer time. Moreover, the experimental result of the
proposed controller is in good agreement with its simulation
result except for a time delay caused by the signal process-
ing and hardware action. It is noteworthy that the result of
HMPC in Figure 15 is captured from [4]. However, due to the
existence of sensor noises during the experimental test, there
always exist ripples in Figure 15. Because of considering
the unmodeled dynamics and parametric uncertainties in the
AAS, the pressure value of the air spring described in the
mathematical model can approximate to the actual one as
displayed in Figure 16.

During both leveling up and lowering down processes,
the stability and robustness of the proposed controller
with the designed parameter estimators are validated with
the experimental results in Figures 17 and 18. As shown
in Figure 17, the estimates of parametric uncertainties con-
verge and are close to their corresponding desired values.
Moreover, Figure 18 depicts that the time evolution of the
errors e1, e2 and e3 can converge on a neighborhood of zero,
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TABLE 5. Performance index comparison of experimental tests.

FIGURE 17. Parameter estimation of SOVCAAS on the quarter car test rig.

FIGURE 18. Tracking error of SOVCAAS on the quarter car test rig.

achieving GUUB. Figure 19 shows the virtual control input
qLD and the corresponding duty cycle of PWM as the control
signal u for air inflating and deflating. Furthermore, it is
noted that the convergence rate of the experimental results
is slower as compared with the simulation results presented
in Section V-A due to the existence of signal disturbance,
and the time delays caused by the sensors and the executive
component of pneumatic system in the experiment.

The performance index comparison of the experimental
results is described in Table 5. Compared with the HMPC,
the RMS and SD of the ride height are reduced by the PID
controller. However, the PID controller is unable to track the
desired height value and even unstable so that there is no
adjustment time. Compared with the HMPC, the RMS and
SD of ride height are decreased by the proposed controller

FIGURE 19. Actuator commands of SOVCAAS on the quarter car test rig.

with a faster adjustment time than that in the HMPC.
Figure 15 and Table 5 display that the proposed controller
outperforms the latest technique [4] and PID controller
for RHC.

Overall, the experimental results show that the proposed
control technique is also effective in practice. Experimental
video is presented in [34].

VII. CONCLUSION
This paper presents a new solution to the task of height track-
ing for an electronically-controlled AAS system. A mathe-
matical model of AAS is first formulated into a nonlinear sys-
tem form, in which parametric uncertainties and unmodeled
dynamics are fully considered for model-based controller
design. Then, an adaptive robust controller is proposed by
employing the technique of backstepping which can drive
the ride height to the neighborhood of the desired values
during each operation mode. By using a projection opera-
tor, parameter estimators are designed to ensure the para-
metric uncertainties remain within predefined corresponding
bounds. Moreover, some conservativeness is introduced in
this control law to dominate the unmodeled dynamics while
guaranteeing robustness under the uncertain time-varying
disturbances. Simulation and experimental results illustrate
that the proposed control method is effective, robust, and
superior to the recent technique.

With respect to future work, an adaptive robust synchro-
nized control system will be designed to adjust the full vehi-
cle body by controlling the heights of four electronically-
controlled air springs simultaneously for improvement of ride
comfort, road holding capacity and handling stability.
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