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ABSTRACT This paper focuses on the attitude tracking control of the autonomous underwater vehi-
cle (AUV) using control moment gyros (CMGs) with the lumped nonlinearities including model uncertainty,
coupling dynamic property, external disturbance, and input saturation. To describe the attitude of the AUV
without singularities, quaternions are used to describe its translational and rotational motion. A finite-time
convergent extended state observer (FTCESO) in conjunction with the sliding mode control (SMC) approach
is exploited to design the tracking controller for the closed-loop system with the finite-time convergence.
Meanwhile, in order to release the burden of the observer, the anti-windup compensator is utilized to handle
the nonlinearity of input saturation. A switch function is considered to make a switch between the robust
controller and the constant-rate reaching law. Subsequently, with consideration of the inherent singularity
problem of actuator dynamics, the constrained steering logic is implemented to avoid this issue without
introducing other torque errors in theory. Finite-time stability of the attitude tracking system is guaranteed by
the Lyapunov-based approach. Finally, the simulation results validate the attitude tracking performance of the
CMG-based AUV with the proposed control strategy, when it is subject to the stated nonlinear uncertainties.

INDEX TERMS Autonomous underwater vehicle, control moment gyros, attitude tracking control, extended
state observer, input saturation.

I. INTRODUCTION
To serve the increasing demands on marine resources devel-
opment and scientific research, underwater robots including
AUVs, and remotely operated vehicle (ROVs) are raised to
perform diversified tasks in a complex marine environment.
In the control literature, researches on three-axis attitude
tracking control for AUVs are not common in comparison
with other motion control, such as path following [1], [2],
target or trajectory tracking [3]–[5], and coordinated for-
mation [6], [7]. As a matter of fact, the process of AUVs
executing command tasks is required to realize the control
capability, in coordination with the effects of translational
and rotational motions. In such cases, attitude maneuver
control cannot be neglected due to its basic influence on
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the operation performance. It is noteworthy that position
and attitude tracking control problems for AUVs in six
degrees-of-freedom (DOFs) are widely focused on fully actu-
ated configurations [8]–[10]. Meanwhile, attitude control
for underactuated AUVs is always based on the decoupling
dynamic equations or simplified assumptions of small-angle
maneuver to formulate the control scheme in a single direc-
tion [11], [12]. By analyzing the preceding literature, it can
be used to conclude that for controlling the attitude in a
more realistic three-dimensional (3D) manner, it is deserved
to make a difference to handle this obstacle. It’s well known
that CMGs have been widely utilized as angular momentum
devices to produce the attitude control torque in the field of
aerospace [13]. In terms of its application under the water,
CMGs were proposed by Thornton et al. to store energy and
to achieve unrestricted attitude control for AUVs [14]. More
specifically, AUVs with internal CMG system can generate
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the desired moment with relative fluid motion to maintain the
control authority in accordance with a low speed or even zero
speed [15], [16]. Seen in this light, CMG-based AUVs are
capable of controlling the attitude with a zero radius turning
circle and stabilizing the attitudewhile translating in the surge
direction [16].

Although, as stated above, it’s predictable that performing
precise attitude control for the AUV is an intractable task
in a realistic environment with the consideration of mod-
eling uncertainties and unknown time-varying disturbances.
To remedy this, a variety of control methods have been
recommended to solve the challenging technical problems.
Pettersen and Egeland considered the position and attitude
stabilization control problem for AUVs with reduced actua-
tors, and a feedback control law was proposed to realize the
exponential stabilization [17]. Subsequently, Bartolini and
Pisano addressed the black-box position and attitude tracking
for a fully actuated AUV via the second-order SMC tech-
nique [18]. SMC methods possess the robustness to attenuate
the effects of system uncertainties [19], [20], which combined
with backstepping design [21], adaptive control [22], neural
network (NN) and fuzzy control approach [23], [24], make
them more popular in the control engineering. To address
planar trajectory tracking control of underactuated AUVs,
terminal SMC (TSMC) method was proposed to alleviate
the effects of unknown external disturbances caused by
ocean currents and waves [25]. To promote the disturbance
rejection of SMC methods, an adaptive multiple-input and
multiple-output extended-state-observer (MIMO-ESO) was
designed in [26] to estimate the unmeasurable velocities and
time-varying disturbances.

In regard to the application of SMC technique in the
attitude control of AUVs, it also becomes a highlight.
By resorting to the decomposed second-order dynamics and
small-angle attitude control to simplify the analysis complex-
ity, an adaptive SMC approach was proposed by Cui et al. for
designing the attitude control scheme for AUVs with input
nonlinearities and external disturbances [12]. Compared with
the studies on attitude control for AUVs, it can be viewed that
the achievements of spacecraft attitude control were remark-
able. In [27], the adaptive law and ESO were employed to
formulate the SMC scheme for the attitude tracking control of
a spacecraft with inertia uncertainty and external disturbance.
In addition, an adaptive non-singular fast TSMC method was
designed in [28] for the finite-time convergence when the
spacecraft was suffering from external disturbances, actu-
ator faults and saturation. In [29], an integral TSMC was
presented for a spacecraft with actuator uncertainties and
external disturbances to achieve finite-time attitude tracking.
Moreover, for the attitude control problem of a rigid body,
Ma et al. proposed an observer-based SMC approach for the
transformed dynamics to achieve finite-time stability [30].
Notwithstanding, it should be clarified that attitude tracking
control of AUVs needs to take the coupling dynamics from
the translational motion into consideration in comparison
with the spacecraft. These approaches cannot be directly

transplanted to solve the attitude control problem for AUVs,
especially when the dynamics of its attitude control device
are considered. On the other hand, input saturation problem
should be taken into account of the controller design, due
to its drawbacks which degrade the system performance or
even result in system instability [31]. As a consequence, it’s
challenging to address 3D attitude tracking control for an
AUV with the existence of model uncertainties, time-varying
external disturbances and input nonlinearities.

As a supplement, and to the best of the authors’ knowl-
edge, there are numbered researchers focused on the study
of internal CMG-actuated AUVs. As reported in [16], Thorn-
ton investigated the unrestricted attitude stabilization control
without considering the external torque disturbances. In [32],
the authors utilized a shunting neural dynamical model to
address the planar trajectory tracking control of the AUVwith
CMGs. Subsequently, the authors addressed the large-angle
attitude stabilization control of the CMG-actuated AUV with
actuator faults [33]. Moreover, based on the backstepping
design technique and anti-windup compensator, the authors
addressed the problem of 3D trajectory tracking control for
a CMG-based AUV with input saturation [34]. Motivated
from the aforementioned literature, this paper concentrates
on the interesting problem of attitude tracking control for a
CMG-actuated AUV under the presence of parameter uncer-
tainties, unknown disturbances and input saturation. In such
a scenario, the main contributions of this paper are concluded
as follows: (i) attitude tracking control of a CMG-actuated
AUV subject to the assumed nonlinear uncertainties is firstly
considered in this paper; (ii) a new FTCESO-based SMC
approach is constructed for the attitude tracking control to
guarantee the finite-time convergence, while among this the
anti-windup compensator is employed to handle saturation
problem and constrained steering law is taken to control the
CMG cluster; (iii) finite-time stability of the proposed control
scheme is validated by the Lyapunov stability theory, and the
numerical simulations containing two cases demonstrate its
effectiveness and reliability.

The reminder of this paper is arranged as follows.
Section 2 introduces several useful lemmas to construct
a finite-time attitude tracking control scheme; besides,
quaternion-based attitude kinematics and the coupled dynam-
ics of a CMG-actuated AUV, together with the control objec-
tive are provided. In Section 3, the FTCESO-based sliding
mode controller is designed by means of the feedback control
technique. Section 4 presents numerical simulations to verify
the performance of the proposed controller, and the result
analyses are introduced in Section 5. Finally, conclusions and
future considerations are drafted in Section 6.

II. PRELIMINARIES AND PROBLEM STATEMENT
A. NOTATION AND LEMMAS
Throughout this paper, following notations are rigorously
used. Let R be the set of real numbers, and In be the identity
of matrix with the dimension n. For a given vector x =
[x1, . . . , xn]T ∈ Rn, ‖x‖ =

√
xT x denotes the 2-norm in the
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Euclid space; sigα(x) = [sgn(x1) |x1|α , . . . , sgn(x1) |xn|α]T ,
|x|α = [|x1|α , . . . , |xn|α]T , where α ∈ R and sgn(·) denotes
the standard sign function. diag[x1, x2, . . . , xn] is a diagonal
matrix with scalars x1, x2, . . . , xn.
Lemma 1 [35]: For any x1, · · · , xn ∈ R, 0 < ρ < 1,

it holds

(
n∑
i=1

|xi|)ρ ≤
n∑
i=1

|xi|ρ (1)

Lemma 2 [36]: For any ι1, ι2 > 0, 0 < ι < 1, if the Lyapunov
function V satisfies V̇ (x) + ι1V (x) + ι2V ι(x) ≤ 0, then V
converges to zero in finite-time, and the settling time T0 is
given by

T0 ≤
1

ι1(1− ι)
ln
ι1V 1−ι(x0)+ ι2

ι2
(2)

Lemma 3 [37]: For any x, σ ∈ R, % > 0, one has

0 ≤ σ |x| − σx tanh(χσx
/
%) ≤ % (3)

where tanh(·) denotes the hyperbolic tangent function and
χ = e−(χ+1), i.e. χ = 0.2785.

B. MODEL OF A CMG-BASED AUV
Consider the vehicle fixed with the body-fixed frame {B}
related to the earth-fixed frame {E}. In order to avoid the
singularity problem from the Euler angles in large-angle
maneuver, unit parameters are employed to represent the
rotational motion which means that q = [ξT , η]T denotes the
body attitude satisfying the relationship ξT ξ+η2 = 1, where
ξ = [ξ1, ξ2, ξ3]T shows the vector part and η is a scalar. As a
result, attitude kinematics of this vehicle are governed by{

ξ̇ = 1
2 (ηI3 + ξ

×)υ2
η̇ = − 1

2ξ
Tυ2

(4)

where υ2 = [p, q, r]T is the angular velocity of the vehicle
expressed in the frame {B} and skew matrix ξ× is defined as
following

ξ× =

 0 −ξ3 ξ2
ξ3 0 −ξ1
−ξ2 ξ1 0

 (5)

As presented in [38], the linear velocity transformation of
this vehicle from the frame {E} to the frame {B} can be
defined by

η̇1 = E(q)υ1 (6)

where η1 = [x, y, z]T denotes the vehicle position vector
given in the frame {E}, υ1 = [u, v,w]T is the linear velocity
vector in the frame {B} and matrix E(q) is expressed as

E(q)=

1− 2(ξ22+ξ
2
3 ) 2(ξ1ξ2 − ξ3η) 2(ξ1ξ3+ξ2η)

2(ξ1ξ2+ξ3η) 1− 2(ξ21+ξ
2
3 ) 2(ξ2ξ3 − ξ1η)

2(ξ1ξ3 − ξ2η) 2(ξ2ξ3+ξ1η) 1− 2(ξ21+ξ
2
2 )


(7)

Different from [16], [34], this paper won’t take the assump-
tion that the CMG-based vehicle has coincident centers of
gravity and buoyancy to acquire the ability of zero-radius
maneuver. To be more specific, the existence of metacen-
tric restoring forces may take trouble to realize the attitude
control. Accordingly, the translational and rotational dynamic
equations in [34] can be updated as follows{

m(υ̇1 + υ2 × υ1) = τ 1
Iυ̇2 + Ḣ + υ2 × (Iυ2 +H) = τ 2 + d

(8)

where m stands for the total mass of the vehicle;
I = diag[Ix , Iy, Iz] represents the inertia matrix; H =

[Hx ,Hy,Hz]T denotes the angular momentum generated
from the CMG system which will be given later; d is the
unknown bounded disturbance vector; τ 1 = [X ,Y ,Z ]T and
τ 2 = [K ,M ,N ]T are the hydrodynamic functions, which are
presented as follows

X = Xu̇u̇+ Xu|u|u |u| + Xq|q|q2 + Xr|r|r2 + Xvrvr
+Xwqwq+ τu

Y = Yv̇v̇+ Yṙ ṙ + Yv|v|v |v| + Yr|r|r|r| + Yuvuv+ Yurur
+Ywpwp+ Ypqpq

Z = Zẇẇ+ Zq̇q̇+ Zuwuw+ Zw|w|w |w| + Zq|q|q |q|

+Zuquq+ Zvpvp+ Zrprp
(9)

and

K=Kṗṗ+ Kp|p|p |p| − mgh cos θ sinφ
M=Mẇẇ+Mq̇q̇+Mw|w|w |w| +Mq|q|q |q| +Muquq

;+Mvpvp+Mrprp− mgh sin θ
N=Nv̇v̇+ Nṙ ṙ + Nuvuv+ Nv|v|v |v| + Nr|r|r |r|

+Nwpwp+ Nurur

(10)

where τu is the control force provided by the propulsion
system; X(·), Y(·), Z(·), K(·), M(·) and N(·) are the correspond-
ing hydrodynamic parameters; g = 9.8 ms2 denotes the
acceleration of gravity and h = 0.02 m is the metacentric
height. Denote φ, θ and ψ as the actual roll angle, pitch
angle and yaw angle of the vehicle, respectively, and then
one can obtain the relationship between Euler angles and unit
parameters [38]

θ = −arcsin(E31), θ 6= π
/
2

φ = atan2(E32,E33)
ψ = atan2(E21,E11)

(11)

where Eij denotes the i-th row and j-th column element of
matrix E(q) and the function atan2(·, ·) represents the arct-
angent function with two arguments which ensures the result
belongs to (−π, π].
Remark 1: Similar to [12], the thrust force τu is considered

to be a constant when this vehicle is implementing the task of
attitude tracking using CMGs. Yet, this paper won’t take the
assumption of small-angle attitude maneuver and will control
the vehicle’s three-axis attitude in 3D space.
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FIGURE 1. Pyramid-type CMGs.

Remark 2: As shown in (9) and (10), it should be claimed
that the actual inertia matrix of this system in 6 DOFs is not
a diagonal matrix, which means that the vehicle is coupled
with control inputs to directly affect its’ translational and rota-
tional motion, and this may cause the trouble in the tracking
mission.

As introduced in [34], pyramid-type CMG system is con-
sidered as the internal attitude control device to produce the
control torque and its basic structure is shown in Fig. 1.

As depicted in Fig. 1, {OBXBYB} denotes the body-fixed
frame {B}. β = cos−1(1

/√
3) is the skew angle; gi denotes

the i-th gimbal axis vector and the i-th momentum axis vector
hi can be expressed as the function of its gimbal angle δi.
Therefore, the total angular momentum H can be defined by

H =
4∑
i=1

hi(δi) = J0

−cβsδ1 − cδ2 + cβsδ3 + cδ4cδ1 − cβsδ2 − cδ3 + cβsδ4
sβ(sδ1 + sδ2 + sδ3 + sδ4)

 (12)

where c· = cos(·), s· = sin(·) and scalar J0 is the nominal
magnitude of angular momentum of each gyro.

Consider the fact that output torque of the CMG system
is derived from the variation of its angular momentum [39],
while the two directions are opposite, which means that

τ = −Ḣ = −J0C δ̇ (13)

where τ = [τp, τq, τr ]T represents the output torque,
δ̇ = [δ̇1, δ̇2, δ̇3, δ̇4]T is the gimbal rate vector and Jacobian
matrix C of the CMG system is calculated as

C =

−cβcδ1 sδ2 cβcδ3 −sδ4
−sδ1 −cβcδ2 sδ3 cβcδ4
sβcδ1 sβcδ2 sβcδ3 sβcδ4

 (14)

To incorporate practical considerations of the capability of
the CMG system for torque output, the input saturation prob-
lem needs to be taken into account of the controller design.
Hence, to cater to this notion, using the saturation function
sat(τ ) = τ d + 1τ in the forthcoming controller design,
where τ d = [τdp, τdq, τdr ]T is the desired input vector,
sat(τ ) = [sat(τp), sat(τq), sat(τr )]T and sat(·) is defined as

sat(τκ ) =
{
τ̄κsign(τκ ), |τdκ | ≥ τ̄κ
τκ , |τdκ | < τ̄κ

(15)

where κ ∈ �{p, q, r}, τ̄κ denotes the assumed maximum
control torque, which is less than the actual maximum out-
put torque of the CMG system. In addition, one can get
the saturation error vector 1τ = [1τp,1τq,1τr ]T , where
1τκ = sat(τk )− τdκ , κ ∈ �.

C. PROBLEM FORMULATION
Consider the CMG-based AUV with the attitude kinematics
given in (4), the position kinematics and dynamics shown
in (8), together with the kinematics of the CMG system.
In the sequel, denote qd = [ξTd , ηd ]

T as the expected vehicle
attitude with its vector part ξd = [ξ1d , ξ2d , ξ3d ]T satisfying∥∥qd∥∥ = 1, and the desired attitude trajectory is derived from{

ξ̇d =
1
2 (ηd I3 + ξ

×

d )υd
η̇d = −

1
2ξ

T
d υd

(16)

where υd = [pd , qd , rd ]T represents the desired angular
velocity. Subsequently, the attitude error kinematics are gen-
erated as [10] {

ξ̇ e =
1
2 (ηeI3 + ξ

×
e )υe

η̇e = −
1
2ξ

T
e υe

(17)

where υe = υ2 − υd = [pe, qe, re]T , and the attitude error
variables ξ e = [ξ1e, ξ2e, ξ3e]T and ηe are calculated as the
following form of a block matrix [40]

qe =
[
ηd I3 − ξ×d −ξd

ξTd ηd

]
q (18)

with qe = [ξTe , ηe]
T . Here, it should be noted that

ξ e = 0 ∈ R3 and ηe = ±1 represent two equilibrium points
with the attachment of the same physical point [18].

To develop the control scheme in a more realistic scenario,
following assumptions are put forward to formulate the con-
trol objective.
Assumption 1: In the kinematic and dynamic equations of

this vehicle as shown in (8), full states can be measured,
which indicates that linear and angular velocity vector υ1,
υ2 can be acquired. Also, the unit quaternion q, gimbal rate
δ and gimbal angle δ̇ of the CMG system are available in the
design of feedback controller.
Assumption 2:As motivated from practice, nominal model

parameters are taken into the controller development to con-
sider the system with parametric uncertainties. Meanwhile,
this vehicle is assumed to expose to the unknown bounded
disturbances.

Motivated by the above considerations, the target of this
paper is then to develop a robust feedback controller to stabi-
lize the resulting attitude control system (17) in a finite time,
despite of the parameter uncertainties, external disturbances
and input saturation.

III. ATTITUDE TRACKING CONTROLLER DESIGN
As shown in Fig. 2, a block diagram of the attitude tracking
control system is presented to lead the controller design.
From the structural topology, it can be observed that the
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FIGURE 2. Structure of the FTCESO-based sliding model controller.

developed controller is twofold. In fact, the first is observed-
based sliding-mode controller design and the second is the
steering law for the pyramid-type CMG system.

A. FTCESO-BASED SLIDING-MODE CONTROLLER DESIGN
First, construct the following common linear sliding mode
manifold

S = υe + K1ξ e (19)

where K1 is a symmetric positive matrix.
As stated above, the finite-time attitude tracking controller

should be designed without resorting to the exact knowledge
of modeling parameters and despite of the presence of unde-
sired disturbances and input saturation. Hence, the inertia
matrix and known hydrodynamic parameters are not precise
to result in I = I0 + 1I , τ 2 = τ 02 + 1τ 2, where I0 and τ

0
2

denote relative values from the nominal model; 1I and 1τ 2
are the unmodeled parts. Subsequently, using (17) and (19),
rotational dynamics can be simplified to

Ṡ = υ̇e + K1ξ̇ e

= I−10 [τ 02 − υ2 × (I0υ2 +H)+
1
2
I0K1(ηeI3 + ξ×e )υe

−I0υ̇d + d +1τ 2 −1İυ2 − υ2 ×1Iυ2 + τ d +1τ ]

= F+ G+ I−10 (τ d +1τ ) (20)

where the known hydrodynamic function F and uncertain
function G are given by

F = I−10 [τ 02 − I0υ̇d − υ2 × (I0υ2 +H)
+

1
2 I0K1(ηeI3 + ξ×e )υe]

G = I−10 (d +1τ 2 −1Iυ̇2 − υ2 ×1Iυ2)
(21)

where G contains the multisource unknown uncertainties,
i.e., time-varying external disturbances (caused by the wind,
wave and current), uncertain modeling parameters, time-
varying inertia parametric uncertainties (considered from the
practical perspective).

Motivated by the work in [41], the following FTCESO is
proposed for the sake of achieving finite-time stabilization of

the attitude error system
S̃ = S− Ŝ
˙̂S = I−10 τ d+F+Ĝ+γ1(sigα1 (S̃)+sigβ1 (S̃))+γ2sgmf(S̃)
˙̂G = γ3(sigα2 (S̃)+sigβ2 (S̃))+γ4sgmf(S̃)

(22)

where 0.5 < α1 < 1, α2 = 2α1 − 1, β1 = 1α1,
β2 = β1+1

/
β1 − 1, γi > 1, i = 1, 2, 3, 4; S̃ = [S̃1, S̃2, S̃3]T

is the observation error; Ŝ and Ĝ represent the estimations of
S and G, respectively; in addition, the function sgmf(S̃) =
[sgmf(S̃1), sgmf(S̃2), sgmf(S̃3)]T is defined as

sgmf(S̃i) =

2
(

1
1+exp(−—λ1S̃i)

−
1
2

)
,

∣∣∣S̃i∣∣∣ ≤—λ2

sign(S̃i),
∣∣∣S̃i∣∣∣ >—λ2

(23)

where —λ1,—λ2 > 0, i = 1, 2, 3.
Subsequently, note the fact that the CMG-based vehicle is

subject to input saturation. To handle this obstacle, and also
to alleviate the burden of designed observer, the anti-windup
compensator is constructed as

$̇ =



0, ‖$‖ ≤ $

−c1$ − c2sigc($ )−

∥∥∥ST I−10 1τ

∥∥∥+121τT1τ
‖$‖2

$

+1τ , ‖$‖ > $

(24)

where c1, c2 > 0, 0 < c < 1, $ is a small positive constant.
As a consequence, the desired control torque for the CMG
system is formulated as

τ d = −I0(F+ sf(t)(Ĝ+ τ δ)+ τ r + k4$ ) (25)

where ki > 0, i = 1, 2, 3, 4, and the reaching law τ r is
defined as

τ r = k1S+ k2(1− sf(t)(t))sign(S)+ k3sigc(S) (26)

In addition, assume that sliding surface S is with the com-
ponent form S = [S1, S2, S3]T and then the robust term
τ δ = [τδ1, τδ2, τδ3]T can be presented as [42]

τδi = σ tanh(σχSi/%), i = 1, 2, 3 (27)
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where χ = 0.2785, % > 0, σ > 3 and the concept of 3 will
be given later; sf (t) is a switch function, governed by

sf(t)(t) =

1,
∥∥∥Ĝ∥∥∥ ≥ GM

0,
∥∥∥Ĝ∥∥∥ ≤ GM (28)

where GM is a positive constant. Note that relative variables
presented in uncertain function G are bounded in practice,
and thus we can assume that ‖Gd‖ ≤ GM , where Gd is the
desired nonlinear function of G, when the system converges
to its desired trajectory.
Remark 3: In terms of the CMGs, the designed control

input τ d is actually the desired output torque. Meanwhile,
the CMG output torque τ will be generated from its kine-
matics (13), and the attitude tracking control system should
possess the robust stability to cancel the effects of the con-
trol torque errors, which can be considered as a part of the
uncertain function G.

B. STEERING LAW FOR THE CMG SYSTEM
Before proceeding further, it can be proven that the Jacobian
matrix C in (13) may not be of full rank due to the fact that
C ∈ R3×4 is time-varying with the variation of the gimbal
rate vector δ̇. In fact, pseudo inverse matrix ofC may not exist
when the CMG system comes into a singular configuration
where the CMG system cannot produce the torque along the
direction of its commanded torque, and the singular measure
is defined as D = det(CTC) [40]. In light of that, various
steering laws were designed to avoid the singular configura-
tion or escape from the unavoidable singularities [43], [44].

In order to reduce the control torque errors as much as
possible, constrained steering law is utilized to produce exact
and strictly real-time control torque [45]. The idea of this
method is using the algebraic constraint of the gimbal angle,
like δ1−δ2+δ3−δ4 = 0, to limit the work space of the CMG
system to avoid the singularity problem.

For the sake of convenient description, using vector
ϑ = [ϑ1, ϑ2, ϑ3]T to simplify the defined constraint, and then
the total angular momentum in (12) is updated as

Ĥ = J0

 sϑ1sϑ3 − cβcϑ1sϑ2
−sϑ1sϑ2 − cβcϑ1sϑ3
sβsϑ1(cϑ2 + cϑ3)

 (29)

and correspondingly the Jacobian matrix (14) becomes

Ĉ =

cβsϑ1sϑ2 + cϑ2sϑ3 −cβcϑ1cϑ2 sϑ1cϑ3
cβsϑ1sϑ3 − cϑ1sϑ2 −sϑ1cϑ2 −cβcϑ1cϑ3
sβcϑ1(cϑ2 + cϑ3) −sβsϑ1sϑ2 −sβsϑ1sϑ3


(30)

In accordance with the above considerations, the pyramid-
type CMG systemwill not come into a singular configuration,
which means that the updated Jacobian matrix Ĉ will be of
full rank when its angular momentum is inside the restricted
workspace [45]. Therefore, from the equation (13), one can
get ϑ̂ = −(J0Ĉ)−1τ d .

Notwithstanding, the given algebraic constraint of the gim-
bal angle may not be guaranteed in real situations due to the
variation of the gimbal rate. Hence, to avoid this problem, null
motion vector is introduced as

δn = [(c2, c3, c4),−(c3, c4, c1), (c4, c1, c2),−(c1, c2, c3)]T

(31)

where (ci, cj, ck ) represents the box product of three vectors
ci , cjand ck ; ci(1 ≤ i ≤ 4) is the i-th column vector of
the original Jacobian matrix C. It should be pointed out that
null motion of the CMG system won’t change its angular
momentum, which signifies that the output torque will not
change as well. In light of that, for the designed control input
τ d in (25), feedback control law for the CMG system is
constructed as

δ̇ = 2̇ϑ + knδn (32)

with kn = −λ
/
‖δn‖

2(δ1−δ2+δ3−δ4)(δn1−δn2+δn3−δn4),
where λ is a positive feedback constant, δni (1 ≤ i ≤ 4) is the
i-th component of vector δn, and matrix2 is given by

2 =


1 1 0
1 0 1
1 −1 0
1 0 −1

 (33)

Remark 4: The achievement of using constrained steering
logic for the CMG system to control the AUV’s attitude can
be shown in [16], [34]; however, it cannot deny the fact that
although this method can realize exact and real-time torque
output in theory, torque errors in the transformation cannot
be stabilized to zero whether in the simulation or actual
situations. As a result, the designed control strategy should
take this into account to address the internal disturbances.

C. LYAPUNOV-BASED STABILITY ANALYSIS
To inspect finite-time stabiliztation of the error system in (17)
actuated by the proposed controller in (25) and (32), several
theorems are provided to facilitate the stability analysis.
Theorem 1: Consider the sliding-mode surface defined

in (19), and it can be proved that if S approaches zero, i.e.
lim
t→∞

S = 0, then one has

lim
t→∞

ξ e = 0, lim
t→∞

υe = 0 (34)

Proof of Theorem 1 can be found in [46].
Theorem 2: For the dynamic system of the given

sliding-mode surface in (20), (21) and FTCESO in (22), error
dynamics of the observer can be obtained as follows{
˙̃S = G̃− γ1(sigα1 (S̃)+ sigβ1 (S̃))− γ2sgmf(S̃)
˙̃G = g(t)− γ3(sigα1 (S̃)+ sigβ1 (S̃))− γ4sgmf(S̃)

(35)

where g(t) , Ġ, G̃ = G − Ĝ. It can be demonstrated that S̃
and G̃ will converge to a residual set 4 governed by

4 =
{
(S̃, G̃)

∣∣∣ ∥∥∥S̃∥∥∥ ≤ 3, ∥∥∥G̃∥∥∥ ≤ 3} (36)
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in finite time, and the convergence time is governed by the
observer parameter selection.

Proof of Theorem 2 can be found in [41].
Theorem 3: Consider the CMG-based AUV attitude track-

ing system described by (4), (8), with the existence of param-
eter uncertainties, external disturbances and input saturation,
satisfying Assumptions 1-2. The control torque is provided
by (25), and the steering law for the CMG system is given
by (32). For an appropriate control force τu with the following
parameter conditions{

k1 − 1/2 > 0
c1 − 1/2− 1/2k24 > 0

(37)

and then finite-time stability of the control system can be
achieved.
Proof: Construct the following Lyapunov function

V =
1
2
STS+

1
2
$ T$ (38)

Differentiating the defined Lyapunov function in (38) with
respect to time, and then utilizing (20), (25), (26) yields

V̇=ST [F+G+I−10 (τ d+1τ )]+$ T $̇

=−k1STS−(1−sf(t)(t))(STG−k2
3∑
i=1

|Si|)−k3ST sigc(S)

−k4ST$+ST I−10 1τ+sf (t)(S
T G̃−ST τ δ)+$ T $̇ (39)

As stated in Theorem 2, if the observer parameters are
selected appropriately, one can obtain

∥∥∥G̃∥∥∥ ≤ 3 in finite time

with G̃ = [G̃1, G̃2, G̃3]T and
∣∣∣G̃i∣∣∣ ≤ 3, i = 1, 2, 3. Then

using Lemma 3 and (27) leads to

ST G̃−ST τ δ ≤
3∑
i=1

(σ |Si|−σSi tanh(χσSi
/
%))≤3% (40)

In this condition, we know that when G converges to its
desired value Gd and GM ≤ k2, it holds

STGd − k2
3∑
i=1

|Si| ≤ (GM − k2)
3∑
i=1

|Si| ≤ 0 (41)

Meanwhile, consider the control system is subject to the
input saturation, namely ‖$‖ > $ , and we have

$ T $̇ = −c1$ T$ − c2$ T sigc($ )

−

∥∥∥ST I−10 1τ

∥∥∥+ 1/21τT1τ

‖$‖2
$ T$ +$ T1τ

(42)

Using the following inequalities{
−k4ST$ ≤ 1/2STS+ 1/2k24$

T$

$ T1τ ≤ 1/2$ T$ + 1/21τT1τ
(43)

Subsequently, noting the boundary value of sf (t) and then
substituting (40), (41), (42)and (43) into (39) yields

V̇ ≤ −(k1 − 1/2)STS− k3ST sigc(S)+ 3%

− (c1 − 1/2− 1/2k24 )$
T$ − c2$ T sigc($ ) (44)

Then using Lemma 1, (44) becomes

V̇ ≤ −(k1 − 1/2)STS− k3(STS)
1+c
2 − c2($ T$ )

1+c
2

− (c1 − 1/2− 1/2k24 )$
T$ + 3%

≤ −µ1V − µ2V
1+c
2 + 3% (45)

where µ1=min{k1 − 1/2, c1 − 1/2 − 1/2k24 },
µ2 = min{k3, c2}.

Consider the following two cases:
Case 1. If µ1V ≥ 3%, then we have

V̇ ≤ −µ2V
1+c
2 ≤ 0 (46)

Then from Lemma 3, it can be derived that the Lyapunov
function V will satisfy V ≤ 3%/µ1 in finite time.
Case 2. If µ2V

1+c
2 ≥ 3%, then we can get

V̇ ≤ −µ1V (47)

Similarly, Lyapunov function V satisfies the condition
V ≤ (3%/µ2)

1
1+c in finite time. To incorporate the two cases,

one can deduce that the sliding-mode surface S will converge
to the following region

‖S‖ ≤ min{
√
6%/µ1,

√
2(3%/µ2)

1
1+c } , 1 (48)

in finite time. On the other hand, we know that V is a radially
unbounded Lyapunov function, and if the constant % defined
in the robust term satisfies 3% ≤ µ1}V with } ∈ (0, 1), then
from (45) we can obtain

V̇ +µ1(1− })V + µ2V
1+c
2 ≤ 0 (49)

Hence, using Lemma 2, upper bound of the convergence
time can be estimated as

T ≤
2

µ1(1− c)(1− })
ln
µ1(1− })V

1−c
2 (0)+ µ2

µ2
(50)

Moreover, consider the convergence region in (48) can be
made enough small by choosing appropriate parameters of
the observer. Hence, it can be concluded that the designed
sliding-mode manifold can be driven to the bounded region
in finite time. According to Theorem 1, the defined error
variables given in (17) are finite-time stabilized in a small
region including the zero point.

Denote υe = [υ1e, υ2e, υ3e]T , K1 = diag[k11, k12, k13],
and then we have Si = υie + k1iξie, i = 1, 2, 3. If ‖S‖ ≤ 1
holds in finite time, we have |Si| ≤ 1. Then boundedness
of υie and ξie can be proved by using the backstepping.
If |υie| ≥ 1, one can obtain

(1− Si
/
υie)υie + k1iξie = 0 (51)

where |Siυie| ≤ 1, and |ξie| ≤ 1k1i is certainly established.
Then we can get |υie| ≤ |Si|+k1i |ξie| ≤ 21, and meanwhile,
if |υie| ≤ 1 holds, we have |ξie| ≤ 21k1i, i = 1, 2, 3. Hence,
finite-time stability of the closed-loop system motivated by
the proposed control law has been proved.
Remark 5: In the task of attitude tracking, the CMG-based

vehicle is assumed to move at a low speed to testify the
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TABLE 1. Control parameters for the proposed controller.

capability of attitude control in a narrow space, which means
that the control force τu will be chosen smaller.
Remark 6: For the proposed control law in (25), fast con-

vergence of the reaching law may cause chattering to damage
the system in a short time, and therefore k2 needs to be
smaller. The observer can be utilized to estimate and com-
pensate for the system uncertainties to improve the control
precision and reduce the chattering. In addition, the switch
function is designed to allievate the switch gain of the control
system, when the trajectory converges to the desired value in
a finite time.

IV. NUMERICAL RESULTS
In this section, numerical simulations are performed for the
attitude tracking control of the CMG-based AUV to vali-
date the performance of the designed FTCESO-based sliding
mode controller and the steering law for the CMG system.

In the simulation, accurate modeling parameters can refer
to [47], which can be found in [34]. Specially, nominal param-
eters will simultaneously decrease 20% to the actual model.
Meanwhile, two case studies are conducted to demonstrate
the reliability of the designed controller, and in all simula-
tions, the control force is chosen as τu = 2 N, the CMG-based
underwater vehicle moves with the initial position η1(0) =
0 ∈ R3, attitude q(0) = [0, 0, 0, 1]T , linear velocity υ1(0) =
0 ∈ R3 and angular velocity υ2(0) = 0 ∈ R3. In addition,
upper bounds of the supposed control input are selected as
τ̄κ = 100 N m, κ ∈ �.
Table 1 presents the same control parameters for the two

cases to demonstrate the effectiveness and reliability of the
designed control scheme.

A. CASE STUDY 1
In this case, we consider the initial desired attitude
qd (0) = [0.3, 0.2, 0.5,−0.7874]T with the angular veloc-
ity υd = [0.1 sin(0.2t), 0.2 sin(0.3t), 0.3 sin(0.4t)]T rad

/
s.

In addition, the external disturbance vector d is chosen as
d = [sin(0.1t), sin(0.2t), sin(0.3t)]T .
As depicted in Fig. 3 and Fig. 4, precise attitude tracking

control for the CMG-based AUV can be achieved with the
employment of the proposed controller in the presence of
the lumped disturbances including parameter uncertainties,
time-varying external disturbances and input saturation. Also,
the convergence time can be viewed in a short time for

FIGURE 3. Tracking response of the attitude and its position variation.

FIGURE 4. Error curves of the attitude quaternion.

obtaining the acceptable attitude control errors. As a conse-
quence, the position variations presented in Fig. 3 indicate
that this vehicle can perform the attitude control in a narrow
space with a small constant force in the surge direction. In the
initial stage, major changes of attitude curves can be partly to
blame for the transformed torque error.

Meanwhile, Fig. 5 shows that the error of roll angular
velocity varies a lot in the first 10 seconds compared with the
other angular velocities in pitch and yaw directions. In fact,
from Fig. 6 and Fig. 7, it can also be observed that time
response curves of the sliding-mode surface and its estimation
error based the FTCESO are with a large variation in the
initial stage, especially evident in their first component. Due
to the fact that the roll motion of an AUV is vulnerable to
the hydrodynamics and external disturbances. It is used to
conclude that roll motion control plays an important role in
the initial process of tracking the desired attitude.

As amatter of fact, most AUVs are operating at a low speed
or equipped with special roll actuators to do the roll motion
to guarantee a proper stability margin in the roll direction.
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FIGURE 5. Error curves of angular velocity.

FIGURE 6. Time histories of the sliding-mode surface.

FIGURE 7. Error curves of sliding-mode surface estimation.

In this paper, internal CMG system is considered to gener-
ate the moment to control the attitude in three-axis, and thus
effects of the coupling dynamics are taken into the controller
design to reduce the interaction in the attitude adjusting.

FIGURE 8. Time histories of the designed control torque.

FIGURE 9. Error curves of the control torque.

Hence, initial velocity error of the roll direction is deemed
acceptable in the simulation results.

Figure 8 and Fig. 9 give the time histories of the desired
control moment and actual output torque error during the
transformation, respectively. As presented in Fig. 8, the con-
trol system is suffered from the input saturation in yaw
direction. Meanwhile, it can be found in Fig. 9 that output
torque generated from the CMG cluster cannot be thought to
be equivalent to the designed torque for the attitude tracking
control system, which means that the closed-loop system
should address the internal torque disturbances to accomplish
the tracking mission.

In addition, time response curve of the gimbal rate is
provided in Fig. 10. It can be deduced that the gimbal rate
is reasonable to output the torque with the consideration
of the physical limitation. In addition, reference profiles of
the CMG cluster indicate that the attitude control device is
competent to generate real-time control torque for the attitude
tracking with the proposed control framework. The trans-
formed torque error may not be neglected though the CMG
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FIGURE 10. Time histories of the gimbal rate.

FIGURE 11. Time histories of the singular value.

system is controlled by the proposed steering law to output
the torque without error in theory.

Meanwhile, the index of the singular state in Fig. 11 shows
that the CMG system is working normally with the aid of the
constrained steering law. What’s more, angular momentum
surface can be visualized in Fig. 12 to show its variation
during the task of attitude tracking control.

B. CASE STUDY 2
To further inspect the disturbance rejection of the designed
control strategy, persistent disturbances of the inertia
matrix are taken into consideration, which means that the
actual inertia matrix of the CMG-based AUV is defined
to be I = I0 + 1I + I t , where I t is given by
I t = diag[0.1 sin(0.1t), 0.2 sin(0.2t), 0.3 sin(0.3t)]; besides,
the disturbance vector d is chosen as d = 0.1sig0(υ2) + d t ,
where d t = [sin(0.1t), 2 sin(0.2t), 3 sin(0.3t)]T . Meanwhile,
we consider the initial desired attitude in this case is qd (0) =
[0.1, 0.5, 0.7, 0.5]T with the desired angular velocity υd =
[0.1 sin(π t20), 0.2 sin(π t20), 0.3 sin(π t20)]T rad

/
s.

In this case, path of the vehicle is a spiral line which can
be shown in Fig. 13. Also, the results in Fig. 13 and Fig. 14

FIGURE 12. Angular momentum surface versus time.

FIGURE 13. Tracking response of the attitude and its position variation.

FIGURE 14. Error curves of the attitude quaternion.

manifest that the CMG-based AUV can achieve the task
of precise attitude control using the proposed controller in
spite of the added internal disturbances and non-differentiable
external disturbances.

As illustrated in Figs. 15-17, initial errors of the angular
velocity, the sliding surface and its estimation in the roll
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FIGURE 15. Error curves of angular velocity.

FIGURE 16. Time histories of the sliding-mode surface.

FIGURE 17. Error curves of sliding-mode surface estimation.

direction are significantly more than their relative profiles
in other two directions. In in Figs. 15-17, the peak and
valley appear at the initial stage. From the aforementioned
analyses, we know that roll motion of an AUV is sensitive

FIGURE 18. Time histories of the designed control torque.

FIGURE 19. Error curves of the control torque.

to the hydrodynamic force and torque, and this may cause
the undesirable behavior in the predefined attitude tracking
mission. On the other hand, the reason for differences in
the amplitude and frequency should contain the designed
control parameters, lumped uncertainties and initial posture
in tracking the specified attitude trajectory.

Fig. 18 and Fig. 19 display the response curves of the
designed control moment and its transformed error by means
of the actuator kinematics, respectively. In this case, the vehi-
cle is free from the input saturation problem to achieve the
tracking mission. Meanwhile, the transformed torque error
converges to zero rather than the continuing disturbance act-
ing on the first case. But the curves of the control torque
variation are smooth to show the robustness properties of
the tracking control framework to reject both internal and
external uncertainties.

Similarly, we provide response curves of the gimbal
rate and singular value of the pyramid-array CMG cluster
in Figs. 20-21, respectively. It reveals that the singularity
problem of the CMG system would never occur with the aid
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FIGURE 20. Time histories of the gimbal rate.

FIGURE 21. Time histories of the singular value.

FIGURE 22. Angular momentum surface versus time.

of constrained steering law in the restricted workspace. Also,
visualization of the angular momentum surface versus time
can be found in Fig. 23. In the above two cases, it’s convinced
that the constrained workspace possesses the maximum size
as the original unrestricted system in z direction, and almost
one-third size in the x (or y) direction [45].

According to various simulation results in the two cases,
it can be concluded that the proposed control framework can
guarantee its robustness and tracking performance against
the aggregated nonlinearities, which may include inaccurate
model parameters, undesirable internal torque perturbations,
time-varying external disturbances and input saturation.
Meanwhile, finite-time stability of the closed-loop system
can be achieved to show its superiority. In addition, other
simulation results confirm the tracking performance of the
control law, which are omitted here to save the space.

V. COMPARISION WITH OTHER RESULTS
To highlight the novelty of the obtained results in this paper,
some descriptions are presented as follows.

(1) To the best of the author’s knowledge, this paper first
investigates the problem of three-axis attitude track-
ing control for a CMG-based AUV in the presence of
the lumped disturbances, which include the parametric
uncertainties, coupling dynamic characteristics, input
saturation, internal and external disturbances. This is
different from the previous studies, which contain the
position and attitude tracking control problem solved
for full-actuated AUV without taking the assumed
uncertainties into account [17], [18], single-direction
attitude control for the AUVs in [11], [12], and
the unrestricted attitude control for a Zero-G class
CMG-actuated AUV in [16] without considering the
external disturbances and input saturation.

(2) Compared with the traditional attitude control for the
unmanned aerial vehicle (UAV) or spacecraft, more
motion constraints are considered and resolved in the
control object of this paper, i.e., the coupling dynamic
effects generated from the AUV’s translation motion
and rotational motion, and dynamic behavior of the
attitude control device. Hence, these results cannot
be directly extended to the attitude control for the
CMG-based AUV with the assumed uncertainties con-
sidered.

(3) Different from the attitude control for UAV or
spacecraft using the approach of TSMC [28], [29],
finite-time stability of the attitude control system in
this paper is achieved by a linear SMC method in
conjunction with the FTCESO, which simplifies the
controller design and avoid the singularity problem in
TSCM method. In addition, anti-windup compensator
is employed to release the burden of the observer, and a
switch function is designed to display the power of the
robust controller and the constant-rate reaching law.

However, several problems should be considered in the
future work to improve the designed control strategy for the
attitude control for the CMG-based underwater vehicle.

(4) Actuator faults and dead-zone nonlinearities are not
taken into the development of the proposed controller.

(5) Some signals relative to the roll direction vary widely
in a short time during the initial period, and thus a
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parameter optimization mechanism may need to be
considered to tackle this issue and to keep a balance
between the convergence time and system reliability.

Alternatively, future work can test the attitude control
ability of a CMG-based AUV prototype using the proposed
control scheme in open water.

VI. CONCLUSION
This paper investigated the problem of three-axis attitude
tracking control of a CMG-based AUV, with the existence of
parameter perturbation, unknown external disturbances and
input saturation nonlinearity. In order to guarantee finite-time
stability of the designed control framework, a FTCESO is
taken here to estimate the variation of a linear sliding mode
surface, and then the anti-windup compensator is employed
to address the input saturation in order to relieve the stress of
the observer and enhance its tolerance for the internal torque
errors. In addition, the robust term and constant-reaching law
are separated by a switch function to show their abilities to
compensate for the observer error. Finite-time stability of
the attitude tracking system is guaranteed by the Lyapunov
theory. Finally, two studies implemented in the simulations
validate the performance and effectiveness of the designed
control scheme. Future work can start from the fault-tolerant
attitude control for AUVs, and the steering logic for CMGs
should be improved to promote its adaptability in different
situations.
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