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ABSTRACT The g-good neighbor connectivity «4(G) and g-good-neighbor diagnosability #,(G) are two
important parameters to evaluate the reliability and fault tolerance for an interconnection network G. So far,
almost all known results about «4(G) and #,(G) are about special g except the hypercubes, the star graphs,
the k-ary n-cubes, and so on. In this paper, we focus on k8(HHC,) and t,(HHC,) for the n-dimensional
hierarchical hypercube network HHC,, for 1 < g < m — 1 and m > 2, where n = 2™ 4+ m. We show that
k&(HHC,) =28(m+ 1 — g)for 1 < g < m — 1. In addition, we show that t,(HHC,) =28(m +2 —g) — 1
under the PMC model and MM* model for 1 < g <m — 1.

INDEX TERMS Fault tolerance, connectivity, diagnosability, PMC model, MM* model.

I. INTRODUCTION

For multiprocessor systems, they usually take interconnec-
tion networks as underlying topology. An interconnection
network is usually modeled by a connected graph G =
(V, E), where vertices represent processors and edges rep-
resent communication links between processors. The con-
nectivity «(G) of a graph G is defined as the minimum
number of vertices whose removal disconnects the graph G
and the edge connectivity A(G) is defined as the minimum
number of edges whose deletion disconnects the graph G.
They are two important parameters to evaluate the reliability
of anetwork. Xu [26] showed that the higher these parameters
are, the reliable the network is. However, these parameters
always underestimate the resilience of a network. To over-
come the shortcoming, Esfahanian [2] introduced the concept
of restricted connectivity, which is a parameter to evaluate the
fault tolerance of the network in terms of vertex failure. Later,
Latifi et al. [7], Oh and Choi [12] generalized the parameter
to g-good neighbor connectivity «3(G).

For a connected graph G = (V, E), a subset S € V(G)
is called a g-good neighbor vertex cut of G if G — F is
disconnected and any vertex in G — F has at least g neighbors
in G — F. The g-good neighbor connectivity is the size of the
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minimum g-good neighbor vertex cut and denoted by «8(G).
There are some results about g-good neighbor connectivity
k8(G) of networks G, one can refer [17], [28]-[30].

In addition, as the processors may fail and create faults
in the large multiprocessor system. Hence, node fault iden-
tification is also of great importance for the system. The
first step to deal with faults is to identify the faulty proces-
sors from the fault-free ones. The identification process is
called the diagnosis of the system. A system is said to be
t-diagnosable if all faulty processors can be identified without
replacement, provided that the number of faults presented
does not exceed ¢. The diagnosability #(G) of a system G is the
maximum value of ¢ such that G is t-diagnosable [1], [3], [6].

To identify the faulty processors, some diagnosis mod-
els were proposed. One of which was introduced by
Preparata et al. [14] in 1967 and it is called the PMC diag-
nosis model. The diagnosis of the system is achieved through
two linked processors testing each other. Another is the
MM* diagnosis model, which was proposed by Maeng and
Malek [11] in 1981. For the MM* model, to diagnose the
system, a node sends the same task to two of its neighbors
and then compares these responses. In 2005, Lai et al. [6]
introduced the restricted diagnosability of a system, which
is called conditional diagnosability. They consider the situ-
ation that any faulty set cannot contain all neighbors of any
vertex in the system. In 2012, Peng et al. [13] proposed a
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new measurement for fault diagnosis of the system, that is,
the g-good-neighbor diagnosability. This kind of diagnosis
requires that every fault-free node contains at least g fault-free
neighbors and they studied the g-good-neighbor diagnosabil-
ity of the n-dimensional hypercube under the PMC model
in [13]. In addition, there are some results about the g-good-
neighbor diagnosability of other networks. For example,
Wang et al. [24] studied the 1-good-neighbor connectivity
and diagnosability of Cayley graphs generated by complete
graphs; Wang and Han studied the g-good-neighbor diag-
nosability of the n-dimensional hypercube under the MM *
model in [21]; Yuan et al. [27] studied the g-good-neighbor
diagnosability of the k-ary n-cube under the PMC model and
MM* model; Wang et al. [22] studied the 1-good-neighbor
diagnosability of Cayley graphs generated by transposition
trees under the PMC model and MM * model; Wang et al. [23]
studied the 2-good-neighbor diagnosability of Cayley graphs
generated by transposition trees under the PMC model and
MM* model; Xu et al. [25] studied the reliability of complete
cubic networks under the condition of g-good-neighbor and
Zhou et al. [32] studied the conditional fault diagnosis of
hierarchical hypercubes etc..

In this paper, we focus on the g-good neighbor connectivity
k8(HHC,) and the g-good neighbor diagnosability t,(HHC},)
for the n-dimensional hierarchical hypercube network HHC,,
forl <g <m—1andm > 2, where n = 2™ + m. We show
that k8 (HHC,,) = 28(m+1—g) for 1 < g < m—1.Inaddition,
we show that t,(HHC,,) = 28(m + 2 — g) — 1 under the PMC
model and MM* model for 1 < g <m — 1.

Il. PRELIMINARIES
In this section, we will introduce some definitions and nota-
tions needed for our discussion.

Let G = (V, E) be a non-complete undirected graph, the
degree of a vertex v € V(G), denoted by dg(v), is the number
of edges incident with v. The minimum degree of a vertex v
in G is denoted by §(G). For any subset F' C V, the notation
G — F denotes a graph obtained by removing all vertices in '
from G and deleting those edges with at least one end vertex in
F, and the notation V(G) \ F denotes deleting the vertex set F
from V(G). The neighborhoods of the vertex v in G is denoted
by Ng(v). Let S C V(G), we use Ng(S) to denote the vertex
set |J Ng(v) \ S. Let Ng[S] = Ng(S) | S. If for any vertex

v eveiq/(G), dg(v) = k, then the graph is called k-regular.
Let F1,F2 C V(G),F1 A Fy = (F1UF2) \ (F1 () F2). The
subgraph induced by V C V(G), denoted by G[V], is a graph
whose vertex setis V and the edge set is the set of all the edges
of G with both ends in V. A faulty set F C V(G) is called a
g-good-neighbor faulty set if for any vertex v € V(G) \ F,
NGOV \F)| = g.

Let [n] = {1,2,3,...,n}. The hypercube is one of
the most fundamental interconnection networks. An n-
dimensional hypercube, shortly n-cube, is an undirected
graph 0, = (V, E) with |V| = 2" and |E| = n2"~!. Each
vertex can be represented by an n-bit binary string. There is
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an edge between two vertices whenever their binary string
representation differs in only one bit position. Let m be an
S

integer and m = Y 2% be the decomposition of m such that
i=0

to = [log, m] and #; = [log,(m — Z 2r)] fori > 1. Let X

be a vertex set of O, and |X| = m We denote by S the
maximum size (the number of edges) of the subgraph (of (09
induced by m vertices, i.e., ex,;, = max{2|E(Q,[X])| : X C
V(Qp) and | X| = m}, is the maximum sum of the degrees of
the subgraph (of Q) induced by m vertices.

For the hypercube network Q,, it suffers from a practical
limitation: as n increases, it becomes more difficult to design
and fabricate the nodes of a Q, network because of the
large fanout. To remove the limitation, the cube-connected
cycles (CCC for short) network [15] was designed as a sub-
stitute for the hypercube network. The node degree of a
CCC network is restricted to three. However, this restriction
degrades the performance of a CCC network at the same
time. For example, a CCC network has a greater diameter
than a hypercube network with the same number of nodes.
Taking both the practical limitation and the performance
into account, the hierarchical hypercube (HHC, for short)
network [8]-[10] was proposed as a compromise between
the hypercube network and the CCC network. An HHC,
network, which has a two-level structure, takes hypercubes
as basic modules and connects them in a hypercube manner.
An HHC, network has a logarithmic diameter, which is the
same as a hypercube network. Since the topology of an HHC,,
network is closely related to the topology of a hypercube
network, it inherits some favorable properties from the latter.

An n-dimensional hierarchical hypercube network HHC,,,
where n = 2™ + m and m > 1 is an integer, can be obtained
by replacing each vertex, say P, of Qo with one Q,,, where
each vertex of O, is uniquely connected to an adjacent vertex
of P. Each vertex of HHC,, can be identified with a two-tuple
(S, P), where S = sy—m—1Sn—m—2 . . . So 1s a binary sequence
of length n — m telling which Q,, the vertex is located in and
P = pm—1pm—2 - . . po is a binary sequence of length m giving
the address of the vertex in the located Q,,.

For a binary sequence X = X,_1X,—2...Xp, we let X I =
Xp—1...X...x0and dec(X) be the de01ma1 value of X, where
0 < l 5 n — 1 and n denotes the length of X. Following,
the definition of the n-dimensional hierarchical hypercube
network HHC,, will be introduced.

Definition 1: An n-dimensional hierarchical hypercube
network HHC, with vertex set {(S,P)|S = Sp—m—1
Sp—m—2...80 and P = pyu_1pm—2... po are two binary
sequences of lengths n — m and m, respectively}, where n =
2™ +mand m > 1. A vertex (S, P) in HHC,, is linked to

(DS, PHforalO<l<m—1or

) (S(da(P)), P).

By the definition of the hierarchical hypercube network
HHC,, the edges defined by (1) are referred to as inter-
nal edges, and those defined by (2) are referred to as
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external edges. Each internal edge is contained in a Q,,,
and each external edge connects two distinct Q) s. Let
Hi,Hy, ..., Hypn be the m-cubes of HHC;,, then any vertex
of H; has a neighbor outside H;, which is called the outside
neighbor, where i € [22'"]. The HHCg is shown in Fig.1,
where m = 2.

FIGURE 1. lllustration of the 6-dimensional hierarchical hypercube
network HHCg.

There are some results about hierarchical hypercube net-
work, one can refer [8]—-[10], [18], [19] etc. for the detail.

The paper is organized as follows. In section 3, the g-good-
neighbor connectivity of HHC,, is determined. In section
4, the g-good-neighbor diagnosability of HHC, under the
PMC model is determined. In section 5, the g-good-neighbor
diagnosability of HHC,, under the MM * model is determined.
In section 6, the paper is concluded.

lll. THE g-GOOD NEIGHBOUR CONNECTIVITY OF HHC,
The following results about the hierarchical hypercube net-
works HHC,, are useful.

Lemma 2 [8]-[10]: Let HHC,, be the n-dimensional hier-
archical hypercube network and Hy, Ha, ..., Hyom be the 22"
m-cubes of HHC,,, where n = 2™ + m and m > 1. Then the
following results hold.

(1) HHC,, has 22"+ vertices and it is (m + 1)-regular.

(2) HHC, has the vertex connectivity of m + 1.

(3) HHC, is a bipartite graph.

(4) Any vertex of H; has exactly one outside neighbor
and the outside neighbors of vertices in H; belong to
different copies of Q,,.

(5) There is at most one cross edge between H; and H; for
i#jandi,j e [22"].

Observation 3: Let HHC, be the n-dimensional hierar-
chical hypercube network for n = 2" 4+ m and let
Hy,H, ..., Hyn be the m-cubes of HHC,. By contracting
each of the m-cube of HHC,, as a vertex, then the resulting
graph is isomorphic to a 2™-cube Qpm.
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As HHC,, is an invariant of the n-cube Q,,, some properties
on the n-cube Q, are very useful for the proofs of the main
results.

Lemma 4 [31]: Any two vertices in V(Q,) have exactly
two common neighbors for n > 2 if they have any.

Lemma 5 [4]: Lset X be agvertex set of Q, with size

o2 4 32 -0 - 2%, where ex,, =

i=0 i=0

max{2|E(Q,[X]] : X C V(Qn) and |X| = m}.

Lemma 6 [20]: If X is a subgraph of Q,, and §(X) > g,
then |X| > 28.

Lemma 7 [5]:1f X is a subgraph of Q,, and §(X) > g, then
IX1+ INg,(X)| = 28(n+ 1 — g).

Lemma 8 [20]: k8(Q,) =285(n—g)for0<g<n-—1.

By Lemma 2(2), we obtain that «O%HHC,) = k(HHC,) =
m+ 1. Following, we determine the g-good neighbor connec-
tivity of HHC,, for 1 < g < m — 1 to avoid duplication.

Lemma 9: Let HHC, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then
k8(HHCy) <28(m+1—g)forl <g<m—1.

Proof: For convenience, let x1 Qp, X2Qpi, - . . , Xp0m Oy, be

the m-cubes of HHC,, instead of Hy, H», ..., Hym, where x;
is a n — m binary string for each i € [22"]. For a fixed g with
1 < g < m—1,letx;Q, be asubgraph of x| Q,, induced by the
vertex set {(S, P)|S = x; and P = py—1pm—2 . . . po, Where
pi = 0foreach0 <i <m—g—1}.LetS = Npgc,(V(x10y)),
see Fig. 2, then HHC,, — S is disconnected. By the choice of
x1Q,, we obtain that [Nggc,(V(x10))| = 285(m — g) +28 =
28m+1—9).

m. Then ex,, =

LI

S=Ngpgc, (V(z1Qyg))

FIGURE 2. lllustration of the proof of Lemma 9.

Next, we show that S is a g-good neighbor vertex cut,
that is, any vertex of HHC, — S has at least g neighbors.
By Lemma 2(5), there is at most one cross edge between
xiOm and x;Q,, for different i,j and i,j € [22’"]. Thus,
IS N V(xjOn)| < 1forj#1.

Foranyj # 1,letz € V(xjQp). As |S N V(x0n)| < 1
for j # 1, then z has at most one neighbor in § N V(x;0;).
By Lemma 2(4), z has exactly one outside neighbor in HHC,,,
say 7/, and it is possibly 7 € S N V(x;Q), where [ €
[22m] \ {1, j}. Thus, z has at least m + 1 — 2 > g neighbors in
HHC, —S.

Let S = V(@1 Qm) NS and T = x1Q0m — (V(x1Q) U Sy).
Following, we need to show that any vertex in x; Q,, — S has
at least g neighbors in HHC, — S. Obviously, any vertex in
x1Q, has at least g neighbors. If T = @, then we are done.
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Following, let T # ¥ and let w € V(T1), then g < m — 2.
If w has no neighbor in S, then it has at least m > g neighbors
in HHC,, — S and we are done. Suppose w has one neighbor
in S;. By the definition of x;Q, there is exactly one 1 for
pis of the vertices in S1, where §1 = {(S, P)|S = x; and
P =pu_1pm—2...po}and 0 <i <m-—g—1.LetT| =
{(S,P)|S = x;y and P = ppm—1Pm—2 ---po}, then there are
exactly two 1s for p;s for 0 < i < m — g — 1, which implies
that w has at most two neighbors in S;. Thus, w has at least
m — 2 > g neighbors in HHC, — S.

Hence, for any vertex u of HHC,, — S, it has at least g
neighbors in HHC,, — §. That is, § is an g-good neighbor
vertex cut of HHC,,. Thus, k8(HHC,) < |S| =28(m+1—g)
forl <g<m-—1.

Theorem 10: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then
k8(HHC,) =28(m+1—g)forl <g<m—1.

Proof: By Lemma 9, we just need to show x$(HHC,,) >
28(m+1—g).

Let F be the minimum g-good neighbor vertex cut of
HHC,, X be the minimum connected component of HHC,, —
FandletY = V(HHC,)\ (F UX).LetH, H>, ..., Hym be
the m-cubes of HHC,,, and let X; = XNV (H;), Y; = YNV (H;)
and F;, = FNVH). Let Jy = {i € 2¥1X; # %),
Jy = {i € [22"1|Y; # @) and Jo = Jx N Jy.

Clearly, if Jo # @, then X; # () and Y; # @ for each i € Jy,
which means that F; is a vertex cut of H;. As F is a g-good
neighbor vertex cut of HHC,,, any vertex in X; U Y; has at least
g neighbors in HHC,, — F. Note that any vertex of HHC,
has exactly one outside neighbor, then F; is a (g — 1)-good
neighbor vertex cut of H;. As H; is an m-cube, by Lemma 8§,
we have |F;| > 281 (m+41 —g) foreachi € Jy. By Lemma 6,
we obtain that |X;| > 2%~ and |Y;| > 287! for each i € J.

Following, we show that |F| > 28(m + 1 — g) for 1 <
g < m — 1 according to |Jp| and the following two cases are
considered.

Case 1. |Jg| = 2

As |Jo| = 2,then [F| > Y |[Fi| =2-26"(m+ 1 —g) =

iel
28(m 4+ 1 — g) and the result ﬁolds.

Case2.0 < |Jo| < 1.

Let |[Jx \Jo| = a, lJy \Jo| = band |[22"]\ (Jx UJy)| = c.

If ¢ > 1, then there exists some i such that V(H;) C F
as F is a vertex cut. Then |F| > 2™ > 28(m + 1 — g) for
1 < g <m — 1 and the result holds.

Ifc=0,thena+b+ |Jo| =22 .Ifa > landb > 1,
then for j; € Jx \ Jo,j2 € Jy \ Jo, if there is one cross edge
between Hj, and Hj,, one of its end vertex must be in F for the
cross edge as F is a vertex cut. Thus, by Observation 1 and
Lemma 5, we obtain that

> |Fi| > > |E(H;, Hp)| > a-2" —
ie(IxUJy)\Jo ieJx\Jo, jeJy\Jo
exq— Y, |E(H; H)|

ieJx\Jo, jeJo
Next, we consider the following two subcases for |Jg| = 0

or |[Jo| = 1.
Subcase 2.1. |Jg| =0
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In this case, it implies that a > 1. If a > 2, we obtain that

IFIl = Y |Fil >a-2" —ex, > 2%(m+ 1 — g) for
ieJyUJy
l<g<m-—1.

If a = 1, without loss of generality, let Jy = {1}. Then
X1 <€ V(Hy), all vertices in V(Hj) \ X7 and all outside
neighbors of vertices in X are contained in F. Recall that
any vertex of X has exactly one outside neighbor, then |F| >
[VIHD\X(|+1X1|=2">28(m+1—g)forl <g<m—1
and the result holds.

Subcase 2.2. |Jo| =1

In this case,a > O and b = 22" _ 4 — 1. Without loss of
generality, let Jo = {1}. If a > 1, we obtain that

IFI=|Fil+ Y |Fil=2"'m+1-g) +a-2"—

ie(IxUJy)\Jo
exg—1>28(m+1—g).

Ifa = 0, then X € H; and Nppc,(X) € F. Note that
8(H1[X]) = g and H; is an m-cube, by Lemma 7, we have
[F| > |X| + |[Np,(X)| = 28(m 4 1 — g) and the result holds.

IV. THE g-GOOD NEIGHBOUR DIAGNOSABILITY OF
HHC, UNDER THE PMC MODEL

First, we introduce the PMC model. Under the PMC model,
a self-diagnosable system is often modeled as a directed
graph T = (V, L), where V represents the same set of vertices
asinGand L = {(u, v)|(u, v) € E(G) and the vertex u tests the
vertex v}. The outcome of a test (, v) is denoted by r(u, v).
If a tester u evaluates a tester v as faulty, we have r(u, v) = 1;
otherwise, r(u, v) = 0. If the tester u is faulty, then the testing
result is unreliable. For this reason, some assignments are
made: if (i, v) = 1, at least one member of {u, v} is faulty;
otherwise, if r(u, v) = 0, both of u and v are fault-free.

The collection of all test results, defined as a function
Q: L — {0, 1}, is called a syndrome. Suppose that a test
syndrome o is on the multiprocessor system G = (V, E).
A g-good-neighbor faulty set F is consistent with respect to
o under the PMC model if the following conditions (1) and
(2) hold.

D r(u,vy=0forue V\FandveV\F,;

Q) r(u,vy=1forue V\Fandv e F.

A g-good-neighbor faulty set F' may produce different
syndromes because a faulty tester ¥ may return an unreliable
result. For each subset F C V, which is the set of all faulty
vertices, let Q(F) represent the set of syndromes that can
be produced. Two distinct g-good-neighbor faulty subsets F'y
and F> of V are distinguishable if Q(F1) N Q(F2) = &;
otherwise, F1 and F> are said to be indistinguishable. That
is, when F and F» are distinguishable, for each syndrome o
in Q(F1) U Q(F3), exactly one of F| and F» is the unique
g-good-neighbor faulty set that is consistent with respect
too.

Definition 11 [13]: A system G = (V,E) is g-good-
neighbor ¢-diagnosable if and only if for any two distinct
g-good-neighbor faulty subsets F; and F» of V such that
|F1| <t and |F,| <t,the sets F| and F; are distinguishable.
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Lemma 12 [14]: For any two distinct subsets F'| and F; in
asystem G = (V, E), the sets F| and F; are distinguishable
if and only if there exists a vertex u € V \ (F| | F») and
v € F1AF, such that (4, v) € E.

By the proof of Theorem 10, the following result holds.

Lemma 13: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, and let
Hy,H;, ..., Hyn be the m-cubes of HHC,,, X C V(H;) and
HHC,[X] = Qg. Then |Nyyc,(X)| = 28(m + 1 — g) and
8(HHC,, — Ngnc,[X]) > gfor1 <g<m—1.

By Lemma 9 and the definition of the hierarchi-
cal hypercube network HHC,, the following lemma
holds.

Lemma 14: Let HHC, be the n-dimensional hierarchical
hypercube network for n = 2" 4+ m and m > 2 and let
Hy, Hy, ..., Hym be the m-cubes of HHC,,. Then for any two
distinct vertices u# and v of the hierarchical hypercube network
HHC,, one of the following conditions hold.

(1) If u and v belong to the same m cube and Nypc, (1) N
Nunc,(v) # 0, then |Nypc,(w) N Nugc,(v)| = 2.

(2) If u and v belong to different m cubes and Nypnc, (1) N
Nunc,(v) # 9, then |Nggc, () N Nugc,(v)| = 1.

(3) If u and v belong to different m cubes and Nync, (1) N
Nunc,(v) = 9, then |Nguc,(u) N Nggc,(v)| = 0.

Lemma 15: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2" +mand m > 2. If X is
a subgraph of HHC,, and §(X) > g, then |X| > 28 for
I<g<m-—1.

Proof: Let Hy, Hy, . .., Hym be the m-cubes of HHC,,.
Letl = {i{lVX)NV(H;) £ 0} fori e [22"]. To prove the
result, the following cases are considered.

Case l.|I| =1

Without loss of generality, let V(X) N V(H;) # 0.
By Lemma 6, |X| > 28.

Case 2. || > 2

As V(X)N V(H;) # @ for each i € I. By the definition of
HHC,, any vertex of HHC,, has exactly one outside neighbor.
Thus, du,iveonvw) () > g — 1 for any vertex u € V(X) N
V(H;)and i € I. By Lemma 6, |V(X) N V(H;)| > 287! for
eachi € I. Thus, |X| = | Uies (VX) N V(H))| > 281 +
28—1 =28, O

Following, we will determine the g-good neighbor diag-
nosability of HHC,, under the PMC model.

Theorem 16: Let HHC,, be the n-dimensional hierarchi-
cal hypercube network for n = 2™ + m and m > 2,
then the g-good neighbor diagnosability of HHC,, under the
PMC model satisfies t,(HHC,) < 28(m + 2 — g) — 1 for
l<g<m-—1.

Proof: Let Hy, Hy, ..., Hym be the m-cubes of HHC,,.
Let X € V(H;) and HHC,[X] = Q,. Let Fi = Nupc,(X)
and >, = Nppc,[X]. By Lemma 13, both F| and F, are g-
good neighbor faulty sets. As |[Nyuc,(X)| = 28(m+ 1 — g),
we have

[F1]=285(m+1—-¢) <2%(m+2—g)
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Fo = Ngpge, [X]

V(HHCy) — F2

FIGURE 3. lllustration of the proof of Theorem 16 and Theorem 20.

and
|[F2| = [F1] + |X]
<25(m+2-g)

As F1AF, = X, there is no cross edge between HHC, —
(F1 U Fy) and F1AF, (see Fig. 3). By Lemma 12, the g-
good neighbor faulty sets of F; and F; are indistinguishable.
By Definition 11, then hierarchical hypercube network HHC,,
is not g-good neighbor 28(m + 2 — g)-diagnosable under the
PMC model. Thus, t,(HHC,) < 25(m+2 —g) — 1. O

Theorem 17: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ 4+ m and m > 2, then the g-
good neighbor diagnosability of HHC,, under the PMC model
satisfies t,(HHC,) > 28(m+2—g)—1for1 <g<m— 1.

Proof: Let Hy, Hp, ..., Hym be the m-cubes of HHC,.
To prove the result, we just need to show that for any two
distinct g-good neighbor faulty subsets F| and F> of HHC,,
suchthat |F| < 28(m+2—g)—1and |F;| < 28(m+2—g)—1,
the sets F'| and F, are distinguishable. By Lemma 12, we need
to show that there is an edge between V(HHC,) \ (F1 U F3)
and F1 A\ F».

We prove the result by contradiction. That is, there are two
distinct g-good neighbor faulty subsets F| and F, of HHC,
suchthat |[F| < 28(m+2—g)—1and |F,| < 28(m+2—g)—1,
but they are indistinguishable.

First, we show that V(HHC,) # F1 U F».

Suppose to the contrary, that is, V(HHC,) = F| U F5. For
1 <g<m-—1,wehave

|[F1UF>| = |Fil + |F2| — |[F1 N F|
<2[28m+2—-g) —1]
Letf(g) = 28(m+2—g), thenf'(g) = 28[(m+2—g)-In2—1].
Iff'(g) = 0, theng = m+2 — 75 > mand f'(g) > O for

1 < g < m— 1. Thus, f(g) is monotonically increasing for
1 <g<m—1.Thus,

f(@max =fm—1)
==2"m+2—m—-1)]
=3.2m71
Thus, we have
[FlUF,| <2@3-2"1—1)
=3.2"_2.
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As |V(HHC,)| = 22"+™_ Obviously, 22"+" > 3.2m —2
for m > 2, which is a contradiction.

Second, we prove the main result. Without loss of general-
ity, let Fo\ F1 # §. As F| is a g-good neighbor faulty set, then
for any vertex u of HHCn — F1, dHHC,,[V(HHC,,)\Fl](u) > g.
As there is no cross edge between HHC, — (F U F3) and
F1 /\ F2, then dypc,iv#nc, \r11() = dunc,(F\F (W) > g.
Thus, for any vertex of u € F, \ F1, dguc,(F,\Fj 1) > g.
By Lemma 15, |F; \ Fi| > 28. As F and F; are both g-
good neighbor faulty sets, F'| N F; is also a g-good neighbor
faulty set. In addition, as there is no cross edge between
HHC,, — (F1UF,) and F| A\ F2, F1 N F, is a g-good neighbor
faulty cut. By Theorem 10, |Fy N F| > 28(m+ 1 — g). Thus

|F2| = [F2 \ Fil + |F1 N F3]
> 28+ 2%(m+1—g)
=2(m+2—g)

By the hypothesis, |F3| < 28(m + 2 — g) — 1, which is a
contradiction. Thus, t,(HHC,) > 28(m+2—g)—1form > 1
andl <g<m-—1. O

By Theorem 16 and Theorem 17, the following theorem
can be obtained.

Theorem 18: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then the g-
good neighbor diagnosability of HHC,, under the PMC model
istg(HHCy) =28(m+2—g)—1forl <g<m—1.

V. THE g-GOOD NEIGHBOUR DIAGNOSABILITY OF HHCj,
UNDER THE MM* MODEL

In the MM model [11], [27], to diagnose a system, a vertex
sends the same task to two of its neighbors, and then compares
their responses. To be consistent with the MM model, we have
the following assumptions. In this paper, for consistency with
the MM* model, we have the following assumptions.

(1) All faults are permanent.

(2) A faulty processor produces incorrect outputs for each
of its given testing tasks.

(3) The output of a comparison performed by a faulty
processor is unreliable.

(4) Two faulty processors given the same input and task do
not produce the same output.

The comparison scheme of a system G is modeled as a
multigraph, denoted by M (V(G), L), where L is the labeled
edge set. A labeled edge (u, v),, € L represents a comparison
in which two vertices u and v are compared by a vertex
w, which implies uw,vw € E(G). The collection of all
comparison results in M(V(G), L) is called the syndrome,
denoted by o*, of the diagnosis. If the comparison (u, v),,
disagrees, then o *((u, v),,) = 1; otherwise, o*((&, v),,) = 0.
Hence, a syndrome is a function from L to {0, 1}. The MM *
model is a special case of the MM model. In the MM* model,
all comparisons of G are in the comparison scheme of G,
ie., if uw, vw € E(G), then (u, v),, € L.

Lemma 19 [16]: Let G = (V,E) be a system under
the MM* model. Two distinct subsets F; and F, of V are
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Fy Fa
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FIGURE 4. lllustration of distinguishable sets F; and F, under the MM*
model.

distinguishable if and only if at least one of the following
conditions holds:

(1) There are two vertices u, w € V' \ (F | F2) and there
isavertex v € F{AF> such that uw € E and vw € E.

(2) There are two vertices u,v € Fi \ F» and there is a
vertex w € V\(F; | F2) suchthatuw € E andvw € E.

(3) There are two vertices u, v € F, \ F| and there is a
vertex w € V\(F; |J F2) suchthatuw € E andvw € E.

Theorem 20: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then the g-
good neighbor diagnosability of HHC,, under the MM * model
satisfies t,(HHC,;) < 28(m+2—g)—1forl <g<m—1.

Proof: Let Hy, H, ..., Hym be the m-cubes of HHC,,.
Let X € V(H)) and HHC,[X] = Q. Let F| = Nppc,(X)
and F, = Nppc,[X]. By Lemma 13, both F| and F; are g-
good neighbor faulty sets. As |[Nguc,(X)| = 28(m+ 1 — g),
we have

|Fi|=2%(m+1—-g) <2%(m+2—¢g)
and

|Fo| = |F1| + |X]|
=2%(m+1—g)+2¢
<25(m+2-g)

As F1AF, = X, there is no cross edge between V(HHC,) \
(F1 U F) and F1AF, (see Fig. 3). By Lemma 19, the g-
good neighbor faulty sets of F| and F» are indistinguishable.
By Definition 11, the hierarchical hypercube network HHC,,
is not g-good neighbor 28(m + 2 — g)-diagnosable under the
MM* model. Thus, t,(HHC,) < 28(m+2—g) — 1. O
Theorem 21: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then the g-
good neighbor diagnosability of HHC,, under the MM * model
satisfies t,(HHC,;) > 26(m+2—g)—1forl <g<m—1.
Proof: Let Hy,Hp, ..., Hym be the 22" m-cubes of
HHC,. To Prove the result, we just need to show that for
any two distinct g-good neighbor faulty subsets F| and F»
of HHC), such that |Fi| < 28(m+ 2 — g) — 1 and |F»| <
28(m 4+ 2 — g) — 1, the sets F| and F» are distinguishable.
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We prove the result by contradiction. That is, there are two
distinct g-good neighbor faulty subsets | and F, of HHC,
with |F1| < 28(m+2—g)—1and |F,| < 28(m+2—g)—1, but
they are indistinguishable. Without loss of generality, assume
that F, \ F'; # @. To obtain a contradiction, the following fact
and claim are useful.

Fact 1. V(HHC,)) # F UF2.

With a similar proof as Theorem 17, we obtain that
V(HHC,) # Fi U .

Claim 1. There is no isolated vertex in HHC,, — (F1 | F2).
Proof of Claim 1. To prove the result, the following two cases
are considered.

Case 1.2 <g<m-—1.

Suppose to the contrary, that is, HHC, — (F1|JF2)
has at least one isolated vertex, say u. Obviously,
we have dppc, | yr)W) = 0 and dunc,ip\rW) =
duac,[vHHC)\F1(W). As Fi is a g-good neighbor faulty
set, then dugc,(vnc,)\r 1) > g and dupc,(F\F1(W) =
dunc,[v#HHC,)\F1(1) > g > 2, which satisfies condition (3)
of Lemma 19. Thus, the g-good neighbor faulty sets F; and
F are distinguishable, a contradiction.

Case2.g=1andm > 2.

Suppose to the contrary. That is, HHC, — (F1 | F2) has
at least one isolated vertex, say w. Let W be the set of all
isolated vertices in HHC,, — (F1|J F2) and H = HHC, —
(FiUFUw).

If F1 \ F, = @, then F1 C F,. As F, is a 1-good
neighbor faulty set, dync,ivHHC,)\F,1 (W) = 1. As Fy C Fy,
then dpyc,—FuF)W) = dunc,(viHHC)\F1(W) > & > 1,
which contradicts with the fact that w is an isolated vertex in
HHC,, — (Fy UF2)-

FIGURE 5. lllustration of the proof of Case 2 of Claim 1.

Now, suppose that F'1 \ F» # @ (see Fig. 5). Recall that w is
an isolated vertex in HHC,, — (F | F2). Obviously, we have
duuc,[vHHC\FUF)I(W) = 0 and dpgc,[r\F1(w) =
dynC,[V(HHC,)\F,](W). As F; is a 1-good neighbor faulty set,
we have dypc,(F\F,]W) = dubc,[v#EHC\F,1 (W) > & = 1.

If dupc,(F\F,) (W) > 2, then it satisfies condition (2) of
Lemma 19. Then the g-good neighbor faulty sets F; and F»
are distinguishable, a contradiction.
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Thus, dync,iF\F,) (W) = 1. Let u € Fy \ F3 such that
uw € E(HHC,). Similarly, as F is a 1-good neighbor faulty
set, we have dypc,(F,\Fj)(W) = 1. Let v € F3 \ F such that
ww € E(HHC,). Thus, dunc,(F,nF,)(w) = (m 4+ 1 — 2) and
|[F1NFy| > (m+1)—2.Forg = 1, |Fz| <28(m+2—g)—1 =
2m + 1. Then we deduce that

> INunc,imnmy 0| = [WILm + 1) — 2]
weW

IA

> dune, )

veF1NF,
= |FiNF)m+1)
< (IF2| = Dm+1)
=2m(m+1)

Thus, we have |[W| < 2m(m + 1)/(m — 1).
If H = 0, then

|V(HHC,)| = 2¥"*t™
= IFi [Pl + W]
= |Fi| + |F2| — |[F1 N F2| + |W]
<22m+1)—(m+1-2)
+2m(m+ 1)/(m — 1)
=3m+34+2mm+1)/(im—1)

However, 22"t > 3m 4+ 3 4+ 2m(m + 1)/(m — 1) form > 2,
a contradiction. Thus, H # @.

For any vertex by € H, as H has no isolated vertex, then
there exists some vertex by € H such that b1b, € E(HHC),).
If bivi € E(HHC,) for some vertex vi € F| \ F, then the
1-good neighbor faulty sets F; and F> are distinguishable by
condition (1) of Lemma 19, which is a contradiction. Thus,
byvy ¢ E(HHC,) for any vertex vi € F1 /\ F».

By the arbitrariness of v| and b1, there is no edge between
H and Fi \ F».

As both F and F; are 1-good neighbor faulty sets, F1 N Fy
is a 1-good neighbor faulty set. As there is no edge between
H and Fi \F,, F1 N F, is a 1-good neighbor faulty cut.
By Theorem 10, |F1 N F2| > 2(m+ 1 — 1) = 2m.

As |Fi| <2m+ 1,|F;] < 2m+ 1,F| \ F, # ¢ and
Fy\ F1 #@,wehave |F{\ F2| = land |F; \ F{| = 1.

Let F1 \ F, = {u} and F, \ F1 = {v}. By Lemma 14, u and
v have at most two common neighbors. Thus, |W| < 2 as any
vertex of W is adjacent to both « and v.

If W) = 2, let W = {w;,wp}. By Lemma 14 and
Lemma 2(3), no two vertices of u,v,w; and wy have a
common neighbor in F1 N F>. Thus,

|F1 N F2| = [Ngac, () \ (w1, w2}l + [Nguc, () \ {w1, wa}l
+ [Nuac, wi) \ {u, v}| + [Nuac,(w2) \ {u, v}
—4m+1-2)
=4m — 4.
Then we have

|Fa2| = |[F1 N Fa| + |[F2 \ Fy
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>4dm—4+1
>2m+1
> |F2| form > 2,

which is a contradiction.

W) = 1,say W =
Lemma 2(3). Then we have

INaHC,(FinF (W, v, W)| = INgHC, @) \ (W} + |Naac,(v) \
WH + |Nuac,w) \ {u,v}| — |(Nunc,(w) N Nguc,(v)) \
{WH — INgnc, (W N Nugc,W)| — |Nuac, (v) N Naac,(w)| +
INunc, @) N Nypc,(v) N Nyge,(w)| =2m+ (m+ 1 —2) —
1+0=3m-2.

Thus, |F1 N F2| > |NguC, [P nF (M, v, W)| > 3m — 2

and

{w}, then uv ¢ E(HHC,) by

|[F2| = |F1 N Fa| + |F2 \ Fi

>3m—-2+1
>2m+1
> |F2| form > 2,

which is a contradiction.

The proof of Claim 1 is complete.

By Fact 1 and Claim 1, for any vertex u € HHC,, — (F U
F»), there exists some vertex v € HHC,, — (F U F») such that
uv € E(HHC,). If uw € E(HHC,) for w € F| \ F>, it satis-
fies condition (3) of Lemma 19. Thus, the g-good neighbor
faulty sets F; and F, are distinguishable, a contradiction.
That is to say, uw ¢ E(HHC,). By the arbitrariness of u, w,
there is no edge between HHC,, — (F1 U F3) and F| A\ F»,
we have dunc,[v(HHC,)\Fi1(W) = dHHC,[F2\F11(W) = g. Thus,
by Lemma 15, |F \ F1| > 28.

As both F] and F; are g-good neighbor faulty sets, F1 N F»
is a g-good neighbor faulty set. In addition, as there is no edge
between HHC,, — (F1 UF,) and F| A\ F», F1 N F, is a g-good
neighbor faulty cut. By Theorem 10, |[F1NF>| > 28(m+1—g).
Thus,

|[F2| = [F1 N F2| + [F2 \ Fi
>28(m+1—g)+28
=25(m+2—g)

which contradicts with |F;| < 28(m+2 —g) — 1.

The proof of the theorem is complete. U

By Theorem 20 and Theorem 21, the following theorem
can be obtained.

Theorem 22: Let HHC,, be the n-dimensional hierarchical
hypercube network for n = 2™ + m and m > 2, then the g-
good neighbor diagnosability of HHC,, under the MM ™* model
istg(HHCy) =28(m+2—g)—1forl <g<m—1.

VI. CONCLUDING REMARKS

As the hierarchical hypercube network HHC, has some
attractive properties to design interconnection networks.
In this paper, we focus on the g-good neighbor connectivity
k8(HHC,) and the g-good neighbor diagnosability #,(HHC},)
for the n-dimensional hierarchical hypercube network HHC,,
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forl < g <m—1,wheren =2" + mand m > 2. We show
that k$(HHC,,) = 28(m+1—g) for1 < g < m—1.Inaddition,
we show that t,(HHC,,) = 28(m+ 2 — g) — 1 under the PMC
model and MM * model for 1 < g < m—1. In the future work,
we would like to study g-good neighbor connectivity and the
g-good neighbor diagnosability of the balanced hypercubes
BH,, under the PMC model and MM* model. This problem
could be meaningful and worthy of further investigation.
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