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ABSTRACT This paper is aimed to study the fluctuation of the instantaneous availability (IA) for the
parallel repairable system. First, the Markov model of IA for the two-unit parallel system with two states
(up and down) under exponential distribution is established. Next, by Laplace transformation, the analytical
solution of IA is obtained. The fluctuation of IA is analyzed according to the fluctuation theories. Then,
in the same way, the fluctuation of IA for the n-unit parallel system with two states is analyzed, where the
n units of the system are all same. Finally, some numerical examples are provided to show the effectiveness
of the results in this paper.

INDEX TERMS Fluctuation, instantaneous availability, Markov model, the parallel system.

I. INTRODUCTION
Nowadays, availability theory plays a more and more impor-
tant role in many fields, such as information network [1],
military field [2], traffic field [3] and some other basic
fields [4], [5]. Steady-state availability as an important aspect
of reliability theory, which representing the availability in
case the operating time of the whole equipment system goes
to infinity, has been studied for many years [6]–[8]. However,
with the rapid development of science and technology, equip-
ment updating and out becomes faster and the equipment
service period may now be only a few years or less. More-
over, the complicated mechatronic systems nowadays always
consists of a lot of small units. The interaction of units often
leads to undulations of the availability in the early use of new
equipment. Therefore, the availability of these complicated
systems usually fluctuates heavily in the early stage, but this
fluctuation is quite far from the steady-state availability to be
adopted for a long period by system developers and users.
This factor seriously affects the evaluation of the system
performance of these complicatedmechatronic systems. Thus
the conventional steady-state availability must be replaced by
another kind of research.

Under this circumstance, there has been tremendous inter-
est in researching the instantaneous availability (IA) of com-
plicated mechatronic system in recent years [9], [10]. The IA
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represents the availability level of the equipment at any oper-
ating point. With IA, the fluctuation in the initial stage can
be observed and the real-time performance of a system can
be evaluated. Currently, the mathematical analysis on the IA
of complicated mechatronic systems is unfolded from two
main aspects. The first one is field data statistics. In field data
statistics, a conclusion may be drawn using the definition of
availability based on the basic theories and methodology of
mathematical statistics. However, by this method, the fluctua-
tion of IA can only be observed but not explained. The second
aspect is mathematical probability model, including a study
of how to set up an IA model, solve the IA and analyze the
IA fluctuation for systems. The Markov process is widely
used when the system working time and repair time follow
exponential distribution [11]. If the working time and repair
time follow general distribution (eg. uniform, gamma, and
Weibull distributions), the Markov renewal process and sim-
ulation analysis are often used [1], [12]. For one-unit system,
the results in [13] show that there exists no fluctuation of IA
for the system with two states (up and down) under exponen-
tial distribution. However, when the two states obey uniform
distribution, IA has the fluctuation [14]. The fluctuation of
IA for one-unit system with three states has been studied in
[15] and [16] and the conclusions have been drawn that there
exist fluctuations of IA with three states (up, repair-delay and
repair) and three states (up, minor repair, repair). For multi-
units systems, the authors in [17] have concluded that there
exists no fluctuation of IA for the two-unit series system with
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two states. The mathematical models for the two-unit series
repairable system and parallel repairable system with three
states have been analyzed in [18] and the numerical solutions
of IAs have been obtained.

However, among all the literatures which we can get hold
of, none of them studies the fluctuation of IA for two-unit
parallel repairable systems with two states. In this paper,
we will analyze the mathematical model and IA fluctua-
tions for the two-unit parallel repairable system with two
states. Firstly, we establish the Markov model of IA for the
two-unit parallel system with two states (up and down) under
exponential distribution, where the two units are heteroge-
neous. Next, by Laplace transformation, we have solved the
analytical solution of IA for two-unit parallel system and
the fluctuation of IA is analyzed according to the fluctuation
theories in [15]. Moreover, we have also solved the analytical
solution of IA and analyzed the fluctuation of IA for the
n-unit parallel system with two states, where the n units of
the system are all same. Finally, some numerical examples are
provided to show the effectiveness of the results in this paper.

The organization of remainder is as follows: In section 2,
we analyze the fluctuation of IA for two-unit parallel system
with two states. Section 3 shows the fluctuation analysis of
IA for n-unit parallel system with two states. Some numerical
examples are given in section 4.

II. FLUCTUATION ANALYSIS OF IA FOR TWO-UNIT
PARALLEL SYSTEM WITH TWO STATES
In this section, we will analyze the fluctuation of IA
for two-unit parallel system with two states. According
to [19], for establishing the Markov model of IA for the
two-unit parallel system with two states, we make the
following assumptions.
Assumption 1: Each of the unit is independence and does

not impact relatively. The two units will not break down
simultaneously.
Assumption 2: Each unit has its own maintenance equip-

ment. When the unit is down, its maintenance equipment will
repair the unit immediately. After maintenance of the unit,
it will be as new and we suppose that at the beginning all
units are new.
Assumption 3: Each unit i has working time Xi and repair

time Yi which obey the following exponential distributions
respectively

Xi ∼ Fi(t) = 1− e−λit , (1)

Yi ∼ Gi(t) = 1− e−uit , (2)

where i = 1, 2.
Under these assumptions, we can get all states of the

system:
State 0: unit 1 and unit 2 are up.
State 1: unit 1 is up and unit 2 is down.
State 2: unit 1 is down and unit 2 is up.
State 3: unit 1 and unit 2 are down.
The state transition diagram is shown in Fig.1.

FIGURE 1. The state transition diagram of two-unit parallel system with
two states.

According to [19], for this Markov process, we have the
state transfer probability function as follows

P00(1t) = 1− (λ1 + λ2)1t + o(1t),
P01(1t) = λ21t + o(1t),
P02(1t) = λ11t + o(1t),
P10(1t) = u21t + o(1t),
P11(1t) = 1− (λ1 + u2)1t + o(1t),
P13(1t) = λ11t + o(1t),
P20(1t) = u11t + o(1t),
P22(1t) = 1− (λ2 + u1)1t + o(1t),
P23(1t) = λ21t + o(1t),
P31(1t) = u11t + o(1t),
P32(1t) = u21t + o(1t),
P33(1t) = 1− (u1 + u2)1t + o(1t).

(3)

The elements mij of the transfer rate matrix M satisfies
lim
1t→0

Pij(1t)
1t

= mij i 6= j,

lim
1t→0

−
1− Pii(1t)

1t
= mii.

(4)

So the transfer rate matrix M is as follows

M =


−λ1 − λ2 λ2 λ1 0

u2 −λ1 − u2 0 λ1
u1 0 −λ2 − u1 λ2
0 u1 u2 −u1 − u2

. (5)

Let P (t) = (P0 (t) ,P1 (t) ,P2 (t) ,P3 (t)), where Pi (t)
(i = 0, 1, 2, 3) denotes the probability that state i occur at
time t . So the ordinary differential equation of P(t) can be
obtained as follows{

P′ (t) = P (t)M ,
P (0) = (1, 0, 0, 0).

(6)

After solving the ordinary differential equation (6), we will
get Pi(t). When system is in state 0, state 1 or state 2,
the system is up and when system is in state 3, the system
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is down. So the probability that the system is up at time t is
as follows

A(t) = P0(t)+ P1(t)+ P2(t) = 1− P3(t). (7)

Next we will analyze the fluctuation of IA for two-unit par-
allel system with two states. First, we will give the following
theorem.
Theorem 1: If working time Xi and repair time Yi of the

two-unit parallel system obey (1) and (2) respectively, A(t) of
the system is as follows

A(t) =
λ1u2 + λ2u1 + u1u2
(λ1 + u1)(λ2 + u2)

−
λ1λ2

(λ1 + u1)(λ2 + u2)
× [e−(λ1+λ2+u1+u2)t − e−(λ1+u1)t − e−(λ2+u2)t ]. (8)

Proof: By applying Laplace transformation to (6),
we can get

P∗(s)


s+λ1+λ2 −λ2 −λ1 0
−u2 s+ λ1 + u2 0 −λ1
−u1 0 s+ λ2 + u1 −λ2
0 −u1 −u2 s+ u1 + u2


= (1, 0, 0, 0), (9)

where P∗(s) denotes the Laplace transformation of P(t).
Let D be

D :=


s+ vλ1+λ2 −λ2 −λ1 0
−u2 s+ λ1 + u2 0 −λ1
−u1 0 s+ λ2 + u1 −λ2
0 −u1 −u2 s+u1+u2

.
(10)

The determinant ofD is |D| = s(s+λ1+u1)(s+λ2+u2)(s+
λ1 + λ2 + u1 + u2).

According to (7), for getting A(t), we only need to
get P3(t), which means that we only need to get the first
row fourth columns of inverse matrix of matrix D for obtain-
ing P∗3(s) which is the Laplace transformation of P3(t).
The inverse matrix of matrix D is

D−1 :=


∗ ∗ ∗ λ1λ2(2s+ λ1 + λ2 + u1 + u2)
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

,
(11)

where ∗ denotes the element in the matrix D−1 which does
not need to be calculated out. Thus, we can work out P∗3(s) as

P∗3(s) =
λ1λ2(2s+ λ1 + λ2 + u1 + u2)
s(s+ λ1 + u1)(s+ λ2 + u2)

×
1

s+ λ1 + λ2 + u1 + u2
. (12)

Then P∗3(s) can be rewritten as

P∗3(s) =
B1
s
+

B2
s+ λ1 + u1

+
B3

s+ λ2 + u2

+
B4

s+ λ1 + λ2 + u1 + u2
, (13)

where

B1 = −B2 = −B3 = B4 :=
λ1λ2

(λ1 + u1)(λ2 + u2)
.

Applying inverse Laplace transformation to (13), we will
get

P3(t) = B1 + B2e−(λ1+u1)t + B3e−(λ2+u2)t

+ B4e−(λ1+λ2+u1+u2)t . (14)

So the analytical expression of A(t) is as follows

A(t) = 1− P3(t)

=
λ1u2 + λ2u1 + u1u2
(λ1 + u1)(λ2 + u2)

+
λ1λ2

(λ1 + u1)(λ2 + u2)
× (e−(λ1+u1)t+ e−(λ2+u2)t−e−(λ1+λ2+u1+u2)t ). (15)

The proof is completed. �
Next, we will analyze the fluctuation of IA. To analyze

the fluctuation of IA, and the fluctuation definition and the
fluctuation theory have been put forward in [15].
Definition 1 [15]: A continuous function A(t) has fluctu-

ation if there exit three point t0, t1, t2 in domain and t0 < t1 <
t2, which make the inequality (A(t0)−A(t1))(A(t1)−A(t2)) <
0 hold.
Lemma 1 [15]: A continuous function A(t) has no fluctu-

ation if A(t) is a monotone function.
According to the fluctuation theory, the fluctuation of IA

can be analyzed. We can get the following theorem.
Theorem 2: IA of two-unit parallel system with two states

has no fluctuation.
Proof: By taking derivative to (15) with respect to t ,

we can get

A′(t) =
λ1λ2

(λ1 + u1)(λ2 + u2)
× [(λ1 + λ2 + u1 + u2)

× e−(λ1+λ2+u1+u2)t − (λ1 + u1)e−(λ1+u1)t

− (λ2 + u2)e−(λ2+u2)t
]
.

Since f (x) = e−x monotonically decreases, then we have
e−(λ1+λ2+u1+u2)t < e−(λ1+u1)t and e−(λ1+λ2+u1+u2)t <

e−(λ2+u2)t for all t ∈ (0,+∞). Thus we can come to the
conclusion that A′(t) < 0. According to Lemma 1, IA has
no fluctuation. The proof is completed. �

III. FLUCTUATION ANALYSIS OF IA FOR n-UNIT
PARALLEL SYSTEM WITH TWO STATES
In this section, we will analyze the fluctuation of IA for
n-unit parallel system with two states. Suppose the n units
are the same, it means that working time Xi and repair time
Yi(i = 1, 2, · · · , n) of each unit are subject to the same
distribution function

Xi ∼ Fi(t) = 1− e−λt , (16)

Yi ∼ Gi(t) = 1− e−ut . (17)

Each unit has its maintenance equipment, so there does not
exit repair-waiting time.

53360 VOLUME 7, 2019



Y. Yang et al.: Fluctuation Analysis of IA for the Parallel Repairable Systems

M =



−nλ nλ 0
u −(n− 1)λ− u (n− 1)λ

2u −(n− 2)λ− 2u (n− 2)λ
. . .

. . .
. . .

(n− 1)u −λ− (n− 1)u λ

0 nu −nu


. (18)

According to the Markov model in [19], the transfer rate
matrix M is as (18), as shown at the top of this page. Let
Pi(t) be the rate that i-th unit are down at time t and P(t) =
(P0(t),P1(t), · · · ,Pn(t)), so we can get ordinary differential
equation {

P′ (t) = P (t)M ,
P (0) = (1, 0, · · · , 0).

(19)

For n-unit parallel system, only when all n units are down,
the system is down. So IA of the n-unit parallel system can
be got as

A(t) = 1− Pn(t). (20)

Now we are going to solve the analytical expression of
A(t) and analyze its fluctuation. Firstly, for getting A(t) of the
n-unit parallel system with two states, we will introduce the
following two lemmas.
Lemma 2:

Sn(s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

s+nλ −nλ 0
−u s+ (n− 1)λ+ u −(n− 1)λ
0 −2u s+ (n− 2)λ+ 2u
...

...
. . .

0 0 0
0 0 0

0 0 0
0 0 0

−(n− 2)λ 0 0
. . .

. . .
...

−(n− 1)u s+ λ+ (n− 1)u −λ

0 −nu s+ nu

∣∣∣∣∣∣∣∣∣∣∣∣∣
= s(s+ λ+ u)(s+ 2(λ+ u)) · · · (s+ n(λ+ u)). (21)

Proof: We will use mathematical induction to prove the
lemma. When n = 1, we have

S1(s) =

∣∣∣∣ s+ λ −λ

−u s+ u

∣∣∣∣ = s(s+ λ+ u) (22)

The result is consistent with the lemma. Now suppose the
result is true when n = k , i.e.

Sk (s) =

∣∣∣∣∣∣∣∣∣∣∣

s+ kλ −kλ 0
−u s+ (k − 1)λ+ u −(k − 1)λ
0 −2u s+ (k − 2)λ+ 2u
...

...
. . .

0 0 0
0 0 0

0 0 0
0 0 0

−(k − 2)λ 0 0
. . .

. . .
...

−(k − 1)u s+ λ+ (k − 1)u −λ

0 −ku s+ ku

∣∣∣∣∣∣∣∣∣∣∣∣∣
= s(s+ λ+ u)(s+ 2(λ+ u)) · · · (s+ k(λ+ u)) (23)

According to (23), we have

Sk (s+ λ+ u)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

s+(k+1)λ+ u −kλ 0
−u s+ kλ+ 2u −(k − 1)λ
0 −2u s+ (k − 1)λ+ 3u
...

...
. . .

0 0 0
0 0 0

0 0 0
0 0 0

−(k − 2)λ 0 0
. . .

. . .
...

−(k − 1)u s+ 2λ+ ku −λ

0 −ku s+ λ+ (k + 1)u

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (s+ λ+ u)(s+ 2(λ+ u))× · · ·

× (s+ k(λ+ u))(s+ (k + 1)(λ+ u)). (24)

Then when n = k + 1,

Sk+1(s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

s+(k + 1)λ −(k + 1)λ 0
−u s+ kλ+ u −kλ
0 −2u s+ (k − 1)λ+ 2u
...

...
. . .

0 0 0
0 0 0

0 0 0
0 0 0

−(k − 2)λ 0 0
. . .

. . .
...

−ku s+ λ+ ku −λ

0 −(k + 1)u s+ (k + 1)u

∣∣∣∣∣∣∣∣∣∣∣∣∣
(25)
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Applying elementary column transformation to Sk+1(s),
we can get

Sk+1(s) =

∣∣∣∣∣∣∣∣∣∣∣∣

s −(k + 1)λ 0
s s+ u −kλ
0 s s+ 2u
...

...
. . .

0 0 0
s 0 0

0 0 0
0 0 0

−(k − 1)λ 0 0
. . .

. . .
...

s s+ ku −λ
0 s s+ (k + 1)u

∣∣∣∣∣∣∣∣∣∣∣∣
(26)

Then extracting the first column of Sk+1(s) and applying
elementary row transformation, we have

Sk+1(s)

= s

∣∣∣∣∣∣∣∣∣∣∣∣

s+(k+1)λ+ u −kλ 0
−u s+ kλ+ 2u −(k − 1)λ
0 −2u s+ (k − 1)λ+ 3u
...

...
. . .

0 0 0
0 0 0

0 0 0
0 0 0

−(k − 2)λ 0 0
. . .

. . .
...

−(k − 1)u s+ 2λ+ ku −λ
0 −ku s+ λ+ (k + 1)u

∣∣∣∣∣∣∣∣∣∣∣∣
. (27)

Combining with (25), we can obtain

Sk+1(s) = sSk (s+ λ+ u)

= s(s+ λ+ u) · · · (s+ (k + 1)(λ+ u)). (28)

The result is consistent with the lemma. The proof is com-
pleted. �
Lemma 3:

Hn =
1

s(s+ d)(s+ 2d) · · · (s+ nd)

=
1

n!dn

n∑
i=0

(−1)i
C i
n

s+ id
. (29)

Proof: We will use mathematical induction to prove the
lemma. When n = 1,

H1 =
1

s(s+ d)
=

1
d
(
1
s
−

1
s+ d

). (30)

The result is consistent with the lemma. Then supposing n =
k , lemma is true, i.e.

Hk =
1

s(s+ d)(s+ 2d) · · · (s+ kd)

=
1

k!dk

k∑
i=0

(−1)i
C i
k

s+ id
. (31)

when n = k + 1,

Hk+1 =
1

s(s+ d)(s+ 2d) · · · (s+ kd)(s+ (k + 1)d)

= Hk ×
1

s+ (k + 1)d
. (32)

For getting Hk+1, we have

C i
k

(s+ id)(s+ (k + 1)d)

=
C i
k

(k + 1− i)d
× (

1
s+ id

−
1

s+ (k + 1)d
)

=
C i
k+1

(k + 1)d
× (

1
s+ id

−
1

s+ (k + 1)d
). (33)

So

Hk+1 =
1

(k+1)!dk+1

k∑
i=0

(−1)iC i
k+1(

1
s+id

−
1

s+(k + 1)d
)

=
1

(k + 1)!dk+1

(
k∑
i=0

(−1)i × C i
k+1 ×

1
s+ id

−

k∑
i=0

(−1)i × C i
k+1 ×

1
s+ (k + 1)d

)

=
1

(k + 1)!dk+1

k+1∑
i=0

(−1)i × C i
k+1 ×

1
s+ id

. (34)

The result is consistent with the lemma. The proof is com-
pleted. �
Next we will give the analytical expression of A(t) for the

n-unit parallel system.
Theorem 3: If working time Xi and repair time Yi(i =

1, · · · , n) of the n-unit parallel system with two states obey
(16) and (17) respectively, then A(t) of the system is as
follows

A(t) = 1−
λn

(λ+ u)n

n∑
i=0

(−1)iC i
ne
−i(λ+u)t . (35)

Proof: Applying Laplace transformation to (19), we
can get

sP∗(s)− (1, 0, · · · , 0) = P∗(s)M , (36)

where P∗(s) denotes the Laplace transformation of P(t) and
M is the transform rate matrix in (18). So

P∗(s) = (1, 0, · · · , 0)(sE −M )−1, (37)

where E is identity matrix. As only when n units are all down,
the system will be down, so in order to get A(t), we only need
to work out Pn(t). Next we will calculate out P∗n(s) which is
the Laplace transformation of Pn(t). According to (37), P∗n(s)
is as follows

P∗n(s) =
n!λn

|sE −M |
. (38)
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FIGURE 2. The curve of IA for case 1.

Based on Lemma 2, we have

|sE −M | = s(s+ λ+ u)(s+ 2(λ+ u)) · · · (s+ n(λ+ u)).

(39)

So

P∗n(s) =
n!λn

s(s+ λ+ u)(s+ 2(λ+ u)) · · · (s+ n(λ+ u))
.

(40)

Then by Lemma 3, we can obtain

P∗n(s) =
λn

(λ+ u)n

n∑
i=0

(−1)i
C i
n

s+ i(λ+ u)
. (41)

Applying inverse Laplace transformation to (41), the ana-
lytical expression of Pn(t) is obtained as

Pn(t) =
λn

(λ+ u)n

n∑
i=0

(−1)iC i
ne
−i(λ+u)t . (42)

So the analytical expression of A(t) is as follows

A(t) = 1−
λn

(λ+ u)n

n∑
i=0

(−1)iC i
ne
−i(λ+u)t . (43)

The proof is completed. �
Finally, we will analyze the fluctuation of IA.
Theorem 4: IA of n-unit parallel system with two states

has no fluctuation.
Proof: By taking derivative to (35), we have

A′(t) =
λn

(λ+ u)(n−1)

n∑
i=1

(−1)iC i
nie
−i(λ+u)t . (44)

As iC i
n = nC i−1

n−1, we have

A′(t) =
nλn

(λ+ u)(n−1)

n∑
i=1

(−1)iC i−1
n−1e

−i(λ+u)t

= −
nλn

(λ+ u)(n−1)
e−(λ+u)t (1− e−(λ+u)t )n−1. (45)

FIGURE 3. The curve of IA for case 2.

FIGURE 4. The curve of IA for case 3.

FIGURE 5. The curve of IA for case 4.

As 0 < e−(λ+u)t < 1 when t > 0 and A′(t) < 0 when
t ∈ (0,+∞), combining with Lemma 1, we can draw the
conclusion that the A(t) of n-unit parallel system with two
states has no fluctuation. The proof is completed. �
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IV. NUMERICAL SIMULATION
In this section, we will give three examples to show the
fluctuation of IA.
Case 1: λ1 = 2, u1 = 1, λ2 = 5, u2 = 2, n = 2.
FIGURE 2 shows that there is no fluctuation of IA for

two-unit parallel system with two states. The results are
coincided with Theorem 2.
Case 2: λ = 1, u = 1, n = 2.
FIGURE 3 shows that there is no fluctuation of IA for two-

unit parallel system with two states, where the units of the
system are the same. The results is coincided with Theorem 4.
Case 3: λ = 1, u = 1, n = 3.
Case 4: λ = 3, u = 1, n = 10.
FIGURE 4 and 5 show that there is no fluctuation of IA

for three-unit parallel system with two states where the units
of the system are the same. The results is coincided with
Theorem 4. FIGURE 2-5 give four examples of four cases
respectively, which show that there is no fluctuation of IA
in each case. The results are coincided with Theorem 2 and
Theorem 4.

V. CONCLUSIONS
In this paper, we have analyzed the fluctuation of IA for
the two-unit parallel system with two states. By Laplace
transformation, we have obtained the analytical expression
of IA. With differential calculation, we have found that there
does not exits fluctuation of IA. Moreover, we have analyzed
the fluctuation of IA for the n-unit parallel system with the
two states, where n units are all the same. Analyzing by
the same way, we have found that the IA of n-unit parallel
system has no fluctuation either. The results in this paper
can be helpful when engineers are designing systems and
hoping for little fluctuation of IA. However, there are still
some deficiencies in the research. This paper has not touched
on the fluctuation of IAs for two-unit parallel system under
non-exponential distribution and for n-heterogeneous-unit
parallel system. These problems will be researched in
the future.
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