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ABSTRACT An interval-valued picture fuzzy set (IVPFS) is one of the generalizations of an interval-valued
fuzzy set to handle the uncertainties in the data during analysis. The aim of this paper is to introduce and
study new operations of IVPES, along with its properties, and examples. In addition, we present the notion
of the interval-valued picture fuzzy soft set theory and investigated their properties. Several operations on
such as subset, equal, complement, inf product, sup product, union, and intersection are defined over the
interval-valued picture fuzzy soft set and discussed their basic properties. Furthermore, we construct an
algorithm using an interval-valued picture fuzzy soft set to solve the decision-making problems and illustrate
its applicability through a numerical example. From the study, we conclude that the proposed approach is
viable in order to handle the uncertainties during the decision-making problems.

INDEX TERMS Picture fuzzy set, interval-valued picture fuzzy set, interval-valued picture fuzzy soft set,

decision-making; soft set.

I. INTRODUCTION

Many complicated problems such as economics, engineering,
management science, medical science involve uncertain data.
These problems, which one comes face to face in our day-
to-day life, cannot be solved using classical mathematical
methods due to a large number of uncertainties exists. To cope
such uncertainties, a theory of fuzzy set (FS) [1] came into
existence in which a membership degree (MD) is assigned to
each element. An intuitionistic fuzzy set (IFS) [2] is an exten-
sion of FS by adding non-membership degree (NMD) into the
analysis such that sum of MD and NMD is not greater than
one. Apart from these, a new theory to deal with uncertainties
is proposed by Molodtsov [3] and named as a soft set (SS).
Since its appearance, several researchers are working on
it and developed several operations and method to enrich
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the environment to handle the uncertainties. For example,
Maji et al. [4] defined some operations on soft sets. Further,
Maji et al. [5] presented an application of the soft set in
the decision-making problems. A survey on parametric soft
sets is presented by Zhan and Alcantud [6]. Maji et al. [7]
extended SS theory by joining it with existing FS approach
and developed the idea of fuzzy soft set (FSS). However, apart
from them, some extension models of SSs are rapidly devel-
oped such as interval-valued fuzzy soft sets [8], generalized
interval-valued fuzzy soft sets [9], interval-valued intuition-
istic fuzzy soft sets [10], [11], interval-valued hesitant fuzzy
soft sets [12], [13], dual hesitant fuzzy soft set [14], [15],
trapezoidal interval type-2 fuzzy soft sets [16], [17], time-
neutrosophic soft sets [18]. Furthermore, Maji et al. [19]
defined the intuitionistic fuzzy soft sets, followed by studies
on picture fuzzy soft set [20], and generalized intuitionistic
fuzzy soft sets [21]-[23]. Peng and Garg [24] proposed
three algorithms to solve interval-valued fuzzy soft decision
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making problem by weighted distance based approximation,
combinative distance-based assessment and similarity
measure. Peng and Yang [25] proposed algorithms for
interval-valued fuzzy soft sets in stochastic multi-criteria
decision-making based on regret theory and prospect theory.
Zhu and Zhan [26] proposed the concept of fuzzy param-
eterized fuzzy soft sets, along with decision making.
Zhao et al. [27] presented a novel decision making approach
based on intuitionistic fuzzy soft sets. Das [28] introduced the
notion of weighted fuzzy soft multiset and decision-making.
Garg and Arora [29] presented an approach to solve the
decision making problems by formulating a nonlinear pro-
gramming model with interval-valued intuitionistic fuzzy soft
set information. Deli [30] introduced the notion of interval-
valued neutrosophic soft sets and applications to the decision
making process. Garg and Arora [31] presented the t-norm
operations based Maclaurin Symmetric mean aggregation
operators for solving the decision making problems under the
dual hesitant fuzzy soft set environment.

From the above studies, it has been observed that all the
above- defined decision-making and operations are under the
IFS or soft set theories. Although, these theories have been
successfully applied in different areas, but there are situations
in real life which cannot be represented by IFSs. In other
words, we can say that neither the FS nor IFS theory is able to
handle the real-life condition more accurately. For instance,
in the case of voting, human opinions involving more answers
of the types: “yes”, “abstain”, “no”, “refusal’’, which can’t
be accurately represented in IFSs. Also, if an expert takes an
opinion from a certain person about the certain object, then
a person may say that 0.3 is the possibility that “statement
is true”, 0.4 says that the ‘“‘statement is false” and 0.2 says
that “he or she is not sure” of it. This issue is also not
handled by the FSs or IFSs. Thus, for handling this situation,
Cuong [32], [33] proposed a new notion named picture fuzzy
sets (PFSs), which is an extension of FS and IFSs. PFSs
consist of three MDs of an element named as the positive
membership degree, the neutral membership degree, and the
negative membership degree, respectively such that their sum
is not greater than unity. In the literature, researchers are
working on the PFSs and successfully developed several
algorithm to solve different problems such as clustering [34],
fuzzy inference [35], and decision-making [36]—[39]. To the
best of authors knowledge, a very less work is being done on
the interval-valued picture fuzzy set (IVPES), so the present
study define the operations on the IVPFS and later on extend
it to soft set environment.

Keeping in view of the PFS advantages, this paper presents
a study on the interval-valued PFSs (IVPFS) and present
some new operations on interval-valued PFSs. Also, a new
concept of interval-valued picture fuzzy soft sets which com-
bines the advantages of the soft sets with the IVPFS. The var-
ious desirable relations and properties of the presented set are
investigated in details. The present sets are the generalization
of the several existing sets such as soft sets, fuzzy soft sets,
interval-valued fuzzy soft sets, intuitionistic fuzzy soft sets,
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FIGURE 1. The relationship among interval-valued picture fuzzy soft set
and other soft sets.

and interval-valued intuitionistic fuzzy soft sets. Based on
interval-valued picture fuzzy soft sets matrix, an algorithm for
solving the decision-making problem is presented and explain
with the help of a numerical example. The relationship among
interval-valued picture fuzzy soft set and other soft sets is
shown in Figure 1 (which an interval-valued picture fuzzy soft
set is a generalization other each the soft sets).

The rest of this paper is organized as follows. In Section II,
the basic concepts for a PFS, an interval-valued PFS, new
operations of interval-valued PFSs, a soft set, a fuzzy soft
set and a picture fuzzy soft set are presented. In Section III,
the concept of interval-valued picture fuzzy soft set, some
of its operations are defined, and some of its properties are
studied. An algorithm is constructed and an application of
interval-valued picture fuzzy soft set in the decision-making
problem is shown in Section IV. Some applications of the
proposed operations are described in Section V. Finally, con-
clusions are given in Section VI.

Il. PRELIMINARIES
A. PICTURE FUZZY SETS
Definition 1 (cf. [32], [33]): Let T be the subset of R3
(with point-wise order < induced by the ordinary linear order
< on R, the set of all real numbers) consisting of all element
a=(ay,a, az) € [0, 1713 satisfying a; +a> +a3z < 1. Then a
mapping! ® : X — T is also called a picture fuzzy set (PFS
for short) on X. The set of all PFSs on X is denoted by I¥.
Definition 2 (cf. [32], [33]): LetI® = {([a1, b1], [a2, b2],
las. b3]) | @ = (a1,a2,a3) € L.b = (b1, b2,b3) € I
with an order < defined by (a, b)<(c,d) <— a1, b1] 2
[c1,d1], [az2, b2] 2 [c2,d2], and [a3, b3] 2 [c3,d3] (¢ =

ISometimes it is also written as ® =

{ (al.xa“2.,\'va3,x)

{& |xeX} or @ =

X

xeX } , where aj , is called the degree of positive

membership of x in &, ap  the degree of neutral membership of x in @,
and a3, the degree of negative membership of x in ®.

2t can also be written as I& = {(a,b) | a = (aj,a2,a3) € I,b =
(by,by,b3) €1, ay < by (k=1,2,3)}, where [a, b] denotes the ordinary
closed interval of R, called interval number. The sum of two interval numbers
[a, b] and [c, d] is defined as [a, b] ® [c,d] = [a + ¢, b+ d].
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(c1,¢2,¢3),d = (dy, d>, d3)). Then a mapping® & : X —>
T2 is also called an interval-valued picture fuzzy set (shortly,
IVPES) on X. The set of all IVPFSs on X is denoted by 14X,

Example 3: Suppose that X = {x, y, z} be a set of three
universes of discourse, where x represent characterizes of the
quality, y indicates the prices of the objects, and z indicates
the different of the usages. It may be further assumed that the
values of x, y, z are in I and they are obtained from a expert
person. This situation can be characterized by the following
IVPFS @ e [4X:

([0.2,0.3], [0.1, 0.4], [0.1, 0.3])

)

X
([0.1,0.4],[0.3,0.3], [0.2, 0.2])

Yy
([0.2,0.3],[0.1, 0.5], [0.1, 0.2])

Z
Remark 4: The followings can be looked to be some spe-
cial cases of the above definition 2.

(1) 1k = 1, then @ = | (21012)

interval-valued fuzzy set (0 < a1 x < b1, < 1) where
ai x € [0, 1] is the lower degree of membership of x in
®, and by, € [0, 1] is the upper degree of membership
of x in ® (cf. [40]).

x € X ¢ is called an

X?b X1 .X7b X
) Ifk = 1,2, then ® = { (tar.ctn M2 ) ‘ x ex}
is called an interval-valued intuitionistic fuzzy set
(b1,x + bax < 1) where [ay, b1x] € [0, 1] is the
degree of membership of x in @, and [az y, b2 x] <

[0, 1] is the degree of non membership of x in &

(cf. [41)).
X € X}

3) Ifk=1,2,3, then
b— ([a],x, bl,x]a [a2,x, b2,x]7 [03‘x’ b3,x])
- X
is called an interval neutrosophic set (b1 x + b2 x +
b3 x < 3), where [aj x, b1 x] € [0, 1] is the degree
of truth membership of x in @, [az x, b2 ] < [0, 1] is
the degree of indeterminacy membership of x in ®, and
[a3.x, b3 x] C [0, 1] is the degree of falsity membership
of x in ® (cf. [42]).
(5) ()
Definition 5 (cf. [32], [33]): Let ®©) = {% | x ex}

(s) () () 1(s) () 1(s)
lay b1 lay by ), lag by ]
( 1,.x°%1 x Z,XX 2,x 3,x 3.)() | x € X c ]IAX(S c S)

Then some lattice theory-like notions (such as inclusion,
equal, union and intersection) are defined as follows:

1) @ < 0O iff (a,b)<(. ") vx € X),
cquivleny [ 53] 2 [ ] [ 221

1,x° 1,x°

U

3Sometimes it is also written as ® =

{7(03';(})") ) xEX} or & =
(‘([al,val,)(]w[az,x~b2,x]q[a3,va3.x])
t

’ X EX}, where [a] x, by ] is called

X

e degree of positive membership of x in @, [a; », by ] the degree of neutral

membership of x in ®, and [a3 y, b3 ] the degree of negative membership
of x in ®.
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[C(zt,)x’dg,i_’ and [a(ﬁp b(;)x] 2 [C(;)x,détl] for each
x eX.
2) O = o0 iff @ € W and & > W),

. () (5) : () & (5)
[supal.x, sup bl,x}y [ infay ;. inf bz,x}y

seS ses
[ inf a$’,. inf bgﬁ]
3 ) _ seS ses 7
( ) JoW= xeX
ses x
: () (s) : () s ()
it ingo ]| g mpo2 |
[sup ags_)x, sup ngL:I
(4) m @ = ses seS xeXx
ses X

(s) 1(s)
Theorem 6 (cf. [32], [33]): Let d© = E[Tb] |xeX<S>}
O 507 149 O (a9 O .
— ([al.x’ l,x]’ [az,x’ 2,)(]’ [a3,x’ 3.X]) | x € X(S)} c HAX()

X

(s € §). Then o (called 1-product and written as also b =
oM x| d@ if § = {1,2)), ) (called 2-product and written
as also @ = D x, @@ if § = {1,2}), and P (called
3-product and written as also ® = &1 x3 d@ if § = {1, 2})
belong to T, where

(5) (s) (5) (5)
I:l_[al.x’ bl,x]’ I:l_[aZ.x’ b2,x:|’
ses ses ses ses
(5) (5)
[T1e. 119
(b — lT[ (b(J) — ses seS reXx
seS X
(IS] = Ro)

. ) . (s) . (s) s (s)
f fb f fb
505 e {5 'v‘}’ |:§[elsa2-";25 21"]’

|: sup "(35)w sup b(;)t]
ses 77 ses 7

and & = pJ . oY = : xeX
X

(s) (s) . ) - (s)

supa, ., supb;’ |, | infay ., inf b5’ |,

LEE Lx XEE l.x:| [;es 2. 10 z,x}

[ infa$, inf b(;_l:|

CIJ _ F[ q>(3> _ se§ seS Lex
= Plses = .

B. SOFT SETS, FUZZY SOFT SETS AND
PICTURE FUZZY SOFT SETS

Definition 7 (cf. [3]): An alternative name of a mapping*
@ : I —> P(X) (the set of all subsets of X) is a soft set over
X (I € E, E is parameter set ).

4Sometimes it is also written as ® = {®(>)}ies or ® = {D}}ies-
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Example 8: Assume that a fund manager in a wealth man-
agement firm is assessing four potential investment opportu-
nities X = {x1, x2, x3, x4}. The firm mandates that the fund
manager has to evaluate the following four parameters of set
I = {i1, i, i3, i4}. Each parameter is a word or a sentence,
where

i1 stands for the parameter ‘risk’,

ip stands for the parameter ‘growth’,

i3 stands for the parameter ‘socio-political issues’,

i4 stands for the parameter ‘environmental impacts’.

Suppose that ®(i;) = {x1,x3}, ®G2) = {x2,x3},
O(i3) = X, ®(iy) = {x2, x3}. Then, we can view the soft set
® : ] — P(X) describing the ‘opportunities of the potential
investment’as below:

risk potential investment = {x, x3}, growth potential
investment = {x», x3}, socio-political issues potential invest-
ment = X, environmental impacts potential investment =
{x2, x3}.

See the following Table 1 for the tabular representation
of ®.

TABLE 1. The tabular representation of soft set (9, 7).

X risk growth  socio-political ~ environmental
issues impacts

1 1 0 1 0

T2 0 1 1 1

3 1 1 1 1

T4 0 0 1 0

Definition 9 (cf. [4]): An alternative name of a mapping
® : 1 —> [0, 11% (the set of all fuzzy sets of X) is a fuzzy
soft setover X (I C E).

Example 10: We can characterize the fuzzy information
by a membership instead of the crisp numbers O or 1. The
fuzzy soft set ® in Example 8 can then describe the ‘opportu-
nities of the potential investment’under the fuzzy information
as indicated below.

) 04 0.6 05 0.7
i) =y—— — —

X1 X2 X3 X4
) 0.3 0.5 09 0.1
CD(IZ): Ty T s T s T (>
X1 X2 X3 X4
) 0.1 04 07 0.9
¢B)=y——, — ,
X1 X2 x3 X4

) 0.2 03 0.8 0.7
D(ig) = kil €

Xy X3 X4

Definition 11 (cf. [20]): A mapping® ® : I — I¥ is also
called a picture fuzzy soft set over X. The set of all picture
fuzzy soft sets on X, denoted by (IX)! or I*.

5Sometimes it is also written as ® = { =

xeX } or @ =
(@i 1,x,9i,2,x+4,3,x)
X
i€,
membership of x on parameter i in ®, g; 5  is the degree of neutral member-
ship of x on parameter iin ®, and ; 1 y is the degree of negative membership
of x on parameter i in ®.

‘ X € X} , where a; |  is the degree of positive
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Example 12: The ‘opportunities of the potential invest-
ment’in Example 8 can be described by the a picture fuzzy

soft set defined by
(0.2,0.1,0.4) (0.1,0.4,0.3) (0.2,0.3,0.5) (0.2,0.3,0.5)

&) =
(i) 0 5 = , -

, (03,04,0) (01,02,03) (07,02,01) (08,020
D) = 0 , , ,
. (0.5, 0101) (060201) (0.3, 03 04) (020107)
®(i3) = ,
®(ia) (00105) (0.5, 0102) (0103 04) (020305)
I = .

N X X2 X3 X4

IIl. NEW OPERATIONS OF IVPFSS
In the section, we introduce some new operations of IVPFSs
and investigate the basic properties. The usefulness of this
section appears in the next section.

Remark 13: For an IVPFS & = { lac.bi]

|x e X} =
{ (larrb1x). [a2x.b2]. [as..bs.0])

X

| xeX} e 12X let

P = { ([03,x,b3.x],[az,x;bz,x],[al,x,bl,x]) | xe X}
)]

o — { (u—bilail. %[1—bz,,;.1—az,x]. $l—bs 1-a3.1) | xe X}
2

Thenl —b1y <1l —aiy,l —box <1 —azy,1 —b3x <
1—a3x,and §(1—a; )+ 3(1—az0)+3(1—a3 ;) < 1, which
means (J® € 12X, Thus — and [J are operations on T2¥ .
Next, we investigate properties of [1 and —.
Proposition 14: Let & = {[“"xﬁ | x € X}
([al,x!bl.x]» [a2,x.02,4], [a3,x»b3,x])

X
Then the followings hold:
1) -0 & =0-9,
2) o = .

Proof: (1) —-® = D{

| xeX} e IAX,

(a3.0.b3.), [a2.5.b2.). [a1.5.b1.41)
X

| xeX
(§11=b31=a3.,). d1=ba1=an ), §11-by 1 1-a1])
= S S o xex
_ _ [ Go-bi-a, %[l—bz;,l—uz,x]y L1=b3 4. 1-a3,.1) | xe X] - _Oo.
(2) is clear. [ ]
- © [0 p9]
Proposition 15: Let @ ol | xeX =

(167600, 1050 6501, 165),.6501)
X

Then the followings hold:
() O (U q><f>> = N(@OdW).

IxeX} eI (s € 9).

seS seS
2 O (m c1><S>> = J@OoW).
seS seS

3 - (U <1><~Y>) = N (=D9).
seS ses
@) - (ﬂ <D<S>) = J(=oW).

seS seS
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Proof: (1) By Remark 13 and Definition 5, we have
(where p; is the i — th projection (i = 1, 2, 3))

P <(ﬂ (ch@))(x)>

ses
|:1nf( — a(ls)> inf (1 — b(&):|
= 5[ Cope)o1 = (spot) |
- ((E(Uo)w).
ses

igeen
= 3 ine (1 —atl). i (182 |
= 3[1- Coopa). 1= (supot)
~ (( (gw))m),
p3 <( N (m@))(x))

seS

= 3 (1) (1= |
=4[ o) - (ot
-5 ((o(Y#)o)

seS

Thus O (U OW ) = N(@DW).
seS seS

(2) By Remark 13 and Definition 5, we have

N (( U (Dq,m))(x))

seS

= 3o (1 at)osup (1002
= 3|1 - (i) = (g2
—n ((D(ﬂ Q(S)))(x)> :

ses

P (( U (ch‘”))(x))
Sinr (1= at2). it (180 |
1=

1

1

=1 sup a(zs) ) 11— (sup b(zsl)i|
3 seS§ ses 7

51240

- ((E(N#))

seS

P (( U (Dd>“>))<x>>

seS

= (- g ()]
_ ! |:1 (supagl) (ig?bg;)}

seS
( q><‘> (x)).
ses
Thus O (m c1><5>> U @),
seS sesS

(3) By Remark 13 and Definition 5, we have

(i) [

seS

(e fre e
—P2<( (U@”) <x>>,
P3 ((ﬂ (ﬂqxs)))(x)) [supa1

seS _ pf( (ﬁ ( U q><”> (x)>-

Thus — (U c1><S>> = N (D).

seS seS

(4) By Remark 13 and Definition 5, we have

() = [opetmet ]
= ((-(No))e0).
((Urs)w) = et
=m ((ﬁ( M) m) |
(o)) = [aset ot

seS§

Thus — (ﬂ c1><5>> = J=oW). ]

seS seS§
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) 1)
Definition 16: For two elements &) = { % | x GX}

() 1 () (5) () (5) 1(9)
lay b1 ) lay by ) lag ) by ]
— ( 1,x°71,x 2.xX 2.x 3.x°73,x ) | x € X and @(l‘) —
(1) (1) (1) (1) @) (1)
M | x e X _ ([al,x’bl,x]’ [a2,x’b2.x]’ [a3.x’b3<x]) |
X - X

x € X } of 12X we define relations € and < as follows:

® oD iff [af’), 57, ] < [al’,. 6] [0, 58] <

=% ,x 2,x°
a6 and [ 2] < [ L] tor cacn
X € X.
@) @OEeW iff a0, | < a1 ], [ 53] <
[, 60 ] and [ 2] 2 [ L] tor cacn
xeX.

It is clear, @ C & and ®WCPD iff & = oW,
Definition 17: For a & (“"xﬁ | x e X} =

{ (larsb1x). [a2.5.b2x), [a3.5.53.41)

X

| xeX} e 12X we define

{®a), D), P3), Py} € I2X (i.e. four operations on 14X)
as follows:

by = (a1, [az,x;cbz,x], asx) | xeX 3)
by = (a1.x, [a2,x;cb2,x]’ b3.x) lxex @
By = (b1.x, [az,x;bz,x], azx) lxex 5)
By = (b1.x, [az,x;bz,x], b3x) lxex ©)

Proposition 18: For a &

(a1.0.b1.x). [a2.5.b2,x), [a3,5.53.1)
X

{—(a”)’cb”) |x € X} =

| xeX} e I2X the fol-

lowings hold:

(1) @@ EPq).
2) 24)SPe).
B) 21)SP).
@) P4ySP).

(%) (U @) = U@qy, (ﬂ q>> = ().
ses ) ses§ seS ) seS
(6) (U ‘19) = U (@), (ﬂ q;) = [(Q).
seS ) seS seS ) seS
@) (U o) = U@g3), (ﬂ CP) = N(D3)).
SES 3) seS seS 3) seS
®) (U CD) = U(@ay, (ﬂ q;) = N (Pw)).
seS “4 seS seS 4 ses
Proof: Tt follows from Definitions 5 and 3.3. ]

Lemma 19: (1) The function & : [0, 1]> —> R, defined by

S
—_—, +1t#0,
s+t S 7

0, s+1t=0,

£(s, 1) =

VOLUME 7, 2019

is continuous and monotone increase for each variable, and
takes the greatest value %
(2) The function ¢ : [0, 11> — R, defined by

s+t
TGt 1)
is continuous and monotone increase for each variable, and
takes the greatest value 1.

Proof: (1) &(s,t) is continuous because [E(s, )] <

(s, 1)

I 1o - L2 s 0 (as (5.1) —
§e+t
(0,0)). As L&D — & >0 (s+1 # 0)and %00 —

ﬁ >0 (s+1t #0), £(Cs, t) is monotone increase for each
variable, which implies £(s, ) < &(1,1) = % (.e. (s, 1)
takes the greatest value % on [0, 1]2).

(2) Clearly, ¢(s, t) is continuous on [0, 112, As w =
ﬁ > 0 and M = slzjr—f)l > 0, (s, t) is monotone
increase for each variable, which implies ¢ (s, ?) < ¢(1,1) =

1 (i.e. ¢ (s, t) takes the greatest value 1 on [0, 171%). |
() 1.(5)
Proposition 20: 1f & {% |x € X} =

() 7(s) (s) () (5) 1(s)
([aA blé.x]’ [aZA.x’bZA,x]’ [a;,x’b;,)c]) | x EX} and q)(l) —

1x’

X

(@’

(1)
by’)
= lxeX

(1) () (1) (1) (1) (1)
_ ([al X’hl x]’ [a2,x’h2,x]’ [a'i x’b3.x])

_ x01 3, | xeX}belongtoHAx,

X

then {q)(S)@q;(t)’ q;(S)@q)(t)’ q;(S)gq)(t)’ O] q;(t)} C HAX’
where (x € X)

X

(s) ) (s) (t) (s) (t)
[“u +ay, by + b],x:| [az,x ta,

2 ’ 2 2 ’
(1) VeV )=
(5) (1) (s) (1) (s) (1)
b2,x + b2,x a3,x + a3,x b3,x + b3,x
2 ’ 2 ’ 2

Vb o] [
L] [t oot
e dn) £ (o 62| S ().
(100 00)] 3 e (e a2)- £ (00002
e d) e (50002)] 5
(650 02)] 5[ ()€ 502

Proof: Obviously, {®®) @ &V, d© o &V} C TAX, As

W N

3) YR (x)=

3

1 S
He(et.a2).
4) o¥meM(x)=

s
)
B

& is monotone increase for each variable, & (a(lsi, a(lt)x) <
£(b) agf;) < g(b(s> p© ) similarly, s(ag?x, ) ) <

1,x° 1,x>%1,x )

£ b(zf))c, bg)x) and E(agfl, “?x) < E(b(;l bg)x) As £ takes
the greatest value % (see Lemma 19(1)), %é(b(ﬁ)x, b(lt)x) +
26 (60 69) + 36(b9 1)) = 1. Therefore, ¢
o ¢ TAX, Similarly, as ¢ is monotone increase for
each variable, {(a(lfl,a(lt‘))c> < ;(b(s) b(lt)x), similarly,

1,x°
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(0a) = c(00) ma e(oall) =
g'(bgs)x,b(;)x). As ¢ takes the greatest value 1 (see
Lemma 192)), 3¢ (b0 01%) + Se(b9.08)) + 4¢

(b(;;, bg)x) < 1. Therefore, ®® @ ®0) ¢ [AX, ]
IG)
Proposition 21: For &) = {(“‘xﬁ |x € X} =
(1), 671 10 B0, [a) b))
L | xeX;, o9 =
OO HOIIOREPROAC)
([al.x I,x] [al,xx 2,1] [a3,x 3,)(]) | x GX}, and (I)(l) —
(1a)51,). 10 B, 1a) 65, 1) Ax
= | xeX of I2%, the
followings hold:

(D 9 @ o) = dO @ OO,

) ®® o o0 = oV o PO,

3) PO K W = O K PO,

4 o9 E ot =0 m e,

3) _,(_.q)(S) @ _.cp(t)) = o8 @ o™,

(6) _.(_.q>(S) o _.q>(l)) = d® o d®,

(7 _.(_.q>(S) X _.q>(t)) = oW xR PO,

8) _.(_.q>(S) o _.q>(t)) =0 [ d®,

) " @ (q;(S) ) q;(t)) — (q;(r) oy q;,(‘v)) N (q;(r) @ q)(t)).
(10) " @ (q;(S) U q)(t)) — (q;(r) oy q)(S)) U (q)(r) @ .;p(t))_
(11) K (@O N PNy = (" K W) N (e K dO).
(12) ") K (d® U dD) = (") K W)U (") K d®).

Proof: We only prove (9)-(12).
(9)Foreachx € X (notea+c <b+cifa <b),

(@7 ® (@ N dD))(x)

(s) (GEEAO)] ) (s) )
[al,x A al,x’ bl‘x A b],x]’ |}12,x A a2,x’
— q)(r)(x) ey
(s) () (s) (GEAO)] (t)
b2,x A b2,xi|’ I:aS,x 4 a3,x’ b3,x v b3,x:|
ai + @ A dl) by + O ABY)T [ag + (g Aag))
_ 2 ’ 2 2 ’
by + (B A bé’.b] [aé’.l + (@), v ag)) By + () v bé’.b}

(s) (]
2 2 ’ 2
[(aﬁf D4 dP) A @ +al) B0+ b0 A + b',’l)} [(a({.l +aP) A @) +al))
2 ’ 2 ' 2 ’
B+ 050 A B + b&’.’\)] [w&'.l AV @) Fagl) G+ b5V 6F) + b&’.b]
2 ’ 2 ’ 2

— (1@ +al) G0+ 1@ +a) G +6007 1@ +ah) ¢ +5)
2 ’ 2 2 ’ 2 ’ 2 ’ 2

Af 1@ +a) G0 +6007 [@h) +a5) G5 +60)7 @) +d5) G +650)
2 ’ 2 ’ 2 ’ 2 ! 2 ’ 2

= (@7 @ W) N (@7 @ o).
(10) Similar to (9), foreach x € X,

(@7 ® (@9 U dD))(x)

(s) @) 1) (1) (s) (1)
al,x v al,x’ bl,x v b],x]’ |:a2,x A a2,x’

= o) @ [
(s) (1) (s) @) 1(s) (1)
b2,x A b2,xi|’ [aS,x A a3,x’ b3,x A b3,x:|

51242

3 13 3 1 t
ay) + @’ va) b+ B v b)Y [a + @) Ads)
2 ’ 2 2 !
by + (B3 AB)T [asn + (@h Aagl) B+ (B9 ABY)
2 2 ’ 2
@) +a) v @ +ah) G +60) v e + 607 1@+ A @y + )
[ ; : ; il ; ,
B+ 5D A B+ bé’.b] [<a‘;i D) A @) +a) B0 +00) A ) + héﬁi)]
2 ’ 2 ’ 2

= ({(a'{iw‘,’ib <b‘,',,i+h‘ﬁl>] [(a¥j1+aé‘.i> <h¥j1+h‘zii>] [<a§ii+a§il> <béfi+b&ii)] >

2 ’ 2 2 ! 2 2 ’ 2
U( [ +al) @ +50)7 [@g) +a5) 65, +b5)7 [ +d0) G5 +57)
2 ’ 2 ’ 2 ’ 2 ! 2 ’ 2

= (@7 @ o) u (@) @ o).

(11) For each x € X (note that ac < bc if a < b and
c>0),
(@7 0 (@ N dW)(x)

() #) 4 (s) ) (s) )
a, ANa bl,x/\b i|,|:a2’x/\a2’x,

1,x 1,x° 1,x

= o) o [
(5) (1) (s) (1) 75 (1)
b2,x A b2,xi| ’ [a3,x 4 a3,x’ b3,x v b3,x]
(r) (¢ (5) (1) (r) cp(s) (1) (r) ¢ (5) (1)
|:\/a1,x(a1,x A al,x)’ \/bl.x(bl.x A bl,x):|’ |:\/a2,x(a2,x A a2,x)’
() (1.(5) (1) (r) ¢ (s) (1) () (1.(5) (1)
\/bZ,x(b2,x A bZ‘X):|’ |:\/a3,x(a3‘x v a3,x)’ \/b3,x(b3,x v b3,x):|
[\/(a<r>a<.;))Ma<r>a<r>) \/(b‘”b(")A(b‘”b(” )] [\/(au-) AV A @a?)
Lx™1x Lx™1x/ Lx71x Lx71x/ | 2,x2,x 2,x"2,x7
VoL A6 | [V o Jo v 0l |
= ([Valate o0 ] [V o208 [V o005 ] )
N [Veat V0] [V 000 ) [V 02050 ] )

= (@ & @W)(x) N (@7 © dM)(x).

(12) Similar to (11), for each x € X,

(@7 & (@Y U eM)(x)

(s) (ORNA0) (1) () (1)
|:al,x 4 al,x’ bl,x 4 bl,xj|’ |:a2,x A aZ,x’
=o"mo

(5) (1) (s) () 7.(5) (1)
b2,x A b2,xi| ’ [a3,x A a3,x’ b3,x A b3,x]
[Vl v o o0 v o | [ Vel n
VS b0 | [ nalo. a8 i)

[V o Ja0 v 00| [ maial.

(r) 1.(s) (r) (1) r) (s) r) (1) (r) 1.(s) (r) (1)
\/(bz.xbz.k) A (bz.xbz.k)] [\/(03,/\a3.1) A (azyazy), \/(b:‘?.kb3,X) A (b3.kb3,)()}
(r) (s) (r) 1 (s) r) (s) (r) 1 (s) r) (s) (r) ()
([\/Ul,xal,x’ \/b],xb],x]’ |:\/“2,x“2,xv \/bz,xbz,x]’ |:\/u3,xu3,x’ \/h3,xh3,x] )
(r) (1) (r) 1.(1) (r) (1) (r) 1.(1) r) (1) (r) 1 (1)
U( [\/”l,xal,x* \/bl.xbl.xi|’ [\/aZ,.vaZ,.v’ \/bZ.be.xi|’ [\/“3,x”3,x~ \/b3,xb3,xi| )

= (@7 6 o)) U@ & V)).
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(s)
Proposition 22: Let ®© (@b b )| x eX(S)} =
() 1) () 1 (s) () 1 (s)
(16,601, 165,601, 1a5),.651) x eX@} ¢ IAXY (o —

X
1, 2, 3), the followings hold:
6)) _.(_.q>(1) X1 _.q>(2)) = oD X1 P
) _.(_.q>(1) X2 _.q>(2)) = oM X3 P,
3) _.(_.@(1) X3 _.q>(2)) — oM X2 PP,
@) (@D x3 ®@) x3 &3 = ¢ x5 (&P x5 ¢O).
®) (q;(I) N q>(2)) X3 q>(3) — (qp(l) X3 d>(3))ﬂ(<1>(2) X3 (p(3)).
(6) (cp(l) U q>(2)) X3 dB — (cp(l) X3 q;.(3))u(q>(2) X3 q>(3)).
Proof: 1t is follows from Theorem 6 and Remark 13. m
Proposition 23: Let &) @) b ) | x GX(S)} =
(a0 8,000 0000) X(s)} 1 (5
X
1,2,3 €), the followings hold:

() (0070 92) =& < ¢
) <<I>(1) X1 q>(2)>(2) _ q)g; @Eg
@) (o0 09 = @) o
@ (001 0%) = 00 0
©) <<I>U> X2 q>(2)>(1) = ol x; CD%-
©) (CDU) X2 q;.(2)>(2) - CDS; <I>g;.
M (00 x202) = o) 2 03,
®) (‘I)(l) X2 q><2)>(4) _ (DE‘l‘; cbgg'
O) (o0 0% = i o
10 (9002 0%) = 03 05
1) (000x92) , = e xs o
12) (07x02),, = &

Proof: It is follows from Theorem 6 and

Definition 3.3. m

IV. AN INTERVAL-VALUED PICTURE FUZZY SOFT SETS
In this section, we introduce the concepts of interval-valued
picture fuzzy soft set, subset, and equality, and define some
operations (i.e. complement, inf product, sup product, union,
and intersection).

We begin with the definition of interval-valued picture
fuzzy soft set (followed by an example).

Definition 24: An alternative name of a mapping® ®
I — 12X is called an interval-valued picture fuzzy soft set
over X. The set of all interval-valued picture fuzzy soft sets
on X is denoted by (I2%)! or TAX

6Sometimes it is also written as ® = (a” bix) ‘xeX}

‘ X GX} , where
iel

iel
([“i,l,xahi, l,x]*[ai,z,x’hi,Z,x]*[“i,3,x’hi,3,x])
X

or &

lai 1,x, bi1,x]is called the degree of positive membership of x on parameter
iin @, [a; 2y, b; 2 x] the degree of neutral membership of x on parameter i in
@, and [a; 3 x, b; 3, ] the degree of negative membership of x on parameter
iin ®.

VOLUME 7, 2019

Example 25: Assume that X = {x, xp, x3} is a set of three
cars under consideration of a decision maker to purchase and

= {i1, 2, i3} a set of parameters, where i; stands for the
parameter ‘color’, i> stands for the parameter ‘speed’, and i3
stands for the parameter ‘price’. The ® = {®;, ®;,, D;;} €
IAX! describes the “attractiveness of the cars” to this decision
maker, where

(10.2,0.31,[0.1, 0.4], [0.1,0.3]) ([0.1,0.4],[0.3, 0.3], [0, 0.1])
b = X1 ’ X2 ’
7 ([0.2,0.31, [0, 0.5],[0.1, 0.2])
X3
(0.15,0.2], [0.5, 0.6], [0.1,0.2]) ([0,0.7],[0.1,0.2], [0, 0.1])
. — x| ’ x ’
2 ([0.13,0.4],[0.3,0.3], [0.1, 0.3])
X3
(10.1,0.2], [0.2, 0.5, [0.1,0.3]) ([0.2,0.4],[0.3,0.5], [0, 0.1])
@ X1 ’ X2 ’
570 ([0.1,0.4],[0.4,0.4], [0.1,0.2])
X3
©) 1)
b
Definition 26: Let ®© {(a”‘x—”) | x € X} =
i€l

{([ W) 3 b la3cb5) | e X} ¢ [AXI
d iel
an
(a (1) (t))
o = {—” 2 |x€X}
X
jeJ
() (1) (1) (1) (1) (1)
_ ([jlx’bjlx] [/2x’b/2x] [/3x’bj3x])
X
lxeX e IA%,
jeJ

Then we define relations €, €, and € as follows:

(1) ®® € oW iff I < J, and ®9() < ®O(j), that
(s) (s) (1) (1) () (s)
zlx’bzlx] = jlx’bjlx] ale’biZX =)

() (1) (s) (1) )
[/2x’b/2x] and[ai,3 bz3x]— /3x’bj3x for
each (x,i)) e X x I.

2) PWEPY iff I < J, and ®WH)EPD()), that is,

(s) (s) (1) (1) (s) (s)
[llx’bllx] < [jlx’bjlx] [12x’b12x:| <

() () () () () (1)
[/2x’bj2x] and [ai,3,x’bz3x] - [13x’b]3x:| for
each (x,i)) e X x I.

(3) PWEPY iff I < J, and ®WHEPD()), that is,

(s) (s) (1) (1) (s) (s)
[ailx’bilx] < [jlx’bjlx]’ [z2x’bz2x:| <

(0 (0 () (s) (0 (0
[ j,2x’b12x:| and [ai,3,x’bz3x:| = [ j3x’bj3x] for
each (x,i) e X x 1.

Example 27: Assume that X = {x1, x2, X3, x4} is a uni-
verse set, E = {i1, iy, i3, 14} is a set of parameters, I =

{i1,ip} and J = {iy, ip, i3} are subset of E, and OO =
{Cbgf), Cbg)} e 12X and o = {CDE?, Qg), @E;)} e TAXT are

is, [
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defined by
([0.1,0.11, [0.3, 0.4], [0, 0.3]) ([0, 0.25], [0.1, 0.3], [0.2, 0.2])
o — X ' x '
i 7] ([0.2,0.4],[0.2,0.3],[0.1,0.3])
X3
([0.18,0.21, [0.1,0.4], [0.3,0.35]) ([0.14,0.22], [0.2,0.3], [0.4, 0.42])
oW — X1 ’ X2 ’
2 =) (10.25,0.31, [0, 0.21, [0.3, 0.5])
X3
(10.2,0.2], [0.4, 0.51, [0, 0.3]) ([0.1,0.51,10.2,0.3], [0.1, 0.2])
o — x1 ' x '
1= ([0.3,0.41,10.3,0.3], [0, 0.2])
x3
([0.19, 0.251, [0.2, 0.4], [0.26,0.3]) ([0.15, 03], [0.2, 0.4], [0.3, 0.3])
o — x1 ' x '
i ([0.25, 0.351, [0.1, 0.25], [0.2, 0.4])
x3
(10.15,0.21,[0.3, 0.31, [0.1,0.2]) ([0, 0.35], [0.1,0.2], [0, 0.1])
o — X1 ’ X2 '
s (10.13,0.4],[0.3, 0.3], [0.1, 0.3])
x3

From Definition 26, we can see ®®€d®, but &) ¢ d®)

and ®© gd®,
© p®)
Definition 28: Let ®© (a“‘x—”‘) |x € X} =
iel

(s) (s) (s) (s) (s) (s)
([“1f1,x*b1f1,x]~ (4 4B 4] [“i,rs,x»biiz,x]) | xeX c [AXI
X
iel
(1) 11
@ .b")
andd)(’):{%bceX =
( i)
(OIT0] (OET0] (OO
[a'l ’b'l 1 [a'z ’b'z 1, [”‘"; 917'; ]
J LT L J.2:x°7),2x J.3.x°7),3.x AXJ
= | xeX e 124,

Then we define relations =, =, and = as followlse:J

(1) V=0 iff ® € d® and &V € PV,

(2) V=W iff PO eP® and PV EPY.

3) W= iff PWEP® and PO EDPY.

In order to give a deeper insight into this issue, we propose
a marched complement of an interval-valued picture fuzzy
soft set.

Definition 29: Let ® = M ‘ X € X} =

iel
([ai, 1xbi, I,x]»[ai.Z,xybi.Z,x]x[ai,3,vai,3,x])
X

e I,

‘ xeX
jel

The complement of ®, denoted by —®, is a Ilrfapping —o

I —> I2X, given by

—®={=P(i)}je = {([“is,x,

hi,&x],[ai,Z,x1hi‘2,x],[ai,],mb[,I,x]) '
X

xeX

Itis worth notilrié that in the above definition, the parameter
set of the complement —® is still the original parameter set /
(instead of —I). Clearly, =——® = .

Example 30: The complement =® = {—=®;,, =®;,, =P;,}
of ® in Example 25 is given by

([0.1,0.3], [0.1, 0.4], [0.2, 0.3]) ([0, 0.1], [0.3,0.3], [0.1, 0.4])

o, = X1 X2
TP =) (10.1,0.21, [0, 0.51, [0.2, 0.31)
x3

([0.1,0.2], [0.5, 0.6], [0.15, 0.2]) ([0, 0.1], [0.1,0.2], [0, 0.7])

b = x| ’ x2 '
271 ([0.1,0.3],[0.3, 0.3], [0.13, 0.4])
X3
51244

([0.1,0.3],[0.2,0.5], [0.1, 0.2]) ([0, 0.1],[0.3,0.5],[0.2,0.4])

. — X1 x2
5 =1 ([0.1,0.2], [0.4, 0.4], [0.1, 0.4])

X3

(5) 1. (s)
(@’).b)
z.xx L,X |x c X
iel

(s) () (5) (5) (5) (s)
{ ([ai,l,x’hi‘l,x]’ [ai,Z,x’bi,Z,x]’ [ai,3‘x’hi,3,x]) | x € X}

Remark 31: Let @V

AXI
= L eI
e
and

@) ()
o0 — {MlxeX}
x
jeJ

(1) (1) (1) (1) (1) (1)
([aj,l,x’ bj,l,x]’ [aj,Z,x’ bj,Z,x]’ [aj,S,x’ bj,S,x])

X

|x eX e A,

jet

No one of the followings is true:

1) o9 e oV = - € -V,

(2) PYWEDPN = ~dDE —d®,

(3) PYWEDPD = ~PVE 0¥,

Example 32: Suppose that X = {x1,x2},1 = {i}, J = {j},
and @9 = (@} € I*Y and ®® = {¢"} € I*¥ are
defined by

o — {([0.2,0.4],[0.3,0.5],[0‘1,0‘1]) ([0.3,0.3],[0.1,0.4],[0.2,0‘3])}

; )

X1 X2
and
o™ — | (0.1.0.31.[0.2.0.41,[0.0.1) (10.2.0.3].[0.0.3].[0.1.0.2])
J X ’ X2 :
It follows that

ﬁq)('s) _ { ([0.1,0.11,[0.3,0.5],[0.2,0.4])  ([0.2,0.3],[0.1,0.4],[0.3,0.3]) }
i X1 ’ X2

and
q>(t )
J

(10,0.11,[0.2,0.41,[0.1,0.3]) ([0.1,0.2],[0,0.3],[0.2,0.3])}
X1 ’ X2 .
Thus ®¢ € &V = —d® € = is not true.
Example 33: Assume that X = {x1, xp}, I = {i}, J = {j},
and @9 = (@} € I*Y and ®® = {¢["} € I*¥ are
defined by

CI)(.S) — ({0.1,0.31,[0.2,0.4],[0,0.1]) ([0.2,0.3],[0,0.3],[0.1,0.2]) }
i X1 ’ X2
and
o — ] 10.2.041.[0.3.0.5.[0.1.0.1]) ([0.3,0.3],[0.1,0.4],[0.2,0.3])}
J X1 ’ X2 :
It follows that
—® — ] 10.0.11.[0.2.0.4].[0.1.0.3) ([0.1.0.2].[0.0.3].[0.2.0.3])
i X1 : X2
and
—p® — ] 0.1.0.11,0.3,0.5].[02.0.4) <[0.2,0.3],[0,1,0.4],[0,3,0.3])}
J X1 ’ X2 :

Thus ®®EPH = =PV E-DW is not true.

Example 34: Suppose that X = {x1,x2}, I = {i}, J = {j},
and @9 = (@} € I*Y and ®© = {¢["} € I*¥ are
defined by

® 55) —

X1 X2

([0.1,0.3],[0.2,0.4],[0.1,0.1]) ([0.2,0.3],[0,0.3],[0.3,0.4])}
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and
o — ] 0.2.0.4].[0.3.0.51.10.0.1]) ~([0.3.0.3].[0.1.0.4].[0.1.0.2]))
o X1 ’ X2 :
It follows that
—® — ] (0.1.0.11.[0.2.0.41.[0.1.0.3)) ([0.3.0.4].[0.0.3].[0.2.0.3])
i X1 ’ X2
and
—® — ] (0.0.1].[0.3.05].[0.2.04) ([0.1.0.2].[0.1.0.4].[0.3.0.3])
J X ’ X2 :

Thus ®WEPD = ~dDE=DW is not true.

In the following we introduce the definitions of inf product
and sup product for interval-valued picture fuzzy soft sets,
give some examples, and derive their g)ro erties.

S
Definition 35: Let & L x} _
iel
([agfl),x’bf'fl),x]‘ [aEfZ),\’bEv%x]’ [af,;)r‘bgg,x]) | x € X c HAXI
X
iel
anddD(’):{MMeX} =
* jeJ
([a/(,tix’b/(,tit]’ [aj(',t%,x’b/('z.x]’ [a](,t;,x’bj(,t;x]) | x e X

AXJ
= e I~

=2
Then we define the inf product ®®&dY) e ]IAX[ (X)) of @)

and ®® as” dOPH = {(<I>(S)®d>(’))(i,j)}(i’j)elxj, where
(@9 I)i, )
( [aff;t A aj<,t: X7 b?:,x A bj(,t;,x] ’ [af,gt A a;g,x’
b n ] [ v el o5 v L] )
= xeX

X

Next, we present an application of inf product of interval-
valued picture fuzzy soft theory in decision-making prob-
lems.

Let X = {x1,x2,---,xp} (a p-element set) be the set of
option schemes, / and J be the sets of scheme parameters,
6 e I8 and ) e I are the evaluation interval-

71t can also be written as
(D(S)é)q;.(t)

(s) (1) (s) (1) (s) (1)
( [“i,l,x ANy b A ”j,l,x] ’ [ai,Z.x Ndjoxo

(s) (1) (s) (1) (s) (1)
bi,Z.x A bj,Z,x] ’ I:ai.S,x v aj.3,x‘ bi.lx v bj.3,x] )
= X
x X €

(ij)el xJ

or
q;(s) ® <I>(t )
(s) (1) (s) (1) (s) (1)
([“Ll,x ANy by Ay l,x] , I:aLZ‘.r Njoxs
b AbY)

() O ) (1)
i2,x /.z,x] , [“133,1 Va3 bV bj,3.x])
= xeX, (el xJ}.
X
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valued picture fuzzy soft sets. For each i € I, the interval-
valued [a; k x, bikx] (k=1,2,3)in

(5) () (5) (s) (5) (s)
d© = [ai,l,x’bi.l.x]’[ai,z,x’bi,Z.x]’[ai.S,.x’bi,3,x]) xe X}

. . ) iel
is the evaluation of expert group k to scheme x on parame-
ter i, where [a(s) b ]is the degree of positive membership

i,1,x° 7i,1,x

of scheme x on parameter i in ®), [agg’x, bgg’x] is the degree
of neutral membership of scheme x on parameter i in @), and
[al(% o bf% .1 s the degree of negative membership of scheme
X on parameter i in ) (clearly, bf? .t bf%x + bg% L =D
Also, for each j € J, the interval-valued [a]('f,z’x, b](f,z’x] (k =
1,2,3)in

o0 _ | (@lobldiah b, dal, 43,)

J,1.x>7j,1,x J.2,x°7j,2,x 7,3.x°7j,3,x
X

xeX }
. . jeJ

is the evaluation of expert group k to scheme x on parame-
ter j, where [a(t) p" ]is the degree of positive membershi

J> il Vil g p p
0 p0

j,2.x° 7j,2,x

of neutral membership of scheme x on parameter j in ®), and

[a(t) ) ]is the degree of negative membership of scheme

j,3,x° 7j,3,x
x on parameter j in &) (clearly,A b](t;x + b](t% .t b]([% =D
Thus we get the inf product dW&D® which satisfies ((, J) €

I xJ)

of scheme x on parameter j in ®), [a ]is the degree

(@DRDI), j)
([aw Ad? B9 A b

i,1,x 7, 1x Y lx J.1x

(s) (1)
] , [ai,Z,x Naj) x

(5) (1) () (1) (5) (1)
bi,Z,x A bj,Z,X] ’ [ai,3,x 4 a_i,S,x’ bi,3,x 4 bj,3,x] )
= xeX
X

(s) (1) (s)
itx NG by

© g o

,3,x 7,3,x° Ti,3,x 4

where the interval-valued vector ([a A
() (s) ) (s) ()
bii ) lais, Najs o bin Abis Ll la

) ]) can be looked to be an evaluation of expert group k

J,3.x
(s) 0] (5)
i1x NG b; A

to scheme x on parameter pair (i, j), [a e btk

(1)
bj, Lx
[Cl(s)

,2,x

] can be looked to be the degree of positive membership,
@ B A ] can be looked to be the degree

/\aj,Z,x’ i,2,x J,2.x
9 val) b v )

of neutral membership and [a i3 biz e VDis ] can

be looked to be the degree of negative membership (clearly,
(s) (1) (s) (1) (s) (1)

(bi,l,x A bj,l,x) + (bi,2,x A bj,2,x) + (bi,3,x v bj,S,x) = 1)
Define the choice value C(x, i, j) (an interval number) and

the score S(x) = Y. S(x,1,J) (areal number) of scheme
(i.)elxJ
x, respectively, as follows (x € X, (i,j) € [ x J):

Ctx, i) = (@&, )]
SAICREL I

SR [CREL )
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S, i,j)= ZX [pl(C(x, L)) —p1(CO, 1, ) +p2AClx, i, ) —
ye

PACG i)

Then & = argmax {S(x1), S(x2), -+ , S(xg)} will be the
best choice.

The corresponding algorithm is as follow:

Algorithm I

Step 1: Input an interval-valued picture fuzzy soft sets
®© e T2 and &) e 14X/,

Step 2: Compute and write the inf product ®®®® which
satisfies ((i,j) € I x J)

(@OQDD) i, j)

(s) () (s) (1) (s) )
( |:ai,l,x ANay by A bj,l,x] ) [ai,2,x NG

(5) (1) (1)
bisx Nbjn v bj,3,x] )

] , [a(s) va? b

0,3,x 7,3.x7 7i,3,x

X

Step 3: Compute the choice value C(x,i,j) (an interval

number) and the score S(x) = Y. S(x, i, ) (a real num-
(i)l xJ

ber) of scheme x, respectively, as follows (x € X, (i,)) €

I xJ):

Cx. i) = pi (@&, ()]
A [CREL )
ops[ (@@, ()]

St i) = Y [Pr(CG. i) = pi(CO i)

yeX
+p2(C(x, 1, /) = p2(C(y, i,j))]-

Step 4: Determine the best choice
& = argmax {S(x1), S(x2), -+, S(xg)}-

The working of Algorithm I is demonstrated through a
numerical example as below:

Example 36: Assume that a general manager Mr. Z in
Customer Care Center of a company want one candidate out
of five x1, x2, x3, x4, x5 (write X = {x1, x2, X3, X4, X5}) who
have applied for a job position of Office Representative in
Customer Care Center of a company. The general manager
has to evaluate the following three parameters i1, i, i3 (write
I =J = {iy, i», i3}), where i| stands for the ‘Hard Working ’,
i stands for the ‘Optimism ’, and i3 stands for ‘Individualism
’. The evaluation result can be described by interval-valued

picture fuzzy soft sets W = [CDEIS), Cbg), CDS)} e IAXT and
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oM = {cbl(,i), @E;), CDI(.?] e I*Y which are given as

<D(-") —

(10.2,0.3],[0.1, 0.2], [0.25, 0.3]) ([0.12, 0.4], [0, 0.3], [0, 0.25])

x|

x
([0.2,0.3], [0, 0.41], [0.1,0.2]) ([0.1,0.4],[0.1,0.2], [0, 0.3])

1

X3 X4

([0.1,0.3],[0.2,0.3], [0, 0.2])

X5

(D(-X) —

([0.15,0.3],[0.18,0.2], [0.17, 0.4]) ([0.2,0.3],[0.17,0.2], [0, 0.3])

X1 X2
([0.13,0.4],[0.2,0.3],[0.1,0.3]) ([0.1,0.4], [0, 0.4], [0.1,0.1])

ip

3
([0.19, 0.4], [0.15, 0.2], [0, 0.3])

X X4

(0.1, 0.29], [0.2, 0.4], [0.1, 0.25]) (0.2, 0.4], [0.3, 0.5], [0, 0.1])

X5

B

X1

o =

3

x3
([0.1, 0.25], [0.19, 0.2], [0, 0.3])

X2
([0.1, 0.4], [0.3, 0.4], [0.1, 0.2]) ([0.2,0.3], [0.2, 0.6], [0, 0.1])

x4

x5

([0.22,0.3], [0.1:0.25], [0.11,0.3]) ([0, 0.4], [0, 0.25],[0.15,0.3])

X

o =

i

3
([0.1,0.32], [0.25, 0.3], [0.1, 0.2])

X1 2
(10.2,0.4], [0.2, 0.35], [0.1, 0.2]) ([0.1,0.2], [0.14, 0.25], [0, 0.3])

X X4

X5

o\ =

([0.1,0.2],10.18, 0.3], [0.19, 0.4]) ([0.19,0.3],[0.17,0.2], [0.16, 0.4])

X1 X2
(10.13,0.4],[0.12,0.3], [0.1, 0.22]) ([0.1,0.33], [0, 0.4], [0.19, 0.2])

i

X3
([0.19, 0.4], [0.15, 0.22], [0, 0.3])

x4

X5

([0.1,0.29], [0.2, 0.4], [0, 0.25]) ([0.2,0.4],[0.3,0.4], [0, 0.1])

o =

3

X1 X2
([0.1,0.22],[0.3, 0.4], [0.1, 0.25]) ([0.12,0.3],[0.2,0.5], [0, 0.1])

X3 X4

(10.1,0.25], [0.19, 0.2], [0.13, 0.3])

Thus we can write the inf product ®®W&®® in Step 2 of

Algorithm I:

(@D, i) =

@ISPO)i1, i) =

(@YWRDN)(iy, i3) =

(@D, ir) =

(@DQPD)(ia, ia) =

(PORPD)(ia, i3) =

X5

(10.2. 0.3, [0.1,0.2], [0.25,0.3]) ([0, 0.4], [0, 0.25], [0.15, 0.3])

X1 X2
(10.2,0.3], [0, 0.35], [0.1,0.2]) ([0.1,0.2], [0.1,0.2], [0, 0.3])
X3 ’ X4 ’
([0.1,0.3],[0.2, 0.3], [0.1, 0.2])
Xs

(10.1,0.2], [0.1,0.2], [0.25, 0.4]) ([0.12,0.3], [0, 0.2], [0.16, 0.4])

X1 X2
([0.13,0.3], [0, 0.3], [0.1, 0.22]) ([0.1,0.33], [0, 0.2], [0.19, 0.3])
X3 ! X4 !
(0.1, 0.3], [0.15, 0.22], [0, 0.3])
X5

(10.1,0.291, [0.1,0.21, [0.25,0.3]) ([0.12, 0.4], [0, 0.31, [0, 0.25])
X ’ ’

1 X
([0.1,0.22], [0, 0.4], [0.1, 0.25]) ([0.1,0.3], [0.1,

2
0.2], [0, 0.3])

X3 X4
([0.1, 0.25], [0.19, 0.2], [0.13, 0.3])
X5
([0.15,0.3],[0.1, 0.2], [0.17, 0.4]) ([0, 0.3], [0, 0.2], [0.15, 0.3])
X ’ X2 ’
([0.13,0.4],[0.2,0.3], [0.1, 0.3]) ([0.1,0.2], [0, 0.25], [0.1, 0.3])

X3 X4
(10.1,0.32], [0.15,0.2], [0.1, 0.3])
X5
(10.1,0.2], [0.18,0.2], [0.19,0.4]) ([0.19,0.3], [0.17, 0.2, [0.16, 0.4])

x| X2
([0.13,0.4], [0, 0.3],[0.1,0.22]) ([0.1,0.33], [0, 0.4], [0.19, 0.2])

X4

X3
(10.19, 0.4, [0.15, 0.2], [0, 0.3])

x5
(10.1,0.29], [0.18, 0.2], [0.17, 0.4]) ([0.2,0.3],[0.17,0.2], [0, 0.3])

x| X2
(10.1,0.22],[0.2,0.3], [0.1, 0.3]) ([0.1,0.3], [0, 0.4], [0.1, 0.1])

X3 X4
([0.1,0.25], [0.15, 0.2], [0.13, 0.3])
X5
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(PORDPD)(i3, iy) =

(@VRDN)(is, i) =

(PR, i3) =

([0.1,0.29], [0.1, 0.25], [0.11, 0.3]) ([0, 0.4], [0, 0.25], [0.15, 0.3])

x| X2
([0.1,0.4], [0.2,0.35], [0.1,0.2]) ([0.1,0.2], [0.14, 0.25], [0, 0.3])

x3 X4
([0.1,0.25], [0.19, 0.2], [0.1, 0.3])
X5

({0.1,0.2], [0.18, 0.3], [0.19, 0.4]) ([0.19,0.3],[0.17,0.2], [0.16, 0.4])

X1

X
([0.13,0.4],[0.12,0.3], [0.1,0.22]) ([0.1,0.3], [0, 0.4],[0.19, 0.2])

X3 X4
([0.1, 0.25],[0.15, 0.2], [0, 0.3])

x5

(10.1,0.29], [0.2,0.4], [0.1, 0.25]) ([0.2,0.4], [0.3, 0.4], [0, 0.1])

X1 X2
(0.1, 0.22], (0.3, 0.4], [0.1, 0.25]) ([0.12,0.3],[0.2,0.5], [0, 0.1])

x3
(10.1,0.251,[0.19, 0.2], [0.13, 0.3])
X5

X4

By computing we obtain C(x, i, j), S(x, i, j) and the score
S(x) of schemes x, respectively, as follows (x1, x2, X3, X4, X5 €
X, (0, el xJ):

C(x1,i1,71) = [0.2 + 0.1 +0.25,0.3 + 0.2 4+ 03] =

[0.55,0.8]. Similarity, C(xi,i1,i) =

[0.45, 0.8], C(x1,

i1,i3) = 10.45,0.79], C(x1,i2,i1) = 1[0.42,0.9],
C(x1,ip,1p) = [0.47,0.8], C(x1,1i2,i3) = [0.45,0.89],
C(x1,13,i1) = [0.31,0.84], C(x1,1i3,i2) = [0.47,0.9],

C(x1, i3, i3)

= [0.4,0.94];

C(xa,11,11) = [0.15,0.95],

C(xp,i1,12) = [0.28,0.9], C(xp,i1,i3) = [0.12,0.95],
C(xp,ip,i1) = [0.15,0.8], C(xa,iz,i2) = [0.52,0.9],
C(xp,ip,13) = [0.37,0.8], C(xp,1i3,i1) = [0.15,0.95],
C(xp,i3,ip) = [0.52,0.9], C(xp,i3,i13) = [0.5,0.9];
C(x3,i1,i1) = [0.3,0.85], C(x3,i1,ip) = [0.23,0.82],
C(x3,i1,i13) = [0.2,0.87], C(x3,ip,i1) = [0.43,1],
C(x3,ip,ip) = [0.23,0.92], C(x3,ir,i3) = [0.4,0.82],

C(x3, i3, 11)
C(x3, i3, i3)

= [0.4,0.95], C(x3, i3, i2) =
= [0.5,0.87]; CQu,ii, i) =

[0.35,0.92],

S(xs, i1,13) = 0.3, S(xs, ir, i1) = 0.03, S(xs, ip, i) = —0.1,
S(xs, ip,13) = —0.21, S(xs, i3,i1) = —0.03, S(xs, i3,n) =
—0.1.25, S(xs, i3, i3) = —0.65.

It follows S(x1) = 4.77, S(x2) = 0.77, S(x3) = —1.85,
S(x4) = —5.41, S(xs5) = —2.73. Thus, based on the values
S(x), we get x1 is the best choice.

Now we introduce the sup product for interval-valued pic-

ture fuzzy soft sets.
(.x) b(‘s)
Definition 37: Let &) (“x—) |x € x} =
i€l

(5) (s) (s) (5) (s) ()
{ ([ai,l.x’bi,l,x]’ (9,5 c-bi 4] [ai,3,x’bi,3.x]) | x e X} c A
X
iel
() 2.(1)
and &) = {(a”xJ | x EX} =
jeJ
(1) (1) (1) (1) (1) (1)
{([aj,l,x’bj,l.x]’ 9,5 -b;5 4] [aj,3,x’bj,3,x]) | xeX c A%/
" .

jeJ
Then we define the sup product @ @d® ¢ ]IA% (IXJ) of )

and ®® asd dORPH = {(QD(S)QVZ)CD(’))(LJ')}(l.’j)elxj, where
(@&, j)
([t ov oot [af o na
A [ n a3 5] )
= xeX

X

Example 38: The sup product ®©Qd") in Example 27 is
given by
([0.2,0.2], [0.3,0.4], [0,0.3]) ([0.1,0.5], [0.1,0.3], [0.1, 0.2])

]
]
]
]
]
]
]
]
]
[0.2,0.7],
]
]
]
]
]
]
]
]

C(x4,11,12) = [0.29,0.83], C(x4,i1,i3) = [0.2,0.8],
C(xq,1p,i1) = [0.2,0.75], C(x4,1r,1p) = [0.29,0.93],
C(xg,0y,13) = [0.2,0.8], C(x4,1i3,i1) = [0.24,0.75],
C(xg,13,1p) = [0.29,0.9], C(x4,i3,i3) = [0.32,0.9];
C(xs,i1,i1) = [04,0.8], C(xs,i1,i2) = [0.25,0.82],
C(xs,i1,13) = [0.42,0.75], C(xs,ir,i1) = [0.35,0.82],
C(xs,ip,ip) = [0.34,0.9], C(xs,ip,i3) = [0.38,0.75],
C(xs,i3,i1) = [0.39,0.75], C(xs,i3,ip) = [0.25,0.75],

(@OWRPD)(, i) =

X1
((0.3,0.4], 0.2, 0.3], [0, 0.2])
X3

([0.19, 0.25], [0.2, 0.4], [0, 0.3]) ([0.15,0.3],[0.1,0.3],[0.2,0.2])

X2

D SD OV  in) — X1
(@U@, i2) = I (10.25, 0.41, [0.1, 0.25], [0.1, 0.3])

X3

x

C(xs, i3, 13) = [0.42, 0.75].

And S(xy, i1, i1) = (((0.55—0.15)4(0.8—0.95))+((0.55—
0.3)+ (0.8 —0.85)) +((0.55—-0.2) + (0.8 = 0.7)) + ((0.55 —
0.4) + (0.8 — 0.8))) = 1.05. Similarity, S(x1, i1, i2) = 0.58,
S(x1,i1,i3) = 0.65, S(xy,ip,i1) = 0.78, S(xy,iz,ip) =
0.05, S(x1, i, i3) = 0.84, S(x1, i3, i) = 0.02, S(x1, i3, i) =
0.6, S(x1,13,i3) = 0.2; S(x2,1i1,i1) = —0.2, S(x2, i1, p) =
0.24, S(xp,i1,i3) = =02, Slp,ix,i1) = —0.98,
S(xp,1z,ip) = 0.8, S(x2,12,i3) = —0.01, S(xp,103,i1) =
—0.23, S(x,i3,i0) = 0.85, S(x2,i3,i3) = 0.5;
S(xs3, i1, i1) = 0.05, S(x3,1i1,ip) = —0.42, S(x3,11,i3) =
—0.2, S(x3,i2,i1) = 1.33, S(x3,i2,i) = —0.65,
S(x3,i2,0i3) = 0.24, S(x3,i3,i;) = —0.88, S(x3,13,i2) =
0.1, S(xs3,i3,i3) = —1.39; S(x4,1i1,i1) = —1.2,
S(xyg, i1, i) = —0.07, S(x4, i1,13) = —0.55, S(x4, 17, 11) =
—1.07, S(x4,i2,i) = —0.18, S(x4,i2,i3) = —0.86,
S(xq,13,01) = —0.78, S(x4, i3,i2) = —0.3, S(x4,i3,i3) =
—0.4; S(xs,i1,i1) = =0.5, S(s,i;,ip) = —0.32,
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([0.15,0.21, 0.3, 0.31, [0, 0.2]) ([0, 0.35],[0.1, 0.2], [0, 0.1])
D@Dy, i3) = X ’ *2 ’
(@U@ 3) = 1 (10.2,0.4], [0.2, 0.31, [0.1, 0.3])
x3
81t can also be written as
q;(S)é)q;(f)
(s) (1) (s) (1) (s) (]
( [ai, la VetV bj,l.x] , [“i.zx N
(s) (1) (s) (1) (s) (1)
b5 x A bi,2..x:| , [”i,3.x N3 b A b_/‘.3.x:| )
= xeX

X

(i,)el xJ
or

q;(S)é)(D(T)
(s) (1) (s) (1) (s) (1)
( [ai.l.x Vi xbile VY ij.x] , [ai,Z,x Najox
) (0} (5) ) ) )
birx A b,:z.x] . [ai.S,x N3 b3 A bj.lx])

= xeX, (jelxJ}.
X
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X2

(10.2,0.2], [0.1, 0.4], [0, 0.3]) ([0.14, 0.5], [0.2, 0.3], [0.1, 0.2])
X1 ’ ’
([0.3,0.4], [0, 0.2], [0, 0.2]) l

(PVOO) (02, i) = [

X3

X2

([0.19,0.25], [0.1, 0.4], [0.26, 0.3]) ([0.15,0.3], (0.2, 0.3], (0.3, 0.3]) l

& PR X1
@SS, i2) = ‘ (10.25, 0.351, [0, 0.2], [0.2, 0.4])
X3

DSDDV(is i) — x| X
(@VRP (i, i3) = ‘ ([0.25, 0.4], [0, 0.2], [0.1, 0.3])
X3

(10.18,0.2], [0.1,0.31, [0.1,0.2]) ([0.14,0.35], [0.1,0.2], [0, 0.1]) l

((v) (Y))

,x’ lX —

— jx e X =
iel

() 1) () 1 (s) () 1 (s)

([tlxbtlx] [lszle] [13xb13x]) AXI

{ = | xeX I
((t) (t))

and ®®) = {M |xeX} =

jeJ

@) (1) (1) () (1) ()
([jlxbjlx] [12xb12x] [j3xbj3x]) | XEX} e HAXJ
jeJ

Proposition 39: Let &

€
iel

X
Then the followings hold:
1 - (@(S)@q)(l)) — (_.q)(S)) ® (_.q)(t))

2) _,( (S)®q)(t)) — (_.q;(S)) ® (_.q)(t))
3) — (q;(S)®q)(Z)) (_.q)(S)) R (_,q)(t)) .
(@) = (@VBO0) X (=00 & (=),
(5) - (q;(s)®q)(t)) - (_.q)(S)) ® (_.q)(t)) .
6) — (q;(s)®q)(t)) = (_.q)(A‘)) &® (_.q)(t)) .

Proof: Tt is follows from Def(u)nt(lc))ns 29,35,and 37. m
Proposition 40: Let &) = @b L ix) |xeX
iel
= ([ ES;X bfyl) X] [”gx’bfyz)x] la E,S;x’bfsgx]) | X € X} €

X .
iel

(a(t) (t))
]IAXI q>(t)= JV JX |XEX —
jeJ
(IO (1) 1 (0) (1) (1)
([jlxbjl‘(] [a2xb/2x] [a3xb13x]) I XEX} = HAXJ
X 9
W) 4 (u) /el
(all bll)
andd>(”):{—|xeX =
(u) (1) (1) (1) (1) k%lf
u u u u u u
([“kuhku] (9 5.0bk 201 [ak,3xbk3x]) | xeX c
X
kekK

IAXK  Then the followings hold:

() PR (dVRPW) = (¢DRPM) RP™.
2) PR (PVPPW) = (¢VRPM) D™,
3) YW (PV®PW) = (PWSPD) @D,
@) PG (PVDPW) = (dWSPD) P,
3) Y& (dV&PW (@(S)@q)(t)) RO,
6) PR (dV@P®™ (

(
(
S ( S0 €
( = @(Y)@@(I)) RO,
(7) P9 (q;(t)®q>(u) e (@(Y)@@(t)) B (@(?)@cp(u))

(

(

(

(

(

n

)=
1

8) o© q;(t)®q>(u)) IS ( (?)@@(I)) ® (@(?)@cp(u))'
)
(10) ®© )
)¢

®
9) PR (PVRPW) & (q;,(v)@q)(t)) (q;(S)@q)(u)) .
R (DD QdW) & (q)(v)®q>(t)) ® (q;(S)@q)(u)) .
(1) d9Q (dW@PW) & (@(S)@@(l)) ® (q;(S)®q)(u)) .
(12) P9 q)(t)®q>(u)) (q)(S)®q>(l)) ® (@(S)éq)(u))_
Proof: It is follows from Definitions 26, 28,
35 and 37. ]
In the following we introduce the definitions of union and
intersection of interval-valued picture fuzzy soft sets, give
some examples, and derive their properties.
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4 b®)
Definition 41: Let ® = {L | x € X} =
iel

() 1 (9) () () () 1 (9)
{([ lslx blslx] [a lXZ)c blSZX] [a ls’%x bls3 x]) | x e X}

X
|xeX} =
jeJ

{(a(t) b(f))
(1) (1) (1) (1) (1) (1)
{([/thlx][/2vb12r][/3xb/h]) |xeX} EHAXJ.

e HAXI

iel
and &) =

X

jeJ
Then we define union ®® U & and intersection ®® @ d®)
of ®® and ®® as follows:

(s) (1) (s) (1) (s) (1)
[“A 1 Vb J,xv”k.l,x]’ [“kz Al
() (1) (s) () () (1)
bia Athx:| |:“k 30 N30 hk?v/\bk3vj|
(1) svwon = xex
X
kelny
s) (s) (1) (s) (1)
["kl /\“Al hklt/\bk.l,x]’[ak”,\/\akZY
(s) () (s) (1) (5) (1)
bpox Nbis, :| [“k% Vs by zerkm:|
2) o9 aon= xeX
X
kelny

Example 42: Suppose ®® and & are as in Example 27,
then @@ U & and © @ & are given as follows:

([0.2,0.21,[0.3,0.4], [0,0.3]) ([0.1,0.5], [0.1, 0.3], [0.1,0.2])
X1 ! X2 ’
(OO W dD)(iy, iy) = l
([0.3,0.41, 0.2, 0.3], [0, 0.2])
x3

([0.19, 0.25], [0.1, 0.4], [0.26, 0.3]) ([0.15,0.3],[0.2,0.3],[0.3,0.3])
x| ! x2 !
([0.25,0.35], [0, 0.2], [0.2, 0.4])

X3

(@YW OO (i, in) = l

(10.1,0.11, [0.3, 0.4, [0, 0.3]) ([0, 0.25], [0.1, 0.3, [0.2, 0.2])
(@9 @ OOy, iy) = o ’ i ’
(102, 041, [0.2, 0.3], [0.1,0.3])
X3

X1 x2
([0.25,0.3], [0, 0.2], [0.3, 0.5])

(10.18,0.2], [0.1, 0.4], [0.3,0.35]) ([0.14,0.22], [0.2,0.3], [0.4, 0.42]) ]
X3

(@9 0 &)z, in) = l

(5) (r)
.. (a )
Proposition 43: Let ®©) = M |x € X}
(s) (s) (s) (s) (s) (s) el
S S S S S s
— ([az lx’bz lx] [aIZx/;bIZX] [a13x’bz 3,x]) | x € X c
el
@ 5 e
1A @) = {—” = x ex} =
jeJ
(1) (1) (1) (1) (1) (1)
([]lxb/lx] [jZXxbjzx] []3xb]3x]) | xEX} = ]IAXJ,
jeJ
@ py
and ®® = MlxeX =
(u) (u) (u) (u) (u) k%l)(
u u u u u u
([“k Lol [, rxbk 2.0 [ 3 00 bk,3,x]) | xeX c
kekK

IAXK Then the followings hold:
() OO Y oG = PO,
) [NORTR I OENNON
3) [NORTROIOEFOR
4) O Y d® = O Y d® .
3) OO Y dO=p® Yy oG,
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6) ®Y Y dNLPD Y o,
@) (q;(S) W q;(t)) weW = p® Y (q;(t) W q;(u)) .
8) (@(S) W q)(t)) W dW=p® Yy (q;(t) W q)(u)) .
) (q;(S) W q)(t)) W eWp®) Yy (q;(t) W q)(u)) .
Proof: This proof is easily obtained from Definitions 28
and 41 (1). [ |

(@b
Proposition 44: Let @) = S xeX
(s) (5) (s) (s) (s) (s) iel
S S s S ) S
— ([ai.l‘x’bi,l,x]’ [a;5 4 bis 415 [ai,3,x’hi.3‘x]) | xeX c
X
el
@ 50) ‘e
[AXI () — { Ko/ EL X} _
’ X
jeJ
(1) (1) (1) (1) (1) (1)
{([ajylix,bjyl_xl, [a) b 1. a5 1) | x GX} N
X 9
jeJ
(a(v”)_ b(u)
and W) = { k| x e X =
() (1) (u) (u) (u) k%I)(
u u u u u u
([ak,l,x’bk,l,x]’ [ 2 5Pk 2 ) [ak,3,x’bk,3,x]) | xeX c
X
kekK

I4XK Then the followings hold:

6] OO @/ G = PO,

2) DO [ PO=p®,

3) NORTROIOENOR

4) O @A d® = O [ G,

3) OO A dO=p® [ &),

(6) OO @/ eDO=p® [ oG,

@) (q;(S) @ q)(t)) mPW = d® [ (cp(t) @ q;.(u)) .

8) (q;(S) @ q)(t)) M DPW=p® [ (cp(t) @ q)(u)) .

) (cp(S) @ q)(t)) W PdW=p® [ (@(t) @ q)(u)) .
Proof: Tt is follows from Definit%?n? )28 and41 (2). =

(a; b))

Proposition 45: Let & L x e X =
(s) () () 1 (s) (5) (5) il
S S S S S S
{ ([ai‘l,x’bi,l,x]’ [ai‘Z,x’bi,Z,x]’ [ai<3,x’bi‘3,x]) | = X} c ]IAXI
X
iel
(1) (1)
andd)(’):{MMeX} =
( jeJ
(1) (1) (1) (1) (1) (1)
[a) b 1. [a b1 1. 16 b1 1)
7, 1,x°Y)1,x 7,2,x°7)j.2,x 7,3.x°7j.3,x AXJ
= | xeX e I,
jeJ

Then the followings hold:

1 - (q;(S) w q)(t)) — (_.cp(S)) ) (_.q>(t))_
(q;(S) M q)(t)) — (_.cp(S)) w (—-CD(’)).
3) - (q;(S) w q)(t)) i(_.q)(S)) o) (_.cp(t))_
@ = (09 M o") =(=0W) Y (=0M).
3) - (q;(S) w q;(t)) 5(_@(&)) o) (_.cp(t))_
©6) — (q;(S) @ cp(l)) 5(_@(5)) U] (—|<I>(’)).
Proof: Tt is follows from Definitions 28,29 and 41. ®

) p®
Proposition 46: Let ®©) = w |xeX

iel
() () ) (9 () ()
([ai,l,x'bi,l.x]’ [9; 5 -bin s [ai,3,x’bi,3,x]) | x e X}

X

iel
AXI (D) @5

I , Y = % lxeX =

jeJ

J

(1) @) (1) (@) (1) (1)

([a' 1, ,b-l 1, [a‘2 ab'z_’ 1, [a‘3 »b'3. ]) AX.

{ S Lx 7 lx 1,,xx/,r J.3.x7)3.x |x€X el J’
jeJ
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)

and @™ = — = lxeX =
(u) (u) (u) (u) (1) k%I)(
u u u u, u u
([ak,l,x’bk,l,x]’ [ 2 2Pk 2 ) [ak,3.x’bk,3.x]) | x e X} c
X
kekK

I24XK Then the followings hold:

(1) OO Y (q>(t) ) q;(u)) — (q;(S) ] q)(t)) M (q;(S) W CD(”)) .
) [ (q;.(t) U q;(u)) — (q;(S) M q)(t)) u (CD(S) @ q;(u)) .
3) OO Y (q;(t) ) q;(u)) - (q)(S) U] q;(f)) M (q;(S) w q)(u)) .
4) O @ (q;(t) ] q;(u)) = (q;(S) ) q;(t)) ] (q;(S) M q;(u)) .
3) OO Y (q;(t) ) q;(u)) = (q)(S) U] q;(t)) ) (q;(S) w q;(u)) .
(6) O [ (q>(t) U] q;(u)) = (CD(S) ) q;(t)) w (q;(s) M q;(u)) .

Proof: 1t is follows from Definitions 28 and 41. [ ]
It is easy to extend the results of Section 3 based on the

following:

(@)b{)
Definition 47: Let ) = { =t | x e X
© ©) ©) 5 el

S S S S S S
([ai,l,x’bi,l.x]’ [ai,Z,x’bi,2.x]’ [ai,3,x’hi,3,x]) | x € X} and

iel

X

(1) 4 (1)
(aix’bi.x)
Yaldid | xexy =
(1) () (1) () l(e)l (1)
t 1 t t t t
([ai,l,x’bi,l,x]’ [ai,Z,x’bi,Z,x]’ [ai,3,x’bi,3,x]) | x e X}

o0 —

belong to
iel
. Then we can define the following nine operations
on A

(1) 00 = {O[e@)
@ of) = {1l
@) of = {ep o]
@ off) = {1 0]
) off) = {1e o]

(6) ¢ @ o) = [[d>(5)(i)] ©® [(D(t)(i)]}, ;
i€

X
]IAXI

iel
ie

iel

iel

iel
@ oW e o = [[aa e (o]

®) R0 = |[e0) K [0}
) o9 @Ee = {[dJ(S)(i)] o] [<1><’)(i)]}‘ .

ie

V. APPLICATION OF INTERVAL-VALUED PICTURE FUZZY
SOFT SET IN DECISION-MAKING

In this section, we propose, based on the interval-valued
picture fuzzy soft sets, a new approach for decision-making

problems.
Let X = {x1,x2,---,xp} be the set of option schemes,
I ={1,2,---,q} the set of scheme parameters, and
i x»bi x1s L4 Jﬁbi x1s1di x,bi X
®(i) = ([a,l, Axllai2, - 2.x05[ai,3,x.bi 3, ]) N GX}
jel

the evaluation interval-valued picture fuzzy soft set (where
p, and ¢ are natural numbers). Then we get the follow-
ing interval-valued picture fuzzy soft set decision-making
matrix (a deformation of @), Df;x)p, as shown at the top

of the next page, where d; x x = [aikx, bikx] (the eval-
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(di1xd12.x . d13.x,)
(d2,1,x), 22,3, d23.xy)
(d3,1,x, d3.2,x, . d3,3.1,)

3
D;Qp = (di’k’xj)qXSXp =

(dqslm s dg2.xps dqslxl)

(di1x, di2.x. d13.x)
(d21315 d22x, - d2.3,x1)

qxp

(dq,l,xl s dq,Z,)q s dq,3,x1) (dq,l,xz s dq,2,x2, dq,?a,xz)

(di 1,320 d1,2,300 d13,15)
(d2,1,32+ d2,2,325 d2.3x,)
(31,5, d3.2,5,- d3.3.3,)

(dq‘lyxz’ dg2.x,, dq»lxz)

(di1.5 d12.%, d1.3.1)
(d2,1300 d2.2.35 A3 ,x,)
p® | (310 B30, B33x) (315 32000 d33.57)

(d1.1.5,0 d1.2.x5y- d1.3.5,)
(d2.1.5, d2.2.x,. d2.3.,)
(d3.1.0,- 43,25, d3.3.x,)

(dq‘ 1 »Xp o dqszax[) ’ dq»Ssxp)

(d1.1.x,- d1.25y- d1 3.x,)
(d21.x)» d2.2.x,- 2.3,
(d3.1.x,) d3,2.x,- d3,3.x,)

(dq,l,xp ) dq,2,x1,, dq,?a,xp)

uation of expert group k to scheme x on parameter i),
[ai 1.x, bi1,x]1s the degree of positive membership of scheme
x on parameter i in ®, [a;2x,bi2x] is the degree of
neutral membership of scheme x on parameter i in &,
and [a; 3, bi3 ] is the degree of negative membership of
scheme x on parameter i in ® (clearly, b;1x + biox +
bise < 1)

Replacing elements (d,-,l,x, diox, d,-,3,x) of DY) byd;, =

5 gxp

> (bikx — aikx), we get the following element-length

k=1 3

matrix Dy, of D((I*X) P
dl,x1 dl,xz ) dl,xp
d2,x1 d2,x2 Tty d2,xp

qup = . .

dq,)q dq,xg ) dq,xp

Define the max-decision dl(xj), the min-decision
do(xj), and the score S(x;) of schemes x; as follows

G=1,2,---,p):
1 1 2 50 I 0
d'(x) =Y (1 —dl-,xj) ,d (xj) = Zdi’xj, and S(xj) =
i=1

Doy
dl (xj)+d0(xj') :

Then £ = argmax {S(x1), S(x2), -+ , S(x,)} will be the
best choice.’

The corresponding algorithm is as follow:

Algorithm II

Step 1: Input & e 14X,

Step 2: Write the interval-valued picture fuzzy soft set
decision-making matrix D((;X)p, as shown at the top of this
page.

9To understand the motivation behind this method, let p be the Euclidean

metric on R, 0 = (0,---,0)" € R, 1= (1,---, )7 € RY, and d; =
2

T " N [o(d;.0)] o

(@i oo dgy)™ € REThen Sp) = wgpn D aoe U=

1,2,---,p).
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Step 3: Compute and write the element-length matrix
3

(where di,x = Z (bi,k,x - ai,k,x)):

k=1
dl,xl dl,xz ) dl,xp
d2,x1 d2,x2 Tty d2,xp
Dq><p = . .
dq,)ﬂ dqdfz ) dq,xp

Step 4: Compute the max-decision d' (xj), the min-decision

do(xj), and th(Z score S(x;j) of schemes qu(j =1,2,---,p)
2
d'(x) = Y (1 —diy) " d0x) = Y dij, and S(x) =
i=1 i=1
do(xj) i i

dl(Xj)+d0(Xj) :

Step 5: Determine the best choice

% = argmax {S(x1), S(x2), -+, SGxp) ).

We show that the principal and steps of the approach to
decision-making proposed in this paper using the following
example.

Example 48: Assume that a fund manager Mr. M
in a wealth management firm is assessing five poten-
tial investment opportunities xi, xp, x3,x4,x5 (let X =
{x1, x2, x3, x4, x5}). The firm mandates that the fund manager
has to evaluate the following three parameters i1, i>, i3 (let
I = {iy, ip, i3}), where i1 stands for the ‘risk’, i stands for the
‘growth’, and i3 stands for ‘environmental impacts’. For each
parameter i € I, Mr. M invite three expert groups to evaluate
if x; the best opportunity of potential investment in view of
(G = 1,2,3,4,5). The evaluation result can be described by
interval-valued picture fuzzy soft set ® = {®; , ®;,, &} €
IAX which is given as follows:

(10.2,0.31, 0.1, 0.2], [0.19, 0.3]) ([0.1,0.4], [0, 0.3], [0, 0.1])

X1 X2
([0.2,0.31, [0, 0.4],[0.1,0.2]) ([0.1,0.4],[0.1,0.2], [0, 0.3])

i =

X3 X4
(0.1, 0.3], [0.2, 0.3], [0, 0.2])
X5
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(10.2,0.3], 0.1, 0.2],[0.19, 0.3])
([0.1,0.4], [0, 0.3], [0, 0.1])

(10.2,0.31, [0, 0.4], [0.1, 0.2])
(10.1,0.41, [0.1,0.2], [0, 0.3]))
([0.1,0.3],10.2,0.3], [0, 0.2])

3) _
D3x5 -

(10.15,0.2], [0.18, 0.2], [0.17, 0.4])
(0.19, 0.3], [0.17, 0.2], [0, 0.11)

(10.13, 0.41, [0.2, 0.3], [0.1, 0.3])
([0.1,0.41, [0, 0.4, [0.1, 0.1])
(0.19, 0.41, [0.15, 0.2], [0, 0.3])

(10.1,0.291, 0.2, 0.4], [0.1, 0.25])
(10.2,0.41,[0.3,0.5], [0, 0.1])

([0.1,0.41, [0.3, 0.4], [0.1, 0.2])
(10.2,0.31, 0.2, 0.61, [0, 0.11)
(10.1, 0.25], [0.19, 0.2, [0, 0.3])

([0.15,0.2],[0.18, 0.2], [0.17, 0.4]) ([0.19,0.3],[0.17,0.2], [0, 0.1])
X1 ’ X2 ’
([0.13, 0.4], [0.2, 0.3], [0.1, 0.3]) ([0.1,0.4], [0, 0.4], [0.1, 0.1])

X3 X4
({0.19, 0.4],[0.15, 0.2], [0, 0.3])
X5
([0.1,0.29], [0.2, 0.4], [0.1, 0.25]) ([0.2,0.4], [0.3, 0.5], [0, 0.1])
X1 ’ X2 ’
([0.1,0.4],[0.3,0.4],[0.1,0.2]) ([0.2,0.3],[0.2,0.6], [0, 0.1])

X3 X4
([0.1, 0.25], [0.19, 0.2], [0, 0.3])

X5

Here we explain the practice meaning of & by taking the
value ®;,(x1) for example: the interval valued [0.2, 0.3] in
®;, (x1) is the evaluation of expert group 1 to ‘if x; the best
opportunity of potential investment in view of risk® which
indicates that 20% say yes but 30% say no, and the interval
valued [0.1, 0.2] in ®;, (x1) is the evaluation of expert group 2
to ‘if x; the best opportunity of potential investment in view
of risk’ which indicates that 10% say yes but 20% say no,
and the interval valued [0.19, 0.3] in ®;, (x7) is the evaluation
of expert group 3 to ‘if x| the best opportunity of potential
investment in view of risk’ which indicates that 19% say
yes but 30% say no. Thus we can write the interval-valued
picture fuzzy soft set decision-making matrix D?X) 5 in Step 2
of Algorithm II, Dgz 5> as shown at the top of this page.

Then we get the following element-length matrix D35 of
’D§3X) 5 in Step 3 of Algorithm II:

031 03 0.54
0.7 024 05
Dixs=| 06 057 05
07 07 06
0.5 0.6 0.46

By computing we obtain the max-decision d' (xj), the min-
decision do(xj), and the score S(x;) of schemes x; (j =
1,2,3,4,5):

d'(x1) = 1.7777, d'(x3) = 0.9176, d'(x3) = 0.5949,
d'(xg4) = 0.34, d'(x5) = 0.7352; d°(x1) = 0.4777, d°(x>) =
0.7976, d°(x3) = 0.9349, d%(x4) = 1.34, d°(x5) = 0.7752;
S(x1) = 0.2118, S(x2) = 0.4650, S(x3) = 0.6111, S(xs) =
0.7976, S(xs5) = 0.5132.

Finally, we know from Step 5 that x4 is the best choice.

VI. CONCLUSIONS

In this paper, we study and define new operations of IVPFSs
and interval-valued picture fuzzy soft sets. The basic proper-
ties of the interval-valued picture fuzzy soft sets are also intro-
duced and discussed. Subsequently, we give a new approach
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to decision-making problem based on the interval-valued
picture fuzzy soft set matrix by analyzing the limitations and
advantages in the existing literature. The decision steps of
the decision-making method are constructed. The proposed
approach will yield an objective decision result based on
information from the decision problem only. An illustrative
example is used to show the applicability of the interval-
valued picture fuzzy soft sets to solve the fuzzy decision-
making problems. In the future, the present work can be
extended to present some new aggregation and information
measures to solve some group decision-making problem
under diverse fuzzy environment [43]-[46].
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