IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received February 25, 2019, accepted March 31, 2019, date of publication April 11, 2019, date of current version April 24, 2019.

Digital Object Identifier 10.1109/ACCESS.2019.2910663

A Note on Sufficient Conditions of Almost Sure
Exponential Stability for Semi-Markovian

Jump Stochastic Systems

BAO WANG'2 AND QUANXIN ZHU“3, (Senior Member, IEEE)

1'School of Mathematics and Physics, Qingdao University of Science and Technology, Qingdao 266061, China

2College of Mathematics and Physics, Xuzhou Institute of Technology, Xuzhou 221000, China

3MOE-LCSM, School of Mathematics and Statistics, Hunan Normal University, Changsha 410081, China

Corresponding author: Quanxin Zhu (zqx22@ 126.com)

This work was supported in part by the National Natural Science Foundation of China under Grant 61773217 and Grant 61374080, in part
by the Natural Science Foundation of Jiangsu Province under Grant BK20161552, in part by the Scientific Research Fund of Hunan
Provincial Education Department under Grant 18A013, in part by the Construct Program of the Key Discipline in Hunan Province, and in
part by the Cultivating Fund Project of the Xuzhou Institute of Technology under Grant XKY2018121.

ABSTRACT In this paper, we are concerned with the stability analysis of stochastic systems switched
by the ergodic semi-Markovian process. The sufficient conditions for almost sure exponential stability are
derived by using the method of multiple Lyapunov functions and the ergodic property of the semi-Markov
process. Particularly, our results generalize and improve some published results in the literature. An example
is presented to illustrate the effectiveness of the obtained results.

INDEX TERMS Almost sure exponential stability, semi-Markov process, ergodic property, stationary

distribution, multiple Lyapunov functions.

I. INTRODUCTION

Markovian jump systems are the special cases of hybrid sys-
tems, in which the switching signals are modeled as Markov
processes. In recent years, the problem of stability analysis
for Markovian jump systems has received much attention, and
lots of meaningful results have been obtained, we refer the
reader to [1]-[17].

In various stability concepts, the almost sure exponen-
tial stability heavily relies on the sample path properties of
switching signals. In [6], the sufficient conditions of almost
sure exponential stability for Markovian jump systems were
deduced from the ones of the moment exponential stability.
In [8], [15], the sufficient conditions of almost sure expo-
nential stability for Markovian jump stochastic systems were
directly obtained from the sample path property of systems.

If it is further assumed that the sojourn time of each visiting
state obeys the same exponential distribution, the occur-
rence number of switching can be regard as Poisson process.
In [18], the sufficient conditions of almost sure exponential
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stability of hybrid systems switched by Poisson process were
obtained.

It should be noted that Markov process and Poisson process
have the same restriction that the transition rates between two
successive switchings are constants. However, many practical
systems, such as tolerant control systems (see [19]), the tran-
sition rates are time-varying, the switching signals of these
systems can not be modeled as Markov process or Poisson
process.

The semi-Markov process (see [20], [21]) is the
generalization of Markov process and Poisson process.
In semi-Markov process, the sojourn times can obey arbitrary
distributions, and the transition rates between two succes-
sive switchings are time-varying. Many research results on
stability analysis of semi-Markovian jump systems (hybrid
systems switched by semi-Markov process) have been
obtained. In [22]-[24], the sojourn times were assumed
to follow the Phase-type distributions and the stochastic
stability of semi-Markovian jump systems has been stud-
ied. In [25], [26], the sojourn times were assumed to fol-
low the Weibull distributions and the transition rates were
assumed to be bounded, then the robust stochastic stability of
semi-Markovian jump systems has been studied. [27] studied
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the moment stability in the wide sense of semi-Markovian
jump systems in the deterministic case. [28] considered
the effect of stochastic noise on the stochastic stability of
semi-Markovian jump systems. However, as we know, there
are few result on the almost sure exponential stability for
semi-Markovian jump stochastic systems.

Motivated by foregoing discussion, in this paper, we shall
obtain the sufficient conditions of almost sure exponential
stability for semi-Marokvian jump stochastic systems. The
main contributions are summarized as follows:

1. The sufficient conditions of almost sure exponential
stability for hybrid systems have been provided in some
published papers (see [8], [15], [18]), but their sufficient con-
ditions depend on the selected Lyapunov functions, and the
expression forms of these sufficient conditions are different.
Our results will give the unified form of sufficient condi-
tions of almost sure exponential stability for hybrid systems
switched by Markov process or Poisson process.

2. The switching process in this paper is semi-Markov
process, which is the generalization of Markov process
and Poisson process. By utilizing the ergodic property of
semi-Markov process and the stochastic analysis methods,
the sufficient conditions of almost sure exponential stability
for semi-Markovian jump stochastic systems will be first
obtained in this paper.

The remainder of this paper is organized as follows:
Section II describes some preliminaries. In Section III,
we obtain the sufficient conditions of almost sure exponen-
tial stability for semi-Markovian jump stochastic systems
via inequalities based on stationary distribution and aver-
age sojourn times of semi-Markov process. In Section IV.
An example is presented to illustrate the effectiveness of our
results. Finally, the paper is concluded in Section V.

Notation. Throughout this paper, R” and R"*" denote,
respectively, the n-dimensional Euclidean space and the set
of n x m real matrices. RT denotes the interval [0, o), | - |
denotes the absolute value in R and the Euclidean norm in R".
If A is a vector or matrix, its transpose is denoted by AT .

Il. PRELIMINARIES

Let (€2, F, P) be acomplete probability space. In this section,
we first give the formal definition of semi-Markov process
and some related notions.

Definition 2.1: (see [29]) Let N be a positive integer and
Z = {1,2,---,N} be a state space. A stochastic process
{(rk, te)}k>o0 taking values in Z x R™ and satisfying 0 = 7y <
1 <t <--- iscalled a Markov renewal process, if

Plrit1 = i, tig1 — te < tlrg, - -+, 10, t, -+ - To)
= Plrs1 =1, tgp1 — tx < tlrg)
=P(r1 =ity —ty < t|ro) (H
holds forany i € Z, t > 0 and integer k > 0.

Thus, {rx, k > 0} is a homogeneous Markov chain and its

transition probabilities can be described as
pij := Pk =jlie =10, Vk =0, @)
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for any i,j € Z. Then the transition probability matrix of
{re, k > 0} is given by

P = (pij)NxN- 3

For each i € Z, let 7; be the sojourn time of each visiting
state i € Z, and the distribution function of t; is given by

Fi(t) =P(ti =t) = Pltk41 —tx < tlre = 1), Vk =0.

“

A continuous-time stochastic process {r(¢), t > 0}, which
is called semi-Markov process (see Eq.16.3 of [21]), can be
defined as:

rt) =re, g <t <fig1, k=0,1,2,---, Q)

in which {ry, k > 0} is called the embedded Markov chain of
{r(t),t > 0}.

Remark 2.2: By the above statement, the probability struc-
ture of semi-Markov process {r(¢),t > 0} can be character-
ized by two notions: the transition probability matrix P of its
embedded Markov chain and the distribution functions F;(t)
of sojourn time of each visiting state i € 7.

In this paper, we assume that the embedded Markov chain
{r, k > 0} is ergodic and its stationary distribution is denoted
by 7 = (7,7, -+, 7n). The stationary distribution of
semi-Markov process {r(t),t > 0}, # = (w1, 72, -, TN),
is related to the stationary distribution of {ry,k > 0}, 7,
by (see Eq. 16.10 of [21])

S (6)
ZjeI iE(t))
By the strong law of large numbers (see Eq. 16.13 and
Eq. 16.14 of [21] ), we have

IT;(2)

t_l)rgo m =E(r), a.s., (7)
and
im M =T, a.s.. 8)
t—oo N(t)

This paper is concerned with the following hybrid system:

dx(t) = f(x(2), ¢, r(£))dt + g(x(1), 1, r(1))dB(1),  (9)
x(0) = Xxo,

in which, {r(#),t+ > 0} is a switching process. We assume
that almost every sample path of r(¢) is right continuous step
function with a finite number of simple jumps on a finite
time interval. B(¢) is a d-dimensional Brownian motion. f :
R' xRt xZ - Rtandg : R” x Rt x T — R™,
Both f and g satisfy the Lipschitz condition and the linear
growth condition. Obviously, these conditions can ensure that
system (9) has a unique solution (the proof is similar to
Theorem 3.13 of [7], so we omit it), we denote this solution
by x(¢; xo) on t > 0, or x(¢) for simplicity. We assume that
f@0,¢t,i) =0,g(0,¢,i) = 0 for all i € Z, which implies that
system (9) admits a trivial solution x(¢; 0) = 0.
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The purpose of this paper is to give the unified form of
sufficient conditions for almost sure exponential stability of
hybrid system (9). We first give the formal definition of such
stability as follow:

Definition 2.3: The trivial solution of system (9), or sim-
ply, system (9) is said to be almost surely exponentially stable,
if for any xp € R",

lim sup 1 In |x(¢; x0)| <0, a.s.. (10)
t—oo I

Let CZ!(R" x RT x Z;RT) be the set of nonnegative
functions V(x,t,i) : R* x Rt x Z — RT, which are
continuously twice differentiable in x and once in . If V €
C>I(R" xRt x Z; R), for each i € Z, we define the opera-
tors LV : R*x Rt x {i} - Rand HV : R* xR x {i} = R

as

EV(X’ tv l) = Vt(x’ t? l) + Vx(xv ts l)f(x9 t’ l)
1
+ Etrace[g%, t, )WV, 1, Dglx, 1,01 (11)

and
HV(x,t,0) = Vi(x, t, g, t, i), (12)
where
VGt ) oV(x,t,i)
X, 1,0) = ———,
! at
. aV(x,t,i) aV(x,t,i)
Vx(x1 t? l) = (—1 e 9 —)7
dx1 0xy
and
, 2V (x, 1, 1i)
Vi, t,0) = (—————uxn- (13)
0x 0X;

With these notions, for each i € Z, the Ito formula (see Chap 4
of [30]) can be written as

dV(x,t,i) = LV(x, 1, D)dt + HV(x, 1, )dB(t). (1)

lll. MAIN RESULTS
In this section, we first give the sufficient conditions of almost
sure exponential stability for semi-Markovian jump system,
and then we will give some corollaries to illustrate that our
research results are the generalization and improvement of
some published results.

Theorem 3.1: Assume that there exist a function V €
C>!(R" x Rt x Z; Rt), and constants ¢ > 0,p > 0, y; > 0,
ui > 0, x; € R, such that for any i,j € Z,

clxl?P < Vix,t,i), (15)
Vix,1,)) < piVix,t,i), (16)
LV(x,t,i)— yilHV (x,t, 1)
1, Inpy; . .
+|:§J/i +m:|V(x,t,l)§)»iV(x,t,l), 17
Then
litrisogp ; In(Jx(z; x0)|) < lZniAi, a.s. (18)

iel
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for all xg € R”. In particular, if

mei <0, (19)

then system (9) switched by semi-Markov process with sta-
tionary distribution 7 is almost surely exponentially stable.

Proof: It is clear that assertion (10) holds when xp = 0
since in this case the solution x(#;0) = 0. Fixed any
initial value x9 # O, the solution x(#) will never reach
zero with probability one (the detailed proof is similar to
Lemma 2.1 of [15], so we omit). For each i € Z, applying
the Ito formula to In V (x(¢), t, i) to obtain

LV(x(@), 1,0 1HV (@), i)|21|dt
Vx(),t,i) 2 V2x(@),t,i)
HV (x(), t, i)
V(x(1), 1, i)

d[InV(x(t),t,1)] = |:
dB(1), (20)

thus, for any ¢ € [#, tx+1), kK > 0, we have

InV(x(),t, r(t) = InV(x(ty), ty, r(ty))
+f’ [LV(x(t),t,r(t))
n L V@), 1, ()
LIHV (@), t, (1))
T2 V2, t, r(1) }
+f’ HV (x(t), t, r(t))
n V@), t,r@)

Similarly, for any k > 1, we have

dB(t). (21)

InV(x(te), te, r(t—1)) = InV(x(tk—1), tk—1, r(tk—1))
n / " [ﬁV(x(t),r,r(z»
oy L V@), 1, 7(0)
_LHVEO), 1, r(t))q ”
2 Vz(x(t),t, r(t))
+/fk HV(x(t), t, r(t))
wy V@), t,r(1)

dB(@®).
(22)

The condition (16) implies that for any k£ > 1,

InV (), tre, r(t) < In gy + InVx(t), te, r(te—1)),
(23)

which together with (22) implies that for any ¢ € [t, tx+1),
k>1,

InVx@),t, r(t) < Inprg_) +InVx(te-1), ti—1, r(tk—1))
N /’ |:L:V(x(t), t,r(t))
te—1 V(.X(I), z, r(t))
_LRVG@), 1, r(z))|2] dr
2 V2(x(1), t, r(t))
n /’ HV (x(1), t, r(t))
Tk—1

V(x(), t, r(t)) dB(@). 24
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Iterating the above procedure, we have that for any
1€ [k, k1), k = 1,
k-1

InV(x(t). £, 7(1)) < InV(x0,0,70) + Y _Inpir)
=0

n /’ |:£V(x(t), t,7(t))
o L V@), 1, r@®)

1 HV (x(t), t, r(r))F]
- = dr
2 V2x(),t, (1)

t
/ HV (x(0), ¢, r(t))dB(t). 25)
0

V(x(1),t, ()
For any k > 1, it is easy to know that

k—1

k—1
D gy =YY Il (r(n) =)
=0

1=0 ieZ

k—1
=D Inpi)y 10 =1

ieZ =0
= > Nilte—D)In i, (26)
i€
which together with (25) implies that for any 7 > 0,
InV(x(0), 1, r(1)) < Z [Ni(t) —1(r(1) = i)} In g
i€l
"TEV(x(), 1, r(1))
+ InV(xo, 0, +/ |:—
@00 10% o Ve, 1 @)

LMV @), 1, r@)?
2 V2(x(t),t,r())

]dt+M(t),

27
in which

_[THV (@), 1, r (1)
Mm—/o Ve, 1@y 2@ 28

is a continuous local martingale vanishing at ¢+ = 0, and its
quadratic variation is given by

t 2
oo meny = [T 29)

o V2x(@),t,r@)

Setting ¢ € (0, 1), by comprehensively utilizing the expo-
nential martingale inequality and the Borel-Cantelli lemma
(see [15]), there exists an integer Ko, such that for
all m > K,

M) < glnm + %(M(r), M)

2
_ glnm+/’g|HV(x(t),t, rlr g,
B 0 2 VZx(),t,r@)

a.s.
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holds for all 0 < ¢ < m. Substituting the above inequality
into (27) implies that for any 0 <t < m,

In V(). £, /() < Z |:Ni(t) —I(r(t) = i)} In p;
i€l
TTLV(x(0), t, 1 (1))
+ In V(xp, 0, rO)"‘/O [m

1 — & |[HV(x(t), 1, r(1))[?
2 vz(x(t),t,r(t))]

2
+ —1nm, a.s.. (30)
e

For each i € Z, there exists a constant y; > 0, such that

LV (x(t),t,1) _l-e [HV (x(2), t, 1))

V(x(1),t, i) 2 V2(x(),t, i)
- LV (x(1), t,.i) a- 8)%|’HV(x(t), t,.i)|
V(x(1),t,i) Vx(1),t,1i)
l—¢ ,
+ 5 Vi
LV (x(t),1t,1) |HV (x(2), t, i)]
= Voo d—-eyi———
x(@),t,1) V(x(t),t,i)
_ )2 _
(1 28) Vi2 8(12 8)7’1'2’ 31)

which together with the condition (17) implies that for any
iel,

LV(x(0),1,0) 1 =g [HV(x(), 1, i|?

V(x(1),t,i) 2 V2(x(1),t,0)
._lnui e(l—eg) 4
< A B T 2 Vi, (32)

substituting above inequality into (30) implies that for any
0<t<m,

InV(x(1), t, r(t))

<> [Ni(t) —I(r(t) = i):| Inu; +1n'V(xo, 0, ro)

i€l

! Inpg el—e , }
+ Ar(y — + d
/0 [ "0 Bt 2 o

2
+—Ilnm
£

=InV(x.0.r0)+ Y [N,-(t) —I(r(t) = i)} In w;

i€l

'_lnu,‘ e(l—eg) 4 .
+ ZZ [xl B T2V }Hl(w

2
+ —1Inm,a.s.. (33)
&

49469



IEEE Access

B. Wang, Q. Zhu: Note on Sufficient Conditions of Almost Sure Exponential Stability for Semi-Markovian Jump Stochastic Systems

Consequently, if m — 1 < ¢t < m and m > Ky, there is
probability 1 that

;ln Vx(),t, r(t))

2
(ln V(xo,0,7r9) + —In m)
€

[Ni(t) —I(r() = i)} Inge;

1 ' Inpu; (1 —¢)
+;Z[Al— E(r) +—

By (6), (7) and (8), it is easy to show that for any i € Z,

(1) Ni()

y?}ni(n. (34)

. M) Ni(t) N(©)
Jim —— = Jlim, () Ni(0)
j€L Nj(t) N(1)
_ b mi, as.,  (35)
> jer TE(T)
and
. Ni(t) . Ni() T1;(@)
lim —— = lim —— ——~
t—oo f

t—oo [1;(¢t) ¢t

77,' T

~ = b a
Z/GZ ﬂjE(Tj) E(‘[i)

Substituting the above two inequalities into (34), we obtain

.S.. (36)

lim sup l InV(x(2), t, r(t))

t—>oo0 I
e(l—c¢)
< ZI:JT,'[M—F 5 yf}, a.s.. (37)
IS

Letting ¢ — 0, by condition (15), we finally get the required
assertion (18), Thus, we complete the proof of this theorem.

Remark 3.2: 1. If there exists a common Lyapunov func-
tion V(x, ), such that V(x, 1) = V(x, t, i) = V(x, t,j) for all
i,j € Z, then we can take value u; = 1 in condition (16) for
alli e 7.

2. The condition (17) can be used to describe the stability
degrees subsystems. For eachi € Z, if A; — El(’;’) < 0, the i-th
subsystem is almost surely exponentially stable.

3. The condition (19) implies that the stationary distribu-
tion of semi-Markov process plays a very important role to
guarantee the stability of the whole system.

Theorem 3.3: Suppose that there exist a function V €
C*I(R" xR* x Z; R), and constants ¢ > 0, p > 0, i; > 0,
a; € R, B; > 0,i € I, such that the conditions (15), (16) and
the following inequalities

LV(x,t,1)
|1V (x, 1, )

o Vix,t,i), (38)
BiV2(x,t, i), (39)

IV IA

are satisfied. Then

1 1
li -1 ; == U
im sup — In(|x(z; xo0)|) <p Zn |:(a E(w)

t
t—00 ieT

0.58)+ ln—”“} a.s.
(40
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for all xg € R”. In particular, if

In p;
> o [(ai —0.58) + —] <0, (41)
ieZ E()

then system (9) switched by semi-Markov process with sta-
tionary distribution 7 is almost surely exponentially stable.
Proof. For any i € Z, by (38) and (39), we have

1 In w;
LV(x, 1, i) — i HV (x5, 1, )] + [Eyf + %}wx, ‘i)
1 In w; .
=< |:Oli —vivBi + 5)/1-2 + m]‘/(x, t,10). 42)

Let y; = /Biand A; = a; — %ﬂi + E](lrt‘) Thus, (42)

and (41) can guarantee that the conditions (17) and (19) of
Theorem 3.1 are satisfied respectively. Thus the assertion of
this theorem follows from the conclusion of Theorem 3.1.

Next, we consider the deterministic case of system (9) with
gx (@), t, r(t)) = 0 of the form:

dx(t) = f(x(@), r(2))dt, 43)
x(0) = xop.

Forany V € C'(R" x {i}; RT), i € Z, (11) and (12) reduce
to

LV(x,i) = Vi(x, )f (x,10) 44)
and
HV(x,i) =0, (45)

respectively.

Corollary 3.4: (see Corollary 1 of [31]) Assume that there
exist constants ¢ > 0, u; > 1,and ; € R, i € Z such that the
conditions (15), (16), and the following inequality

Vilx, Df (x, 1) < iV (x, D), (46)

are satisfied. Then

. 1 111#:}
lim sup — In(|x(¢; x < wilo; + —— |, a.s.. 47
msup - In(jx(t: x0)) ZI [ o) (47)

In particular, if

In p;
> milei+ — | <0, (48)
, E(7)
i€
then system (43) switched by semi-Markov process with
stationary distribution 7 is almost surely exponentially stable.
Proof. For any i € Z, by combining (44), (45) and the
condition (46), we have

1 In .
LV, i) — yilHV ()| + [zyﬁ + %]V(x, i)
) 1 5, Iny .
= [az + Eyi + m] Vix, ). (49)

Lety; =0and A; = o; + %, (49) and (48) can guarantee

that the conditions (17) and (19) of Theorem 3.1 are satisfied,

VOLUME 7, 2019
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thus the assertion of this corollary follows from the conclu-
sion of Theorem 3.1.

For each i € Z, if the sojourn time 7; of semi-Markov
process follows exponential distribution with a parameter
; > 0, thatis forx > 0, P(r; < x) = 1 —e %,
then E(t;) = 6; and the corresponding semi-Markov process
reduces to Markov process. We can obtain the following
two corollaries to provide the sufficient conditions of almost
sure exponential stability of stochastic system (9) switched
by Markov process, which are the classical results in some
published papers.

Corollary 3.5: (Theorem 2.2 of [15]) Suppose that there
exist a common Lyapunov function V € C%!(R" xR*; RT),
and constants ¢ > 0,p > 0, 8; > 0, a; € R, i € Z, such
that the conditions (15), (38) and (39) of Theorem 3.3 are
satisfied. Then,

, 1 1
lim sup — In(jx(1; x0)) < = ) mi(eti — 0.5, a.s.  (50)
1—oo 1 iel

for all xg € R”. In particular, if

> (e —0.58) <0, (51)
ieZ

then system (9) switched by Markov process with stationary

distribution 7 is almost surely exponentially stable.
Proof: By item 1 of Remark 3.2, the conditions (40) and
(41) of Theorem 3.3 reduce to (50) and (51), thus the assertion
of this corollary follows from the conclusion of Theorem 3.3.
Corollary 3.6: (Theorem 3.3 of [8]) For each i € Z, there
are constants &;, p; and o; such that the following inequalities

xTf(x,t,0) < @lx)?, (52)
lgCx, £, D] < pilxl, (53)
T gCx, 1, i) > ailx|, (54)

are satisfied for all (x, t) € R” x RT. Then

1
lim sup — In(|x(z; xo)|)

t—>o0 I
1 ~
< -Z 7@ + 0.5p7 — 0?), a.s. (55)
ieT
for all xo € R”. In particular, if

> mi@i+0.5p7 — o) <0, (56)
ieT
then system (9) switched by Markov process with stationary
distribution 7 is almost surely exponentially stable.

Proof: We choose the common Lyapunov function
V(x) = V(x,t,i) = |x|® for all i € Z, which means that
ui = 1 foralli € Z in the condition (16) of Theorem 3.1.
Substituting (52), (53) and (54) into (11) and (12), it is
obtained that

LV(x,t,0) = 2xTf(x, 1, ) + |g(x, 1, D> < Q& + pP)V (x),
(57)
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and
IHV (x, 1, )> = 4xT g(x, 1, D> = 4067 V2(x).  (58)

Let o; = 20; + ;o[2 and B; = 40i2, the above two inequalities
can guarantee that the conditions (38) and (39) of Theo-
rem 3.3 are satisfied. Thus, (55) and (56) can guarantee
that (40) and (41) of Theorem 3.3 are satisfied. The assertion
of this corollary follows from Theorem 3.3 immediately.

If we further assume that there exists a positive number A,
such that for any £ > O,

Pty — ty > x) = e ™, (59)

then E(1;) = % for every i € Z, and the occurrence switching
number N (¢) of {r(¢), ¢t > 0} can be regard as Poisson process
with exponent L. We denote §, for the set of all such kind
of switching processes obeying Poisson distribution with the
exponent A. In the following, we consider the corresponding
switched stochastic linear system with the following form:

dx(t) = A(r())x()dt + G(r()x()dB(t),  (60)
x(0) = xo,

in which, {r(¢), t > 0} is the switching process belongs to §;,.

Corollary 3.7: (see Theorem 1 of [18]) Suppose that there
exist positive-definite matrices P; and constants u; > 0,
y; > 0 such that for all i, j € Z, the following inequalities

AiTPi + PiA; + GiTP,'Gi — )/i(GiTPi + P;G;)
1
+ Ey,?Pi +AlnpP; <0, 61)

Pj < wibi,  j#1i, (62)
are satisfied. Then the stochastic linear system (60) is almost
surely exponentially stable for all switching process belong-
ing to ;.

Proof: We construct the multiple Lyapunov functions as
V(x(t),i) = xT(t)Pix(t),i € Z. it is obtained that for any
ierZ,

LV (x,i) =xT(AI'P; + PA; + GT PiG))x, (63)
and
HV (x,i) = x" (G] P; + P;Gy)x, (64)

which together with the condition (61) implies that for any
iel,

In p

. . I,
LV (x, )—yi|HV (x, )|+ |:§Vi + B

i|V(x, )<0, (65)

which implies that the condition (19) of Theorem 3.1 is satis-
fied for arbitrary stationary distribution 7. Thus the assertion
of this corollary follows from Theorem 3.1 immediately.
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IV. AN EXAMPLE
In this section, we shall present an example to demonstrate
the results derived in this paper.

Example: Consider the following semi-Markovian jump
system:

dx(t) = f(x(2), r())dt 4+ b(r(¢))x()dB(t), (66)

where B(t) is a one dimensional Brownian motion, {r(¢), t >
0} is a semi-Markov process taking values in the state space
T ={1, 2}, and

fa )= —— bD=1,
| sin x|
fx,2)=x, bQ2)=1.
Then system (66) can be regard as the result of the following
two subsystems

—x(1)

(1) = | sinx(2)|

dr + x(1)dB(1) (67)

and
dx(t) = x(t)dr + x(¢)dB(t) (68)

switching form one to the other according to the transition of
the semi-Markov process {r (), t > 0}.

Choosing the common Lyapunov function V(x,1) =
Vix,2) = %xz, itimplies 1 = po = 1. A simple calculation
shows that

—x2 x?

4+, HV(x, 1) =27
| sin x| 2

LV(x,1)=

and
3x? 5
LV(x,2)= - HV (x,2) = x°.

By choosing y; = y» = 0, we get that

1 x2
LV(x, 1) =y HV(x, D] + Eyﬁvoc, h<-3.

1 3
LV(x,2) — | HV(x,2)] + Eyfvoc, 2) < Exz,

it means that we can take values A; = —1 and A, = 3. Since
A1 < 0, the subsystem (67) is almost surely exponentially
stable. The simulation result of the state trajectory of subsys-
tem (67) is shown in Fig.1.

On the other hand, the subsystem (68) has the explicit
solution of the form

x(1) = £ P,

it is obviously that

fim 1o ! _

—00 t

1, a.s.,

thus, subsystem (68) is not almost surely exponential stable,
the simulation result of the state trajectory of subsystem (68)
is shown in Fig.2.

Next, we will setup the proper stationary distribution of
semi-Markov process such that the whole system (66) is
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FIGURE 1. Computer simulation of the path of x(t) for the subsystem (67).
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FIGURE 2. Computer simulation of the path of x(t) for the subsystem (68).

r(t).x(t)

FIGURE 3. Computer simulation of the paths of r(t) and x(t) for the
whole system (66).

almost surely exponentially stable. Let the transition prob-

ability matrix
0.9 0.1
P= (0.4 0.6) :

and let 1y ~ Weibull(1, 2) and 7o ~ Weibull(1, 2), which
implies that the stationary distribution of {r(¢),# > 0} is
T o= (‘51, %). This stationary distribution can guarantee that
the condition (19) of Theorem 3.1 is satisfied, thus whole
system (66) is almost surely exponentially stable. The sim-
ulation result of the state trajectory of the whole system is
shown in Fig.3.
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V. CONCLUSION

In this paper, we studied the almost sure exponential
stability of semi-Markovian jump stochastic systems. By a
novel approach based on the stochastic analysis method
and the ergodic property of semi-Markov process, the suf-
ficient conditions described by inequalities based on the
stationary distribution of semi-Markov process are obtained.
In particular, our results generalize some classical results
in [8], [15], [18]. Finally, an example is given to illustrate the
effectiveness of the obtained results.
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