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ABSTRACT Active contour model (ACM) has been a successful method for image segmentation. The
existing ACMs poorly segment the images with intensity inhomogeneity or non-homogeneity, and the results
highly depend on the initial position of the contour. To overcome these disadvantages, we proposed a fuzzy
region-based active contour driven by weighting global and local fitting energy, wherein we propose a
fuzzy region energy with local spatial image information, which has been proved convex and ensures the
segmentation results independent of initialization, to motivate an initial evolving curve of pseudo level set
function (LSF), followed by the pseudo LSF and further smoothed by an edge energy to accurately extract
the object boundaries and maintain its distance feature. In addition, in the fuzzy region energy, instead of
using the Euler-Lagrange equation to minimize the energy functional, we develop a more direct method
to calculate the change of the fuzzy region energy. The experimental results on synthetic and real images
with high noise and intensity inhomogeneity show that the proposed model can obtain better performance
than the state-of-the-art active contour models, and takes less running time. The code is available at:

https://github.com/fangchj2002/FRAGL.

INDEX TERMS Active contour, intensity inhomogeneity, edge energy, fuzzy region energy.

I. INTRODUCTION
Image segmentation is an elementary task in the field of
image processing and widely used in image analysis, com-
puter vision, medical imaging, etc. [1]. Its aim is to divide a
given image into several regions where each region is homo-
geneous with regard to a certain characteristic, i.e. intensity,
color, texture [2]. Many image segmentation algorithms [3]
have designed for different applications. Among these algo-
rithms, active contour model (ACM) [4]-[6] is one of the
most effective image segmentation algorithms. Its advantage
is that the model can deal with topological changes of contour
curves. In these ACMs, the evolving contour is represented
as the zero level set and driven towards object boundaries by
minimizing the energy functional.

Generally, the existing ACMs are categorized into two
classes: edge-based ACMs and region-based ACMs. In the
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edge-based ACMs [4]-[5], gradient information is used to
guide the evolving contour to move toward the object bound-
aries. But it is sensitive to the initial contours. Different
from the edge-based ACMs, the region-based ACMs [6]—[8]
utilize the global image information to drive the motion of the
evolving contours. Many image features, such as intensity,
color, texture, are incorporated into the region-based energy
functional. In the region-based ACMs, a zero level set func-
tion (LSF) is used to express the contour curve, also called
signed distance function. The Chan-Vese model [6] based
on Mumford-Shah (M-S) model [8] is a most widely used
region-based ACM. It makes use of the difference between
the inside and outside average intensities to drive the motion
of the evolving curve instead of image gradient. But the model
poorly deals with intensity inhomogeneity and its non-convex
energy function with the regularization term makes the evolv-
ing curves stuck in local optima. In addition, its periodical
re-initialization of the LSF greatly increases computational
cost.
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It is a challenging task to development a robust region-
based ACM to segment the images with severe intensity inho-
mogeneity. Many improved Chan-Vese models [9]-[23] are
proposed by incorporating local image information into the
energy functional. Vese and Chan [9] proposed a piecewise
smooth (PS) model and extended it to multiphase image
segmentation using two LSFs. But its computational cost
is very high. Li et al. [10], [11] proposed a local binary
fitting (LBF) model with a localized convolutional kernel
function to extract local image information. To extract image
features, it utilizes a scalable parameter with spatially varying
weight and local image information to control the evolution
curve. They further proposed a distance regularized level
set evolution (DRLSE) model [12], [13] to eliminate the
periodical re-initialization of LSF by introducing a penalty
term, which can smooth the LSF and maintain the distance
feature during the curve evolution. A local image fitting
(LIF) model [14] is constructed based on a fitted image with
local image information to approximate the input image.
In the LIF model, a Gaussian filter is used to smooth the
LSF and maintain the characteristic of the LSF during the
curve evolving. Many improved fitted energy-based models
are constructed to deal with intensity inhomogeneity, e. g.
local hybrid image fitting energy (LHIF) model [15], local
likelihood image fitting (LLIF) energy model [16], and local
cosine fitting energy [17]. An active contour model driven
by local pre-fitting energy (LPE) [18] is formulated based
on the average image intensities in local region before the
evolution of curve. The LPE model costs less running time,
but it is impossible to adaptively extract the object local
features. Local statistical region-based ACM [19]-[22] based
on the Chan-Vese model via Gaussian function is introduced
to formulate the energy function. A variational model [23] is
proposed to handle intensity inhomogeneity with the multi-
plicative noise. However, these models cannot obtain good
results for highly noisy and intensity inhomogeneity images.

Non-convex energy function in the region-based ACMs
makes the evolving contour stuck in local optima and causes
the segmentation results sensitive to the initial conditions.
To solve this problem, a fuzzy energy-based active contour
(FEBAC) [24] is proposed by incorporating fuzzy sets into
ACM. Later on, many improved FEBAC model are proposed.
The global and local FEBAC model (GL-FEBAC) [25]-[27]
is constructed by incorporating both local spatial and inten-
sity information into ACM, which can decrease the effect of
intensity inhomogeneity in given images. Image feature, such
as kernel metric, [28], and shape prior [29], is also fused into
the FEBAC model to improve the segmentation performance.
However, these models without the regularization term lead
to the non-smoothness of the evolving curve and cannot
maintain the distance feature of the pseudo LSF. In additions,
updating the degree of membership by computing the change
of pixel-by-pixel energy function in each iteration greatly
increases computational cost.

In this study, we proposed a novel Fuzzy Region-based
Active contour model with weighting Global and Local fitting

VOLUME 7, 2019

energy for image segmentation, called FRAGL. The FRAGL
model includes two parts. In the first part, a fuzzy region
energy is formulated by constructing a weighting hybrid fit-
ting energy with local spatial image information to approx-
imate the image with intensity inhomogeneity. The energy
functional has been proved strictly convex, which makes
the result independent of initial conditions. Then, a more
direct method is developed to compute the difference between
the new and old energy energies to update the pseudo LSF.
In the second part, an edge energy with a regularization term
and a penalty term is designed to accurately detect object
boundaries. The segmentation results on synthetic and real
images with severe intensity inhomogeneity show that the
proposed model can obtain better performance and take less
running time compared with the popular region-based ACMs.
Our main contributions are as follows:

1) The fuzzy region energy based on weighting local spatial
information is constructed to reduce effect of intensity inho-
mogeneity in given images. Meanwhile, to accurately extract
the object boundaries and maintain the distance feature of the
pseudo LSF, an edge energy with a regularization term and a
penalty term is designed.

2) The fuzzy region energy has been proved strictly con-
vex, which ensures the segmentation results independent of
initialization.

3) Instead of the Euler-Lagrange equations to solve the
fuzzy region energy, which has slow convergence, a direct
method, which computes the difference between the new and
old energies to update the pseudo LSF for the whole image
domain at a time, is developed and faster than the FBEAC
model.

The remainder of this paper is organized as follows.
Related work is described in Section 2. Section 3 describes
the proposed model, including the fuzzy region energy,
the edge energy, numerical approximation, and the algorithm
of the detailed description steps. Section 4 depicts the exper-
imental results including experimental results on synthetic
and real images, robustness to initialization, comparison with
the popular region-based ACMs, and effect of parameters.
Finally, the conclusion is given in Section 5.

Il. RELATED WORK

A. CHAN-VESE MODEL

Let I(x) : @ — R? be a segmented image in the image
domain 2, where d is the dimension of the vector I(x).
Specially d = 1 defines the gray images while d = 3 denotes
color images. The energy functional is defined as:

ESV(C,c1,c2) = - len(C) + / (I(x) — c1)*dx

Out(C)
+ / U0 —ePdx (1)
In(C)

where A1, A2 and u are three positive constants, Len(C) is the
length of the contour C, In(C) and Out(C) denote two regions
inside C and outside C, respectively, and its corresponding
average intensities are ¢ and c;.
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To minimize the energy, a zero level set based on the
Lipschitz function ¢(x) is used to express the contour curve C.
The LSF ¢(x) is defined as follows:

¢(x) >0 if x € In(C)
¢(x)=0 if x € On(C) (2)
¢(x) <0 if x € Out(C)

Therefore, the energy functional E vV (C, ¢y, ¢2) defined in
(1) is expressed as:

ESV(cr cn $) =i - /Q 5:(9) V| drt1y /Q U0 - e1)?

X He(¢)dx+ 12 Q(I(X)—Cz)z(l —He(¢))dx
3)

where Ho(x) = 1/2 - [1 + 2/m - arctan (x/¢)] is the Heavi-
side function, §.(x) = dH.(x)/dx is the Dirac delta function,
where ¢ is a small positive constant.

Then, the variational method using the Euler-Lagrange
equation is used to minimize the energy E€V and the gra-
dient descent algorithm is used to update the LSF. However,
the Chan-Vese model cannot accurately handle the detection
of objects for the images with intensity inhomogeneity.

B. LBF MODEL

Li et al. [9] proposed a local binary fitting (LBF) model by
incorporating local image information, which is implemented
by a Gaussian kernel function, to deal with intensity inhomo-
geneity in images. The energy functional in the LBF model
is written as:

2
EUF (g fif) =Y /Q /Q K, = ) () — fi0)
=1

x Hi(¢)dydx + /Q IVH(p(x))ldx  (4)

where ; is positive constant, K- is a Gaussian kernel function
with standard deviation r, y is a spatial pixel independent of x,
two smooth functions f; and f> are used to estimate the local
intensities inside and outside the contour C, respectively.

The energy function by adding a penalizing term can
avoid the re-initialization procedure and extract the desirable
object(s) from the intensity inhomogeneous image. But the
model still needs four convolution operators in every itera-
tion, which increases the computational cost. In additions,
the segmentation results are highly dependent on the initial
localization.

C. FEBAC MODEL

To obtain global convex energy function, Krinidis and
Chatzis [24] proposed a FBEAC model by incorporating the
fuzzy sets into ACM. Different from the popular ACMs,
the FEBAC model uses 0.5 level set as the evolving curve.
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The pseudo LSF is defined as:

ux) =05 Ix)eC
u(x) > 0.5 I(x) e In(C) 5)
ux) < 0.5 I(x) € out(C)

where I(x) is an input image, and In(C) and Out(C)
denote the regions inside and outside the contour curve C,
respectively.

By introducing the pseudo LSF defined in (5), which
divides an input image into two regions, the energy function
is expressed as:

E(C.c1,¢2) = 0+ Len(C) + A1 f WCOT" (1) — e1)2dx
Q
+io / [ = uCe) ") — ex’dx (6)
Q

where the constants n > 0, A1, Ao > 0 are three fixed param-
eters, c; and ¢ are average intensities inside and outside the
contour C, respectively, and m is an exponent. Two average
intensities are defined as:

Jo uCx)™ I (x)dx
==
fQ u(x)"dx

To obtain the updating variable, keeping the parameters c
and ¢ fixed and minimizing the energy function E(C, c1, ¢2)
in (6) with respect to u, the degree of member-ship u(x) can
be obtained as follows:

fQ [1 — u()])™ (x)dx
c =
fQ [1 — u(x)]"dx

(N

1

—-
Md@)—cp? \m=T
I+ (kz(I(X)—Cz)z)

®)

u(x) =

Specifically, in the computing process, the first step is to
calculate the fuzzy membership for a certain pixel x in the
image using (8). Then, the new fuzzy membership is updated
according to the change of the energy function AE caused
by the change of the fuzzy membership. If the value AE is
negative, then the fuzzy membership is updated. Otherwise,
the old one is kept. In the third step, the above process is
repeated for the whole image domain, and one iteration is
finished. Finally, the iterative process continues until the total
energy is unchanged.

Ill. THE FRAGL MODEL

In this section, we will describe the FRAGL model in detail.
Similar to the FEBAC model [24], the evolving contour C
expressed as a 0.5 level set function defined in (5) separates
the image domain €2 into two regions: object region and
background region. The object and background regions are
expressed as the inside region Cj,(u > 0.5) and outside
region Cyy(u < 0.5), respectively. The FRAGL model F
including the fuzzy region energy F/" and the edge energy
F¢% is written as:

F(u) = F"(u, g) + F*%(u) )
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where g is an edge detector to reduce the image noise and
smooth the image edge, which is defined as follows:

glx) = (10)

14+ |VGy  I1(x)]?
where V is gradient operator of the input image /(x), and G,
is a Gaussian kernel with standard deviation o.

A. FUZZY REGION ENERGY

The images in real world usually appear intensity inhomo-
geneity which causes blurred edges between adjacent regions.
The formulation describing intensity inhomogeneity is
usually written as:

1(x) = b(x)J (x) + n(x) (11)

where I(x) is an intensity value of the observed image,
b(x) is a smoothly changing bias field which reflects inten-
sity inhomogeneity, J(x) is a real intensity value of the
inhomogeneity-free image, and n(x) is additive noise. The
additive noise n(x) exists in various types including Gaus-
sian noise, salt and pepper noise and speckle noise during
imaging. To overcome the disadvantages, a region descrip-
tor is used to eliminate the effects of intensity inhomo-
geneity. Or rather, a local region with spatial information
is used to approximate the observed image with intensity
inhomogeneity.

Let Q € R? be the image domain, where d is the dimension
of the vector /(x), point x be a pixel in the image domain €2,
and point y be independent of point x and a neighborhood
point centered at pixel x in a small rectangle or circle region
Qy C Q. Two average intensities f, and f;, respectively
corresponding to the inside (object) and outside (background)
regions in local image domain €2, are defined as:

{fo = mean(I(y)ly € Qx Nu(y) > 0.5)

(12)
Jo = mean(I(y)|y € Qx Nu(y) < 0.5)

where u(y) € [0, 1] is the fuzzy membership function in the
local image domain 2. In this paper, we design a local spatial
weight w(x, y) for pixel y

1

o(x,y) = m (13)

where dis(x, y) denotes the spatial distance between pixel x
and pixel y, the size of a local window is (2k+1) x (2k+1), the
constant k called as the radius of the local window is a positive
constant. Thus, two constants f,, and f; can be represented as:

_ Ja Ja, @G, MICO)]"dydx

Jo = Ja Ja, @G MuC)1"dydx
 JaJo, @@ VI — u(o)]"dydx
fo= fQ fszx o(x, I — u(x)]"dydx

By filtering with local spatial windows, two constants f,
and f}, can be considered as the local average intensities inside
and outside the contour C, respectively. When the evolving
curves reach the exact boundary, the average prototypes of

(14)

15)
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the inside and outside rej:‘gions in the input image can be taken
as If: = af,+pci and I, = af,+ Bca, respectively, where o
and B are two weighted constants and satisfy « +8 = 1. If the
image contains more high intensity inhomogeneity, a larger
value « is chosen. Otherwise, a smaller value « is chosen.

From the above analysis, the fuzzy region term F/" with
the fuzzy set [24] is given as follows:

F(u,g) = A /Q WG g (1) — (@, + Ben)? d

+ 22 /Q [1— u(e)]™ g (1) — (@fpy + Bea))’ d
(16)

where A; and A; are positive weighted parameters, m is the
weighting exponent on each fuzzy membership.

To compute the pseudo LSF u(x), keeping the variables f;,
f», c1, and ¢; fixed and calculating the minimization of the
energy in (14) w. r. t u, we have:

M /Q W) g 1) — (@, + Ber))’ dx

+ o /Q [ = u()" g I(x) — (afy + Pen)Pdx =0 (17)

The membership function u(x) can be presented as:
1

u(x) = - (18)

+ <?»1(1(X)—(0t/;1+ﬁ61))2>m
2 (x)—(afp+Be2))?

B. EDGE ENERGY

To obtain the precise positioning of the object boundary and
smooth the pseudo LSF, we designed an edge energy F¢%8
consisting of a regularization term and a penalty term. The
edge energy is defined as:

F%(u) = 1 L(u — 0.5) + LP(u — 0.5) (19)

where /1 and [, are positive parameters, the first term called
as the regularization term is the length of evolving contour
to ensure the smoothness of the pseudo LSF, and the second
term called as penalty term is to keep the consistency between
the signed distance function and the pseudo LSF, and we
have:

Lu=05) = / 8(u—0.5)|V(u —0.5)dx  (20)
Q

2
where V denotes the Hamilton operator and (V(p)x’y =

(g—f, %—‘;’) is the gradient of ¢ = u — 0.5.

Pu=0.5) = 1/ (1= |Vu—05)2dx (1)
Q

C. NUMERICAL APPROXIMATION

The usual method to minimize the energy function in the
region-based ACMs is the gradient descent optimizer based
on the Euler-Lagrange equation. But its convergence speed is
very slow. Inspired by the FEBAC model [24], we directly
calculate the difference between the new and old energies
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to update the pseudo LSF. If the changed value is nega-
tive, the new one is replaced. Otherwise, the old value is
unchanged. It is straightforward that the global minima of
the energy functional can easily obtain in an iterative way
if the energy functional defined in (16) is convex. There-
fore, we first prove the proposed energy functional is convex
(Appendix A).

Let P be a given point in the image domain €2, its corre-
sponding intensity value and the degree of member-ship be
Io € I(x) and ug, respectively, and the fuzzy region energy be
F/". Correspondingly, for the same point P, the constants cy,
¢2, f», and fj, become four new ones: ¢y, ¢, f,,, and fb, and the
new total energy is F/" when the new degree of membership
at is u,. The process of computing the difference AF/" =
F/" — Ff" between the old and new energies is presented in
Appendix B. Thus, the change of the energy function is given
as follows:

AF = B — PP = (B + B) = (F) + Ff)
( w(x,y) * Aug
=g |
w(x,y)* (t1 + Auy)
A

2
uj
et NG AN
+ﬂt1+Au1(0 Cl))

(o — fo)

w(x,y) * Auy
w(x,y) * (2 + Aup)

+gh <Ol (o — f»)

ppBe g Y
———(p—c
1+ Aug 0 2

aw(x,y) xt
+ehu ( (x,y) * 11
we (x,y) * (1 + Auy)

2
+ L(lo - Cl))

(o — fo)

H+ A
aw(x,y) *xt
+8Au2( (x,y)x 1ty
w(x,y) * (t2 + Aup)

(o — fb)

Bt :
+ m(lo - C2)> (22)
where 11 = D o)™, Auy = u) — uy, n =
Dol —u@)]™, and Auy = (1 — up)™ — (1 — up)™.

From above, for pixel x, we can use (22) to compute
the change of the energy functional. In the whole image
domain €2, let the degree of memberships u(x) before and
after updating respectively be uo(x) and u,(x), the change
value of the energy be AF(x), so we have up(x) = > uo,
up(x) = Y g up,and I(x) = Y Io. The change of the energy
function AF(x) can be written as:

AF(x) = ZQ AF

wg(x,y) * Aup

- gZQ n (awo(x,y)* (t1 + Auy) (o =fo)

FPRE-U R
—— Uy —c
H+ Aug 0 :
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w(x,y) * Auy
8D ot <°‘w(x, Wx (ot Ay 0TI

FPIR-C
———(p—c
H+ Aug 0 2

aw(x,y) *

+gZQ A (a)(x,y) * (t1 + Auy) to=Jo)

Bn 2
LA e A
+ t1+Au1(0 c1)

aw(x,y) x 1
e ZQ Az (w(x, y) * (12 + Auz) (o=

Bt 2
+ ———p—
t2+Au2(0 c2)

o ((x w(x,y) * Auj(x)
w(x,y) * (t1 + Aui(x))

I (x) = fo)

Auy 7 2
+ ﬂm( (x) — Cl))

oty <a w(x,y) * Aup(x)
w(x,y) * (f2 + Aup(x))

Ix) = fp)

Aup 7 2
+ ﬂm( (x) — Cz))

aw(x,y) x t
o(x,y) * (11 + Auy(x))

+gAu(x) < I(x) = fo)

Bn 2
+ m(l(x) - Cl))
aw(x,y) x 1

w(x,y) * (2 + Aua(x))

+ gAu(x) < I (x) = fp)
Btz

2
+ m(l(x) - C2)) (23)

where Auy(x) = uy (x) —ugy (x) and Aup(x) = (1 —u,(x))" —
(1 — up(x)™.

From the above computing process, unlike the FEBAC
model [24], which calculates the alterations of the ener-
gies for each pixel at a time and needs large computation,
we directly update the pseudo LSF of the whole image
domain at a time by computing the difference between the
old and new energies.

In the process of computing the edge energy, we cal-
culate the derivative in (19) with regard to u, which is
written as:

3Fedg
ou

. < V(u—0.5) >
= [16,(u — 0.5)div

IV(u—0.5)]

+1 <v2( —05) —di (—V(”_O'S) )) (24)
2\V e "\ V=05,

In this paper, two weighting constants /1 and [, are set to 1.

D. DESCRIPTION OF ALGORITHM STEPS
The computation step of the FRAGL model is described as
follows:
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J. Fang et al.: Fuzzy Region-Based Active Contours Driven by Weighting Global and Local Fitting Energy

IEEE Access

1. Specify an input image, and initial parameters:
weighting constants A1, A2, &, 8, [ and [, the maximum
number of iterations IterNum, the radius of the
local window k, and the edge detector matrix g.

2. Initialize pseudo LSF: set ugp(x) > 0.5 for one part, and
ug(x) < 0.5 for the other.

3. Compute the initial averages using (7) and (13):

C1, €2, fo, and fp.

4. Update parameters: the degree of membership u(x)
using (16), the new constants ¢, Ez,fo andfb using (7)
and (14)-(15).

5. Compute the difference between the new and old
energies AF(x) using (23) in the whole image domain
Q2. For point x € , if the following equation AF (x) is
negative, then replace ug(x) with u,(x); otherwise, keep
the old value ug(x).

w(x,y) * Auy(x)
o(x,y) * (t + Aup(x))

AF(x) = gt <a (I(x) —fo)

+ B—2M () — ))2
'Btl—i-Aul voa

w(x,y) * Auz(x)
o(x,y) * () + Auz(x))

t+8n (a (I (x) = fo)

A ))2
+'3t2+Au2 Yo

aw(x,y) * t
o(x,y) * (f1 + Au(x))

2
(I(x) — 01)>

aw(x,y) x 1t
o(x,y) * (2 + Aup(x))

+ gAu;(x) ( I(x)—fo)

t
L P
1 4+ Aui(x)

+ gAun(x) (

(I (x)—fp)

2
+ ,Bt_iz + Aup(x)(I (x) — 02))

where Aui(x) = wu'(x) — ug'(x) and Aup(x) = (1 —
un(0))™ — (1 — up(x))™.
6. Regularize and smooth the pseudo LSF using the
edge energy in (24).
7. Repeat steps 3-6 till the iterations are finished.

IV. EXPERIMENTS AND RESULTS

In this section, we test the segmentation performance of the
proposed model on the synthetic and real images. Unless
otherwise specified, some default parameters are set as fol-
lows: the pseudo LSF u(x) = 0.7 and u(x) = 0.3
respectively corresponding to the inside and outside regions,
m = 2, the radius of the local weighting window k =5,
and the maximal number of iteration /terNum = 100. The
experiments are processed using a 3.2-GHzlntel 4-core PC
computer with 3GB of memory using the Matlab pro-
gramming language. The code is available at the website:
https://github.com/fangchj2002/FRAGL.
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FIGURE 1. Segmentation results of the proposed model on synthetic
image with different levels of Gaussian noise. Three rows of results
correspond to Gaussian noise with mean 0 and sigma = 5, 10, and 15,
respectively.

#Image 1

#Image 2

#Image 3

2320218

FIGURE 2. Segmentation results of the proposed model on synthetic
image with different levels of speckle noise. Four rows of results
correspond to speckle noise with mean 0 and variance 0.01, 0.1, 0.2, and
0.3, respectively.

A. EXPERIMENT RESULTS ON SYNTHETIC

AND REAL IMAGES

To quantitatively validate the efficiency of the proposed
model, we test synthetic images by adding different types
of noise shown in Figs.1-3. In our experiments, the types of
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#Image 2 #Image 1

#Image 3

#Image 4

20
o8
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FIGURE 3. Segmentation results of the proposed model on synthetic
image with different levels of salt and pepper noise. Four rows of results
correspond to salt and pepper noise with densities of 0.05, 0.10, 0.15,
and 0.20, respectively.

image noise consist of zero mean Gaussian noise, speckle
noise, and salt and pepper noise. The parameters are set as
follows: Ay = A = 1l and @ = B = 0.5. In Fig.1, three
images in the 15 column are from the clean image corrupted
by Gaussian noise with the mean 0 and sigma =5, 10, and 15,
respectively. In the 2" column to the 3™ column, the final
positions of the evolving curves and the segmentation results
are shown, respectively. In Fig. 2, four images by adding
different level speckle noises with mean O and variance 0.01,
0.1, 0.2, and 0.3 respectively, which is an inherent feature in
ultrasound images, are shown in the 1%t column. The final
positions of the evolving curves and the segmentation results
are shown in the 2" column and the 3" column, respectively.
In Fig.3, the salt and pepper noise with densities of 0.05,
0.10, 0.15, and 0.20 respectively is fused into synthetic image
shown in the 1% column. The final positions of the evolving
curves and the segmentation results are shown in the 2"
column and the 3™ column, respectively. It can be seen that
the proposed model can still extract three objects though the
images is gravely corrupted by different types of noise.

Fig. 4 shows the segmentation results on natural images
with different types of noise. The parameters in the experi-
ment are set as follows: A; = A = landa = 8 = 0.5.
For color image, the average value of image intensity is
written as I = (Igr+Ig+ 1p)/3, where Ir, I and Ip
denote the pixel values corresponding to the R, G, and
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(a) (b)
FIGURE 4. Segmentation results of the proposed model on natural image.
The 15t column: The image with initial contour; The 2"d column: The final

positions of the evolving curves; The 3 column: The segmentation
results of the proposed model.
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FIGURE 5. The total energy correspond to the images with different types
of noise in Fig. 4 during 100 iterations.

B components, respectively. In the 1% column, the latter three
images is generated by adding Gaussian noise with mean
0 and sigma = 15, speckle noise with mean 0 and variance
0.05, and salt and pepper noise with densities of 0.05, respec-
tively. The final positions of the evolving curves are shown in
the 2" column and the 3" column. The region energy during
100 iterations is shown in Fig. 5, respectively. According
to the segmentation results, the proposed model is able to
accurately extract desired objects and can rapidly converge
to the global optima in less than 30 iterations. From these
figures, it can be seen that the proposed model needs more
iterations to reach steady state when the images contains more
severe intensity inhomogeneity.
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FIGURE 6. Segmentation results for natural image with different shapes. In the 15t column: Initial contours with different shapes; The
2"d column: The finial stopping positions; The 3" column: The finial segmentation results.
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FIGURE 7. The final region energy and the changed energy corresponding to Fig. 6 during 100 iterations. (a) The final
region energy during curve evolution; (b) The changed energy during curve evolution.

B. ROBUSTNESS TO INITIALIZATION

The following experiments is used to validate that the fuzzi-
ness of the energy can provide a balanced technique with a
strong ability to reject local minima. Fig. 6 and Fig. 8 show
the segmentation results of the proposed model with different
initial shapes for images. The image in Fig. 8 is generated
first corrupted by Gaussian noise with sigma = 10, followed
by speckle noise with mean 0 and variance 0.1, and finally by
salt and pepper noise with a density of 0.01. The parameters
in the experiments are set as follows: Ay = Ay = 1 and
o = B = 0.5. In Fig. 6 and Fig. 8, different shapes with
initial contour and the final stopping positions of the curves
are shown in the 1% and 2™ columns, respectively, and the
segmentation results are shown in the 3™ column. To clearly
depict the running process of the proposed model, four fuzzy
region energies corresponding to Fig. 6 and Fig. 8 are shown
in Fig. 7(a) and Fig. 9(a) during 100 iterations, respectively.
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Fig. 7 (b) and Fig. 9 (b) show the difference between the
new energy and old energy corresponding to Fig. 6 and
Fig. 8, respectively. The segmentation results both show that
the proposed model with different initial conditions (shapes
and positions) can obtain similar results, the final stopping
contours are almost the same, and the proposed model reaches
the steady state in less than 10 iterations. In conclusion, our
model is robust to initialization.

C. COMPARISION WITHTHE POPULAR

REGION-BASED ACMS

To demonstrate the performance of the proposed model,
we compare the proposed model with the popular region-
based ACMSs, such as the Chan-Vese model [6], the LBF
model [9], the LIF model [12], the FEBAC model [24],
the GL-FEBAC model [25], and FEACC [26]. The codes of
the LIF model is available at http://www.kaihuazhang.net/.
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FIGURE 8. Segmentation results for natural image by adding hybrid noise with different shapes. In the 15t column: Initial contours
with different shapes; The 2" column: The finial stopping positions; The 3" column: The finial segmentation results.
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FIGURE 9. The final region energy and the changed energy corresponding to Fig. 8 during
100 iterations. (a) The final region energy during curve evolution; (b) The changed energy

during curve evolution.

To quantitatively evaluate these region-based ACMs, we use
Dice coefficient [30] to measure performance with ground
truth and region entropy [31] to measure performance without
ground truth. Dice coefficient between two regions P and Q
is defined as follows:

J(P,Q) = 2x|Pno| (25)
’ Pl + Q]

where |P|, |Q| and |P N Q] are the pixel number of two regions
P, Q, and their union area, respectively. The closer the value
J(P, Q) is to 1, the better the segmentation results is.

The region entropy is defined as:

RE = E;(I) + E.(I) (26)

where Ej(I) and E,(I) are a layout entropy and an desired
region entropy, respectively.
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Here, E;(I) and E,(I) are defined as follows:

N
S S;
El) = — Z <S_1) log <S—1> 27)

i=1

N
Si L; L;
- LG () o

i=1

where S;/S; is the probability of a pixel belong to region R;,
and L;(m) is the number of pixels in region R; which has value
m of a luminance.

To validate the robustness of the proposed model, the seg-
mented images from MSRA-B database are firstly corrupted
by Gaussian noise with sigma = 15, followed by speckle
noise with mean 0 and variance 0.05, and finally by salt and
pepper noise with a density of 0.05. Figs. 10-11 depict the
segmentation results of natural images using different region-
based ACMs. Since the images includes severe intensity
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FIGURE 10. The final stopping positions for natural image from MSRA-B database using different models. (a) The original image
with initial curves; (b) C-V; (c) LIF; (d) LBF; (e) FEBAC; (f) GL-FEBAC; (g) the proposed model.

inhomogeneity, accurately extracting the desired object
boundaries of these images is a challenging task. From
Figs.10-11, it can be seen only the proposed model can
exactly extract the objects in five images, and the Chan-
Vese model extract the brightest regions, while the GL-FEAC
models can obtain better results than other ACMs (LIF, LBF
and FEAC). To clearly present the performance and effi-
ciency, comparative results in terms of Dice coefficient and
average running time are shown in Tables 1-2. From these
tables, it is also seen that the Chan-Vese model and the LIF
model occupied the most running time of all the segmented
images because these models with convolutional operation

VOLUME 7, 2019

TABLE 1. Comparison of the popular ACMs in terms of Dice coefficient.

GL-

Image C-v LBF LIF FEAC FEAC Our
Imagel 08352 0.5941 0.8014 0.4128 0.9004 0.9732
Image2 0.7546 0.5107 0.5821  0.9014 0.8848 0.9684
Image3 0.7845 0.4864 05148  0.3876 0.8462 0.9548
Image4 0.7364 0.5149 04736  0.5973 0.9014 0.9476
Image5 0.7018 0.5218 0.4428  0.6873 0.8764 0.9747

need more running time. On the other hand, the FEAC model
takes the least average time while our model takes minimum
executing time. The models based fuzzy energy-base active
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FIGURE 11. Segmentation results in Fig. 10 using different models. (a) C-V; (b) LIF; (c) LBF; (d) FEBAC; (e) GL-FEBAC; and (f) the
proposed model.

TABLE 2. Comparison of the region-based ACMs in terms of running TABLE 3. Comparison of the region-based ACMs in terms of region
time(Seconds). entropy.
Method ™" Time  Time Time  Time  Time Chan-
m Image v LBF LIF FEAC GL-FEAC Our
c-v 500 88.156  101.25  79.471 79254 94483 ose
LBF 220 33.039 50428 30255 38757  40.278 Imagel 4849  5.024 5526 4.849 4.762 4.215
LIF 450 106261 130.327 93.553  96.036  114.601 Image2 4.688 4.723 4753  5.286 5.152 4.308
FEAC 100 504947 43438  57.897  43.554  60.418 Image3 5114 5476 5582  5.790 4.876 4.243
F%I/;_C 100 62754  52.4668 62.181 55.575 71.598 Image4  4.624 6.247 6336  5.548 5.643 4.279
Our 100 2912 3.014 2911 2.832 3.176
contour have fast convergence due to its strictly convex inhomogeneity in given images, the 2", 3™ and 4™ cell
energy. images are first corrupted by Gaussian noise with sigma = 15,
To further validate robustness of the proposed model, followed by speckle noise with mean 0 and variance 0.05,

cell images with severe intensity inhomogeneity are tested and finally by salt and pepper noise with a density of 0.05.
shown in Figs. 12-13. In Fig. 12, to enhance intensity From Figs. 12-13, we obverse that only the proposed model
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FIGURE 12. The final stopping positions for natural image using different models. (a) The original image with initial curve; (b) C-V;

(c) LIF; (d) LBF; (e) FEBAC; (f) GL-FEBAC; (g) the proposed model.

can exactly extract the objects in four cell images with
severe intensity inhomogeneity. The corresponding compar-
ative results in terms of region entropy and average running
time are shown in Tables 3-4. From these tables, it is also
seen that the proposed model has the largest values in terms
of average Dice coefficient in all of the region-based ACMs.

VOLUME 7, 2019

Moreover, since our method update the pseudo LSF of the
entire image domain for each iteration, the proposed model
takes the least running time. In addition, the convex fuzzy
region energy causes fast convergence.

In Fig.14, we select a complex medical image to further
validate our proposed model. The input image with initial
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FIGURE 13. Segmentation results corresponding to Fig. 12 using different models. (a) C-V; (b) LIF; (c) LBF; (d) FEAC;
(e) GL-FEAC; and (f) the proposed model.

TABLE 4. Comparison of the region-based ACMs in terms of running time and iterations.

Segmentation Image 1 Image 2 Image 3 Image 4

model Time Iterations Time Iterations Time Iterations Time Iterations
C-v 13.328 240 13.058 160 13.111 180 21.466 200
LBF 81.803 220 52.653 220 51.516 220 208.291 220
LIF 142.851 450 141.219 450 96.036 450 583.405 450
FEAC 60.4366 100 64.316 100 58.201 100 427.049 100
GL-FEAC 71.335 100 73.4668 100 69.932 100 479.896 100
Our 3.949 40 4.437 40 8.648 40 14.854 40

curve is shown in Fig. 14(a). The segmentation results using the C-V model includes more noise than other models

the C-V model, LIF model, FEACC model, and the proposed because it is based on the global image information. However,
model are shown in Fig. 14(b)-(e), respectively. From Fig. 14, the FEACC loses detailed information due to its local
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(a)

FIGURE 14. Segmentation results using different models. (b) Input image with initial curve; (b) C-V; (c) LIF; (d) FEACC; (e) Our model.

#Image 1 #Image 2

#Image 3 #Ilmage 4

FIGURE 15. The segmentation results of the proposed model with different parameters for medical image. (a) The
original image with initial contour; (b-d) Keeping « = g8 = 0.5 and the windows size k = 3 fixed, the parameters 1,
and 1, are set to (0.1, 0.9), (0.5, 0.5), and (0.9, 0.1), respectively; (e-h) Keeping A; = 1, and « = 8 = 0.5 fixed,
the windows size k is set at 9, 7, 5 and 3; (i-) Keeping ; = 1, and the windows size k = 5 fixed, the weighting
parameters o and g are set at (1, 0), (0.9, 0.1), (0.5, 0.5) and (0.1, 0.9), respectively.

spatial information. Among these models, our proposed
model can obtain similar results with the LIF model. But the
LIF model is sensitive to initial position.

D. EFFECT OF PARAMETERS

The parameters play an important role in segmenting the
object(s). In our model, there are three important parameters
to decide the segmentation performance: the weights « and g,
and the radius of the local windows k. The radius of the local
window is used to decide the degree of intensity inhomo-
geneity and smooth the pseudo LSF. In general, more severer
intensity inhomogeneity and more noise the segmented image
includes, a larger value of the size of a local window is
selected. The weights « and B of the approximated images
is to control the degree of intensity inhomogeneity in given
image. If the image contains severe intensity inhomogeneity,
a large value « should be chosen, and vice versa.

To illustrate the effect of parameters, the segmentation
results with different parameters on medical images with
severe intensity inhomogeneity are shown in Fig.15. The
image with initial curve is shown in Fig. 15(a). In Fig. 15(b)-
(d), we keep o = B = 0.5 and the radius of the local
window k = 5 fixed, and set weighting parameters Aj
and X, to (0.1, 0.9), (0.5,0.5), and (0.9, 0.1), respectively.
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Then, in Fig. 15(e)-(h), we keep the parameters A} = Ay = 1
and ¢« = B = 0.5 fixed, and change the radius of the
local windows to 9, 7, 5 and 3. Finally, in Fig. 15(i)-(1),
the parameters Ay = A = 1 and the radius of the local
windows k = 5 fixed, the weighting parameters « and §
are set at (0, 1), (0.1, 0.9), (0.5,0.5) and (0.9, 0.1), respec-
tively. From these results, it can be seen that the constants X[
and XA, have little influence on the proposed model. In our
experiment, the constants A; = Ay = 1 are to balance the
object and background region. The larger the weight value
« is, the higher intensity inhomogeneity the proposed model
can handle, and vice versa. With the decrease of the radius of
the local windows shown in Fig. 15 (e)-(h), the ability of the
proposed model to extract local image information is weaken.
But too large value may lead to too many small objects to
extract, so a reasonable radius of the local windows is selected
in terms of the degree of intensity inhomogeneity.

V. CONCLUSION

In this paper, we present a fuzzy region-based active contour
model driven by weighting global and local fitting energy
to segment the images with intensity inhomogeneity. The
proposed model includes two parts: fuzzy region energy and
edge energy. In the first part, the fuzzy region energy, which
has been proved to be strictly convex, is formulated with local
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spatial image information and is used to drive the motion of
the evolving curve(s). In the second part, an edge energy is
designed in order to make the evolving curve accurately stop
the object boundaries. Instead of using the Euler-Lagrange
equation to minimize the fuzzy region energy, a direct method
by computing the difference between the old and new energy
functions is developed to update the pseudo LSF in the whole
image domain for each iteration. The experimental results
show that the proposed model can successfully extract the
object from both synthetic and real images with noise and
intensity inhomogeneity. But our method cannot segment the
images when the object is very similar to the background
region. In future, our model can be applied to many famous
ACMs, such as kernel space [33] and multi-phase image
segmentation [12].

APPENDIX A
The fuzzy energy function in (16) can be written as follows:

F(u) = MF (u, )+ AaFl (u,g), uel0,1] (A1)

where Fgr(u, g) and Eg(u, ) are defined as:
Fllu,g) = /Q ()" g () — (@ + fer)Pdx (A2)

Fy(u. 8) = /Q [1— u()]™ g (I(x) = (afy + Be2))” dx
(A-3)
The equation F, (u, g) in (A-2) can be written as
£l (x, 9) = )" g (U (x) — (etfy + Pen)?

and Fﬁr(u, 8= /g Ezr(x, g)dx.
Now we first prove the equation sﬁr (x, g) is convex. Let
x1,x2 € Q, for VO € [0, 1].Then we have

Ox1 +(1 —0)xy =60(x1 —xp) +xp € Q2

(A-4)

(A-5)

Therefore, the domain of gzr (x, g) is convex. The second
order derivative of (A-4) w. r. t. u, and we have

2] o [al\ o

= m(m — 1) [u()]" > g U (x) — (efy + Bc1))* (A-6)

Since m > 1, u(x) € [0, 1], and g (I(x) — (af, + Bc1))? >
0,50 3%y /ou? = 0.
Since the domain of EX (x, g) is convex and 32<€‘Z / au? > 0,

SO gf‘r (x, g) is convex. Therefore, Vx1,x; € Q and 6 € [0, 1],

and we can get the following relation:
N Ox1 + (1 —0)x2) < 06 (x1) + (1 — O (x2) (A7)

Calculating the integral of the two sides of (A-7), we can
obtain the following formulation:

| iox+a-omir <o [
Q Q
+1=0) [ Homax Ay
Q
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With F/f((u, 9=/ ezr(x, g)dx, (A-8) can be rewritten as:
FIF0x) + (1= 0)x2) < 0F) (1) + (1 — 0)F) (x2)  (A-9)

Hence, Fﬁr is convex.
Similarly, let

e (0) = [1 — u(0)]" g I(x) — (afy + Bc2))?

where eg
F]g(u, g = fQ s’g(x,g)dx. In the same way, we can also
prove that the formulas Flf; (u, g) is convex.

In (A-1), since A1 > 0 and A, > O, then the region energy
F7"(u) consists of two weighting convex functionals. So the
energy function F/(u) is convex with regard to u.

(A-10)

Q2 — R. The equation (A-2) is written as

APPENDIX B
Two constants ¢; and ¢, in (7) are converted into discrete
space and written as:

= Zel@ @l | Fol@) [ - uor
ZQ [u(x)]™ ZQ [1— u@)]™

where u(x) is the degree of membership for pixel x, and I(x)
is the corresponding intensity value.

Two local average intensities f, and f, in (13) with weight-
ing function w(x, y) are expressed as:

£ = 2o o, ) x H0)[u(x)]™"]
CT Yooy uol
o(x,y) * [I(x)[1 — u(x)]"]
fy = =2 - (B-3)
> @0, y) * [1 —u()]

For point P, suppose that the degree of membership is uy,
the intensity value is Iy. When the new degree of member-
ship is changed into u,, the constants cy, c2, fo apd fp corre-
spondingly become new constants ¢1, ¢y, f, and f. The new
constant ¢; is computed as follows:

L el [a)]” _ Yol6) - )"+l —ug'lo)

(B-1)

(B-2)

1= ~
> o [u(x)]m > g [ + (! —ugy)
tier+lo(uy —ug') Auyp
= PO 0 g lo—c B-4
o — ) 1 tl—i—Aul(O 1) (B-4)

where 11 = ) ¢ [u(x)]"", and Au; = u)} — ugj'. In the same
way, we can obtain the new values ¢,
Aup
fh + Aup
wherery = Y o [1 — u(x)]™ and Auy = (1—un)" —(1—up)™.
The new pixel average intensities f, are expressed as fol-
lows:

. g o, y) * [1(x0)[ax)]"]
’ Yoo (0] % w(x, y)
_ Yq o, y)* (1)) + w)'ly — ug'lo)
N D g olx,y)* ([u(x)]m +ult — u81)
2o, y) x I)uE)]" + ox, y) * Aurly
O Yq ol y) * [u0)]" + wlx, y) * Auy

=+ (o — c2) (B-5)

(B-6)
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where * is convolution operation. From (B-2), we can get:
Do 0@ ) * T[]
= fow(x, y) * ZQ ()" = fow(x, y) * 11
Combing (B-6) and (B-7), we can get:

7= Y g @) * 100)[u()]" + olx, y) * Auyly
T Ygob,y) )" + o, y) * Auy

_ Joo(x, y) x 11 + Iow(x, y) * Auy
o w(x,y) *x 11 + o(x,y) * Auy
_ Ipw(x,y) * Auy — fow(x,y) * Aug
=Jot w(x,y) x 1t + olx,y) * Aup

(lo — fo) w(x, y) * Auy

w(x,y) xt1 + olx,y) * Aug

(B-7)

—fot (B-8)

In the same way, we can also obtain the new fb:
5 (o — fb) o(x, y) * Aup
fo=f+

w(x,y) *tr + o(x,y) * Aup

(B-9)

It is easy to calculate the change of the fuzzy region energy
using the formulations defined in (B-2)-(B-5). For the same
point P, when the degree of membership is changed from
uo into u,, the fuzzy region energy F/ is correspondingly
changed into /7. First, we give the energy F/" in (16) in the
discrete space as follows:

FI' = Ff 4+ B = 3 ol g 1) — (efy + )

+a2 ) 11— u)]" g (U () = (afp + pe2))?
(B-10)

with
Py =) )" g (40 — @y + Ben)
Fy =l2y (1= u@]" g (((0) = (@fy + Be2))” (B-12)

(B-11)

Correspondingly, the new energy J2UST represented as:
ne oap m . N\ 2
B =B B = Y [a0]" g (I(x) - (af,, n ﬁc1>>
R 2
+2 ), [1=]" ¢ (U —(afptin)
(B-13)
with
. m . T\ 2
By =n ) [a0]" g (1(x) - (afo n ﬂcl)) (B-14)
~fr A~ m 2 ~ 2
By =52 )" [1—i]" g (U — @ + B2))
(B-15)

In the following, we separately compute the new formulas
Fﬁr and F]I;r. The new formula Ff;r is computed as:

B =3 la]" g (100 = (of +B21))
= Y e g (100 = (ofs + e ) )

~ 2
+g (= ul) (10 _ (afo n ,8&1>) (B-16)

2
2
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To simplify the above equation, we first calculate the equa-
tions (I (x) — (af, + B¢1))? and (Io — (af, + B¢1))? by inserting
(B-4) and (B-8), then

N 2
(169 = (oo + 1))
w(x,y)* Auy (lo — f,)
o(x,y) * (t1 + Aup)

= ((x) —(a(fo +

F B+ —2 1y — e
C _— —C
! H+ Ay 0 !

B <’(’“)‘ @fy + 1) — (oz @, y) * A (I — fo)

w(x,y) xt + olx,y) * Auy

L opBm )))2
,BI1 T, o c1
w(x,y) * Auy (Io — f,) Auy 2
= < (10—01))
w(x,y) xt + olx,y) * Aug 1+ Au
+ (I(x) = (afy + 1) =2 x) — (@f, + Ber))
o(x,y) * Auy (lp — fo) Auy
o (Io —c1)
w(x,y)*t + o(x,y) * Auj 1+ Auy
(B-17)
N 2
(10— (@fo + B20)) = o — (afy + Ber)
o, ) x Aug (Io — fo) Aug _ 2
¢ s1 + wlx, y) * Aug 1+ Auy (o =c1)))
= (a (o —fo) + B Uo—c1)
o o.y) x Au (o — ) Au
(@ w(x,y) * 1 +wlx,y) * Aug +l3t1 + Auq (o=c1))
_ <aw(x, Wi o —fo)  prilo - q))z B-18)
w(x,y) * (1] + Auy) 1+ Aug

Combing (B-16), (B-17) and (B-18), the formulation £
can be written as:

= Y weor s (10— (af, + pén))
+a =) (10— (of, + p21))
=D @I g U0 = (ofy + Ber))’

m w(x,y)* Auy (lo — f,)
2 g " <“ W, y) * (0 + Aup)

Aul 2
+ B———Wo— 61)>

1+ Aug
—2g ) 01" g U() — (afy + Be1)
w(x, y) # Aur (I — f,) Auy
<a e x+Au) T AT Cl))

aw(x,y) *ty (o — fo)
w(x,y) * (t1 + Auy)

ot ya

n Brilo — c1)\?
H+ Aug
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_ m w(x,y) * Auy (Io — fo)
=i+ Dl (a w(x, y) * (1] + Auy)

Auy 2
+ ﬂ—( 0 — Cl))

f + Aug
—2g ) Ll A () = (@fy + en))
w(x,y) * Auy (lo — fo) Auy
o (lo —c1)
w(x,y) * (t1 + Auy) f + Auy

b (aw(x,y) *11 (lo — fo)

Btillo — C1)>2
w(x,y) * (f1 + Auy)

1+ Auy
(B-19)

From (B-1) and (B-6), we have E(q. (B-1) and Eq. (B-2),
D 1@ @™ = tiey

Do @0 ) * [T ] = fos:

(B-20)
(B-21)

Combing (B-20), (B-21) and « + 8 = 1, we have

~fr m w(x,y)* Auy (Io — f,)
o = ZQ el <a w(x,y) * (t1 + Auy)

+ &(1 — ))2

ﬁfl + Auy 0ma

1 gA (aw(x,y) * Aty (Io — fo)
w(x,y) * (t1 + Auy)

—I—Ffr _y w(x,y)* Auy (Io — f,)
A w(x,y) * (11 + Auy)

Bri(lo — c1)\*
H+ Au

+8 (Io— m))Z [u())™ (1 (x)— (afurtBe1))

t—I—A

= 3 g (220 x B oo
Q 8 w(x,y) * (t + Auy)

fpB )
—— Wy —c
f + Auy 0

+ 2Au (Olw(x,y)*tl o—f,) Bty —c1)\>
ERM o ) * (1 + Auy) | h+ A

+F£, ) <aa)(x, y) * Auy (o — fo)
w(x,y) * (t1 + Auy)

+’Bt —|—A (0—01))

(Btic1 + afps1 — (atifo + Btict))

fr (x,y) * Au
=F, +ot1 | Iy —
4 g‘( oG, y)* (1 + A O fo)

bR )2
——y—c
H+ Auy 0 !

+ A < aw(x,y) * Uo—1.)
R N R Y R T

2
n L(Io—Q))

B-22
1+ A ( )
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Similarly, we can get

~ fr w(x,y) * Aup
Fp =ghla Iy —
B g2< w(x y)*(t2+Au2)(0 Jo)

2
+ ,Bt +A (0—62))

S aw(x,y) * i _
+Fp +glun <w(x’y)* T Am) (lo — fb)

2
+ ) (B-23)

tH+ Aup

Therefore, by inserting (B-22) and (B-23) into (B-13),
we have
(x,y) * Auy

W:ﬂ+t@ Iy —
A T8 w(x,y) * (t1 + Auy) (o = fo)

Au 2
+ '3t1+—A(IO - Cl))

w(x,y) * Auy
s (a o(x,y) * (2 + Aug) (o =1o)
Auyp 2
+ ﬁm( o — C2)>
+ 2Au < aw(x,y) * 1 Uo— 1)
EE oGy + (1 + Aup) 0T
Bt 2
+ PN (10—61)>
fr aw(x,y) * B
+Fp +gAup <a)(x,y) (£ Do) (lo = fb)

2
TR . Cz)) (B-24)

+ Aup

So the alteration AF/" = /" — F/" between the new and
old total energy is written as

w(x,y) * Aug

fr — _
AF" = gn (aw(x’y)* A (o — fo)

fpB )

—p—c

t—l—Al 0 1
o(x,y) * Aup

e <a w(x,y) * (2 + Aup) (o =fo)

Aty 2
+ ﬂtl—i——A(IO - Cz)>

R ( cot ) ®h o
u —Jo
SR ey * (1 + Aup)

Bt g
+ t1+—A( 0— Cl))

aw(x,y) xt
+gAuy (w(x’y) s (b T Am) (o — /»)

Bt 2
" gy =
+ t2+Au2(0 c2)

(B-25)
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