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ABSTRACT The vortex electromagnetic (EM) wave carrying orbital angular momentum (OAM) offers a
new degree of freedom for synthetic aperture radar (SAR) imaging. Because vortex EM waves have helical
wavefronts, the vortex EM wave-based SAR echo contains the three-dimensional (3D) information of the
target. In this paper, an OAM-based synthetic aperture radar interferometry (InSAR) technique is proposed
to obtain 3D target information accurately without the existence of baseline. First, a vortex EM waves’
SAR imaging model is established, and an improved range-Doppler algorithm is proposed correspondingly.
Subsequently, the scheme of the OAM-based InSAR without the physical baseline is proposed. Compared
with the conventional InSAR, the OAM-based InSAR can avoid the baseline decorrelation and reduce the
requirement of the platform. Besides, the processing procedure of the OAM-based InSAR is simplified,
which avoids the image registration and the interferogram flattening. The simulation results demonstrate the
effectiveness of the proposed technique. Besides, the height estimation accuracy of the OAM-based InSAR
was analyzed, in terms of interferometric phase error and OAM mode error. The height estimation accuracy
can be improved by increasing the OAM mode difference appropriately. The OAM, which is completely
independent of time, frequency, and polarization, offers a new scheme for the InSAR.

INDEX TERMS Vortex electromagnetic wave, orbital angular momentum, SAR, InSAR.

I. INTRODUCTION
Synthetic aperture radar interferometry (InSAR), which is
a combination of Synthetic Aperture Radar (SAR) tech-
nique and interferometry technique, has been developed
rapidly over several decades in Earth surface topography
mapping and deformation detection [1]. The across-track
InSAR, which is a standard configuration of InSAR, exploits
the phase difference of at least two SAR images obtained
from different positions to reveal the elevation informa-
tion of the target area [2]. The distance between differ-
ent positions is called baseline. However, the baseline is
a paradox for InSAR. A large effective baseline, which is
the basic precondition of high elevation estimation accu-
racy, always introduces the baseline decorrelation, which
will deteriorate the interferometric phase seriously [3]. This
tradeoff tremendously limits the performance of traditional
across-track InSAR.

Orbital Angular Momentum (OAM) is an important
physical quantity of electromagnetic (EM) waves, vortex
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EM waves with OAM have been widely studied in the past
decade for communication [4] and radar applications [5]. The
helical wavefront of vortex EM waves offers new potential
solutions to radar imaging [6]. And recently, researches show
that vortex EMwaves of different OAMmodes can be utilized
in SAR imaging with great performance [7]. OAM presents
to be a new degree of freedom (DOF) in SAR [8]–[10].

Without the existence of physical baseline, the OAM-based
InSAR provides a novel approach for estimating the target
three-dimensional (3D) information. In the proposed scheme,
vortex EM waves of two different OAM modes are trans-
mitted from one single OAM antenna, and the echoes are
received by the same antenna. The obtained SAR images
of different OAM modes have resolution elements with the
same complex phase delay, but with a different OAM phase
term. After interferometry, the common backscatter phase
delay in each resolution element can be canceled, leaving a
phase term proportional to the azimuth angle of the target,
which can be used to derive the elevation information of the
target. Compared with the traditional across-track InSAR,
the OAM-based InSAR contains the following advantages:
first, because only one single OAM antenna is used to
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FIGURE 1. Geometry of the vortex EM waves based SAR imaging model.

transmit and receive the EM waves, the baseline no longer
exists, which could reduce the requirement for InSAR plat-
form and eliminate the effect of baseline decorrelation [3].
Moreover, because the propagation paths of two OAM beams
are almost the same, the inhomogeneity effect of the propa-
gation medium during the propagation path can be neglected.
Last but not least, without the steps of image registration
and interferogram flattening, the process of the OAM-based
InSAR is simpler [2].

Due to the diversity of wavefronts, the OAM-based InSAR
has the potential for mapping the Earth’s surface topography
accurately without the existence of baseline. To the best of
our knowledge, there exist no public papers reporting the
OAM-based InSAR technique. In this paper, a novel InSAR
elevation estimation method based on vortex EM waves is
proposed. The rest of this paper is composed of five parts.
In Section II, the vortex EM waves based SAR imaging
model is established, and the equations are derived in detail.
In Section III, the improved Range-Doppler (R-D) algorithm
is proposed, which solves the coupling problem between the
azimuth time domain and the OAM domain. In Section IV,
the OAM-based InSAR scheme is proposed, which is demon-
strated by simulation results. In Section V, the elevation esti-
mation accuracy is analyzed, in terms of the interferometric
phase error and the OAMmode error. Finally, the conclusions
are drawn in Section VI.

II. VORTEX EM WAVES SAR MODEL
The geometry of vortex EMwaves based SAR imagingmodel
is displayed in Fig. 1. The OAM antenna phase center (APC)
is the origin of coordinate, and the platform is moving
along the positive X-axis. The side-looking SAR operates in
stripmap mode, which is preferred to guarantee a good spatial
resolution and a wide swath width.

Let us assume that there is an ideal point target in the
detection area. The coordinates of the target are P(x, y, z)
under the Cartesian coordinate or P(r, θ, ϕ) under polar coor-
dinate. An N -element UCA antenna is used to transmit and
receive vortex EM waves of the lth OAM mode [11]–[12].
Each element is multiplied by a different phase term, which
transmits the linear frequency modulation (LFM) signal. The
antenna look-down angle is 90 degree, which means that
the transmitted OAM beam is propagating along the positive
Y-axis. Considering the far field condition and supposing that
N is large enough, the emitted signal se(tm, t, l) at P(x, y, z)
can be written as [7]:

se (tm, t, l) ≈ Nωa (tm−x/v) ωr (t−r (tm) /c) exp {ilπ/2}

× exp
{
iπKr [t−r (tm) /c]2

}
exp {ilϕ (tm)}

× exp {i2π fc [t−r (tm) /c]} Jl [ka sin θ (tm)]

(1)

where t is the range time; tm is the azimuth time; ωr (t) is
the range envelope; ωa(tm) is the azimuth envelope; Kr is
the LFM ratio; fc is the central frequency of the signal;
c is the speed of light; a is the radius of the UCA antenna;
Jl [ka sin θ (tm)] denotes the lth order Bessel function of the
first kind; r(tm) is the slant range; θ (tm) is the polar angle;
and ϕ(tm) is the azimuth angle.
Combining the geometry relevance among the two coor-

dinates, we can obtain the spherical coordinate of the target
P(r(tm), θ(tm), ϕ(tm)) [7]:

r(tm) =
√
(x − vtm)2 + y2 + z2 ≈ R0+

v2

2R0

(
tm−

x
v

)2
,

(2)

θ (tm) = sin−1


√
(x − vtm)2 + z2√
R20 + (x − vtm)2

 (3)

where v is the flight speed;

R20 = y2 + z2 (4)

where R0 is the shortest slant range between the APC and
P (x, y, z). After the Taylor series expansion of the instanta-
neous azimuth angle, which is resulted in:

ϕ(tm) = tan−1
{

y
x − vtm

}
≈ ϕ −

vtm
z
, (5)

ϕ = arc tan(
y
x
) ≈

π

2
+
x
z

(6)

where ϕ is the initial azimuth angle of the target. After sum-
ming up all the signals received by the elements, the received
signal sr (tm, t, l) can be expressed as:

sr (tm, t, l)≈ σN 2ωa (tm−x/v) ωr (t−2r (tm) /c) exp {ilπ}

× exp
{
iπKr [t−2r (tm) /c]2

}
J2l [ka sin θ (tm)]

× exp{i2π fc[t−2r(tm)/c]} exp{i2l(ϕ−vtm/z)}

(7)
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FIGURE 2. Flowchart of the improved Range-Doppler (R-D) algorithm.

where σ denotes the constant radar cross section (RCS) of the
target.

It can be observed from (7) that, the phase terms of the
received signal are similar to that of the traditional SAR
echo except for the OAM phase term. Due to the added
OAM phase term, the azimuth time domain is coupled with
the OAM domain, which means that the target position in
Doppler domain will change among different OAM modes.
Thus, the azimuth defocus will appear if we use the traditional
imaging processing algorithm, e.g., R-D algorithm [13].

III. PROCESSING ALGORITHM
In this section, an improved R-D algorithm for vortex EM
waves SAR imaging is proposed, which can solve the cou-
pling problem between the azimuth time domain and the
OAM domain. The flowchart of the proposed algorithm is
shown in Fig. 2.

After range compression of (7), the derived signal can be
expressed as:

sr (tm, t, l)≈ σN 2 exp{ilπ}J2l [ka sin θ (tm)] pr

(
t−

2r(tm)
c

)
×ωa

(
tm−

x
v

)
exp {i2lϕ0} exp

{
−i2l

vtm
z

}
× exp

{
−i

4πR0
λ

}
exp

{
−iπKa

(
tm−

x
v

)2}
(8)

where pr is the range compressed pulse envelope; Ka =
2v2/λR0 is the azimuth frequency modulation ratio.
In (8), the coupled OAM phase term, which varies with

the azimuth slow time, will affect the range cell migra-
tion correction (RCMC) and the azimuth compression result.
To compensate the coupled OAM phase term, the Z-axis
component of the target is approximate to R0 cosβc where
βc is the incidence angle of the scene center. Therefore,
in two-dimensional (2D) time domain, the H (l, tm,R0) can
be used to compensate the OAM phase terms before azimuth
compression:

H (l, tm,R0) = exp
(
i2l

vtm
R0 cosβc

)
exp {−ilπ} . (9)

TABLE 1. Simulation parameters.

Finally, after RCMC and azimuth compression, the point
spread function (PSF) of the target is expressed as:

s (tm, t, l) = σN 2J2l [ka sin θ (tm)] sinc [1fr (t − 2R0/c)]

× sinc [1fa (tm − x/v)] exp {i2lϕ} (10)

where 1fr is the transmitted signal bandwidth and 1fa is the
Doppler bandwidth.

The azimuth resolution ρa is decided by the effective
azimuth beam width θBW , and ρa can be expressed as [14]:

ρa = λ/2θBW (11)

where λ = c/fc is the wavelength.
The range information is obtained by the pulse compres-

sion technique, and range resolution ρr can be expressed
as [14]:

ρr = c/21fr . (12)

Simulations are carried out to demonstrate the effec-
tiveness of the proposed algorithm. The imaging geometry
is displayed in Fig. 1, and the UCA antenna is used to
generate the desired OAM beams. Three ideal point tar-
gets in different azimuth positions are simulated, and their
locations (x, R0) are set as P1 (−2, 1000), P2 (0, 1000),
P3 (2, 1000), respectively. Other simulation parameters are
listed in Table 1. First of all, range compression of the
echo signal is conducted. Subsequently, the coupled OAM
phase term is compensated in the 2D time domain using
the incidence angle of scene center P2. Finally, the vortex
EM waves SAR image can be obtained after RCMC and
azimuth compression, which is shown in Fig. 3. The results
indicate that targets can be focused well using the proposed
algorithm.

For target P3 that is not located in the scene cen-
ter, the azimuth profile comparison between the improved
R-D algorithm and the conventional R-D algorithm is
shown in Fig. 4. Table 2 shows the evaluation performance
of P3 in Fig. 4. It can also be seen from Fig. 4 and
Table 2 that the side lobe rises and the main lobe devi-
ates if we use the conventional R-D algorithm, which
will seriously deteriorate the imaging quality. The simu-
lation results validate the effectiveness of the improved
R-D algorithm.

IV. OAM-BASED InSAR
InSAR employs two complex-valued SAR images to derive
the target information using the phases of two images [15].

VOLUME 7, 2019 82695



X-X. Bu et al.: InSAR Based on Vortex EM Waves

FIGURE 3. Vortex EM waves SAR imaging result using the improved R-D
algorithm.

FIGURE 4. Azimuth profile comparison of P3. The red solid line denotes
the result of the improved R-D algorithm with orbital angular momentum
(OAM) phase term compensation, while the blue dashed line denotes the
result of conventional R-D algorithm without OAM phase term
compensation.

TABLE 2. Evaluation of azimuth profile in Fig. 4.

The difference between the two images depends on at least
one parameter, e.g., flight path, acquisition time, wavelength,
and so on [16]. Generalizing this concept, the OAM-based
InSAR is a novel scheme of InSAR to obtain the 3D informa-
tion of the target, where the different parameter is the OAM
mode number.

The OAM-based InSAR requires only one OAM antenna,
e.g., the UCA antenna, which could transmit and receive two
different OAMmodes in a ping-pong fashion. After 2D imag-
ing process using the improved R-D algorithm separately,
the images of two OAM modes can be expressed as referring

to equation (10):

s1 (tm, t, l1) = σN 2J2l1 [ka sin θ (tm)] sinc [1fr (t − 2R0/c)]

× sinc [1fa (tm − x/v)] exp {i2l1ϕ} , (13)

s2 (tm, t, l2) = σN 2J2l2 [ka sin θ (tm)] sinc [1fr (t − 2R0/c)]

× sinc [1fa (tm − x/v)] exp {i2l2ϕ} . (14)

Then, multiply the image s1 by the conjugated image s2,
and subsequently, the interferogram can be expressed as:

v = s1s∗2 = |s1| |s2| exp {i1φ} , (15)

1φ = 21lϕ (16)

where 1l is the OAM mode difference, and 1φ is the
interferometric phase, which is proportional to the initial
azimuth angle of the target. Since the interferometric phase
is obtained from an argument computation, which will be
ambiguous within integer multiples of 2π , especially when
1l is large, i.e.,

1φ = ψ + 2kπ (17)

where ψ denotes the principle value of the phase, or the
wrapped phase. To recover the true value of the interfero-
metric phase, the phase unwrapping is needed. Some ref-
erence points with known initial azimuth angles can be
used for phase unwrapping to derive the integral number
k in (17). In the future, we will carry out more theoretical
work on the phase unwrapping problem in the OAM-based
interferometry.

After phase unwrapping, the following equations are used
to deduce the height h of the target.

h = H − z, (18)

z =
√
R20 − y

2, (19)

y = x tanϕ, (20)

ϕ =
1φ

21l
. (21)

According to (18), (19), (20), and (21), the height h of the
target can be expressed as:

h = H −

√
R20 − (x tan

1φ

21l
)2 (22)

where H denotes the flight height, which can be measured
accurately, and the azimuth position x and the shortest
slant range R0 can be derived from the 2D SAR imaging
results [17].

As shown in Fig. 5, the process of the OAM-based InSAR
contains the following steps:

1). Imaging processing using the improved R-D algorithm
to get the 2D SAR images of two OAM modes separately;

2). Multiplying two images to obtain the interferogram;
3). Phase unwrapping;
4). 3D reconstruction of the target.
Since vortex EM waves of two different OAM modes

are transmitted and received by the same antenna,
the data processing procedure of our proposed scheme is
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FIGURE 5. Flowchart of the OAM-based InSAR process.

FIGURE 6. 3D imaging result using OAM-based interferometry. The red
dot denotes the ground truth, while the blue x denotes the reconstructed
target.

simpler compared with the conventional InSAR process,
e.g., the image registration and the interferogram flattening
can be avoided [2].

In order to verify the effectiveness of the height estimation
method using the OAM-based InSAR, a proof-of-concept
simulation was carried out. In the simulation, three ideal point
targets are placed in the scene, and the positions are set as
P1 (10, 3969, 500), P2 (5, 4365, 551), P3 (−10, 3572, 448),
respectively under Cartesian coordinate system. Vortex EM
waves of OAMmode+1 and−1 are used for interferometry.
The SNR is set as 30 dB, and other simulation parameters are
the same as those in Table 1.

Firstly, the 2D SAR images of two modes are derived
using the improved R-D algorithm as described before. Sec-
ondly, multiplying the image of mode +1 by the conju-
gated image of mode −1 to obtain the interferometric phase.
After phase unwrapping, the 3D information can be derived
according to (19-21). The 3D reconstructed result is shown
in Fig. 6. The positions of the reconstructed targets are
located at P1 (10, 3969.1, 499.9), P2 (5, 4364.8, 551.7),
P3 (−10, 3571.8, 448.2), respectively. It can be observed that
the 3D position of the target can be reconstructed accurately.
Because in the improved R-D algorithm, the incidence angle
of the scene center is used for OAM phase compensation,
the target P1 which has the same incidence angle can be
reconstructed with high precision. Whereas for other target,

such as P2 or P3 with different incidence angle, the recon-
struction accuracy decreases. The simulation results validate
the effectiveness of the height estimation method using the
OAM-based InSAR technique.

V. HEIGHT ESTIMATION ACCURACY
According to (22), the height estimation accuracy is deter-
mined by the errors of the flight height, the slant range,
the azimuth position, the interferometric phase, and the OAM
mode difference. Differentiating (22) with respect to each
individual parameter, we can derive that:

δhH = σH , (23)

δhx =
x
(
tan 1φ

21l

)2
√
R20 − (x tan 1φ

21l )
2
σx , (24)

δhR0 = −
R0√

R20 − (x tan 1φ
21l )

2
σR0 , (25)

δh1l = −
x21φ tan 1φ

21l

21l2(cos 1φ21l )
2
√
R20 − (x tan 1φ

21l )
2
σ1l, (26)

δh1φ =
x2 tan 1φ

21l

21l(cos 1φ21l )
2
√
R20 − (x tan 1φ

21l )
2
σ1φ (27)

where σH denotes the root-mean-square error (RMSE) of
flight height; σR0 denotes the RMSE of slant range; σx
denotes the RMSE of azimuth position; σ1φ denotes the
RMSE of interferometric phase; σ1l denotes the RMSE of
OAM mode difference.

Assuming that the above parameters are independent error
contributors, we can evaluate the height estimation accuracy
according to:

σ 2
h =

x2
(
tan 1φ

21l

)4
R20 − (x tan 1φ

21l )
2
σ 2
x +

R20
R20 − (x tan 1φ

21l )
2
σ 2
R0

+ σ 2
H +

x41φ2(tan 1φ
21l )

2

41l4(cos 1φ21l )
4(R20 − (x tan 1φ

21l )
2)
σ 2
1l

+
x4(tan 1φ

21l )
2

41l2(cos 1φ21l )
4(R20 − (x tan 1φ

21l )
2)
σ 2
1φ (28)

where σh denotes the RMSE of the target height.
The measurement error of the flight height is relatively

small, which is not a critical contributor to height estimation.
Equation (24), and (25) show that the height errors arise from
the uncertainties of the azimuth position and the slant range,
which correspond to the system parameters, as well as the
imaging algorithm [18].

The mode characteristics of vortex EM waves, e.g. the
OAM mode purity, will cause uncertainties on the OAM
mode difference, which will finally translate into height
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FIGURE 7. Height estimation error versus OAM mode difference under
different OAM mode errors.

TABLE 3. Simulation parameters.

estimation errors in topographic applications, as displayed
in (26). Fig. 7 shows the height estimation error versus
OAM mode difference under different OAM mode errors,
and the simulation parameters are listed in Table 3. The
simulation result indicates that the height estimation accuracy
can be improved by decreasing the OAM mode difference
error.

In our scheme, the UCA antenna is used to generate the
vortex EM waves, and the mode purity is determined by four
factors: the number of elements N , the OAMmode number l,
the array radius a, and the elevation angle θ [19]. Vortex EM
waves with pure mode can be obtained by optimizing the
UCA antenna properly, such as increasing the element num-
ber, and decreasing the array radius. Besides, the actual mode
is a mixture of a series of discrete modes with periodicity
of the element number N , where the fundamental mode is
the maximum mode. In some appropriate elevation angles,
the radiation fields are located in the pure mode region, which
has little influence on the practical applications [19].

The height estimation error with respect to the interfero-
metric phase error is presented in Fig. 8. The RMSE of the
OAM mode difference error is 0.01, and other simulation
parameters are the same as those in Table 3. Signal-to-noise
ratios (SNR), the extra OAM phase error introduced by the
processing algorithm, and the inherent system errors are main
contributors to the interferometric phase errors. The simula-
tion result indicates that the height estimation accuracy can
be improved by decreasing the interferometric phase error.

Besides, it can be observed from both Fig. 7 and Fig. 8 that
the height estimation accuracy improves with the increase

FIGURE 8. Height estimation error versus OAM mode difference under
different interferometric phase errors.

of OAM mode difference. When the OAM mode difference
increases to a certain extent, the improvement is relatively
limited. Thus, an appropriate OAM mode difference is pre-
ferred to guarantee the height estimation accuracy, as well as
the system complexity.

In the OAM-based interferometry, since the two OAM
beams are transmitted and received by the same antenna,
the physical baseline no longer exists, which can reduce the
flight platform complexity, and avoid the baseline decorre-
lation. Because the propagation paths of two OAM beams
are almost the same,, the inhomogeneity effect of the
propagation medium during the propagation path can be
neglected, and moreover the temporal decorrelation has lit-
tle effect on the interferometry process. It should be noted
that the OAM-based InSAR cannot reconstruct the targets
in the zero-Doppler plane, i.e., their initial azimuth angles
are π /2.

VI. CONCLUSION
This paper has given a comprehensive study of the
OAM-based InSAR. The vortex EMwaves based SAR imag-
ing model was built and the corresponding imaging algorithm
was proposed. Simulation results demonstrate the effective-
ness of the proposed algorithm.

The OAM-based InSAR technique is proposed to recon-
struct the 3D target information accurately without the exis-
tence of physical baseline. Compared with conventional
InSAR, the OAM-based InSAR could eliminate the baseline
decorrelation and reduce the requirement for the platform.
Simulation results demonstrate the effectiveness of the pro-
posed technique. Besides, the height estimation accuracy of
the OAM-based InSAR was analyzed, in terms of interfero-
metric phase error and OAM mode error, etc. The accuracy
can be improved by increasing the OAM mode difference
appropriately.

Furthermore, the OAM-based InSAR can also be com-
bined with other baselines, e.g., the spatial baseline and the
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temporal baseline, to obtain more information of the target.
This work shows the new application of vortex EM waves,
which advances the development of novel InSAR systems.
Our future work will include a proof-of-concept experiment
of the OAM-based InSAR technique.
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