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ABSTRACT In this paper, the event-trigger adaptive control problem is investigated for a class of nonlinear
systems with unknown external disturbance. An estimator is designed to estimate the unknown upper bound
of the disturbance-like term, which presents the uncertainties caused by external disturbance, a measurement
error of input, and an unknown gain parameter. Unlike the existing results, the bound of tracking error is
not only independent of the size of unknown system parameters but also can converge to zero. Moreover,
new proof of Zeno-free under the discontinuous input is presented. It is shown that the designed adaptive
controller ensures the stability of the closed-loop system and achieves desired tracking performance.

INDEX TERMS Event-trigger, backstepping, adaptive control, nonlinear system.

I. INTRODUCTION
As we all know, the efficiency of networked control
systems [1]–[7] is usually constrained by limited network
resources in practice. Distributed complex network systems
provide a realistic example for us. In such systems compu-
tation abilities and channel bandwidth have always played
important roles on execution efficiency of complex control
schemes. The constraint on efficiency caused by limited net-
work resources is becoming more and more obvious along
with the widely using of nonlinear and adaptive control
technologies. Therefore networked control has gained more
and more attention on improving control efficiency [8]–[10].
On the other hand, input signal applied on the system is
allowed any value at any time instant in the classical control
framework. Limited network resources are overwhelmed and
system performance including stability, tracking and transient
performance are greatly reduced, especially when unknown
time delays [11]–[13] exist in signal transmission. Event-
triggered control strategy is just such a technology which has
been proposed to overcome the aforementioned drawbacks.

In the recent twenty years, many studies have focused on
event-triggered control [14]–[21]. Specially for decentralized
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networked control systems which has the higher require-
ment on channel bandwidth, event-triggered control has been
deeply studied [18]–[20] and some basic results have been
proposed. In [21] a decentralized event-triggered consensus
controller is proposed without requiring continuous com-
munication among agents. For nonlinear systems, a static
event-triggered rule with state is proposed in [14], while a
dynamic controller trigger event is designed based on an
additional internal dynamic variable in [22]. For a class of
uncertain nonlinear systems with unknown actuator failures
which and missing data have been widely studied [23]–[25],
fixed threshold, relative threshold and switching threshold
strategy have been proposed in [26] and [27] respectively. The
output event-trigger based control scheme has been proposed
in [28]. Based above analysis, in the context of event-trigger
based control, the results for nonlinear systems are still every
limited. Especially for nonlinear systems with parameter
uncertainties and external disturbance, there is still short of
available results. It’s precisely because external disturbance
is inevitable for practical systems that we must consider its
uncertainty influence in event-trigger based adaptive control
scheme design. In this paper, we address such a problem
by considering controlling a class of unknown nonlinear
systems with external disturbance. Due to the existence of
external disturbance, the requirement on avoiding the Zeno
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behavior can not be guaranteed by traditional event triggered
controller. To solve it, T̄ as a positive design parameter is
introduced in event triggering controller (18). In addition,
we introduce an estimator to estimate the unknown upper
bound of disturbance-like term in the design of the pro-
posed event-trigger based control scheme. Unlike the existing
results, the bound of tracking error is not only independent
of the size of unknown system parameters but also can con-
verges to zero. Moreover, a new proof of Zeno-free under the
discontinuous input are proved.

The main contributions of this paper are summarized as
follows: (1) The event-trigger based adaptive control prob-
lem is investigated for a class of non-linear systems with
unknown parameters and unknown external disturbances.
(2) A new event-triggering mechanism is proposed and an
adaptive event-trigger based control scheme is developed
based on such mechanism. (3) In addition, a new proof of
Zeno-free under the discontinuous input are provided based
on the proposed event-triggering mechanism. (4) Moreover,
unlike some existing event-trigger based control schemes
for nonlinear systems, the uncertainties caused by external
disturbance can be compensated accurately by estimating its
unknown upper bound under the control scheme developed in
this paper, thus a better system performance can be achieved.

The rest of the paper is organized as follows. In section 2,
we formulate the strict feedback systemswith unknown exter-
nal disturbance and constant parameters. In section 3, the
event-triggered based adaptive control scheme is proposed
and stability analyses of the closed-loop system is presented.
In section 4, simulation results are shown in detail. Finally,
the paper is concluded in section 5.

II. MODELS AND PROBLEM STATEMENT
To illustrate our design scenario, the following strict-
feedback nonlinear systems similar to [23] and [26] is
considered:

ẋ1 = x2 + gT1 (x1)θ

ẋ2 = x3 + gT2 (x1, x2)θ
...

ẋn = g0(x)+ gTn (x)θ + bu+ d̄(t)

y = x1 (1)

where x = [x1, x2, . . . , xn]T ∈ Rn is system state and y ∈ R
is the output. u ∈ R is input. gj(j = 0, 1, 2, . . . , n) ∈ Rp

are known and sufficiently smooth functions. θ ∈ Rp, b ∈
R are unknown constant parameters. d̄(t) denotes bounded
disturbance.

In what follows, the event-trigger based adaptive controller
design strategies for systems (1) will be proposed. To obtain
control laws and update laws of unknown parameters, several
assumptions are needed.
Assumption 1: b 6= 0 and the sign of b is known.
Assumption 2: Reference signal yr (t) ∈ R and its ith-order

(i = 1, 2, . . . , n− 1) derivatives are known and bounded.

III. DESIGN AND ANALYSIS OF ADAPTIVE CONTROLLERS
Our objective is to guarantee all the signals of the closed loop
system are bounded under the proposed event-trigger based
adaptive controller. To carry out the design of control law
and adaptive update laws based on backstepping technique,
the following change of coordinates is required.

z1 = x1 − yr ;

zi = xi − αi−1 − y(i−1)r , (i = 2, . . . , n) (2)

where αi−1(i = 2, . . . , n), is a virtual control at step n − 1.
z1 denotes the tracking error.
Step 1: From (1) and (2), the derivative of z1 can be

rewritten as

ż1 = z2 + α1 + gT1 θ (3)

where α1 is the virtual control. We consider the following
Lyapunov function

V1 =
1
2
z21 +

1
2
θ̃T0−1θ θ̃ (4)

where θ̃ = θ − θ̂ is the estimation error. θ̂ is an estimate
of unknown parameter θ . 0θ ∈ Rp×p is a positive definite
matrix. We chose virtual control α1 as

α1 = −L1z1 − gT1 θ̂ (5)

where L1 ∈ R > 0 is a design parameter. With (3) and (5),
the derivative of V1 is

V̇1 = z1(z2 − L1z1 − gT1 θ̂ + g
T
1 θ )− θ̃

T0−1θ
˙̂
θ

= −L1z21 + z1z2 − θ̃
T0−1θ ( ˙̂θ − 0θg1z1) (6)

We choose

τ1 = 0θg1z1 (7)

Then we can get

V̇1 = −L1z21 + z1z2 − θ̃
T0−1θ ( ˙̂θ − τ1) (8)

where τ1 is a tuning function.
Step i(i = 2, 3, · · · , n− 1): Easily, we can get

żi = ẋi − α̇i−1 − y(i)r

= xi+1 + gTi θ −
i−1∑
k=1

(
∂αi−1

∂xk
ẋk +

∂αi−1

∂y(k−1)r
y(k)r )

−
∂αi−1

∂θ̂

˙̂
θ − y(i)r

= zi+1 + αi + (gTi −
i−1∑
k=1

∂αi−1

∂xk
gTk )θ

−

i−1∑
k=1

(
∂αi−1

∂xk
xk+1 +

∂αi−1

∂y(k−1)r
y(k)r )−

∂αi−1

∂θ̂

˙̂
θ (9)

We choose Lyapunov function Vi as

Vi = Vi−1 +
1
2
z2i (10)
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and let virtual control αi be

αi = −Lizi − zi−1 − (gTi −
i−1∑
k=1

∂αi−1

∂xk
gTk )θ̂ +

∂αi−1

∂θ̂
τi

+

i−1∑
k=2

∂αk−1

∂θ̂
0θ (gi −

i−1∑
l=1

∂αi−1

∂xl
gl)zk

+

i−1∑
k=1

(
∂αi−1

∂xk
xk+1 +

∂αi−1

∂y(k−1)r
y(k)r ) (11)

and tuning function τi be

τi = τi−1 + 0θ (gi −
i−1∑
k=1

∂αi−1

∂xk
gk )zi (12)

where Li ∈ R is a positive design parameter. Then we can get

V̇i = −
i∑

k=1

Lkz2k + zizi+1 − θ̃
T0−1θ ( ˙̂θ − τi)

−

i∑
k=2

∂αk−1

∂θ̂
( ˙̂θ − τi)zk (13)

Step n: From (1) and (2), the derivative of zn is

żn = ẋn − α̇n−1 − y(n)r

= g0(x)+ gTn (x)θ + bu+ d̄(t)−
n−1∑
k=1

∂αn−1

∂xk
(xk+1

+gTk θ )−
∂αn−1

∂θ̂

˙̂
θ −

n−1∑
k=1

∂αn−1

∂y(k−1)r
y(k)r − y

(n)
r (14)

We take

α = −Lnzn − zn−1 − (gTn −
n−1∑
k=1

∂αn−1

∂xk
gTk )θ̂

+0θ

n−1∑
k=2

zk
∂αk−1

∂θ̂
(gn −

n−1∑
l=1

∂αn−1

∂xl
gl)

+

n−1∑
k=1

(
∂αn−1

∂xk
xk+1 +

∂αn−1

∂y(k−1)r
y(k)r )

+
∂αn−1

∂θ̂
τn − sign(zn)D̂− g0(x)+ y(n)r (15)

where Ln ∈ R is a positive design parameter. D̂ is an
estimation of D. D is the unknown upper bound of d(t).

d(t) = d̄(t)− bε(t) (16)

The boundedness of ε(t) will be given in the following event-
trigger based controller. The tuning function τn can be cho-
sen as

τn = τn−1 + 0θ (gn −
n−1∑
k=1

∂αn−1

∂xk
gk )zn (17)

Now the proposed event-trigger based controller can be
designed as follows:

w = ρ̂α;

u(t) = w(tk ), t ∈ [tk , tk+1) (18)

tk+1 = min{t0k+1, tk + T̄ };

t0k+1 = inf {t ∈ R, ||ε(t)| ≥ m};

where ρ̂ is an estimation of unknown parameter ρ = 1
b .

ε(t) = w(t) − u(t) denotes the measurement error. T̄ ∈ R
and m ∈ R are positive constants. tk (k = 1, 2, · · · ) is the
controller update time and during the time interval [tk , tk+1)
the value of input signal holds a constant w(tk ). Compared
with the existing results shown in [26]–[28], a constraint
function tk+1 = min{t0k+1, tk + T̄ } is imposed on update
time tk+1. Such constraint function can guarantee the length
of time interval [tk , tk+1) being smaller than a prescribed
bound. Such a bound is important to the proof of Zeno-free.
Update laws are chosen as

˙̂D = ηd |zn|;
˙̂
θ = τn;

˙̂ρ = −sign(b)ηραzn (19)

where ηd ∈ R and ηρ ∈ R are positive design parameters.
Remark 1: Different from [26], a designed parameter

T̄ is introduced in the proposed event-trigger based con-
troller (18). It can ensure the length of time interval [tk , tk+1)
is limited. It is important for the establishment and proof of
following Theorem 1.
Remark 2: It is clear that d(t) is bound because |ε(t)|

is bounded by m shown in (18). To compensate such
uncertainty we can establish the estimation of the upper
bound of d(t) which includes external disturbance and
unknown measurement error. Then the estimation D̂ will be
used in the design of event-trigger based controller shown
in (15) and (18).

We now establish the boundedness of all signals
in the closed loop system, as stated in the following
theorem.
Theorem 1: Consider the uncertain nonlinear systems (1)

and the event-trigger based adaptive controller given in (18)
and (19). Under Assumptions 1 and 2, the following results
hold

• All signals in the closed-loop system are globally
bounded.

• There exists a time T ∗ > 0 such that tk+1 − tk ≥ T ∗.
• The tracking error z1 satisfies

limt→∞|x1(t)− yr (t)| = 0

Proof: We consider the following Lyapunov function

V = Vn−1 +
1
2
z2n +

1
2ηd

D̃2
+
|b|
2ηρ

ρ̃2 (20)
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From (13) and (14) the derivative of V is

V̇ = V̇n−1 +
1
2
znżn −

1
ηd
D̃ ˙̂D−

|b|
ηρ
ρ̃ ˙̂ρ

= −

n−1∑
k=1

Lkz2k + znzn−1 − θ̃
T0−1θ ( ˙̂θ − τn−1)

−

n−1∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn−1)+

1
2
zn
(
g0 + gTn θ

+bu+ d̄(t)−
n−1∑
k=1

∂αn−1

∂xk
(xk+1 + gTn θ )− y

(n)
r

−
∂αn−1

∂θ̂

˙̂
θ −

n−1∑
k=1

∂αn−1

∂y(k−1)r
y(k)r

)
−

1
ηd
D̃ ˙̂D

−
|b|
ηρ
ρ̃ ˙̂ρ (21)

With (16) we can get

bu(t)+ d̄(t) = bw(t)− bε(t)+ d̄(t)
= bρ̂α + d(t) (22)
= b(ρ − ρ̃)α + d(t)
= α − bρ̃α + d(t)

Then we can get

V̇ = −
n∑

k=1

Lkz2k − θ̃
T0−1θ ( ˙̂θ − τn−1)

+(gTn −
n−1∑
k=1

∂αn−1

∂xk
gTk )θ̃ −

∂αn−1

∂θ̂
zn(
˙̂
θ − τn)

−sign(zn)D̂zn + znd(t)−
1
ηd
D̃ ˙̂D− bρ̃αzn

−
|b|
ηρ
ρ̃ ˙̂ρ −

n−1∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn−1)

+zn
n−1∑
k=2

zk
∂αk−1

∂θ̂
0θ (gn −

n−1∑
l=1

∂αn−1

∂xl
gl) (23)

Note that

−sign(zn)D̂zn + znd(t) ≤ |zn|D− |zn|D̂ = |zn|D̃

−bρ̃αzn −
|b|
ηρ
ρ̃ ˙̂ρ = −

|b|
ηρ
ρ̃( ˙̂ρ + sign(b)ηρznα) (24)

and with (17), we have

−

n−1∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn) = −

n−1∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn−1)

+zn
n−1∑
k=2

zk
∂αk−1

∂θ̂
0θ (gn −

n−1∑
l=1

∂αn−1

∂xl
gl) (25)

and
n∑

k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn) =

n−1∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn)

+
∂αn−1

∂θ̂
zn(
˙̂
θ − τn) (26)

So we can get

V̇ ≤ −
n∑

k=1

Lkz2k − θ̃
T0−1θ ( ˙̂θ − τn)

−

n∑
k=2

zk
∂αk−1

∂θ̂
( ˙̂θ − τn)−

1
ηd
D̃( ˙̂D− ηd |zn|)

−
|b|
ηρ
ρ̃( ˙̂ρ + sign(b)ηρznα) (27)

With update laws (19), we have

V̇ ≤ −
n∑

k=1

Lkz2k (28)

Clearly, we can get that V is non-increasing with (28). There-
fore, all signals in closed-loop zi(i = 1, · · · , n), θ̂ , ρ̂, D̂ are
bounded. Then all virtual control αi(i = 1, · · · , n − 1),
α and states xi(i = 1, · · · , n) are bounded. From the control
law (18), u(t),w(t) are ensured bounded.
In the following we will show that there exists a constant

T ∗ such that tk+1− tk ≥ T ∗ (∀k ∈ Z+). It is clear that w(t) is
a discontinuous function due to sign(zn) existing in α shown
in (15). Discontinuity points caused by sign(·) are jump dis-
continuity, rather than infinite discontinuity points. That is to
say the one-sided derivatives of such discontinuity points is
constant. Now we use t ik , (i = 1, · · · , l − 1) denotes such
discontinuity points in time interval [tk , tk+1). Then we have

tk = t0k < t1k < · · · < t l−1k < t lk = tk+1 (29)

Firstly, we want to reassurance that the length of time interval
(t ik , t

i+1
k ) divided by above discontinuity points of sign(zn)

must be greater than 0. Namely, (t ik , t
i+1
k ) is not empty. It is

not hard to understand. Because it can be guaranteed by the
continuity of zn. Note that tk+1 − tk ≤ T̄ has been given
in (18). So the above discontinuity points are finite. Namely,
l is a finite number. Considering the time interval [t ik , t

i+1
k ),

we have

|ε̇(t)| = sign(ε(t))ε̇(t) ≤ |ẇ(t)| (30)

Clearly, |ẇ(t)| is continuous with xi, α̂, D̂, yr . As all signals
xi, α̂, D̂, yr in time interval [t ik , t

i+1
k ) are globally bounded,

there must exist a positive constant κ ik such that |ẇ(t)| ≤
κ ik . Based on event-trigger controller (18), we consider the
following two cases:
• tk+1 = tk + T̄ ,
It indicates the length of time interval [tk , tk+1) is T̄ .

• tk+1 = t0k+1,
It indicates ε(tk+1) = m. Note that

m = ε(tk+1)− ε(tk )

=

l−1∑
q=0

(ε(tq+1k )− ε(tqk ))

≤

l−1∑
q=0

|ε̇(ζ qk )||t
q+1
k − tqk |

≤ κk

l−1∑
q=0

|tq+1k − tqk |

= κk (tk+1 − tk ) (31)
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where ∃ ζ qk ∈ (tqk , t
q+1
k ) and κk = maxq=1,··· ,l−1{κ

q
k }

ensure that above inequality (31) is established. It is easy
to get

tk+1 − tk ≥
m
κk

(32)

So we have

tk+1 − tk ≥ min{
m
κk
, T̄ } , T ∗ (33)

From (28), we can easily get V is non-increasing. Similar
in [29] and [30], by applying the Lasalle-Yoshizawa theorem
to (28), we have

limt→∞zi(t) = 0 (i = 1, · · · , n) (34)

This implies that

limt→∞|xi(t)− yr (t)| = 0 (35)

Remark 3: Compared with [26], the tracking performance
has been greatly improved in this paper under the consider-
ation of external disturbance. the tracking error can conver-
gence to zero by introducing an estimator in control scheme
to realize the online estimation of the unknown upper bound
of external disturbance.

IV. SIMULATION STUDIES
We now apply the proposed control scheme to the following
2nd order system described as

ẋ1 = x2
ẋ2 = φ1(x1, x2)θ + φ2(x1, x2)+ u+ d(t) (36)

where x1, x2 are system states and u is input. θ is an unknown
parameter. φ1(x1, x2) = sin(x1) and φ2(x1, x2) = cos(x1 +
2x2) are known functions. d(t) is external disturbance.
In simulation, the true value of unknown parameter θ is

taken as 2 and disturbance is 0.2sin(t). The design parameters
can be chosen as: L1 = L2 = 5, 0θ = ηd = 0.01. The
parameters in trigger are m = 1 and T = 0.01. The initial
values are taken as: x1(0) = 2.5, x2(0) = 0, θ̂ (0) = 1 and
D̂(0) = 0.

Fig.1 represents tracking error and the state x2 is shown
in Fig.2. Fig.3 shows the signal w. After the change of event-
trigger (18), the signal u(t) is given in Fig.4. Clearly, we can
get that all signals of the systems (1) are all bounded under
the controlling of the proposed control law.

Then in order to investigate the influence of design param-
eter m on system performance, the simulation results are
shown in Fig.5 and Fig.6 where we take m = 0.5 and
m = 1. By comparing these two cases, we can get that the
better tracking performance can be realized when the design
parameter is bigger. But the amplitude of control signal will
also become bigger.

Finally, we take the external disturbance d(t) = 0.4cos(t).
The simulation results are shown in Fig.7 and Fig.8. It is clear
that all signals of the systems (1) are bounded under such a
different disturbance.

FIGURE 1. Tracking errors(m = 1, d (t) = 0.2sint).

FIGURE 2. State x2(m = 1, d (t) = 0.2sint).

FIGURE 3. Signal w(m = 1, d (t) = 0.2sint).

From the above simulation results, it is clear that the sta-
bility of the nonlinear system (36) can be ensured and the
tracking performance can be realized under the controlling of
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FIGURE 4. Input signal u(m = 1, d (t) = 0.2sint).

FIGURE 5. Comparison of tracking errors m = 1 and m = 0.5.

FIGURE 6. Comparison of input signals u m = 1 and m = 0.5.

the proposed event-trigger based adaptive controller when the
unknown external disturbance exists. Compared with existing
results in [26]–[28], the effect of external disturbance can be
compensated by estimating its unknown upper bound directly
rather than being ignore in controller design.

FIGURE 7. Tracking errors(m = 1, d (t) = 0.4cost).

FIGURE 8. Input signal u(m = 1, d (t) = 0.4cost).

V. CONCLUSION
An event-trigger based control scheme is proposed for strict
feedback nonlinear systems with unknown constant param-
eters and external disturbance based on backstepping tech-
nique. It is shown that all signals of closed-loop system
are bounded and the steady state tracking error is ensured
to be zero. As we all know, design parameters including
L1, · · · ,Ln, ηd , ηρ, 0θ , the event-triggering time T̄ and the
threshold m will affect the performance of control system.
A possible direction for future work is to investigate how to
choose the design parameters for the better performance.
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