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ABSTRACT This paper has investigated a downlink non-orthogonal multiple access (NOMA) cooperative
scheme with user-assisted relaying, where near users are viewed as decode-and-forward (DF) relays
operating full/half-duplex mode to assist multiple far users. Especially, the impact for the randomness of
users location on the system performance has also been studied. Further, to overcome the zero diversity
gain inherent to full-duplex (FD) operation, the direct link between a base station (BS) and each far user
is exploited. The comprehensive performance analysis is conducted through the closed-form expressions
in terms of outage probability, the diversity gain, system throughput, and ergodic sum rate. With respect to
outage behavior, throughput, and ergodic sum rate, FD-based NOMA outperforms half-duplex (HD) NOMA
in the lower signal-to-noise ratio (SNR) region. However, with the negative influence brought by residual
loop-interference (LI), the advantage of FD NOMA scheme is not pronounced enough in the high SNR
regime. Therefore, according to different SNR levels, we further propose a hybrid relaying scheme that
switches opportunistically between the FD and HD modes. Afterward, the mode switching threshold is
characterized such that the outage probability of each user is minimized. The simulation results confirm
the correctness of our analysis and offer a significant guideline for system design in practice.

INDEX TERMS User relaying, full-duplex, non-orthogonal multiplex access, outage probability, through-
put, ergodic sum rate.

I. INTRODUCTION
Spectrum efficiency is of pivotal importance for the next-
generation (5G) mobile communication [1], [2]. To this
effect, NOMA has caused extremely widespread attention
among academia and industry, owing to its ability to accom-
plish the spectrum multiplexing among multiple users with
different power levels [3], [4]. More importantly, since mul-
tiple users can be served simultaneously on the same radio
resources (i.e., time, frequency and code domain), NOMA
offers more massive connectivity and user fairness [4], [5].
With the aid of successive interference cancellation (SIC)
at the receiver, multiple-user separation can be handled
precisely.

So far, NOMA has been applied extensively to coop-
erative communication, on the standpoint of extending
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the coverage of networks [3], [6]–[8]. To be specific,
Abbasi et al. [6] propose a NOMA-based cooperative relay
network with a novel detection strategy and have verified
that relay-assisted transmission of amplify-and-forward pro-
tocol can obtain full cooperative diversity. Also, the system-
level performance investigation of a downlink cooperative
NOMA scheme over Nakagami-m fading conditions is ana-
lyzed in [8], in terms of outage probability and ergodic sum
rate. In addition, as reported in [3], the cell-center users
not only communicate with the source, but they also are
viewed as relay for other cell-edge users. Accordingly, novel
cooperative NOMA systems using stochastic geometry are
presented in [9] and [10], where the users are distributed
randomly around the source node. Leveraging tool from
stochastic geometry, the impact of spatial randomness (i.e.,
BSs, relays or mobile users) on the system reliability can
be seen in [9] and [10]. However, as commonly assumed in
the above works [3], [5], [6], [8]–[10], HD operation at the
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relaying introduces a loss of spectral-efficiency since relay
receiving and forwarding requires two time-orthogonal slots.

Compared to HD mode, as a potential tool to enhance
system capacity, FD operation allows the data of transmis-
sion and reception to accomplish simultaneously over the
same radio resource [11]–[13]. While FD relaying is known
to suffer from LI, it nonetheless remains feasible as pas-
sive or active LI suppression mechanisms develop [14]–[17].
Recently, several researches in [11]–[13] have an insight into
the application of FD mode to cooperative NOMA networks,
due to the lower latency and lower spectral loss brought by
FD operation. Besides, Yue et al. [18] and Do et al. [19]
adopt the full/half-duplex relaying in user-assisted coopera-
tive NOMA scheme. To highlight the potential gain of FD
NOMA scheme, a comprehensive study is conducted in [18]
through outage probability, ergodic rate and energy effi-
ciency. Additionally, an on/off relaying scheme using either
FD or HDmode is introduced in [19], which shows the reduc-
tion of performance gap between cell-center and cell-edge
users. Further in [20], the near user acting as an FD relaying
helps the far user, meanwhile, the optimal power allocation
algorithm is exploited to minimize the outage probability.

The aforementioned researches have addressed the appli-
cation of FD relaying to a cooperative NOMA scheme,
however, all these works allow single far user to be better
served [12], [13], [18]–[20]. The potential benefits by com-
bining these two pivotal techniques of NOMA and FD mode
are still far from being well understood, which is one of
the motivations for our paper. In fact, considering the non-
uniformity of user distribution in a cell [21], the cell-edge
users are required to be better served for guaranteeing user
fairness. As discussed in [21] and [22], a novel user pairing
scheme in which a cell-center user pairs with multiple cell-
edge users has been developed. Compared to conventional
pairing scheme, the virtual pairing can ensure every cell-
edge user to be paired and further improve spectral efficiency.
Meanwhile, Shahab and Shin [23] have considered a time
sharedNOMA system, wheremultiple far users communicate
with base station through a dedicated FD/HD relaying.

Motivated by [21]–[23], we group a near user and multiple
far users in pairs to implement NOMA protocol. Besides,
the near user acting as a FD/HD relaying can assist multiple
cell-edge users, which further improve the overall reliability
of system. Note that every user distributes randomly in a
cellular area, the important knowledge of the user locations
is worth delving into. Particularly, the distance information
between each user and base station enables us to focus on
characterizing the statistical properties of channel state infor-
mation (CSI). Thereby, based on tools from stochastic geom-
etry, the influence of the randomness for users on system per-
formance is also introduced. Furthermore, compared to [20],
we observe that the direct link between the BS and each
far user is crucial for the performance of FD user relaying
scheme.

Based on the above considerations, we investigate a
downlink full/half-duplex cooperative NOMA network.

Meanwhile, only statistical CSI is available in the transmitter,
due to random deployment of users. Compared to the existing
literatures, the main contributions of this paper are summa-
rized as follows:

• We aim to coalesce NOMA and FD relaying to improve
spectral efficiency of the scheme. Further, in order to
better serve multiple cell-edge users, our paper presents
a cooperation network consisting of direct link transmis-
sion and cooperation phase transmission. Also, we find
that, as for far users, the zero diversity gain problem
inherent to FD cooperative scheme is overcame by the
aid of direct link.

• We focus on the outage performance analysis in terms of
FD/HDNOMA systems and take the location of the near
and far users into account. Leveraging mathematical
tools, exact or approximated expressions of outage prob-
abilities at the near and far users are obtained. Besides,
the system throughput can be attained on the basis of
the derived outage probability. To obtain more insights,
a simple approximation for the outage probability is
studied in the high SNR region. Furthermore, we derive
the diversity gain of the near and far users to assess the
outage behavior.

• To further improve the outage behavior, we aim to inves-
tigate a hybrid relaying scheme which can opportunisti-
cally operate between FD and HD mode. Additionally,
a simple algorithm for determining the level of SNR
threshold ρU is proposed. Simulation results show that
the proposed scheme has the optimal outage behavior in
comparison with the pure FD NOMA scheme and the
pure HD NOMA system.

• The analysis of ergodic capacity is also necessary.
Accordingly, we derive the expressions of analytical and
asymptotic ergodic rates in FD/HD NOMA schemes.
Also, the slope analysis for ergodic rate is considered in
the high SNR region. Regarding to far users, it reveals
that the capacity ceilings will limit the ergodic sum rate
of the proposed scheme. More notably, the ergodic sum
rate of FD NOMA scheme shows better performance
improvement in comparison to the HD NOMA one at
low and medium SNR region.

In what follows, Pr [·] denotes probability, fY (·) and FY (·)
symbolize the probability density function (PDF) and the
cumulative distribution function (CDF) associated with a
random variable (RV) Y , and E {·} represents the expectation
operator.

II. SYSTEM MODEL
Consider a DF cooperative NOMA cellular communication
network with one base station S and multiple randomly
deployed users, as depicted in Fig. 1. To highlight the NOMA
protocol, we only investigate two kinds of mobile users: near
users (i.e., Ni) and far users (i.e., Fj) [9]. Near users are
uniformly located in a circle DN with radius RN , whereas
the far users are uniformly deployed in a annulus DF with
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FIGURE 1. System model of downlink NOMA cooperative communication.

inner radius Rf (assuming Rf � RN ) and outer radius RF .
Importantly, the S is located at the origin of both DN and
DF . We assume that the direct link between S and Fj is
available, and near users can be generally viewed as dedi-
cated relays to assist the cell-edge users. Being consistent
with [12], [18], and [20], we suppose thatNi is equipped with
dual antennas with one for transmission and the other for
reception, and operates either in FD mode or in HD mode,
while the BS and Fj operate in HD operation with a single
antenna.1

Particularly, we assume that all channels experience addi-
tive white Gaussian noise (AWGN) and composite channel
fading with both quasi-static Rayleigh fading and large-scale
path loss. The complex channel coefficients of S → Ni, S →
Fj and Ni → Fj are denoted by gSNi , gSFj and gNiFj , respec-
tively. Assuming that the line-of-sight component between
the transmit antenna (Tx) and the receive antenna (Rx) at
the full-duplex mode is considerably suppressed by antenna
isolation, the residual loop/self-interference link at Ni is
denoted as gLI and is subjected to Rayleigh fading with
the corresponding average power �LI , as the same as
in [11], [13], [18], and [20].

To highlight the analysis, one near user Nk and the C far
users Fl ( l = 1, 2, 3, · · ·,C) are randomly selected.2 Further,
it is assumed that the distance of Nk from BS is marked as
dSNk , and the C far users’ distances away from BS are ranked
as dSF1 ≤ dSF2 ≤ · · · ≤ dSFC . Particularly, we only focus on
the performance analysis of the paired user group consisting

1Suppose that the BS and distant users are equipped with multiple anten-
nas, the LI can be eliminated to an extent [18]. However, multiple antenna
system needs multiple RF chains, which will add cost in terms of size, power,
and hardware. The multi-antenna case will be studied in our future work.

2The random selection scheme is leveraged in our paper for two reasons.
One reason is that the scheme is a way to bring fairness for each user to
access the base station [9], and the second reason is that only statistical CSI
is available in our paper.

of the mth far user (i.e., Fm) and the nth far user (i.e., Fn),
m < n, to carry out the NOMA protocol.3

At the time slot j (j = 1, 2, 3, . . .), S broadcasts xS [j],
while Nk , Fm and Fn are ready to receive. xS [j] is a super-
posed signal, xS [j] =

√
akxk [j] +

√
amxm [j] +

√
anxn [j],

where the xi is unity powermessage intended for the user i, i.e,
E
{
x2i
}
= 1, i ∈ {k,m, n} and ai is the corresponding power

allocation factor. Base on theNOMAconcept, we assume that
an > am > ak with ak + am + an = 1.
Importantly,Nk receives xS and decodes all users’ message

successively by means of SIC.4 Then conditioned on success-
fully decoding xm and xn, Nk will re-superimpose the two
decoded message, with different power allocation parameters
b and 1− b, as a signal xR and forward it to Fm and Fn. Note
that xR [j] =

√
bxn [j− Td ] +

√
1− bxm [j− Td ], where Td

(Td ≥ 1) is the processing delay.
As a result, the observations at Nk , Fi, i ∈ {m, n} can be

written respectively by

yNk [j] = gSNk
√
PSxS [j]+

√
$gLI

√
PRtLI [j]+ nNk [j] ,

yFi [j] = gSFi
√
PSxS [j]+ gNkFi

√
PRxR [j]+ nFi [j] . (1)

where (i) $ ∈ {0, 1} is the mode indicator. Nk can work in
FD operation if $ = 1, otherwise Nk works in HD mode;
(ii) tLI is loop/self-interference and tLI [j] =

√
κxR [j], κ

(0 ≤ κ ≤ 1) is the suppressed level of LI after undergoing
recent LI cancellation techniques (e.g., passive/active sup-
pression methods) [13], [18], [20]; (iii) PS and PR are the
transmit powers at S and Nk , respectively; (iv) nNk [j] ∼
CN

(
0, σ 2

Nk

)
and nFi [j] ∼ CN

(
0, σ 2

Fi

)
are complex additive

white Gaussian noise (AWGN).
Suppose that σ 2

Nk = σ
2
Fi = σ

2, i ∈ {m, n}, we define ρR
1
=

PR/σ 2 and ρ 1
= PS/σ 2, where ρ and ρR denote the transmit

SNR at the base station and relaying, respectively [18].
After receiving yNk ,Nk invoking the SICwill firstly decode

xn and remove it, and then Nk decodes xm and xk in turn
using the same process. So the instantaneous signal-to-noise-
plus-interference radio (SINR) at Nk to detect xn is given
by

γFn→Nk =
anρ

∣∣gSNk ∣∣2
(1− an) ρ

∣∣gSNk ∣∣2 + κ$ρR|gLI |2 + 1
. (2)

Assuming that xn is decoded successfully and subtracted
completely, the SINR at Nk to detect xm is given by

γFm→Nk =
amρ

∣∣gSNk ∣∣2
akρ

∣∣gSNk ∣∣2 + κ$ρR|gLI |2 + 1
. (3)

Lastly, conditioned on xm being detected successfully,
the SINR at Nk to detect its own message is given by

3According to NOMA protocol, our paper mainly concentrate on the
typical case of selecting the users with distinct channel gains, as is commonly
done in [3] and [8]. Additionally, there may come a case that the selected
users possess similar channel gains [21]–[23], which is also an important
topic to purse in future works.

4Assuming that the perfect SIC is exploited in our paper, our future work
will take the decoding error into consideration.
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γNk =
akρ

∣∣gSNk ∣∣2
κ$ρR|gLI |2 + 1

. (4)

The SINRs at Fn to detect its own signal from direct link
and relaying link are given respectively by

γS,Fn =
anρ

∣∣gSFn ∣∣2
(1− an) ρ

∣∣gSFn ∣∣2 + 1
,

γR,Fn =
bρR

∣∣gNkFn ∣∣2
(1− b) ρR

∣∣gNkFn ∣∣2 + 1
. (5)

As for Fm, in the direct link transmission, the SINR at Fm
to detect the message of Fn and the SINR to detect its own
information are written respectively as

γS,Fn→Fm =
anρ

∣∣gSFm ∣∣2
(1− an) ρ

∣∣gSFm ∣∣2 + 1
,

γS,Fm =
amρ

∣∣gSFm ∣∣2
akρ

∣∣gSFm ∣∣2 + 1
. (6)

For the cooperative transmission, the SINR at Fm to detect
firstly xn and the SINR to detect its own signal, xm, are
expressed respectively as

γR,Fn→Fm =
bρR

∣∣gNkFm ∣∣2
(1− b) ρR

∣∣gNkFm ∣∣2 + 1
,

γR,Fm = (1− b) ρR
∣∣gNkFm ∣∣2. (7)

Assuming the signal from S and the forwarded sig-
nal from Nk are resolvable absolutely at the receiving
side [12], [18], [24], so that the two signals can be combined
by selection combining (SC).5 Therefore, the instantaneous
SINR of Fi, i ∈ {m, n}, is given as

γFi = max
(
γS,Fi , γR,Fi

)
. (8)

III. DENSITY FUNCTION OF CHANNEL GAINS
In this section, we characterize the distributions of the
channel gains, i.e., gSNi , gSFj and gNiFj . Prior to descrip-
tion, we assume that a composite channel fading model is
considered [9], i.e., gij =

hij√
1+dαij

, ij ∈
{
SNi, SFj,NiFj

}
,

in which hij models the small-scale Rayleigh fading with
hij ∼ CN (0, 1), dij denotes the distance between the i and
j, as well as α is the path-loss exponent. In general, the path
loss exponent takes the value from 2 to 6. Since

∣∣hij∣∣2 follows
exponential distribution, the CDF of

∣∣gij∣∣2 is given as follows:
F
|gij|

2 (x) =
∫ (

1− e−(1+r
α)x
)
fdij (r) dr, (9)

in which dij depends on the location of the user.

5Due to the processing delay Td , the two signals coming from S and Nk
arrive asynchronously at the destinations. Accordingly, SC is more suitable
for our scheme where the phase information for each link is unavailable.
Compared to maximal radio combining (MRC), SC has lower implementa-
tion cost and has no loss in diversity gain [25]. To obtain more insight, our
future work will investigate the performance analysis brought by the MRC.

Suppose each near user Ni is uniformly located in DN ,
the distribution of the distance between S and any Ni denoted
by dSNi is independent and identically distributed (i.i.d) and
its PDF can be given by fdSNi (r) =

2r
R2N

. Based on (9)

and leveraging the Gaussian-Chebyshev quadrature [9], [26],
the CDF of

∣∣gSNi ∣∣2 can be approximated as

F∣∣gSNi ∣∣2 (x) ≈
P∑
p=1

ωP

2

√
1−φ2p

(
φp+1

) [
1− e

−

(
1+T αp

)
x
]
,

(10)

where P is the complexity-accuracy tradeoff parameter,ωP =
π
P , Tp =

RN
2

(
φp + 1

)
and φp = cos

(
2p−1
2P π

)
.

Particularly, when α = 2 and after some integral opera-
tions, an exact closed-form expression of the equation (9) is
given by

F∣∣gSNi ∣∣2 (x)
∣∣∣∣
α=2
= 1−

e−x

R2N x
+
e−
(
1+R2N

)
x

R2N x
. (11)

Importantly, we focus on the analysis of C selected ran-
domly distant users. Note that each far user Fl is uniformly
distributed inDF , the PDF of the unordered distance variable
from S to Fl is fdSFl (r) =

2r
R2F−R

2
f
. In this case, the PDF of

the ordered distance variable d̃SFl , l = 1, 2, · · ·,C , can be
expressed leveraging the theory of order statistics as [27]

fd̃SFl
(r) =

C !
(C − l)! (l − 1)!

fdSFl (r)
[
FdSFl (r)

]l−1
×

[
1− FdSFl (r)

]C−l
, (12)

where FdSFl (r) =
r2−R2f
R2F−R

2
f
is the corresponding CDF of dSFl .

As such, substituting (12) into (9), a Gaussian-Chebyshev
approximation of F∣∣gSFl ∣∣2 (x) can be derived as follows:

F∣∣gSFl ∣∣2 (x)
≈ Cl

Q∑
q=1

ωQ

√
1− φ2q

(
RF − Rf

) [
1− e

−

(
1+T αq

)
x
]

×

Tq
(
T 2
q − R

2
f

)l−1(
R2F − T

2
q

)C−l
(
R2F − R

2
f

)C , (13)

where Cl =
C !

(C−l)!(l−1)! , Q is the factor to ensure
a complexity-accuracy tradeoff, ωQ = π/Q, φq =

cos
(
2q−1
2Q π

)
and Tq =

RF−Rf
2 φq +

RF+Rf
2 .

Corollary 1: Note that if α = 2, an exact expression of
F∣∣gSFl ∣∣2 (x) is derived by
F∣∣gSFl ∣∣2 (x)

∣∣∣∣
α=2

= Cl
C−l∑
p1=0

(
C − l
p1

)
(−1)p1

[
1

l + p1
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−

e
−

(
1+R2f

)
x
x−(l+p1)γ

(
l + p1,

(
R2F − R

2
f

)
x
)

(
R2F − R

2
f

)l+p1
, (14)

where γ (ν, µ) =
∫ µ
0 xν−1e−xdx is the incomplete Gamma

function [28, Eq.(3.351.1)].
Proof : See Appendix A. �
Importantly, the distance between Ni and Fl can be cal-

culated as: dNiFl =
√
d2SNi + d

2
SFl − 2dSNidSFl cos (6 NiSFl).

Assuming dSFl � dSNi , therefore an approximation value
of dNiFl , namely, dNiFl ≈ dSFl , has been made in the fol-
lowing for the convenience of theoretical derivation anal-
ysis. Along the lines of the derivation of (12) and (13),
we generally assume that

∣∣gNiFl ∣∣2 and
∣∣gSFl ∣∣2 are i.i.d

variables.

IV. OUTAGE PROBABILITY ANALYSIS
As a benchmark evaluation of system performance, the out-
age behavior for users Nk , Fn and Fm is characterized in
what follows. Particularly, since base station transmits signals
at constant rates in the delay-limited transmission mode,
the outage probability is used for estimating whether the pre-
defined data rates are appropriate. Correspondingly, an out-
age event will happen if the SINR falls below the target
threshold [8].

A. ANALYTICAL ANALYSIS
1) OUTAGE PROBABILITY OF NK
Based on the NOMA principle, the complementary event of
outage at Nk is defined as: Nk can successfully decode xn, xm
and its own signal xk .
As a result, the outage probability for Nk is described as

PFD
Nk =1−Pr

(
γFn→Nk >γ

FD
thn , γFm→Nk >γ

FD
thm , γNk >γ

FD
thk

)
,

(15)

where γ FDthi = 2Ri −1 andRi is the target rate at Nk to detect
xi, i ∈ {k,m, n}. Next, the outage probability of the near user
Nk is shown in the Theorem 1.
Theorem 1: The outage probability of the nearby user Nk

can be approximated as

PFD
Nk ≈

P∑
p=1

ωP

2

√
1− φ2p

(
φp + 1

)

×

1− ρe−
θ1(1+Tαp )

ρ

ρ + ρRκ$�LI θ1

(
1+ T αp

)
 , (16)

in which ς1 =
γ FDthn

an−(1−an)γ FDthn
, β1 =

γ FDthm
am−akγ FDthm

, χ1 =
γ FDthk
ak
, and

we have a definition: θ1
1
= max (ς1, β1, χ1). It is worthy of

note that approximation (16) is obtained on the conditions of
γ FDthn <

an
1−an

and γ FDthm <
am
ak
.

Proof: Using (2), (3) and (4), the equation (15) can be
rewritten as

PFD
Nk

= 1− Pr
[∣∣gSNk ∣∣2>max (ς1, β1, χ1)

ρ

(
κ$ρR|gLI |2 + 1

)]
=

∫
∞

0
F∣∣gSNk ∣∣2

[
θ1

ρ
(κ$ρRx + 1)

]
f
|gLI |2 (x) dx. (17)

Next, by substituting (10) into (17) and taking some inte-
gral manipulations, the approximated outage probability of
Nk can be obtained in (16). The proof is complete. �
Corollary 2: For α = 2, an exact closed-form expression

of the outage probability for Nk is expressed as

PFD
Nk

∣∣∣
α=2

= 1+
ρe

1
κρR$�LI

κρR$R2N�LI θ1

{
Ei
[
−

(
1

κρR$�LI
+
θ1

ρ

)]
− Ei

[
−

(
1

κρR$�LI
+
θ1
(
1+ R2N

)
ρ

)]}
, (18)

where Ei (·) denotes the exponential integral function.
Proof: Similar to the derivations in (17), substituting (14)

into (17), we can obtain (19), as shown at the top of the
next page, where the step 〈1〉 is obtained by using t =
(κ$ρRx + 1) /ρ and some manipulations.

According to [28, Eq.(3.352.2)],ϕ from (19) can be derived
as

ϕ = −Ei
[
−

(
1

κρR$�LI
+
θ1

ρ

)]
+Ei

{
−

[
1

κρR$�LI
+
θ1
(
1+ R2N

)
ρ

]}
. (20)

Finally, by substituting (20) into (19), (18) can be attained.
The proof is done. �

Particularly, similar to the derivations in (16), the outage
probability of Nk for HD NOMA can be given in the follow-
ing corollary.
Corollary 3: Let $ = 0, the outage probability of Nk for

HD NOMA is expressed by

PHD
Nk ≈

1
2

P∑
p=1

ωP

√
1− φ2p

(
φp + 1

) [
1− e

θ∗1 (1+T
α
p )

ρ

]
, (21)

and for α = 2, we have

PHD
Nk

∣∣∣
α=2
= 1−

ρe−
θ∗1
ρ

R2N θ
∗

1

+
ρe−

θ∗1 (1+R
2
N )

ρ

R2N θ
∗

1

, (22)

where γHDthi = 22Ri − 1, i ∈ {k,m, n}, as well as ς∗1 =
γHDthn

an−(1−an)γHDthn
with γHDthn <

an
1−an

, β∗1 =
γHDthm

am−akγHDthm
with γHDthm <

am
ak
, χ∗1 =

γHDthk
ak

and θ∗1
1
= max

(
ς∗1 , β

∗

1 , χ
∗

1

)
.

In the following, it is worthy of note that the coop-
erative phase transmission depends on the event Ai,
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PFD
Nk

∣∣∣
α=2
=

1
�LI

∫
∞

0

1− ρe−
θ1
ρ (κ$ρRx+1)

R2N θ1 (κ$ρRx + 1)
+
ρe−

θ1
ρ

(
1+R2N

)
(κ$ρRx+1)

R2N θ1 (κ$ρRx + 1)

e− x
�LI dx

=
〈1〉

1−
ρe

1
κ$ρR�LI

κ$ρRR2N�LI θ1


∫
∞

1
ρ

e
−

(
ρ

κ$ρR�LI
+θ1

)
t

t
dt −

∫
∞

1
ρ

e
−

[
ρ

κ$ρR�LI
+θ1

(
1+R2N

)]
t

t
dt

︸ ︷︷ ︸
ϕ

(19)

PFD
Fn

∣∣∣
α=2
= Cn

C−n∑
p1=0

(
C − n
p1

)
(−1)p1

 1
n+ p1

−

e−
ψf ς1
ρ ρ(n+p1)γ

(
n+ p1, ψFς1

ρ

)
(ψFς1)

n+p1


1+ n0ρe

n0
ρR

θ2ρRR2N

{
Ei
[
−

(
n0
ρR
+
θ2

ρ

)]

− Ei
[
−

(
n0
ρR
+
θ2ψN

ρ

)]}}
+
Cn2n0ρe

n0
ρR

θ2ρRR2N

C−n∑
p1=0

C−n∑
p2=0

(
C − n
p1

)(
C − n
p2

)

×

{
−Ei

[
−

(
n0
ρR
+
θ2

ρ

)]
+ Ei

[
−

(
n0
ρR
+
θ2ψN

ρ

)]}

×(−1)p1+p2

 1
n+ p1

−

e−
ψf ς1
ρ ρ(n+p1)γ

(
n+ p1, ψFς1

ρ

)
(ψFς1)

n+p1


 1
n+ p2

−

e−
ψf τ1
ρR ρR

(n+p2)γ
(
n+ p2, ψF τ1

ρR

)
(ψFτ1)

n+p2

 ,
(26)

PHD
Fn

∣∣∣
α=2
= Cn

C−n∑
p1=0

(
C − n
p1

)
(−1)p1

 1
n+ p1

−

e−
ψf ς
∗
1

ρ ρ(n+p1)γ
(
n+ p1,

ψFς
∗

1
ρ

)
(
ψFς

∗

1

)n+p1

1− ρ

(
e−

θ∗2
ρ − e−

ψN θ
∗
2

ρ

)
R2N θ

∗

2



+C2
n

C−n∑
p1=0

C−n∑
p2=0

(
C − n
p1

)(
C − n
p2

)
(−1)p1+p2

 1
n+ p1

−

e−
ψf ς
∗
1

ρ ρ(n+p1)γ
(
n+ p1,

ψFς
∗

1
ρ

)
(
ψFς

∗

1

)n+p1


×

 1
n+ p2

−

e−
ψf τ
∗
1

ρR ρR
(n+p2)γ

(
n+ p2,

ψF τ
∗

1
ρR

)
(
ψFτ

∗

1

)n+p2

ρ

(
e−

θ∗2
ρ − e−

ψN θ
∗
2

ρ

)
R2N θ

∗

2

 , (29)

which is defined as the signals xm and xn can be
detected successfully at Nk . Accordingly, we have PAi =
Pr
(
γFn→Nk > γ FDthn , γFm→Nk > γ FDthm

)
.

Further, according to eqs (2) and (3), PAi can be approxi-
mated as

PAi ≈ 1−
ωP

2

P∑
p=1

√
1− φ2p

(
φp + 1

)

×

1− ρe−
θ2(1+Tαp )

ρ

ρ + κ$ρR�LI θ2

(
1+ T αp

)
 , (23)

where θ2
1
= max (ς1, β1).

2) OUTAGE PROBABILITY OF FN
The outage event occurs as follows: (i) Fn cannot detect its
own information xn from xS when the event Ai fails; (ii) The
received SINR after SC at Fn is below its target threshold
when the event Ai happens. Therefore, the outage probability
of Fn can be described as

PFD
Fn =

(
1−PAi

)
Pr
(
γS,Fn < γ FDthn

)
+PAi Pr

(
γFn<γ

FD
thn

)
.

(24)

The expression of outage probability for Fn is presented in
the following theorem.
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Theorem 2: Assuming dNkFn ≈ dSFn , the outage probabil-
ity of Fn can be approximated as follows:

PFD
Fn

≈ ηn

P∑
p=1

Q∑
q=1

ξnq ζp

[
1− e−

(1+Tαq )ς1
ρ

]

×

1− ρe−
θ2(1+Tαp )

ρ

ρ + κ$ρR�LI θ2

(
1+ T αp

)


+ η2n

Q∑
q=1

Q∑
q1=1

ξnq ξ
n
q1

[
1− e−

(1+Tαq )ς1
ρ

][
1− e−

(
1+Tαq1

)
τ1

ρR

]

×

1−
P∑
p=1

ζp

1− ρe−
θ2(1+Tαp )

ρ

ρ+κ$ρR�LI θ2

(
1+ T αp

)

, (25)

where$ = 1, τ1 =
γ FDthn

b−(1−b)γ FDthn
with

γ FDthn <
b

1− b
, ηn =

CnωQ
(
RF − Rf

)(
R2F − R

2
f

)C ,

Cn =
C !

(C − n)! (n− 1)!
, ξnq = Tq

√(
1− φ2q

)
×

(
T 2
q − R

2
f

)n−1(
R2F − T

2
q

)C−n
, ξnq1

= Tq1

√(
1− φ2q1

)(
T 2
q1 − R

2
f

)n−1(
R2F − T

2
q1

)C−n
,

and ζp =
ωP

2

(
φp + 1

)√(
1− φ2p

)
.

Proof: See Appendix B. �
Corollary 4: For the special case α = 2, the out-

age probability of Fn can be calculated exactly as (26),
shown at the top of the previous page, in which n0 =

1
κ$�LI

, ψN = 1 + R2N , ψf = 1 + R2f and
ψF = R2F − R

2
f .

Proof: Similar to the derivations in (23), the exact expres-
sion of PAi for α = 2 is given by

PAi
∣∣
α=2

=
ρe

1
κρR$�LI

κ$ρRR2N�LI θ2

{
−Ei

[
−

(
1

κρR$�LI
+
θ2

ρ

)]
+ Ei

[
−

(
1

κρR$�LI
+
θ2
(
1+ R2N

)
ρ

)]}
. (27)

Further, using the similar derivations in Appendix B, uti-

lizing the CDFs of F
|gSFn |

2 (x)
∣∣∣
α=2

and F∣∣gNkFn ∣∣2 (x)
∣∣∣∣
α=2

,

as well as combining (27), the exact expression for the
outage probability of Fn is obtained and the proof is
done. �

Corollary 5: Similarly, the outage probability of Fn for
HD NOMA, namely$ = 0, is given by

PHD
Fn

≈ ηn

Q∑
q=1

P∑
p=1

ζpξ
n
q

[
1− e−

θ∗2 (1+T
α
p )

ρ

][
1− e−

(1+Tαq )ς∗1
ρ

]

+ η2n

Q∑
q=1

Q∑
q1=1

ξnq ξ
n
q1

[
1− e−

(1+Tαq )ς∗1
ρ

]

×

[
1− e−

(
1+Tαq1

)
τ∗1

ρR

]1−
P∑
p=1

ζp

[
1− e−

θ∗2 (1+T
α
p )

ρ

] ,
(28)

Besides, the outage probability of Fn for HD NOMA
scheme with the special case α = 2 can be obtained in
(29), as shown at the top of the previous page, in which

θ∗2
1
= max

(
ς∗1 , β

∗

1

)
and τ ∗1 =

γHDthn
b−(1−b)γHDthn

with γHDthn <
b

1−b .

3) OUTAGE PROBABILITY OF FM
The outage events of Fm are described as follows: (i) After
receiving xS , xm cannot be detected at Fm when the event Ai
fails; (ii) Fm cannot detect its own message after receiving
the signals from direct link and relaying link, although the
event Ai happens. As a result, the outage probability of Fm is
expressed as

PFD
Fm

=
(
1− PAi

) [
1− Pr

(
γS,Fn→Fm > γ FDthn , γS,Fm > γ FDthm

)]
︸ ︷︷ ︸

J1

+PAi
[
1− Pr

(
γS,Fn→Fm > γ FDthn , γS,Fm > γ FDthm

)]
×

[
1− Pr

(
γR,Fn→Fm > γ FDthn , γR,Fm > γ FDthm

)]
︸ ︷︷ ︸

J2

. (30)

To further obtain an intuitional result, the outage probabil-
ity of Fm is presented in the next theorem.
Theorem 3: Suppose dNkFm ≈ dSFm , the approximation of

the outage probability for Fm is expressed by

PFD
Fm

≈ ηm

P∑
p=1

Q∑
q2=1

ζpξ
m
q2

[
1− e−

(
1+Tαq2

)
θ2

ρ

]

×

1− ρe−
θ2(1+Tαp )

ρ

ρ + κ$ρR�LI θ2

(
1+ T αp

)


+ η2m

Q∑
q2=1

Q∑
q3=1

ξmq2ξ
m
q3

[
1−e−

(
1+Tαq2

)
θ2

ρ

][
1−e−

(
1+Tαq3

)
θ3

ρR

]

×

1−
P∑
p=1

ζp

1− ρe−
θ2(1+Tαp )

ρ

ρ + κ$ρR�LI θ2

(
1+ T αp

)

 ,

VOLUME 7, 2019 39213



N. Guo et al.: Multi-User Cooperative NOMA Scheme With Hybrid Full/Half-Duplex User-Assisted Relaying

PFD
Fm

∣∣∣
α=2
= Cm

C−m∑
p3=0

(
C − m
p3

)
(−1)p3

 1
m+ p3

−

e−
ψf θ2
ρ ρ(m+p3)γ

(
m+ p3, ψF θ2

ρ

)
(ψFθ2)

m+p3


1+ n0ρe

n0
ρR

θ2ρRR2N

{
Ei
[
−

(
n0
ρR
+
θ2

ρ

)]

− Ei
[
−

(
n0
ρR
+
θ2ψN

ρ

)]}}
+
Cm2n0ρe

n0
ρR

θ2ρRR2N

C−m∑
p3=0

C−m∑
p4=0

(
C − m
p3

)(
C − m
p4

)

×

{
−Ei

[
−

(
n0
ρR
+
θ2

ρ

)]
+ Ei

[
−

(
n0
ρR
+
θ2ψN

ρ

)]}

× (−1)p3+p4

 1
m+ p3

−

e−
ψf θ2
ρ ρ(m+p3)γ

(
m+ p3, ψF θ2

ρ

)
(ψFθ2)

m+p3


 1
m+ p4

−

e−
ψf θ3
ρR ρR

(m+p4)γ
(
m+ p4, ψF θ3

ρR

)
(ψFθ3)

m+p4

 .
(32)

PHD
Fm

∣∣∣
α=2
= Cm

C−m∑
p3=0

(
C − m
p3

)
(−1)p3

 1
m+ p3

−

e−
ψf θ
∗
2

ρ ρ(m+p3)γ
(
m+ p3,

ψF θ
∗

2
ρ

)
(
ψFθ

∗

2

)m+p3

1− ρ

(
e−

θ∗2
ρ − e−

ψN θ
∗
2

ρ

)
R2N θ

∗

2



+C2
m

C−m∑
p3=0

C−m∑
p4=0

(
C − m
p3

)(
C − m
p4

)
(−1)p3+p4

 1
m+ p3

−

e−
ψf θ
∗
2

ρ ρ(m+p3)γ
(
m+ p3,

ψF θ
∗

2
ρ

)
(
ψFθ

∗

2

)m+p3


×

 1
m+ p4

−

e−
ψf θ
∗
3

ρR ρR
(m+p4)γ

(
m+ p4,

ψF θ
∗

3
ρR

)
(
ψFθ

∗

3

)m+p4

ρ

(
e−

θ∗2
ρ − e−

ψN θ
∗
2

ρ

)
R2N θ

∗

2

 . (34)

(31)

in which ηm =
CmωQ(RF−Rf )(

R2F−R
2
f

)C , and Cm = C !
(C−m)!(m−1)! ,

ξmq2 = Tq2
√
1− φ2q2

(
T 2
q2 − R

2
f

)m−1(
R2F − T

2
q2

)C−m
and

ξmq3 = Tq3
√
1− φ2q3

(
T 2
q3 − R

2
f

)m−1(
R2F − T

2
q3

)C−m
.

Proof: See Appendix C. �
Corollary 6: If α = 2, an exact expression for the outage

probability of Fm is presented as (32), shown at the top of this
page.
Proof: Along the lines of the similar derivations in

Appendix C and using the formulas (14) and (27), the equa-
tion (32) can be easily obtained. The proof is complete. �
Corollary 7: In the same way, the outage probability of Fm

for HD NOMA, i.e.,$ = 0, is given by

PHD
Fm

≈ ηm

Q∑
q2=1

P∑
p=1

ζpξ
m
q2

[
1− e−

θ∗2 (1+T
α
p )

ρ

][
1− e−

(
1+Tαq2

)
θ∗2

ρ

]

+ η2m

Q∑
q2=1

Q∑
q3=1

ξmq2ξ
m
q3

[
1− e−

(
1+Tαq2

)
θ∗2

ρ

]

×

[
1− e−

(
1+Tαq3

)
θ∗3

ρR

]1−
P∑
p=1

ζp

[
1− e−

θ∗2 (1+T
α
p )

ρ

] ,
(33)

where θ∗3
1
= max

(
τ ∗1 , ξ

∗

1

)
and ξ∗1 =

γHDthm
1−b .

Specially, if α = 2 and $ = 0, the outage probability
of Fm for HD NOMA can be calculated accurately in (34),
shown at the top of this page.

B. ASYMPTOTIC ANALYSIS
To assess the variation trend of the outage probability in high
SNR region, the asymptotic diversity analysis is discussed.
A definition of the diversity order is expressed as follows:

d = − lim
ρ→∞

logP (ρ)
log ρ

. (35)

1) THE NEAR USER NK
In the high SNR regime, i.e., ρ →∞, we assume ρR =
λρ and λ goes from zero to one [13]. Using the fact that
ex ∼

x→0
1 when x → 0, therefore equation (16) can be further
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approximated as

PFD,∞
Nk ≈

P∑
p=1

ωP

2

√
1− φ2p

(
φp + 1

)

×

1− 1

1+ κ$λ�LI θ1

(
1+ T αp

)
 . (36)

For $ = 0 and using 1 − e−x ∼
x→0

x , a high SNR

approximation of (21) is expressed by

PHD,∞
Nk ≈

1
2

P∑
p=1

ωP

√
1− φ2p

(
φp + 1

) (1+ T αp ) θ∗1
ρ

. (37)

Remark 1: Substituting (36) and (37) into (35), we can
easily learn that dFDNk = 0 and dHDNk = 1, respectively.
Intuitively, when ρ → ∞, the value of PFD,∞

Nk is a constant
which is not associated with ρ. Accordingly, as for near user
Nk , there is an error floor in FD NOMA scheme, while the
outage probability in HDNOMA could keep decreasing when
ρ →∞. This could be due to the effect of residual LI, which
is the nature of the FD relaying [18], [29].

2) THE FAR USER FN
Based on the analytical expressions in (25) and (28),
the asymptotic outage probability of Fn for FD/HD coopera-
tive NOMA can be expressed respectively as follows:

PFD,∞
Fn ≈ ηn

P∑
p=1

Q∑
q=1

ζpξ
n
q

(
1+ T αq

)
ς1

ρ

×

1− 1

1+ κ$λ�LI θ2

(
1+ T αp

)
 , (38)

PHD,∞
Fn ≈ η2n

Q∑
q=1

Q∑
q1=1

ξnq ξ
n
q1

(
1+ T αq

) (
1+ T αq1

)
ς∗1 τ
∗

1

λρ2
.

(39)

Remark 2: Similarly, after substituting (38) and (39) into
(35), we can obtain dFDFn = 1 and dHDFn = 2, respectively.
Regarding to far user Fn, one diversity gain is obtained for
FD NOMA scheme, while the diversity order in HD NOMA
is equal to two. Therefore, with the aid of the direct link
transmission, the zero diversity gain problem inherent to FD
cooperative scheme is thus overcame [18], [29]. One possi-
ble reason is that the direct link provides another transmis-
sion possibility for the source to communicate with Fn.

3) THE FAR USER FM
Using (31) and (33), the asymptotic outage probabilities of
Fm for FD/HD-based NOMA system at high SNR region are
obtained respectively as

PFD,∞
Fm ≈ ηm

P∑
p=1

Q∑
q2=1

ζpξ
m
q2

(
1+ T αq2

)
θ2

ρ

×

1− 1

1+ κ$λ�LI θ2

(
1+ T αp

)
 , (40)

PHD,∞
Fm ≈ η2m

Q∑
q2=1

Q∑
q3=1

ξmq2ξ
m
q3

(
1+ T αq2

) (
1+ T αq3

)
θ∗2 θ
∗

3

λρ2
.

(41)

Remark 3: Substituting (40) and (41) into (35), it is easy
to find dFDFm = 1 and dHDFm = 2, respectively. As the same as
the far user Fn, the zero diversity gain limitation of user Fm in
FD NOMA is overcame. In fact, even though the performance
of the relaying link is still affected by LI, the direct link
transmission leads to a nonzero diversity order for Fm in FD
NOMA scheme.

C. THROUGHPUT ANALYSIS
In the following, we analyze the system throughput for
FD/HD-based NOMA scheme under delay-limited transmis-
sion mode in which the base station transmits signals with
constant rates Ri, i ∈ {k,m, n} [9], [18]. Recall that γthi
denotes SNR threshold, the signals are decoded successfully
if the SINRs at the receiving end are greater than the corre-
sponding threshold γthi. Therefore, the system throughput in
delay-limited mode can be easily obtained, on the basis of
the evaluated outage probabilities and the fixed transmission
rates.

1) FD-BASED NOMA CASE
Leveraging the analytical results of outage probability in (16),
(25) and (31), the throughput of FD NOMA cooperative
network in the delay-limited transmission mode is obtained
as

RFD
=

(
1− PFD

Nk

)
Rk+

(
1− PFD

Fn

)
Rn+

(
1− PFD

Fm

)
Rm.

(42)

2) HD-BASED NOMA CASE
Likewise, based on the analytical results (21), (28) and
(33), the throughput of HD-based NOMA cooperative
scheme in the delay-limited transmission mode is given
by

RHD
=

(
1−PHD

Nk

)
Rk+

(
1− PHD

Fn

)
Rn+

(
1− PHD

Fm

)
Rm.

(43)

D. HYBRID FULL/HALF DUPLEX COOPERATIVE NOMA
Despite the tremendous advance in LI cancellation techniques
has been improved, it is difficult for the FD scheme to always
outperform the HDmode. In this case, a practical opportunis-
tic FD/HD relaying network combined with power adaption
is devised in [30] to improve a dual-hop cooperative network
performance, where the power adaption scheme is based on
the concept in [31]. Further in [32], since the existence of
residual self-interference degrades outage behavior of one-
way FD cooperative scheme, a hybrid one-way FD/two-way
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HD relaying system is proposed. Afterwards, the application
of NOMA to a hybrid HD/FD relaying scheme is introduced
in [33], and it is verified that the hybrid scheme is superior to
conventional NOMA, pure HD cooperative NOMA and pure
FD cooperative NOMA scheme.

Inspired by the aforementioned works, we propose a
cooperative NOMA scheme with hybrid FD/HD user-
assisted relaying for further improving outage performance.
Because of imperfect LI cancellation mechanism, our FD
cooperative NOMA system suffers severe LI in the high
SNR regime. Therefore, we attempt to develop a hybrid
FD/HD mode by dynamically selecting appropriate mode
according to the level of SNR. In other words, the FD
mode is used when the level of SNR is less than a pre-
defined SNR threshold ρU , otherwise HD operation is
employed.

To begin with, the outage probability with hybrid relaying
mode is expressed as follows:

PHybrid
U = min

{
PHD
U ,PFD

U

}
=

{
PFD
U , with ρ < ρU

PHD
U , with ρ ≥ ρU ,

(44)

where U ∈ {Nk ,Fm,Fn}.
Further, we aim to determine the switching bound-

ary between two relaying modes for each user. With
the aid of outage probabilities deduced in previous part,
the analytical value of ρU can be calculated in the
following.
Proposition 1: For the near user Nk , the FD mode is supe-

rior to the HD mode if
ρ < ρNk ,

ρNk =

P∑
p=1

ωp

√
1− φ2p

(
φp + 1

) (
1+ T αp

)
θ∗1

P∑
p=1

ωp

√
1− φ2p

(
φp + 1

) [
1− 1

1+κ$λ�LI θ1
(
1+T αp

)
] .
(45)

Otherwise, the HD mode is preferred over the FD mode if
ρ ≥ ρNk .
Proof:According to (16) and (21), the switching boundary

of Nk can be calculated by solving the equality PFD
Nk = PHD

Nk .
In order to simplify the analysis, a compact solution of ρNk
can be approximated by letting PFD,∞Nk = PHD,∞Nk . It is worth
to note that simulation results later in Fig. 2 will show that the
approximate solution of PFD,∞

Nk = PHD,∞
Nk approaches ρNk .

This is because the asymptotic analysis results and exact
analytical results match well in the medium and high SNR
region. �
The following proposition presents the switching value of

SNR for the far user Fn.
Proposition 2: As for the far user Fn, the FD mode is

preferred to the HD mode if

ρ < ρFn ,

ρFn

=

η2n

Q∑
q=1

Q∑
q1=1

ξnq ξ
n
q1

(
1+ T αq

) (
1+T αq1

)
ς∗1 τ
∗

1

ηn
P∑
p=1

Q∑
q=1

ζpξnq

(
1+ T αq

)
λς1

[
1− 1

1+κ$λ�LI θ2
(
1+T αp

)
] .
(46)

Otherwise, the HD mode outperforms the FD one.
Proof: Similar to the proof in Proposition 1, the switching

boundary of Fn can be obtained by solving ρFn from the
equation PFD,∞

Fn = PHD,∞
Fn for which PFD,∞

Fn and PHD,∞
Fn

are presented respectively in (38) and (39). �
As such, we can obtain the value of ρFm in the following

proposition.
Proposition 3: For the far user Fm, the HD mode is infe-

rior to the FD mode if ρ < ρFm ,

ρFm

=

η2m

Q∑
q2=1

Q∑
q3=1

ξmq2ξ
m
q3

(
1+ T αq2

) (
1+T αq3

)
θ∗2 θ
∗

3

ηm
P∑
p=1

Q∑
q2=1

ζpξ
m
q2

(
1+T αq2

)
λθ2

[
1− 1

1+κ$λ�LI θ2
(
1+T αp

)
] .

(47)

Otherwise, the HD mode outperforms the FD one.
Proof: Along the lines of the proof in Proposition 2, we let

PFD,∞
Fm = PHD,∞

Fm . Further, using the formulas (40) and (41),
the switching boundary in (47) is attained. �

On the basis of above analysis, three different mode switch
thresholds can be obtained.6 Particularly, for a given SNR
level, each user will feed back only one bit of its mode
selection message to the base station for making the deci-
sion. To be specific, the one-bit feedback will return 1 on
full-duplex mode, or 0 when selecting the half-duplex oper-
ation. Furthermore, making use of the majority rule [34],
our scheme can automatically select a proper mode based
on switching boundaries. Accordingly, the proposed scheme
could be applied to some distinctive networks, such as Inter-
net of Things (IoT) systems or distributed networks, in which
each of terminals may have different requirements to guide
reliable transmission.

V. ERGODIC ACHIEVABLE RATE
The ergodic capacity analysis is introduced in this section.
In the case of delay-tolerant transmission mode, the source
can transmit at arbitrary rates [9], [18]. Accordingly,

6 Intuitively, the outage behavior will be deteriorated when imperfect SIC
is considered. Accordingly, applying our analysis of mode switch thresholds
for imperfect SIC scheme is not straightforward and deserves further mod-
ifications. Necessarily, we should mention that extension of our analysis to
the case of SIC imperfections and study how to design robust hybrid FD/HD
scheme to mitigate the negative effects of imperfect SIC will be valuable
directions in future works.
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the ergodic capacity is an important performance metric for
evaluating the maximum transmission rate of a system. Thus,
the expressions for the ergodic rate of each user and the
ergodic sum rate of FD/HD NOMA systems are derived,
respectively. As commonly done in [6] and [7], the ergodic
rate of each user can be obtained by calculating the mean
value of achievable end-to-end rate.

1) THE NEAR USER NK
Assuming that the signals xn and xm can be detected success-
fully at the user Nk , then the achievable rate of the user Nk is
written as

RNk = Blog2
(
1+ γNk

)
, (48)

where in FD mode B is 1 and 1
/
2 for HD operation due to

the spectral loss.
Theorem 4: The ergodic achievable rate of the user Nk for

FD NOMA system is expressed by

CFD
Nk =

P∑
p=1

ςpakρ

ln 2
(
akρ − ρRNp

)
−e (1+T

α
p )

akρ Ei

−
(
1+T αp

)
akρ


+ e

1
κ$ρR�LI Ei

[
−

1
κ$ρR�LI

] , (49)

in which Np = κ$�LI

(
1+ T αp

)
, and Ei (·) is the exponen-

tial integral function [28].
Proof: See Appendix D. �
Corollary 8: Particularly, the ergodic achievable rate of

user Nk for HD NOMA scheme is presented as follows:

CHD
Nk = −

P∑
p=1

ςp

2 ln 2
e
(1+Tαp )
akρ Ei

−
(
1+ T αp

)
akρ

 . (50)

2) THE FAR USER FN
In this subsection, note that xn should be decoded at both
user Nk and Fm for SIC process, meanwhile, we assume that
user Fn can successfully detect its own message xn. Thus the
achievable rate for user Fn is written as follows

RFn=Blog2

1+min(γFn→Nk , γS,Fn→Fm , γR,Fn→Fm , γFn )︸ ︷︷ ︸
2

.
(51)

Thus, the corresponding ergodic rate is given by

CFn = E
[
B log2 (1+2)

]
=

B
ln 2

∫
∞

0

1− F2 (x)
1+ x

dx, (52)

where F2 (x) is the CDF of 2. Clearly, it is challenging
to obtain an exact expression of F2 (x). In this situation,
we resort to the approximation of ergodic rate on the high
SNR region, which keeps consistence with the work in [18].

Accordingly, under the case of high SNR regime, i.e., ρ →
∞, we have

lim
ρ→∞

2

= min

{
an
∣∣gSNk ∣∣2

(1− an)
∣∣gSNk ∣∣2 + κ$λ|gLI |2 ,

an
1− an

,
b

1− b

}
︸ ︷︷ ︸

2N

,

(53)

and

F2N (x) = 1− Pr

(∣∣gSNk ∣∣2 > κ$λ|gLI |2

an − (1− an) x

)

×U
[
min

(
an

1− an
,

b
1− b

)
− x

]
, (54)

where U (x) is unit step function, in which U (x) = 1 for
x ≥ 1, otherwise U (x) = 0.
Theorem 5: In high SNR regime, the asymptotic ergodic

rate of user Fn for FD NOMA scheme is presented as follows:

CFD
Fn '

P∑
p=1

ςp

ln 2
1

1− λNp
{ln (1+ 0)

−
λanNp

Np − 1+ an
ln

[
1+

(
λNp − 1+an

)
0

an

]}
, (55)

in which 0 1
= min

(
an

1−an
, b
1−b

)
.

Proof: See Appendix E. �
Corollary 9: As for HD NOMA network, a high SNR

approximation of ergodic rate for user Fn is given by

CHD
Fn '

1
2 ln 2

ln (1+ 0) . (56)

3) THE FAR USER FM
Similarly with the analysis of user Fn, the achievable rate of
user Fm can be given by

RFm = Blog2
[
1+min

(
γFm→Nk , γFm

)]
. (57)

Furthermore, the corresponding ergodic rate of Fm in FD
NOMA scheme is expressed in the following theorem.
Theorem 6: The asymptotic ergodic rate of Fm for FD

NOMA scheme in the high SNR regime is given by

CFD
Fm '

P∑
p=1

ςp

ln 2
1

am + ak − λNp

×

[
(am + ak) ln

(
1+

am
ak

)
−

amλNp
λNp − ak

ln
(
1+

λNp − ak
ak

)]
. (58)

Proof: See Appendix F. �
Corollary 10: For the special case $ = 0, i.e., the HD

NOMA scheme, the ergodic rate of Fm in the high SNR regime
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can be approximated by

CHD
Fm '

1
2 ln 2

ln
(
1+

am
ak

)
. (59)

4) SLOPE ANALYSIS
Aiming to provide further insights, the slope analysis of the
ergodic rate for FD/HD NOMA scheme is characterized.
As mentioned in [18], the slope value in the high SNR region
can be denoted as

sU
1
= lim
ρ→∞

CU
log10ρ

, (60)

in which U ∈ {Nk ,Fm,Fn}.
a) The near user Nk : To gain more insights, we first

rewrite eqs (49) and (50) in simple forms for large
SNRs. By using the approximations ex ≈ 1 and
Ei (−x) ≈ ln (x) + c (c is Euler constant [28]) when
x → 0, then (49) and (50) can be simplified in the high-
SNR region as

CFD,∞
Nk =

P∑
p=1

ςpak
ln 2

(
ak−λNp

) {−[ln(1+T αp
akρ

)
+c
]

+

[
ln
(

1
κ$λρ�LI

)
+ c

]}
, (61)

CHD,∞
Nk = −

P∑
p=1

ςp

2 ln 2

[
ln
(1+ T αp

akρ

)
+ c

]
. (62)

Accordingly, after substituting (61) and (62) into (60),
we have sFDNk = 0 and

sHDNk = lim
ρ→∞

−

P∑
p=1

ςp
2 ln 2

[
ln
(
1+T αp
akρ

)
+ c

]
log10ρ

=
ln 10
2 ln 2

≈ 1.661, (63)

where
P∑
p=1

ςp = 1 can be easily proofed [26].

b) The far user Fn: Based on the analysis in Theorem 5,
after substituting (55) and (56) into (60), we can learn
that sFDFn = sHDFn = 0.

c) The far user Fm: Similarly, by substituting the high-
SNR approximations from (58) and (59) into (60),
we can easily obtain sFDFm = sHDFm = 0.

Remark 4: On the basis of above analysis, we can observe
that sFDNk = sFDFn = sFDFm = 0. Take user Nk as an example,
when ρ → ∞, the SINR in (4) can be approximated as

lim
ρ→∞

γNk =
ak
∣∣gSNk ∣∣2

κ$λ|gLI |2
, which is not related with ρ. Accord-

ingly, the ergodic achievable rate of each user in FD NOMA
systemwill converge to a stable value, meanwhile, the ergodic
rate ceiling will occur in the high SNR region [18]. On the one
hand, this is due to the existence of residual LI in FD relaying
system, which limits the performance of the whole network.
On the other hand, as for DF relaying system, the ergodic

rates for far users mainly depend on the minimum achievable
rates, although the direct links exist.
Remark 5: Note that the residual LI does not exist in the

HD NOMA scheme, we can draw that sHDNk > sHDFn = sHDFm =
0. According to (4) and (48), the ergodic rate for user Nk
continues to grow in high SNR regime, as γNk = akρ

∣∣gSNk ∣∣2
is linearly associated with ρ. In addition, the ergodic rate
ceilings for far users will occur, along with the continuous
growth of ρ [18].

5) ERGODIC SUM RATE
In delay-tolerant transmission mode, the signal received from
base station can be buffered at the receiving end. Based on the
previous analysis in (49), (55) and (58), the ergodic sum rate
of FD NOMA system can be approximated by

CFD
sum = CFD

Nk + C
FD
Fn + C

FD
Fm . (64)

Similarly, the ergodic capacity for HDNOMA scheme can be
obtained, on the basis of (50), (56) and (59), as follows:

CHD
sum = CHD

Nk + C
HD
Fn + C

HD
Fm . (65)

VI. THE EFFECT OF IMPERFECT CSI
Considering the fact that perfect CSI (pCSI) is complicated
to acquire, it cannot be ignored that the channel estimation
error can significantly affect the system performance. As a
result, we also present a concise analytical analysis under
imperfect CSI (ipCSI) scenario for comparison. Accordingly,
inspired by the channel estimation model in [35], the channel
coefficient can be modeled as gij =

_gij +
_eij, in which

_gij ,
hij√
1+dαij

denotes the estimated channel coefficient and

_eij ,
eij√
1+dαij

represents the corresponding channel estimation

error. As for instance in [35], eij is subjected to complex
Gaussian distribution with mean zero and the variance σ 2

e ,

and
∧

hij ∼ CN
(
0, 1− σ 2

e
)
. Besides, the un-correlation of

∧

hij
and eij is also assumed here.

Due to imperfect CSI, an error term ρ
∣∣∣_eSNk ∣∣∣2 is introduced

to the denominators of eqs (2), (3) and (4). Then, recalling
the analysis in (15), the outage probability of user Nk under
imperfect CSI can be calculated as

_

P
FD

Nk ≈ 1−
ρσ̃ 2

e e
−

(
1+d̄αSNk

)
θ1

ρσ̃e(
σ 2
e θ1+σ̃e

) [
κ$ρR�LI θ1

(
1+d̄αSNk

)
+ ρσ̃e

] ,
(66)

in which σ̃e = 1 − σ 2
e . Besides, for the sake of mathemat-

ical tractability, the results in (66) is approximated by using
the mean value of dSNk , d̄SNk , to replace with dSNk in _g

SNk

and _eSNk .
Meanwhile, regarding to far users Fn and Fm, the

SINRs in (5), (6) and (7) can be further modified with
the assumption of imperfect CSI. However, note that
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the ordered distance variable d̃SFl is related to _gSFl
and _eSFl , which increases the difficulty of derivation.
Similarly, by using the expectation value of d̃SFl , d̄SFl ,
we can obtain the following closed-form approximated
expressions. In particular, d̄SFl =

∫ RF
Rf

rfd̃SFl
(r) dr ≈

Cl(RF−Rf )(
R2F−R

2
f

)C Q∑
q=1

wQ
√
1− φ2qT

2
q

(
T 2
q − R

2
f

)l(
R2F − T

2
q

)C−l
.

Thus, based on the derived process in Theorem 2, the outage
probability of Fn under imperfect CSI can now be expressed
as

_

P
FD

Fn ≈

(
1−

_

PAi

)[
1−

σ̃e(
σ 2
e ς1 + σ̃e

)e− (1+d̄αSFn )ς1ρσ̃e

]

+
_

PAi

[
1−

σ̃e(
σ 2
e ς1 + σ̃e

)e− (1+d̄αSFn )ς1ρσ̃e

]

×

1− σ̃e(
σ 2
e τ1 + σ̃e

)e−
(
1+d̄αNkFn

)
τ1

ρR σ̃e

 , (67)

where
_

PAi '
ρσ̃ 2e e

−

(
1+d̄αSNk

)
θ2

ρσ̃e

(σ 2e θ2+σ̃e)
[
κ$ρR�LI θ2

(
1+d̄αSNk

)
+ρσ̃e

] .
Furthermore, according to (30) and taking similar steps

used in Appendix C, the outage probability of user Fm with
imperfect CSI can be given by

_

P
FD

Fm ≈

(
1−

_

PAi

)[
1−

σ̃e(
σ 2
e θ2 + σ̃e

)e− (1+d̄αSFm )θ2ρσ̃e

]

+
_

PAi

[
1−

σ̃e(
σ 2
e θ2 + σ̃e

)e− (1+d̄αSFm )θ2ρσ̃e

]

×

1− σ̃e(
σ 2
e θ3 + σ̃e

)e−
(
1+d̄αNkFm

)
θ3

ρR σ̃e

 . (68)

Particularly, to have an insight of HDNOMA scenario with
imperfect CSI, the similar analysis can be easily addressed.
More importantly, other performance metrics such as ergodic
capacity are certainly influenced by channel estimation error,
but are not shown in this section to keep our paper reasonably
concise.

VII. NUMERICAL RESULTS
In this section, numerical results are provided to verify the
performance of two kinds of NOMA cooperative schemes,
i.e., FD/HD-based relaying NOMA scheme, in terms of out-
age probability and system throughput and ergodic sum rate.
Moreover, the set of parameters are used in the following
figures: The power allocation factors are set as: an = 7/16,
am = 5/16, ak = 4/16 and b = 3/5, and κ = 0.5, m = 1,
n = 4, C = 4, λ = 0.5 . As for the target rates, we have
Rn = 0.2 BPCU, Rm = 0.4 BPCU and Rk = 0.5 BPCU.
The complexity-accuracy tradeoff parameter is N = 50. The
path loss exponent is α = 2 [18]. Also, we set some distance

TABLE 1. Transmission of HD-OMA and FD-OMA.

FIGURE 2. Outage probability against the transmit SNR ρ.

parameters as: RN = 2m, Rf = 20m and RF = 22m [9]. All
the Monte Carlo simulations are repeated at 107 realizations.

A. EXISTING SCHEMES FOR COMPARISON
Without loss of generality, we also take existing schemes as
benchmarks to compare [8], [18]. The schemes used for com-
parison are the FD cooperative NOMA system with/without
direct link, the HD cooperative NOMA system with/without
direct link, and the OMA-based FD/HD relaying system.
Since the expressions for cooperative NOMA system without
direct link can be obtained from similar procedures,7 we only
introduce in details the OMA-based relaying system.

To be specific, in OMA-based cooperative sch-
eme [36], [37], we assume that the base station broad-
casts the signals xk , xm, and xn using three different time
resources, i.e., time division multiple access, respectively.
Then, xm and xn are forwarded using two orthogonal time
slots in Nk -Fi (i ∈ {m, n}) link, respectively. Different
from the HD-OMA scheme, the user-assisted relaying Nk
in OMA-based FD system can transmit and receive infor-
mation simultaneously. In order to facilitate the analysis,
TABLE 1 is introduced to present the transmission process
for FD-OMA and HD-OMA. From TABLE 1, we can see that
only three orthogonal time slots are required in OMA-based
FD scheme, while the total communication process for OMA-
based HD scheme is completed using five slots. More impor-
tantly, the transmission power of base station in OMA-based

7Take user Fn as example, assume that no direct link exists between the
far users and base station, the outage probability for FD NOMA scheme of
Fn in Eq. (24) can be rewritten as PFD

Fn
= PAi Pr

(
γR,Fn < γ FDthn

)
. Thus the

further derivation can be made in a similar way.
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FIGURE 3. Outage probability against the transmit SNR ρ
(�LI = −15 dB [18]).

scheme should satisfy PO,S = PS/3 for the sake of fairness
in total transmission power consumption [37]. Particularly,
more details of the performance analysis for FD-OMA and
HD-OMA can be seen in Appendix G.

B. OUTAGE PROBABILITY
Fig. 2 shows the variation of the outage probability with
transmit SNR ρ under �LI = −15 dB [18]. One can observe
the perfect agreement between all simulation results and
the analytical expressions, and all the asymptotic curves are
shown to be tight bounds in the high SNR region. Further,
we can observe that by using FD relaying mode, lower outage
probability for each user is obtained than that in HD NOMA
scheme, particularly in the low-medium SNR region. How-
ever, incorporating the effect of residual LI in FD NOMA,
observations are drawn as follows: (1) The outage probability
of each user in FD NOMA scheme is negatively affected in
the high SNR regime; (2) The outage floor of near user Nk
exists in the FD-based NOMA scheme, namely the diversity
order is zero, which agrees with the conclusion in Remark 1;
(3)As for far users Fm and Fn, while leveraging the direct link
to convey information, there is no error floor exists in FD
NOMA system and one diversity order is obtained, which
corroborate the conclusions in Remark 2-3. Consequently,
it is reasonable to switch the FD mode only in low and
medium SNR region and select the HD operation at high SNR
region.

In Fig. 3, we plot the analytical outage performances of
users Nk and Fn in the proposed hybrid full/half-duplex
NOMA scheme, the FD NOMA system with/without direct
link, the HD NOMA system with/without direct link and
OMA-based FD/HD relaying scheme. For a fair comparison,
all the mentioned schemes have the same target rates Ri,
i ∈ {k,m, n}, for each user [8]. Firstly, Fig. 3 shows that the
hybrid full/half-duplex NOMA scheme for both Nk and Fn
has the optimal outage behavior in comparison with the pure
FD NOMA and the pure HD NOMA. Secondly, assuming
the direct link between Fn and base station is unavailable,
user Fn in FD NOMA scheme has zero diversity order loss,

FIGURE 4. Outage probability against the transmit SNR ρ for different
values of LI.

FIGURE 5. Outage probability for FD NOMA scheme versus an and am
(ρ = 30 dB, �LI = −15 dB).

which illustrates the validity of Remark 2. Another intuitional
observation is that, when there exists the direct link for
transmission, the performance of the OMA-based FD relay-
ing scheme is inferior to FD cooperative NOMA scheme.
Besides, regardless of NOMA or OMA protocol, the outage
behavior of FD cooperative scheme exceeds the HD relaying
one in the low-medium SNR regime. The result depicts that
the effective suppression of loop-interference is required for
guaranteeing the advantage of FD transmission mode.

As shown in Fig. 4, the outage behavior of the usersNk and
Fn is analyzed versus different values of LI. Considering that
the outage probabilities of users Fn and Fm have the similar
trend, we only take Fn as example. One can observe that the
superior of FD NOMA is confirmed again in the low SNR
region. However, with the increase of �LI from −20 dB to
−10 dB, we can see that, more outage events occur and lead
to the advantage brought by FD-based NOMA is not obvious
enough. More notably, the mode switch points for each user
are shifted to left, as the value of �LI is increasing. As a
result, the effect of residual LI should be focused enough
when leveraging the FD technique into the practical scenario.

Fig. 5 depicts the effect of power allocation factors on
outage behavior of near user and far users. Take FD-NOMA
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FIGURE 6. Outage probability versus Rn for different values of radius
(ρ = 40 dB, �LI = −15 dB).

scheme as example, one can observe that the simulation
results can provide a reference on optimal parameter selec-
tion. Particularly, if the selected values of an and am are
unreasonable, the outage probability of user Nk will remain
at one. The reason is that, according to the SIC process at
user Nk , the signals xn and xm are required to be decoded
first, and then its own signal xk is decoded. More importantly,
the choice of an is limited to an − (1− an) γ FDthn > 0, mean-
while, the selection of am should satisfy am − akγ FDthm > 0,
which are in accordance with the conditions in Theorem 1.
However, if the choices of an and am are correct, a lower
outage probability for each far user is obtained by the aid of
relay transmission, otherwise, it is mainly determined by the
direct link for transmission.

Fig. 6 plots the outage behavior of far users versus the
target rate Rn, with different radius Rf and RF . We see that
both the values of radius and target rate can deeply affect
the outage performance of far users. Firstly, regarding to
FD NOMA system, the outage occurs more frequently with
increasing the value of Rn. The reason is that a larger Rn
means a larger decoding threshold for the signal xn, which
may lead to the failure of subsequent decoding and further
cause more outage. Secondly, we find that the outage prob-
abilities of HD NOMA scheme will approach one when Rn
becomes larger. This is because based on Eq. (28) and (33),
the condition an − (1− an) γHDthn > 0, which is equiva-

lent to Rn <
1
2 log2

(
1+ an

1−an

)
, should be met according

to NOMA protocol [9]. Thirdly, the larger the value of the
radius is, the more likely outage performance of far users is
deteriorated. This is due to fact that the far users will have a
larger path loss as the distance between BS and each far user
increases.

C. SYSTEM THROUGHPUT
Fig. 7 plots the system throughput in delay-limited mode
versus transmit SNR with different values of LI from
�LI = −20 dB to �LI = −10 dB. As shown in the figure,
it is clear that the FD-based NOMA scheme outperforms

FIGURE 7. System throughput in delay-limited transmission mode against
the transmit SNR ρ for different values of LI.

FIGURE 8. Ergodic rate against the transmit SNR ρ (�LI = −15 dB).

HD NOMA system in the low SNR region. As we discussed
earlier, the outage probability of FD NOMA is smaller than
HD NOMA at the low SNR regime, which leads to a bet-
ter throughput performance. Furthermore, the growth of the
throughput becomes slower with increasing SNR, until the
throughput ceilings occur in the high SNR region. The reason
is that the outage probabilities are especially small in high
SNR regime, so the transmission rates at the base station
have held a dominant position in the system throughput.
Particularly, another observation is that the throughput of
NOMA is superior to OMA scheme in low and medium SNR
regions.

D. ERGODIC ACHIEVABLE RATE
Fig. 8 plots the analytical and simulated ergodic rates as a
function of transmit SNR. Regarding to user Nk , it reveals
that the analytical ergodic rate and simulated result match
closely. Also, the simulated ergodic rates for far users con-
verge to their asymptotical values in the high SNR regions.
Meanwhile, as the transmit SNR increases, the ergodic rate
of user Nk in FD NOMA scheme grows slower until a rate
ceiling occurs, while the rate in HD NOMA scheme keeps

VOLUME 7, 2019 39221



N. Guo et al.: Multi-User Cooperative NOMA Scheme With Hybrid Full/Half-Duplex User-Assisted Relaying

FIGURE 9. Ergodic sum rate against the transmit SNR ρ for different
values of RN (�LI = −15 dB).

improving. Next considering far users, the slopes of these
curves in both FD NOMA and HD NOMA at the high SNR
region are zero. Both the two conclusions are consistent with
the analysis in Remark 4 and 5. More notably, there is a
big rate gap between cell-center and cell-edge users at the
high SNR region. One possible reason is that the ergodic
rate for far user in DF relaying scheme is determined by the
minimum achievable rate, although with the direct link for
transmission. In terms of ergodic sum rate, the FD NOMA
cooperative scheme shows better performance improvement
in comparison with the HD NOMA one at low and medium
SNR region, i.e., ρ ≤ 50dB, and vice-versa as the high SNR
regime, i.e., ρ > 50dB. This is due to the fact that, on the
one hand, the application of FD relaying is beneficial when
the transmit SNR is relatively small, while the HD NOMA
scheme suffers transmission time loss. On the other hand,
the FD NOMA scheme loses it advantage in high SNR region
as the effect of LI is more severe.

In Fig. 9, we examine the effect of radius RN on the
performance of the proposed scheme in terms of ergodic sum
rate. Obviously, it can be seen that the ergodic sum rates
of both HD NOMA and FD NOMA are greatly improved
with decreasing of RN , which indicates that the impact of
path-loss degradation is significant. To be specific, there is
a high probability of selecting a near user with better channel
condition, since more near users are located closer to the base
station. As shown previously in Fig. 8, the ergodic rates of
far users limit the ergodic capacity of the whole network in
the high SNR region. Consequently, the appropriate choice of
radius RN is required for enhancing ergodic sum rate of the
considered system.

E. IMPACT OF CSI IMPERFECTIONS
Fig. 10 and Fig. 11 plot outage behavior and ergodic sum
rate for both FD and HD NOMA schemes in the pres-
ence of channel estimation error, respectively. The results
in Fig. 10 present the agreement in the high SNR regime
between the analytical analysis (as given in (66)-(68)) and the
simulated results. One observation is that, when the imperfec-
tion in CSI is considered, the outage behavior in both FD and

FIGURE 10. Analytical and simulated outage behavior versus transmit
SNR ρ with pCSI/ipCSI (σ2

e = 0.005).

FIGURE 11. Simulated ergodic sum rate versus transmit SNR ρ with
pCSI/ipCSI (�LI = −15 dB).

HD schemes deteriorates and then reaches the fixed values.
Besides, the error floor phenomenon happens, meanwhile,
the diversity orders go to zero for the reason of the error in
channel estimation. Moreover, due to the effect of CSI imper-
fection, we can see that FD NOMA outperforms HD NOMA
in terms of outage behavior and ergodic capacity. In Fig. 11,
we depict the simulated ergodic capacity in the case of both
perfect and imperfect CSI. As it is obvious, as the increase of
the transmit SNR, the ergodic sum rates under different values
of σ 2

e keep improve but reach different rate ceilings. Further,
it can be drawn that the ergodic capacity in both FD NOMA
and HD NOMA schemes deteriorates with the increasing of
error variance. Therefore, the channel estimation error has
a strong affect on the system performance, which should be
paid more attention at the practical application.

VIII. CONCLUSION
In this paper, the performance analysis of the FD/HD user-
assisted relaying in cooperative NOMA scheme has been
studied in terms of outage probability, system through-
put and ergodic sum rate. We have also taken the impact
of the location of user into consideration on the system
performance. Furthermore, due to the effect of residual LI,
the near user achieves zero diversity order inherent to the
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FD mode, whereas far users obtain one diversity order by
exploiting the direct link transmission. Based on the analyti-
cal results for outage behavior, delay-limited throughput and
ergodic sum rate, we can conclude that the FD-based NOMA
system is superior to the HD NOMA scheme in the lower
SNR region. In addition, the advantage of FD operation is not
pronounced enough with the increase of LI. Thus the outage
behavior is further improved by a hybrid FD/HD relaying
scheme which can select the proper mode according to dif-
ferent SNR levels. The numerical results verify the accuracy
of our analytical results.

In the future, extending this work for multiple antennas
cooperative NOMA scheme is one significant direction to
pursue, and the more realistic problems such as SIC imper-
fections [38] and other important user selection methods [9]
may deserve consideration.

APPENDIX A
PROOF OF COROLLARY 1
Firstly, equation (12) can be rewritten as

fd̃SFl
(r) = Cl

2r
(
r2 − R2f

)l−1(
R2F − r

2
)C−l(

R2F − R
2
f

)C . (A.1)

Further, for the special case α = 2, substituting (A.1) into
(9) and defining t = r2 − R2f , F∣∣gSFl ∣∣2 can be written as
F∣∣gSFl ∣∣2

=

R2F−R
2
f∫

0

(
1− e

−

(
1+R2f +t

)
x
)Cl t l−1(R2F − R2f − t)C−l(

R2F − R
2
f

)C dt

〈a〉
=

C−l∑
p=0

(
C − l
p

)
Cl(−1)p(

R2F − R
2
f

)l+p


R2F−R
2
f∫

0

t l+p−1 dt

− e
−

(
1+R2f

)
x

R2F−R
2
f∫

0

e−xt t l+p−1dt

︸ ︷︷ ︸
L

 , (A.2)

where the step 〈a〉 is attained by using the binomial
theorem.

With the aid of [28, Eq.(3.351.1)], L can be further calcu-
lated as

L = x−(l+p)γ
(
l + p,

(
R2F − R

2
f

)
x
)
. (A.3)

Lastly, plugging (A.3) into (A.2) and doing some integral
calculations, we can obtain (14).

The proof is done.

APPENDIX B
PROOF OF THEOREM 2
Equation (24) can be rewritten as:

PFD
Fn =

(
1− PAi

)
Pr
(
γS,Fn < γ FDthn

)
︸ ︷︷ ︸

I1

+PAi Pr
(
γS,Fn < γ FDthn , γR,Fn < γ FDthn

)
︸ ︷︷ ︸

I2

. (B.1)

Further, recalling equation (5), I1 and I2 can be rewritten
respectively as

I1 = Pr

∣∣gSFn ∣∣2 < γ FDthn

ρ
[
an − (1− an) γ FDthn

]


= F
|gSFn |

2

(
ς1

ρ

)
, (B.2)

I2 = Pr

∣∣gSFn ∣∣2 < ς1

ρ
,
∣∣gNkFn ∣∣2< γ FDthn

ρR

[
b− (1− b) γ FDthn

]


= F
|gSFn |

2

(
ς1

ρ

)
F∣∣gNkFn ∣∣2

(
τ1

ρR

)
. (B.3)

Next, recalling the CDFs of
∣∣gSFn ∣∣2 and

∣∣gNkFn ∣∣2 in
Section III, therefore we have

I1 ≈ Cn

Q∑
q=1

ωQ

√
1− φ2q

(
RF − Rf

) [
1− e−

(1+Tαq )ς1
ρ

]

×

Tq
(
T 2
q − R

2
f

)n−1(
R2F − T

2
q

)C−n
(
R2F − R

2
f

)C , (B.4)

and I2 can be seen in (B.5), as shown at the top of the next
page.

Theorem 2 is proofed by plugging (B.4), (B.5) and (23)
into (B.1).

APPENDIX C
PROOF OF THEOREM 3
For starters, substituting (6) into (30), J1 can be rewritten as

J1 = 1− Pr
(
g
|SFm|2 >

θ2

ρ

)
≈ ηm

Q∑
q2=1

√
1− φ2q2Tq2

(
T 2
q2 − R

2
f

)m−1(
R2F − T

2
q2

)C−m
×

[
1− e−

(
1+Tαq2

)
θ2

ρ

]
. (C.1)

Then substituting (7) into (30), J2 can be calculated by

J2 = 1− Pr
(
g
|NkFm|2

>
θ3

ρR

)
≈ ηm

Q∑
q3=1

√
1− φ2q3Tq3

(
T 2
q3 − R

2
f

)m−1(
R2F − T

2
q3

)C−m
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I2 ≈

CnωQ (RF − Rf )(
R2F − R

2
f

)C

2

Q∑
q=1

Q∑
q1=1

√(
1− φ2q

) (
1− φ2q1

)[(
T 2
q − R

2
f

) (
T 2
q1 − R

2
f

)]n−1

×

[(
R2F − T

2
q

) (
R2F − T

2
q1

)]C−n [
1− e−

(1+Tαq )ς1
ρ

][
1− e−

(
1+Tαq1

)
τ1

ρR

]
(B.5)

×

[
1− e−

(
1+Tαq3

)
θ3

ρR

]
(C.2)

At last, combining (23), (C.1) and (C.2), we can obtain (31).
The proof is done.

APPENDIX D
PROOF OF THEOREM 4
Based on the achievable rate in (48), the corresponding
ergodic rate of Nk is given by

CFD
Nk = E

[
log2

(
1+ γNk

)]
=

1
ln 2

∫
∞

0

1− FγNk (x)

1+ x
dx, (D.1)

in which FγNk (x) denotes the CDF of γNk .
Next, recalling the expression of γNk in (4) and doing some

manipulations, its CDF can be derived as follows:

FγNk (x) = Pr
(
γNk < x

)
=

∫
∞

0
F∣∣gSNk ∣∣2

[
(1+ κ$ρRy) x

akρ

]
f
|gLI |2 (y) dy

=

P∑
p=1

ςp

1− akρe
−
(1+Tαp )x

akρ(
1+ T αp

)
κ$ρR�LI x + akρ

 .
(D.2)

After substituting (D.2) into (D.1), CFD
Nk can be further

expressed by

CFD
Nk =

P∑
p=1

ςp

ln 2

∫
∞

0

akρe
−
(1+Tαp )x

akρ

(1+ x)
(
ρRNpx + akρ

)dx

=

P∑
p=1

ςp

ln 2

 akρ
akρ − ρRNp

∫
∞

0

e−
(1+Tαp )x

akρ

1+ x
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21

−
akρρRNp

akρ − ρRNp

∫
∞

0

e−
(1+Tαp )x

akρ

ρRNpx + akρ
dx︸ ︷︷ ︸

22

 . (D.3)

Moreover, using [28, eq. (3.352.2)], 21 and 22 can be
obtained respectively as follows:

21 = −e
(1+Tαp )
akρ Ei

−
(
1+ T αp

)
akρ

 ,
22 = −

(
1/ρRNp

)
e
(1+Tαp )
ρRNp Ei

−
(
1+ T αp

)
ρRNp

 . (D.4)

Finally, after substituting 21 and 22 into (D.3), equation
(49) is obtained. The proof is completed.

APPENDIX E
PROOF OF THEOREM 5
Recalling the CDF of 2N , equation (54) can be further
derived as follows:

F2N (x) = 1−
P∑
p=1

ςp
an − (1− an) x

λNpx + an − (1− an) x
U [0 − x] .

(E.1)

After substituting (E.1) into (52) and doing some mathe-
matical operations, CFD

Fn can be written as

CFD
Fn '

P∑
p=1

ςp

ln 2
1(

1− λNp
) ∫ 0

0

1(
1− λNp

)
(1+ x)

−
λanNp

λNpx + an − (1− an) x
dx. (E.2)

Finally, doing some simple integral operations in (E.2),
the equation (55) can be obtained. The proof is done.

APPENDIX F
PROOF OF THEOREM 6
To derive the ergodic rate of user Fm, we have

CFD
Fm = E

[
log2 (1+2m)

]
=

1
ln 2

∫
∞

0

1− F2m (x)
1+ x

dx, (F.1)

in which 2m = min
(
γFm→Nk , γFm

)
.

However, it is difficult to obtain the exact expression
of F2m (x). Being consistent with the analysis in user Fn,
we only focus on the ergodic rate at the high SNR region.
Therefore, when ρ → ∞, γFm→Nk and γFm can be

approximated as lim
ρ→∞

γFm→Nk =
am
∣∣gSNk ∣∣2

ak
∣∣gSNk ∣∣2+κ$λ|gLI |2 and
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lim
ρ→∞

γS,Fm =
am
ak
, respectively. Thus, we let

2M = min

[
am
∣∣gSNk ∣∣2

ak
∣∣gSNk ∣∣2 + κ$λ|gLI |2 ,max

(
am
ak
, γR,Fm

)]
.

(F.2)

Next, denote 31 as Pr
(

am
∣∣gSNk ∣∣2

ak
∣∣gSNk ∣∣2+κ$λ|gLI |2 > x

)
and 32

as Pr
[
max

(
am
ak
, γR,Fm

)
> x

]
, the CDF of2M can be written

as

F2M = 1−3132. (F.3)

Meanwhile, 31 and 32 are given by

31 =

P∑
p=1

ςp
am − akx

λNpx + am − akx
U
(
am
ak
− x

)
, (F.4)

and

32 = 1−
Q∑

q2=1

ηmξ
m
q2

[
1− e−

(
1+Tαq2

)
x

(1−b)ρR

]
U
(
x −

am
ak

)
. (F.5)

Moreover, substituting (F.4) and (F.5) into (F.3), and based
on (F.3), the approximated ergodic rate of Fm can be given by

CHD
Fm '

1
ln 2

∫ am
ak

0

(
M1

1+ x
+

M2

λNpx + am − akx

)
dx, (F.6)

in which M1 =
1

am+ak−λNp
and M2 = −

λNpam
am+ak−λNp

. After
finishing the above integrals and substituting the results into
(F.6), we complete the proof.

APPENDIX G
ANALYSIS OF OMA SCHEME
In this part, the expressions for performance of OMA-based
HD relaying scheme and OMA-based FD relaying system
are presented as follows. Firstly, the base station broadcasts
signal xi, i ∈ {m, n, k}, in turn, the SINR for OMA-based
cooperative scheme at user Nk to detect xi, is given by

γ
FD/HD
Nk =

PO,S
∣∣gSNk ∣∣2

κ$PR|gLI |2 + σ 2
, (G.1)

where$ equals to 1 for the FD mode, and equals to 0 for the
HD operation.

Further, the signals xm and xn are forwarded to the corre-
sponding far user, respectively. After receiving signals from
source and user Nk and merging by selection combining,
we can obtain the SINR at far user Fj (j ∈ {m, n}) for
OMA cooperative scheme, i.e., FD-OMA and HD-OMA,
as follows:

γ
FD/HD
Fj = max

(
PO,S

∣∣gSFj ∣∣2
σ 2 ,

PR
∣∣gNkFj ∣∣2
σ 2

)
. (G.2)

On the basis of the above analysis, the outage probability
for user Nk in HD-OMA and FD-OMA schemes is

ONk = Pr
(
1
T
log2

(
1+ γ FD/HDNk

)
< Rk

)
, (G.3)

inwhich T is the required time slots for a total communication
process. Also, T is 5 for HD-OMA scheme, otherwise T is
3 in FD-OMA system.

Similar to the analysis in Section III, an outage will occur
as follows:(i) Fj can not detect its own information xj from
direct link when Nk fails to decode xj; (ii) The received
SINR after SC at Fj is below its target threshold when xj can
be detected successfully at relaying. As a result, the outage
probability for far user Fj is given by

OFj = Pr
[
1
T
log2

(
1+ γ FD/HDNk

)
< Rj

]
×Pr

[
1
T
log2

(
1+

PO,S
∣∣gSFj ∣∣2
σ 2

)
< Rj

]

+ Pr
[
1
T
log2

(
1+ γ FD/HDNk

)
> Rj

]
×Pr

[
1
T
log2

(
1+ γ FD/HDFj

)
< Rj

]
. (G.4)

Meanwhile, the ergodic sum rate of OMA-based coopera-
tive system, i.e., HD-OMA and FD-OMA is presented as:

CFD/HD
OMA =

1
T
E
[
log2

(
1+ γ FD/HDNk

)]
+

∑
j

1
T
E

[
log2

{
1+max

[
PO,S

∣∣gSFj ∣∣2
σ 2 ,

min

(
γ
FD/HD
Nk ,

PR
∣∣gNkFj ∣∣2
σ 2

)]}]
. (G.5)
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