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ABSTRACT We extend the array theory to design 2D curved coding metasurfaces in order to achieve
arbitrary wavefront control. The extended array theory establishes the relationship between wavefront and
curved-surface, which provides a simple and effective method to obtain the layout of desired metasurfaces.
According the theory, we present 2D curved metasurfaces with 3-bit coding elements. Both simulations
and measurements demonstrate that the proposed designs can manipulate wavefront effectively. For normal
incidence, the aperture efficiency of normal reflection is more than 90%. For general oblique incidence,
the proposed designs almost meet the expectances, but the aperture efficiency decreases with the increase
of desired scattering elevation angle. The curved coding metasurfaces are expected to be applied to many
devices such as conformal antenna array.

INDEX TERMS Curved metasurfaces, wavefront control, array theory, coding metasurfaces.

I. INTRODUCTION
Metasurfaces, two-dimensional (2D) counterparts of three-
dimensional (3D) metamaterials, are periodic or
quasi-periodic ultrathin planar artificial structure with sub-
wavelength elements arranged in special rules. In 2011,
Capasso et al. proposed the Generalized Snell’s law [1],
which depicts the basic electromagnetic (EM) properties of
metasurfaces. When the EM wave is reflected or transmitted
on metasurfaces, discontinuous phase and amplitude shifts
will be introduced due to the resonances of subwavelength
elements, which lead to the anomalous reflection or refrac-
tion. By designing the desired array layouts, with desired
phase and amplitude of elements, a plethora of metasurface
devices, such as anomalous scattering [2], [3], invisible
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cloak [4]–[6], polarizers [7] and holographic imagers [8], [9]
have been created.

Many planar metasurfaces for controlling wavefront have
been studied based on traditional array theory, which is used
in planar lens [10], [11], antenna array [12] and RCS (Radar
cross section) reduction [13]–[16] in this method. In 2007,
Paquay used array theory to describe the RCS reduction
of checkerboard-like AMC (Artificial magnetic conductor)
structure [17]. The array theory can calculate the far-field
information of metasurfaces through the distribution of their
cells. In 2014, Cui et al. put forward the concept of cod-
ing metasurfaces [18], and used array theory to analyze
and design planar coding metasurfaces. Due to the digital
properties of ‘‘0’’ and ‘‘1’’ elements, coding metasurfaces is
easy to combine with optimization algorithm and to realize
automatic computer design. In recent years, study attention
gradually changes from the planar metasurfaces to conformal
metasurfaces [19]–[21] due to the applications of conformal
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antenna array. However, the traditional array theory cannot
help quickly design conformal metasurfaces. Design of con-
formal metasurfaces design requires to establish the relation-
ship between wavefront and curved surface. Therefore, this
paper studies on efficiently design 2D curved coding meta-
surfaces (2D-CCMs) for arbitrary wavefront control, which
is expected to be applied to conformal antenna array.

In this work, we proposed the extended array theory to
design 2D-CCMs in order to achieve arbitrary wavefront
control. Several designs were fabricated, which are flexible
metasurfaces backed by metal ground and lay on a metal
arc-shaped frame with a central angle of 120◦. The meta-
surfaces consist of a silicone rubber substrate and a top
pattern layer that construct by 3-bit coding cells with varying
copper polygon. Due to the symmetry of cells, the proposed
metasurface is basically polarization-independent. For the
normal reflection design at 10 GHz under normal incidence,
both simulated and measured results demonstrate the validity,
and the aperture efficiency of both polarizations is more
than 90%. Extruding or stretching the arc-shaped frame from
110◦ to 140◦, the aperture efficiency of both polarizations is
still over 75%. For oblique reflection, 9 different prototypes
were designed and simulated, showing the aperture efficiency
decreases with the increase of desired reflection elevation
angle. When the prototypes are under oblique incidence,
it proves the method can also control wavefront in a good
performance.

FIGURE 1. (a) The schematic of n-order 1D planar metasurfaces, where
red arrow shows free-space vector k and 18p is the projection of lattices
position in the direction θ . (b) The schematic of 2D curved metasurface
and equivalent planar metasurface, which shows the relation between 2D
curved-surface and reference plane.

A. EXTENDED ARRAY THEORY
We started far-field analysis with 1D planar metasurfaces.
Here, a metasurface with period p is placed in the XOZ plane,
as shown in Fig. 1a.We assumed that all the elements inmeta-
surface have the equal reflection amplitude of 1. According
to the traditional array theory, the scattering pattern at any
elevation angle θ can be expressed as:

f (θ ) =
∑
n

e−i[8(n)+18p],18p = k0p sin θ · (n− 0.5) (1)

where k0 is the wave vector in free space. In the n-th lattice,
a discontinuous phase shift 8(n) has been introduced. Note
that 18p indicates the scattering phase affected by lattice
position. Because we regarded the central of sub-wavelength

cells as reference points, the distance from n-th lattice to ori-
gin is p·(n-0.5), which depends on the selection of reference
point. Obviously, the total scattering pattern is easy to calcu-
late by adding up all the patterns of each lattice. However, (1)
cannot be applied to oblique incidence, due to the ignorance
of the phase shift introduced by incident direction. Therefore,
the phase response 18i caused by oblique incidence need
to be considered, which derivation is similar to 18p. Then,
we toke θi and ϕi into consideration, and the function could
be modified as:

f (θ ) =
∑
n

e−i[8(n)+18p+18i],

18p = k0p sin θ · (n− 0.5),

18i = k0p sin θi(n− 0.5) (2)

In order to extend the function to 2D-CCMs, an equivalent
planar metasurface was assumed to simplify the analysis pro-
cess, as shown in Fig. 1b. Then, the RCS pattern of 2D-CCMs
can be rewritten as:

f (θ ) =
∑
n

e−i[8(n)+18
′
p+18

′
i+18h],

18h = 2kh(n) cos θi − π,

18′p = k0 sin θ ·
∑
n

p′(n)− 0.5p′(1),

18′i = k0 sin θi ·
∑
n

p′(n)− 0.5p′(1) (3)

18h shows the phase difference between curved sur-
face and reference plane. Apparently, the equivalent pla-
nar metasurface has varying lengths of lattices p′(n), which
is the projection of lattices on reference plane. Therefore,
the expressions of 18′p and 18′i will change based on
the equivalent planar metasurface. Similarly, under arbitrary
incidence (θi, ϕi) in upper space, the far field of 2D-CCMs in
arbitrary direction (θ, ϕ) can be derived as:

f (θ, ϕ) =
∑
n

e−i[8(n,m)+18
′
p+18

′
i+18h]

18h = 2kh(n,m) cos θi − π

18′p = k0 sin θ · [cosϕ
∑
n

p′(n)− 0.5p′(1)

+ sinϕ
∑
m

q′(m)− 0.5q′(1)]

18′i = k0 sin θi · [cosϕi
∑
n

p′(n)− 0.5p′(1)

+ sinϕi
∑
m

q′(m)− 0.5q′(1)] (4)

As shown in (4), the variation ϕ is azimuth angle, while
n and m are the sequence of lattices along x-axis and y-axis.
From the above equations, we clearly observe the manipu-
lation of scattering pattern by encoding metasurface lattices,
which is helpful for designing 2D curved metasurfaces under
arbitrary incidence. Combining with the global optimization,
it can automatically obtain various reasonable designs via
computer.
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FIGURE 2. Flowchart of design process.

TABLE 1. The parameters of 3-bit coding sub-wavelength elements.

II. WAWEFRONT CONTROL
A. NORMAL REFLECTION DESIGN
An arc-shaped coding metasurface was designed to demon-
strate the validity of extended array theory. Generally,
the reflection of arc structures is different from that of plane
structures. Arc structures diffuse EM waves to all directions
rather than normal direction. The diffusion is determined by
the shape of structures, including curvature radius and central
angle. According to the extended array theory, we designed
an arc-shaped metasurface and coated it on arc-shaped frame,
which expects to achieve normal reflection under 10 GHz
normal incidence. The flowchart of design process is shown
in Fig. 2, where the step with star label has been reported in
our previous work [16].

The elements of arc-shaped metasurface are sub-
wavelength sandwich structures with a periodic of p =
7.5 mm, as shown in Fig. 3a. The substrate is silicone rubber
with a thickness of h = 1 mm and the permittivity is ε =
3.3, tgδ = 0.01. The top layer is copper polygon pattern,
whose reflection phase varies with the parameters d and g.
Therefore, we chose 3-bit coding elements numbered from
‘000’ to ‘111’, which are marked in Fig. 3b. Their detailed
parameters and reflection phase are list in Table 1.

The arc-shaped metasurface has an array of 40×40, and
the total length is 300 mm. The central angle of arc is 120◦

and its curvature radius is 144 mm. In order to observe the
performance of normal reflection, we simulated the RCS
pattern of the arc-shaped metasurface and bare arc-shaped
frame, as shown in Fig. 4. Due to central symmetry of poly-
gon pattern, the arc-shaped metasurface is polarization inde-
pendence. In this paper, x-polarization is defined as electric
field along the x-axis, and y-polarization is defined as electric
field along the y-axis. As shown in Fig. 4, the RCS patterns
are normal reflection with a amplitude of 17.2 dBsm for
y-polarization and 17.8 dBsm for x-polarization, respectively.

FIGURE 3. (a) Schematic of polygon cells with varying d and g, which
thickness h = 1 mm and period p = 7.5 mm. (b) Simulation of reflection
phases and (c) amplitudes of polygon cells at 10GHz versus parameter d
and g. The selections of 3-bit elements are labelled on the diagram.

FIGURE 4. RCS patterns of x-polarization waves with a frequency
of 10 GHz at normal incidence for (a) arc-shaped metasurface and
(b) arc-shaped bare frame. (c) Bistatic RCS in YOZ plane under x−
polarization. RCS patterns of y− polarization waves with a frequency
of 10 GHz at normal incidence for (d) arc-shaped metasurface and
(e) arc-shaped bare frame. (f) Bistatic RCS in YOZ plane under
y-polarization.

In addition, it is obvious that y-polarization excites higher
side lobes in YOZ plane, resulting in a slightly lower main
lobe than x-polarization.

According to antenna theory, aperture efficiency ηα is
defined as the ratio of two main lobe of reflection [22]:

ηα =
Rm
Rae

(5)

Rm is the reflection of arc-shaped metasurface, and Rae
is the reflection of a metallic plate which occupies the
same effective aperture as the arc. Therefore, the aperture
efficiency of x-polarization and y-polarization are 94% and
90%, showing a very high efficiency of normal reflection at
10 GHz. For extruding or stretching the arc-shaped frame
from 100◦ to 140◦, the arc-shaped metasurface can also
achieve high efficient normal reflection. The simulations of
aperture efficiency and bistatic RCS of main lobe are shown
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TABLE 2. The parameters of 3-bit coding sub-wavelength elements.

FIGURE 5. Bistatic RCS simulations of arc-shaped metasurfaces with
central angles ranging from 100 to 140 under two polarizations normal
incidence: (a) x- polarization and (b) y-polarization.

FIGURE 6. RCS patterns of 15◦ oblique reflection designs that reflect in
two normal plane (a) YOZ plane, (b) XOZ plane. And bistatic RCS of (c)
YOZ plane and (d) XOZ plane, each graph displays 9 different designs that
oblique reflect in every 5◦ from 5◦ to 45◦.

in Fig. 4. In Fig. 5a-b, x-axis displays scattering direction,
and y-axis represents the different central angle. Obviously,
the main lobe gradually splits during the central angle far
away from 120◦. As shown in Table 2, the aperture efficiency
is still larger than 75% from 110◦ to 140◦. Therefore, simu-
lations prove that the designed metasurface is able to achieve
high efficient normal reflection, and it is also valid in a wide
range of central angles.

B. ARBITRARY REFLECTION DESIGN
Under normal incidence, several different arc-shaped meta-
surfaces were designed to achieve arbitrary oblique incidence

FIGURE 7. RCS pattern simulations of planar and arc-shaped
metasurfaces under (θi , ϕi ) = (15◦,−15◦) oblique incidence, which
amplitudes and aperture efficiencies of main lobes are marked in:
(a) planar metasurface under ϕ-polarization, (b) planar metasurface
under θ-polarization, (c) arc-shaped metasurface under ϕ-polarization,
(d) arc-shaped metasurface under θ-polarization.

from 5◦ to 45◦. Fig. 6a and Fig. 6b show the RCS pat-
tern simulations of 15◦ oblique reflection in YOZ plane and
XOZ plane, respectively. Similar to the normal reflection
in Fig. 4d-f, under y-polarization incidence, there are high
sidelobes in YOZ plane, which causes the difficulty of main
lobe control, including amplitude and directivity. In Fig. 6c
and Fig. 6d, each graph shows the bistatic RCS simulations of
9 different designs that oblique reflect in every 5◦ from 5◦ to
45◦, where y-axis is the expected oblique reflection of design,
and x-axis is the actual reflection angle. Therefore, the prefect
results should display as an obvious diagonal in the diagrams.
As shown in Fig. 6c-d, all of the oblique reflection designs are
basically satisfiedwith their expectances. However, due to the
high sidelobes in YOZ plane, the 30◦ design does not meet
expectations but scatters to 40◦, as shown in Fig. 6c. Due to
the sidelobes caused by the parasitic reflections of arc-shaped
metasurface [23], the aperture efficiency decreases with the
increase of the reflection angle.

In order to verify the validity of oblique incidence, pla-
nar and arc-shaped metasurfaces was designed under the
incidence of (θi, ϕi) = (15◦, −15◦) at 10 GHz, which is
expected to scatter to (θ , ϕ) = (30◦, 30◦). The simulations of
RCS patterns have been shown in Fig. 7. Note that Cartesian
coordinates cannot accurately describe the polarization of
oblique incidence, so they were replaced by spherical coor-
dinates. Therefore, Fig. 7a and 7c is under ϕ-polarization
(electric field along ϕ direction), and Fig. 7b and 7d is under
θ -polarization (electric field along θ direction). Obviously,
the results show that the main lobes of both planar and arc-
shaped metasurfaces point in the expected direction, which
indicates the method is valid for oblique incidence. Their
amplitudes and aperture efficiencies ofmain lobes aremarked
in the graph. For the planar metasurfaces, their main lobes are
almost identical and very strong. However, for the arc-shaped
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FIGURE 8. (a) Schematic of arc-shaped metasurfaces. The insert shows
the local cells distribution. (b) Schematic of microwave test platform.

FIGURE 9. Measured and simulated results of bistatic RCS in YOZ plane
under (a) x-polarization and (b)y-polarization, where blue line is metallic
bare arc-shaped frame and red line is arc-shaped metasurfaces.

metasurfaces, arc-shaped frame generates amounts of side
lobes and leads to the lower main lobes. As previous states,
a large number of y-component electric field results in the
lower main lobe of ϕ-polarization than θ -polarization.

III. MEASUREMENT
To validate the performance of the proposed arc-shapedmeta-
surfaces, a prototype with 120◦ central angle was fabricated
and measured at 10 GHz. Fig. 8a shows the photograph of
fabricated prototype. Its substrate is 1mm flexible silicone
rubber laid on metallic arc structure. The polygon patterns of
top layer are made of copper-coated polyimide film, which
is attached to the flexible silicon substrate by heat transfer
method. Fig. 8b shows the experimental setup for the nor-
mal incidence. Bistatic RCS is measured by adjusting the
elevation of receiving horn antenna, and the polarizations is
changed by rotating transmitting and receiving horn antennas
simultaneously. The prototype is placed on the sample stage,
and a large number of pyramid absorbers surround the stage
to eliminate the background reflection.

Fig. 9 shows the measured and simulated results of
two polarizations. Obviously, the simulations are in good
agreement with the measurements, especially in the normal
reflection. The measured main lobe of x-polarization and
y-polarization are 18.7 dBsm and 18.3 dBsm, respectively.
However, duo to the limitation of test accuracy and prototype
accuracy, the main lobe width of measurements is wider than
that of simulations, which results in the difference of RCS,
especially at the elevation angles between −20◦ and +20◦.
And the RCS data aremeasured every 5 degrees, whichmakes

test curves not smooth. When the elevation angle of receiving
antenna exceeds 70◦, the wall-induced echo makes the test
data incorrect, so RCS can only be measured between −70◦

to +70◦. Fortunately, this does not affect our results.

IV. CONCLUSION
In a summary, the array theory is extended to 2D-CCMs
for controlling the wavefront, which build the relationship
between wavefront and curved surface. The arc-shaped cod-
ing metasurfaces modelled by extended array theory can
manipulate wavefront under arbitrary incidence. Due to the
symmetry of polygon cells, the proposed metasurfaces are
basically polarization-independent. In the case of arc-shaped
metasurfaces with a central angle of 120◦, both the simulated
and measured results demonstrated that it effectively con-
trols wavefront at 10 GHz. Under normal incidence of both
polarizations, the aperture efficiency of normal reflection
reaches to over 90%. Bending the central angle of arc from
110◦ to 140◦, the aperture efficiency is still more than 75%.
The aperture efficiency decreases with the increase of the
reflection angle when the wavefront is manipulated to pro-
duce oblique reflection, which can be explained as sidelobe
caused by the parasitic reflections of arc-shaped metasur-
faces. For oblique incidence, the proposed metasurfaces is
still proved to be able to arbitrarily control the wavefront.
Similarly, due to the strong sidelobes of arc-shaped structure,
the aperture efficiency of both polarizations is about 55%
and 76% respectively. Therefore, the curved coding metasur-
faces are expected to be employed in many applications such
as conformal antenna array. In addition, although we only
demonstrate the validity of wavefront control of 2D-CCMs,
the extended array theory can also be applied to 3D
curved-metasurfaces.
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