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ABSTRACT In the field of path tracking control for wheeledmobile robots, researchers generally believe that
the motion of robots meets non-holonomic constraints. However, the robot may sideslip by centrifugal force
when it is steering. This kind of slip is usually uncontrollable and dangerous. In order to prevent sideslip
and improve the performance of path tracking control, we propose a controller based on tire mechanics.
Moreover, the new controller is based on the model predictive control, and this control method has proven to
be suitable for path tracking of wheeled mobile robots. The proposed controller was verified by simulation
and compared with a model predictive controller based on kinematics (non-holonomic constraints). As for
the simulation results, the maximum values of displacement error, heading error, lateral velocity, and slip
angle of the dynamic-basedmodel predictive controller are 0.2086m, 0.1609 rad, 0.1546m/s, and 0.0576 rad,
respectively. Compared with the kinematics-based model predictive controller, the maximum values of the
above-mentioned parameters of the dynamic-based controller reduce by 86.55%, 72.25%, 96.30%, and
90.02%, respectively. The above-mentioned results show that the proposed controller can effectively improve
the accuracy of path tracking control and avoid sideslip.

INDEX TERMS Wheeled mobile robot, path tracking, path following, model predictive control, dynamic
model.

I. INTRODUCTION
Wheeled mobile robots are widely applied in interstellar
exploration, military, manufacturing, cargo transportation
and other industries [1]–[3]. Usually, a properly functioning
wheeled mobile robot is equipped with a navigation system,
and the path tracking is the key part of the navigation. The
task of the path tracking is to control the wheeled mobile
robot tracking the given path as close as possible.

A. MOTIVATIONS
For cargo transportation, the operational efficiency of the
wheeled mobile robot as shown in Fig.1, has a significant
effect on economy. And the higher driving velocity will make
the wheeled mobile robot run more efficiently. However,
Sidek and Sarkar [4] pointed out that wheeled mobile robots
may skid when steering at high driving velocity, and the
sideslip not only impacts the accuracy of the path tracking

The associate editor coordinating the review of this manuscript and
approving it for publication was Ning Sun.

FIGURE 1. Wheeled mobile robot.

control, but also can cause danger. Therefore, the purpose
of this work is to propose a new controller. This controller
should enable the mobile robot to track the given path
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accurately at the highest driving velocity as much as possible,
and it should reduce sideslip of the wheeled mobile robot.

B. RELATED WORKS
At present, there are many published papers on path tracking
control for wheeled mobile robots.

For traditional control methods, based on feedback lin-
earization control, path tracking controllers for wheeled
mobile robots are proposed respectively in [4]–[6]. Refer-
ence [7] proposes a pure pursuit controller for the path track-
ing of mobile robots. Reference [8] presents a back-stepping
controller.

For intelligent control methods, neural network control,
fuzzy control, sliding mode control and adaptive control also
have many research results in this field. Reference [9] pro-
poses a reinforcement learning controller, [10] proposes a
fuzzy controller, [11] proposes a fuzzy neural network con-
troller, [12] and [13] propose sliding mode controllers, [14]
proposes an adaptive controller, and [15] proposes an adap-
tive sliding mode controller.

Another common intelligent control algorithm in path
tracking control of wheeled mobile robots is model pre-
dictive control (MPC). References [16]–[23] propose some
MPC-based path tracking controllers, and the effect of these
controllers proves the point raised in [24] that the biggest
advantage ofMPC over other control methods is that theMPC
can take into consideration the constraints of wheeled mobile
robots explicitly.

We agree with the views of [16]–[24] for MPC, but the
sideslip which was pointed out in [4] cannot be ignored.
References [16]–[23] assume that the wheeled mobile robot
meets the non-holonomic constraints and ignores the problem
of sideslip, and theMPC controllers are based on the kinemat-
ics prediction model in these researches. Therefore, we think
it is necessary to propose a model predictive controller that
takes sideslip into account to improve the performance of path
tracking control of wheeled mobile robots.

C. CONTRIBUTIONS
In order to improve the accuracy of the MPC-based path
tracking and reduce the sideslip of wheeled mobile robots,
the controller based on the nonlinear dynamic prediction
model is proposed in this paper. Our work makes the fol-
lowing contributions. Firstly, based on rigid body mechan-
ics and tire mechanics, the dynamic model of the wheeled
mobile robot considering sideslip is established. Secondly,
the prediction model is derived based on the dynamic model,
and the design of the MPC controller is completed. Finally,
by adding the lateral velocity penalty term and decoupling,
the MPC controller based on the dynamic prediction model
is further improved to reduce tracking error and sideslip.

The rest of this paper is arranged as follows. Section II
introduces the dynamic model and the constraints of the
wheeled mobile robot. In section III, the MPC controller
based on the dynamic model is designed and verified.
In section IV, the MPC controller is further improved and

verified. In addition, there is a brief conclusion in the last
section.

II. DYNAMIC MODEL AND CONSTRAINTS
The wheeled mobile robot shown in Fig.1 is equipped with
four wheels, of which the front and rear are universal wheels,
and the left and right are driving wheels, as shown in Fig.2.

FIGURE 2. Wheels layout of the wheeled mobile robot.

A. DYNAMIC MODEL
Referring to [25]–[28], the dynamic model of the wheeled
mobile robot is established by the Newton-Euler method.

Since the universal wheel is only subjected to the resistance
opposite to the direction of the linear velocity, and the front
and rear universal wheels are symmetrical, the influence of
the front and rear wheels on the robot is small. Therefore,
the force on the wheeled mobile robot can be simplified as
shown in Fig.3. The definition of variables in Fig.3 is shown
in Table 1.

FIGURE 3. Force on the wheeled mobile robot.

According to the relationship between velocities and coor-
dinates, the following formulas can be obtained:{

Ẋ = vx cos θ − vy sin θ
Ẏ = vx sin θ + vy cos θ

(1)

For controlling the longitudinal velocity and the heading
angle speed by the driving force, [29] has put forward a good
controller. So in this paper, it is assumed that vx and ω can be
controlled directly.
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TABLE 1. Variable in Fig.3.

For the lateral velocity, the following equation can be
obtained in the y-direction:

v̇y =
1
m
Fy − vxω (2)

where m is the quality of the wheeled mobile robot, and:

Fy = Fyr + Fyl (3)

According to the Magic Formula [29]–[33] in the
Appendix, the lateral force is a function of the slip angle:

Fy = 2fy (α) (4)

where the slip angle is defined as:

α = arctan
vy
vx

(5)

Therefore, the lateral velocity is a function of longitudinal
velocity and heading angular velocity:

v̇y = f (vx , ω) (6)

Combining θ̇ = ω, the dynamic model of wheeled mobile
robots considering the sideslip can be written as:

Ẋ = vx cos θ − vy sin θ
Ẏ = vx sin θ + vy cos θ
θ̇ = ω

v̇y = f (vx , ω)

(7)

B. CONSTRAINTS
Since the driving force of the wheeled mobile robot is within
a certain range, there are some constraints to the changing of
the longitudinal velocity and the heading angle speed.

According to Newton’s Second Law of Motion-Force and
Acceleration, the following formulas can be obtained:{

v̇x = (Fxr + Fxl) /m
ω̇ = (Fxr − Fxl) b/2Iz

(8)

where Iz is themoment of inertia, b is thewidth of thewheeled
mobile robot.

Since the sampling interval T is small enough, the longi-
tudinal velocity increment and angle speed increment can be
defined as follows: {

1v = T v̇x
1ω = T ω̇

(9)

Therefore, the constraints of the wheeled mobile robot are:{
TFxmin/m ≤ 1v ≤ TFxmax/m
TMmin/Iz ≤ 1ω ≤ TMmax/Iz

(10)

where: 
Fxmin = Fxr min + Fxlmin

Fxmax = Fxr max + Fxlmax

Mmin = (Fxr min − Fxlmax) b/2
Mmax = (Fxr max − Fxlmin) b/2

(11)

Generally, programs such as emergency stop have higher pri-
ority than path tracking control, so the range of constraints in
path tracking control can be narrowed to make path tracking
more smoothly. In this paper, the constraints of the wheeled
mobile robot are set as:{

TFxmin/2m ≤ 1v ≤ TFxmax/2m
TMmin/2Iz ≤ 1ω ≤ TMmax/2Iz

(12)

Substituting T = 0.05s, parameters of the wheeled mobile
robot, including m = 1200kg and Iz = 400kg · m2, and
parameters obtained by the Magic Formula in the Appendix,
including Fxmax = 8.8kN and Fxmin = −8.8kN, into (11)
and (12), the values of constraints are set as:{

−0.1836m/s < 1v < 0.1836m/s
−0.33rad/s < 1ω < 0.33rad/s

(13)

III. DESIGN AND SIMULATION OF MPC CONTROLLER
A. DESIGN
The basic part of the MPC controller is the prediction model.
In this paper, the prediction model is derived from the
dynamic model (7).

The dynamic model (7) is abbreviated as:

ẋ = fd (x,u) (14)

where: x =
[
X Y θ vy

]T
u =

[
vx ω

]T (15)

Since T is very small, (14) can be discretized into:

x (i+ 1|t) = x (i|t)+ Tfd (x (i|t) ,u (i|t)) (16)

Then, the errors between the wheeled mobile robot and the
given path can be obtained:

e (i|t) = x (i|t)

− xref (i|t)
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...

e
(
Np|t

)
= x

(
Np|t

)
− xref

(
Np|t

)
(17)

where Np is the prediction horizon, and xref is the reference
point on the given path.

After obtaining the prediction model, the next key in
designing the MPC controller is the optimization function.

For the path tracking control of wheeled mobile robots,
the most important optimization goal is to reduce the error,
so the first penalty for the optimization function is as follows:

J1 =
Np∑
i=1

‖e (i|t)‖2P (18)

where P is the weight matrix.
Path tracking control also needs to ensure that the wheeled

mobile robot travels as smoothly as possible, so the second
penalty is as follows:

J2 =
Np∑
i=1

‖1u (i|t)‖2Q (19)

where:

1u (i|t) = u (i|t)− u (i− 1|t) (20)

and Q is the weight matrix.
In addition, in order to ensure that the wheeled mobile

robot can travel in a straight line under slight disturbance,
the third penalty item is designed as follows:

J3 =
Np∑
i=1

‖ω (i|t)‖2R (21)

where R is the weight matrix.
Finally, the optimization function is:

J = J1 + J2 + J3 (22)

Therefore, the path tracking control based on MPC is
equivalent to solving the following quadratic optimization
problem:

min
e,1u,ω

J =
Np∑
i=1

‖e (i|t)‖2P

+

Np∑
i=1

‖1u (i|t)‖2Q

+

Np∑
i=1

‖ω (i|t)‖2R

s.t. 1v ∈ (1vmin,1vmax)

1ω ∈ (1ωmin,1ωmax) (23)

The above formula can be solved by a variety of opti-
mization algorithms. In this paper, the fmincon function in
MATLAB is used.

In the control sequence (24) obtained by solving (23),
the first value is the output of the MPC controller.

U =
[
u (1|t) · · · u

(
Np|t

) ]T (24)

B. SIMULATION
The MPC controller is verified by MATLAB/Simulink and
ADAMS. Fig.4 shows the ADAMS model of the wheeled
mobile robot. Since this model presents position state infor-
mation directly, the positioning system and the sensing sys-
tem are not included in the simulation system.

FIGURE 4. ADAMS model of the wheeled mobile robot.

In the simulation, the proposed path tracking controller
based on dynamic prediction model is compared to the con-
troller based on the kinematics prediction model. The penalty
terms of these two controllers are the same, and the param-
eters are shown in Table 2. And vxref is the reference of the
longitudinal velocity. Its function is to obtain reference points
on the given path. As shown in Fig.5, A0 is the closest point to
the geometric center of the robot on the reference path, then
Ai, i = 0, 1, · · · ,Np are selected as the reference points on
the given path, and the arc length between every two points
is equal to Tvxref .

TABLE 2. Parameters in MPC controllers.

In the simulation results, in order to display the position
error decomposed into the X and Y directions more clearly,
the displacement error is defined as shown in Fig.6.

On the given path, A0 is the closest point to the geometric
center P of the robot. P1P2 is the tangent of the given path at
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FIGURE 5. The reference point on the given path.

FIGURE 6. The definition of the errors.

point P0. The displacement error ed is the length of PP0. The
heading error eh is the difference between the heading of the
robot and the heading of the given path at point P0.

FIGURE 7. The trajectory of the dynamic-based MPC controller and the
kinematics-based MPC controller.

Fig.7 shows the trajectory of the dynamic-based MPC
controller and the kinematics-based MPC controller. The
given path is composed of straight lines and arcs, and the
radius of the arc is 2.5m. As can be seen from the partial
enlargement, the dynamic-based MPC controller makes the
trajectory of the wheeledmobile robot closer to the given path
than that of the kinematics-based MPC controller.

Fig.8 shows the longitudinal velocity and Fig.9 shows
the heading angle speed. The reason why the longitudinal
velocity increases during the course of steering is that there
is a coupling relationship between the reference point coor-
dinates and the longitudinal velocity. As shown in Fig.10,
Bi, i = 0, 1, 2, 3 and B′i, i = 0, 1, 2, 3 are two different sets
of predicted poses. Since the robot is affected by the lateral
forces in the steering process, the high longitudinal velocity

FIGURE 8. The longitudinal velocity of the dynamic-based MPC controller
and the kinematics-based MPC controller.

FIGURE 9. The heading angle speed of the dynamic-based MPC controller
and the kinematics-based MPC controller.

FIGURE 10. The coupling relationship between the reference path
coordinates and the longitudinal velocity.

results to the large turning radius. But B′2 is closer to A2 than
B2, and B′3 is closer to A3 than B3, so the MPC controller will
control the robot to travel along B′i, i = 0, 1, 2, 3 at higher
longitudinal velocity rather than Bi, i = 0, 1, 2, 3 with less
displacement errors.

FIGURE 11. The displacement error of the dynamic-based MPC controller
and the kinematics-based MPC controller.

Fig.11, Fig.12, Fig.13, Fig.14, and Fig.15 show the dis-
placement error, heading error, lateral velocity, slip angle,
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FIGURE 12. The heading error of the dynamic-based MPC controller and
the kinematics-based MPC controller.

FIGURE 13. The lateral velocity of the dynamic-based MPC controller and
the kinematics-based MPC controller.

FIGURE 14. The slip angle of the dynamic-based MPC controller and the
kinematics-based MPC controller.

FIGURE 15. The lateral acceleration of the dynamic-based MPC controller
and the kinematics-based MPC controller.

and lateral acceleration, respectively. The maximum value of
these parameters is shown in Table 3.

The above results show that the dynamic-based MPC con-
troller has higher control accuracy than the kinematics-based
MPC controller. However, the maximum lateral velocity and

TABLE 3. Maximum value of the dynamic-based MPC controller and the
kinematics-based MPC controller.

the maximum sliding angle of the wheeled mobile robot
under the control of the dynamic-based MPC controller are
still large. Therefore, in order to solve this problem, the con-
troller is improved in section IV.

IV. IMPROVEMENT AND SIMULATION OF MPC
CONTROLLER
In order to further reduce the lateral acceleration, the lateral
velocity, and the slip angle, the lateral velocity penalty term is
added in the controller. In other words, set the weight matrix
P as follows:

P =


100 0 0 0
0 100 0 0
0 0 100 0
0 0 0 1000

 (25)

This improved controller is named MPC-Dynamic 2. The
other parameters of this controller are the same as those of
the dynamic-based MPC controller in section III.

On the basis ofMPC-Dynamic 2, in order to solve the prob-
lem mentioned in Fig.10, set the reference of the longitudinal
velocity as follows:

v′xref =

{
vxref , |ω| > ω0

vx , |ω| ≤ ω0
(26)

where ω0 is a small value greater than zero.

FIGURE 16. The trajectory of the improved controllers and the original
controller.

This improved controller is named MPC-Dynamic 3.
In this section, the dynamic-based MPC controller in
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section III is namedMPC-Dynamic 1, and is used to compare
with MPC-Dynamic 2 and MPC-Dynamic 3.

A. COMPARISON OF THE IMPROVED CONTROLLERS
WITH THE ORIGINAL CONTROLLER
Fig.16 shows the trajectory of the improved controllers and
the original controller. The given path is the same as that
in section III. As can be seen from the partial enlargement,
the final improved MPC-Dynamic 3 makes the trajectory of
the wheeled mobile robot closer to the reference path than
MPC-Dynamic 2 and MPC-Dynamic 1.

FIGURE 17. The longitudinal velocity of the improved controllers and the
original controller.

Fig.17 shows the longitudinal velocity. During the course
of steering, MPC-Dynamic 3 has the largest reduction of
the longitudinal velocity, followed by MPC-Dynamic 2, and
MPC-Dynamic 1 has the smallest reduction.

FIGURE 18. The heading angle speed of the improved controllers and the
original controller.

FIGURE 19. The displacement error of the improved controllers and the
original controller.

FIGURE 20. The heading error of the improved controllers and the
original controller.

FIGURE 21. The lateral velocity of the improved controllers and the
original controller.

FIGURE 22. The slip angle of the improved controllers and the original
controller.

FIGURE 23. The lateral acceleration of the improved controllers and the
original controller.

Fig.18 shows the heading angle speed. Fig.19, Fig.20,
Fig.21, Fig.22, and Fig.23 show the displacement error, head-
ing error, lateral velocity, slip angle, and lateral accelera-
tion, respectively. The maximum value of these parameters
is shown in Table 4.
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TABLE 4. Maximum value of the controllers.

FIGURE 24. The trajectory of the simulation of the complex given path.

The above data shows that after adding the lateral velocity
penalty term, the lateral velocity, lateral acceleration and slip
angle of the wheeled mobile robot are greatly reduced, and
the maximum slip angle is within the linear range of the
tire [29]–[33], but the reduction of the maximum displace-
ment error and the maximum heading error is small.

After adding the lateral velocity penalty term and decou-
pling the relationship between the longitudinal velocity and
the reference point coordinates, the controller shows bet-
ter performance. Compared to the kinematics-based MPC
controller, the final improved dynamics-based MPC con-
troller reduces the maximum displacement error by 86.55%,
the maximum heading error by 72.25%, the maximum lateral
velocity by 96.30%, the maximum sideslip angle by 90.02%
and the maximum lateral acceleration by 92.46%.

B. SIMULATION OF THE COMPLEX GIVEN PATH
In order to further compare the dynamic-based MPC con-
troller with the kinematics-based MPC controller, the given
path is set to a complex path in this part of the simulation.
The minimum radius of this path is 2.4691m. Fig.24 shows
the trajectory.

Fig.25 shows the longitudinal velocity. Since the
kinematics-based MPC controller cannot incorporate the
lateral velocity penalty term, it cannot be improved like
the dynamics-based MPC controller. Thus, when the
error becomes large, the longitudinal velocity of the

FIGURE 25. The longitudinal velocity of the simulation of the complex
given path.

kinematics-based MPC controller increases and the perfor-
mance of the controller is further deteriorated. Fig.26 shows
the heading angle speed.

FIGURE 26. The heading angle speed of the simulation of the complex
given path.

FIGURE 27. The displacement error of the simulation of the complex
given path.

Fig.27, Fig.28, Fig.29, Fig.30, and Fig.31 show the dis-
placement error, heading error, lateral velocity, slip angle,
and lateral acceleration, respectively. The above parameters
of the kinematics-based MPC controller are divergent. The
maximum value of the dynamic-based MPC controller is
shown in Table 5.

TABLE 5. Maximum value of MPC-Dynamic 3.
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FIGURE 28. The heading error of the simulation of the complex given
path.

FIGURE 29. The lateral velocity of the simulation of the complex given
path.

FIGURE 30. The slip angle of the simulation of the complex given path.

FIGURE 31. The lateral acceleration of the simulation of the complex
given path.

C. DISTURBANCE SIMULATION
In order to simulate the error of the positioning system,
we added the disturbance that is no more than 0.1m to X and
Y , added the disturbance that is no more than 0.0175rad to θ .
In order to simulate the sensor error, we added a disturbance

FIGURE 32. The trajectory of the disturbance simulation.

FIGURE 33. The longitudinal velocity of the disturbance simulation.

FIGURE 34. The heading angle speed of the disturbance simulation.

that is nomore than 0.01m/s to vy. Fig.32 shows the trajectory.
Fig.33 shows the longitudinal velocity. Fig.34 presents the
heading angle speed.

FIGURE 35. The displacement error of the disturbance simulation.
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FIGURE 36. The heading error of the disturbance simulation.

FIGURE 37. The lateral velocity of the disturbance simulation.

FIGURE 38. The slip angle of the disturbance simulation.

FIGURE 39. The lateral acceleration of the disturbance simulation.

Fig.35, Fig.36, Fig.37, Fig.38, and Fig.39 show the dis-
placement error, heading error, lateral velocity, slip angle, and
lateral acceleration, respectively. The maximum value of the
dynamic-based MPC controller is shown in Table 6.

TABLE 6. Maximum value of disturbance simulation.

V. CONCLUSION
In order to improve the operating efficiency of the wheeled
mobile robot, we introduced the tire mechanics and proposed
a path tracking controller based on the dynamic prediction
model. The controller is verified by simulation and the fol-
lowing conclusions can be obtained.

First, when the penalty terms are the same, the dynamic-
based MPC controller is more accurate than the kinematics-
based MPC controller. However, in this case, the wheeled
mobile robot still has a large lateral velocity when steering,
and themaximum slip angle is 0.3369rad, which is larger than
the upper limit of the linear range of the tire lateral force.

Second, the dynamic-based MPC controller can be
improved by adding the lateral velocity penalty term, but the
kinematics-based MPC controllers cannot. After adding the
lateral velocity penalty term and optimizing the reference
point selection method, the performance of the improved
dynamic-based MPC controller is more excellent compared
to that of the kinematics-based MPC controller. The max-
imum values of displacement error, heading error, lateral
velocity and slip angle were reduced by 86.55%, 72.25%,
96.30%, and 90.02%, respectively.

Third, the kinematics-based MPC controller fails to track
the complex given path, while the performance of the
improved dynamic-based MPC controller to track the com-
plex given path is as good as its performance when track-
ing the simply given path. In all simulations of this paper,
the maximum values of displacement error, heading error,
lateral velocity, and slip angle of the improved dynamic-based
MPC controller are 0.2086m, 0.1609rad, 0.1546m/s, and
0.0576rad, respectively. The maximum slip angle is within
the linear range of the tire lateral force [30]. Thus, the safety
of the wheeled mobile robot can be guaranteed.

From the aspect of theory, we improved the MPC-based
path tracking control method ofmobile robots with the help of
tire mechanics. In the terms of the application, we improved
the safety of mobile robots at the high longitudinal velocity.
In a word, we firmly believe that the proposed controller is
helpful to improve the performance of the path tracking of
wheeled mobile robots.

APPENDIX
A. KINEMATICS MODEL OF THE WHEELED MOBILE
ROBOT 

Ẋ = vx cos θ
Ẏ = vx sin θ
θ̇ = ω

(27)

B. MAGIC FORMULA
Magic Formula is a mature formula in the field of vehi-
cle engineering. In this paper, Magic Formula is quoted
from [29]–[33], so this formula is not deduced here.
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In this paper, we refer to two aspects of Magic Formula:
lateral force and longitudinal force.

The expression of the lateral force of the Magic Formula
proposed by Pacejka is:

Fy = C sin (D)+ Sv (28)

where: 

C = C1

D = C2 arctan (E)
E = C3x − C4 (C3x − arctan (C3x))
x = α + Sh
C1 = A0F2

z + A1Fz
C2 = A2

C3 =

A3 sin
(
2 arctan

Fz
A4

)
C1C2

C4 = A5F + A6
Sh = A7Fz + A8
Sv = A9Fz + A10

(29)

where Fz is the vertical load on one tire, and Fz = 3kN in this
paper.

The expression of the longitudinal force of the Magic
Formula proposed by Pacejka is:

Fx = C sin (D)+ Sv (30)

where: 

C = C1

D = C2 arctan (E)
E = C3x − C4 (C3x − arctan (C3x))
x = s+ Sh
C1 = B0F2

z + B1Fz
C2 = B2

C3 =

(
B3F2

z + B4Fz
)
e−B5Fz

C1C2
C4 = B6F2

z + B7F + B8
Sh = B9Fz + B10
Sv = 0

(31)

where s is the longitudinal slip ratio.
The parameters for Magic Formula come from the tire

supplier, as shown in Table 7.

TABLE 7. Parameters for magic formula.
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