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ABSTRACT As an efficient sidelobe suppression technique for orthogonal frequency-division multiplex-
ing (OFDM) systems, the orthogonal projection is capable of achieving deep suppression while maintaining
low complexity. However, the conventional orthogonal projection for sidelobe suppression (SSOP) with
the uniform distribution of reserved subcarriers suffers from noise amplification in data recovery, resulting
in a degradation of bit-error-rate (BER) performance. To tackle this problem, an improved SSOP with an
optimized mapping of reserved subcarriers (SSOP-OM) is proposed in this paper. Additionally, a fast search
algorithm is proposed to obtain this optimized distribution. By maximizing the signal-to-noise ratio (SNR) at
the receiver, SSOP-OM can obtain more than 3-dB SNR gain for a 16-QAM-modulated OFDM system with
128 subcarriers and 6 of them reserved over conventional SSOP at the BER of 10−3. In addition, the more
reserved subcarriers or the more subcarriers are used in the OFDM, the higher the SNR gain can be achieved.
The theoretical analysis and simulations are provided to validate the advantage of the proposed SSOP-OM
over the conventional SSOP in terms of BER in both AWGN and multipath channels.

INDEX TERMS OFDM, sidelobe suppression with orthogonal projection (SSOP), noise amplification,
optimized mapping of reserved subcarriers.

I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) has
been widely used in various broadband communicat-
ions [1], [2] due to its high spectrum efficiency and low
complexity equalization in multipath channels. However, due
to its inherent nature of sinc waveform in spectrum, OFDM
suffers from high sidelobe emissions, which will interfere
with systems operating in adjacent bands if it is not properly
suppressed. In non-contiguous OFDM (NC-OFDM) that is
employed as a physical layer candidate of cognitive radio
where the scattered spare spectrum of NC-OFDM based pri-
mary systems may be used by intelligent secondary systems,
out-of-band (OOB) radiation needs to be suppressed in a
depth of more than 60dB [3]. To this end, various techniques
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have been proposed, including windowing [4], active inter-
ference cancellation (AIC) [5], extended AIC (EAIC) [6] and
spectrum coding [7]. Windowing is an efficient technique for
the reduction of OOB radiation with a low complexity. How-
ever, it necessitates an insertion of additional guard intervals
besides commonly used cyclic prefix (CP), which will result
in a reduced spectrum efficiency. AIC [5] employs specif-
ically designed cancellation signals loaded on the reserved
orthogonal subcarriers, called cancellation subcarriers (CC),
to cancel the sidelobes of data signals that are transmitted on
the remaining subcarriers. AIC is very effective for sidelobe
cancellation, but it also reduces spectrum efficiency due to
the fact that a large number of CCs have to be reserved
for a satisfactory performance of OOB suppression to be
achieved. The available subcarriers left for data transmission
are therefore reduced. To achieve a deeper notch of sidelobe
suppressionwithout use ofmore orthogonal CCs, an extended
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AIC (EAIC) was proposed in [6] by employing more cancel-
lation signals where some of them are loaded on the orthog-
onal subcarriers and others on the non-orthogonal one. EAIC
achieves a significant gain, but the CC signals inserted on
non-orthogonal subcarriers will introduce interference to sub-
carriers used for data transmission, resulting in a degradation
of bit error performance. Besides, the high energy of cancel-
lation signals used for OOB suppression reduces the power
efficiency of OFDM systems, which is not desirable for sys-
tem design. To achieve a deeper notch of sidelobe suppression
while reducing the interference to data subcarriers at the
same time, two improved AIC methods have been proposed
in [8] and [9] via optimizing the CC locations and power
allocation to cancellation signals. In addition, a technique that
combinesAIC (EAIC)with filtering processingwas proposed
in [10] to achieve better OOB suppression performance at a
cost of high computational complexity. Ni et al. [11] used a
joint optimization method to achieve both sidelobe cancella-
tion and peak-to-average power ratio (PAPR) reduction.

In addition, a spectrum coding method was proposed
in [7] to suppress OOB radiation in OFDM by employing
specifically designed coding matrices. Later, many spectrum
coding methods were put forward in [12]–[17] for a better
performance at a cost of increased complexity or degraded
bit error rate (BER) performance. Recently, some tech-
niques, e.g., matrix decomposition [18], block reflector [19],
matrix WY representation [20], and QR-decomposition [21]
were employed to reduce the computational complexity of
the orthogonal precoding [14], [15]. However, additional
computational complexity is introduced under cognitive radio
scenario [20]. In addition, a sidelobe suppression with
orthogonal projection (SSOP) was proposed in [22] to allow
a trade-off between the BER performance and computa-
tional complexity for zero padding OFDM (ZP-OFDM) sys-
tem. SSOP has also been employed in a multi-band OFDM
system [23].

However, SSOP suffers from the problem of noise ampli-
fication, which will degrade BER performance, because
conventional SSOP employs uniform reserved subcarriers
mapping that may introduce noise amplification at the data
recovery. In this paper, SSOP with optimized mapping of
reserved subcarriers (SSOP-OM) is proposed to maximize
the SNR of the received signal, which will alleviate noise
amplification and an obviously lower error rate can be
achieved. In addition, a fast search algorithm is proposed to
obtain the optimized distribution. The more reserved subcar-
riers (or more subcarriers in the OFDM) are used, the higher
SNR gain can be achieved in SSOP-OM. It is noted that
SSOP-OM achieves the same level of OOB suppression as
conventional SSOP since both employ the same projection
matrix and similar OOB processing techniques although they
have different allocations of reserved subcarriers.
Notation: Lower-case bold face variables (a, b) indicates

column vectors, and upper-case bold face variables (A,B)
indicates matrices. I denotes the identity matrix, Tr means
trace of matrix, (·)T , (·)∗, (·)−1, (·)† denotes transposition,

conjugate transposition, inverse and pseudo-inverse, respec-
tively. A[S, :] and A[:,T ] denote the sub-matrices of A with
the rows specified with index set S, and the columns specified
with index set T , respectively.A[S,T ] denotes the sub-matrix
of matrix A with the rows and columns specified with index
set S and T , respectively.

II. SYSTEM MODEL AND SSOP ALGORITHM FOR OFDM
To facilitate the later development, we first review in brief the
system model and SSOP algorithm for OFDM [22].

FIGURE 1. System diagram of ZP-OFDM system with SSOP.

FIGURE 2. Distribution of data and reserved subcarriers in SSOP.

A. OFDM TRANSMITTER WITH CONVENTIONAL SSOP
An OFDM system with SSOP is considered, as shown
in Fig. 1, where M − q of the M subcarriers are used for
transmitting data block s̃ ∈ CM−q, which are obtained from
modulation mapping and serial-to-parallel (S/P) transforma-
tion, and q subcarriers are reserved for sidelobe suppres-
sion (transmitting 0). The reserved subcarriers are uniformly
distributed among groups of data subcarriers, as shown
in Fig. 2, such that the transmitted data can be recovered at
the receiver with a low complexity SSOP decoder. Specifi-
cally, the subcarriers reserved are those with index set Sr =
{r0, r1, r2, · · · , rq−1} = {0, v, 2v, · · · ,M − v− 1,M − 1},
where v = floor( M

q−1 ) with floor(a) denoting the greatest
integer less than or equal to a. The symbol block z̃ of lengthM
after the insertion of 0s at reserved subcarriers is processed
by SSOP precoding for sidelobe suppression before OFDM
modulation at the transmitter. The result is

x̃ =
√
λPz̃, (1)

where P ∈ RM×M is the precoding matrix and can be
obtained [22] as P = I − C(CTC)−1CT by solving the
problem of forcing the out-band emission at frequencies fk ,
0 ≤ k ≤ p − 1, to be zero, where C ∈ RM×p has elements
C [m, k] = 1/|m − fkT | for m 6= fkT and C [m, k] = 1
for m = fkT , where T is the length of OFDM signal before
zero padding (ZP), the factor λ is introduced so that the
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mean power of the transmitted data is normalized to 1 [22].
After IFFT modulation and ZP insertion, the obtained signal
is transmitted through a channel. The larger p, the more
frequencies at which the spectrum is suppressed to zero, and
a deeper notch of the out-of-band suppression is achieved.
To enable the data recovery at the receiver, Cr should have a
full column rank and p = q holds [22]. There exists a trade-
off between the sidelobe suppression performance and the
subcarriers available for data transmission (spectrum usage).
In practice, p = q � M , meaning that cost of spectrum
efficiency is small for a satisfied suppression performance to
be achieved.

B. DATA RECOVERY AT THE RECEIVER
At the receiver, the received signal after ZP-OFDM demodu-
lation [22] can be expressed as

ỹ = Dx̃+ ñ =
√
λDPz̃+ ñ, (2)

where D is a diagonal matrix with diagonal elements, H =
{H0,H1, · · · ,HM−1}, being the frequency-domain responses
of the multipath channel [24], ñ is AWGN noise with zero
mean and variance σ 2

n . When a zero forcing (ZF) equalizer is
applied, we obtain

r̃ =
1
√
λ
D−1ỹ = Pz̃+

1
√
λ
D−1ñ. (3)

Equation (3) can be split into two equations as [22]

r̃d = s̃− Cd (CTC)
−1

CT
d s̃+ D−1d ñd/

√
λ, (4)

r̃r = −Cr (CTC)
−1

CT
d s̃+ D−1r ñr/

√
λ, (5)

where r̃r ∈ Cq and r̃d ∈ CM−q denote the sub-vectors con-
structed from the elements of corresponding to the reserved
subcarriers and data subcarriers, respectively; Cr ∈ Rq×p

and Cd ∈ R(M−q)×p, Dr ∈ Cq×q and Dd ∈ C(M−q)×(M−q),
ñr ∈ Cq and ñd ∈ CM−q are the sub-matrices or sub-
vectors obtained from the partitioning of the corresponding
C, D and ñ, respectively, in the same manner. From equa-
tions (4) and (5), we obtain the estimated data as [22]〈

s̃
〉
= r̃d − Cd (Cr )†r̃r
= s̃+ D−1d ñd/

√
λ− Cd (Cr )†D−1r ñr/

√
λ (6)

where Cr
†
= (CT

r Cr )−1CT
r is a pseudo-inverse of Cr .

C. NOISE AMPLIFICATION ASSOCIATED WITH
DATA RECOVERY
In the right-hand side of (6), the first term is the desired
signal, the second is effect of noise on the data subcarrier,
and the third is the effect of noise on the reserved subcarriers.
The third term may introduce noise amplification, which will
degrade the error rate performance of OFDM system, and is
therefore the focus of our analysis. From (6), we obtain the
signal to noise ratio (SNR) as
SNR

=
λσ 2

s (M − q)

σ 2
n

(
Tr((DdD∗d )

−1)+Tr((D∗rDr )−1(Cd (Cr )†)
T
Cd (Cr )†)

)
(7)

where σs is variance of transmitted data. In the OFDM
without SSOP, the term Tr

(
(D∗rDr )−1(Cd (Cr )†)

T
Cd (Cr )†

)
introduced by SSOP precoding does not exist. For
Tr

(
(D∗rDr )−1(Cd (Cr )†)

T
Cd (Cr )†

)
> 0, SSOP precoding

will degrade the received SNR, resulting in the BER perfor-
mance degradation. It was shown in [22] that conventional
SSOP precoding will introduce about 3dB SNR degradation
for q = 4 and M = 64 in AWGN channels. To alleviate this
problem, Zhang et al. [22] proposed a nulling method, where
the signals in (6) are first transformed to time domain using
an IDFT and the samples in the IDFT output subject to larger
noise power are then nulled out (set to zeros) and the results
are finally transformed back to frequency domain using a
DFT for data recovery. The transformation between time- and
frequency-domain will introduce additional computational
burden. Meanwhile, the nulling processing in [22] suffers
from a SNR threshold problem due to the loss of data energy
that is leaked to the reserved subcarriers. Specifically, under
the low SNR condition, the noise power is larger than the
signal power on the reserved subcarriers, the nulling method
in [22] can therefore obtain an obvious BER gain. In a high
SNR, however, nulling operation will significantly degrade
BER performance since signal energy leaked to the reserved
subcarriers is larger than that of noise. The BER simulation
results in [22, Fig. 8] agree with our analysis. Moreover,
the noise amplification will become more serious when
M and q are large for a higher transmission rate and a better
spectral sidelobe suppression to be achieved.
In the following, we will present an optimized reserved

subcarriers mapping for SSOP based on SNR maximization,
which is capable of significantly alleviating the problem of
noise amplification by exploiting the characteristics of the
auxiliary signal.

III. OPTIMIZED SSOP WITH MAXIMIZED SNR
The key to tackle the problem of noise amplification is
to significantly boost the SNR of the estimated signal

〈
s̃
〉

in (6). To this end, we propose an improved SSOP with
optimized reserved subcarriers distribution based on SNR
maximization while maintaining the same performance of
sidelobe suppression. It is noted from (1) that the notches of
sidelobe suppression is determined by the precoding matrix
P = I − C(CTC)−1CT or by matrix C ∈ RM×p. The larger
the p is, the more frequencies at which the spectrum are
suppressed to zero, and the deeper notch of OOB suppression
is achieved. It implies that it is the number, p, and positions of
frequencies at which the spectrum is forced to zero that will
determine the performance of sidelobe suppression perfor-
mance no matter how the reserved subcarriers are distributed.
In fact, the pattern of reserved subcarriers distribution will
determine the power of the introduced noise on the reserved
subcarriers in (6), SNR of estimated signal defined by (7)
and the BER performance of data recovery. The focus of our
design is to search for the optimized distribution of reserved
subcarriers, Ŝr , that maximizes the SNR of estimated signal
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for a fixed M and q (number of reserved subcarriers). For
q � M , λ = 1/

(
σ 2
s

(
M − q− Tr

(
Cd

(
CTC

)−1 CT
d

)))
∼=

1/
(
σ 2
s (M − q)

)
holds [22], meaning λ to be a constant for

fixed M and q regardless of the distribution of reserved
subcarriers Sr = {r0, r1, r2, · · · , rq−1}. The optimization
problem can be formulated as

min
Sr
α = f (Sr )

s.t. Sr = {r0, r1, · · · , rq−1} ⊂ {1, 2, · · · ,M − 1},

Sd = {d0, d1, · · · , dM−q−1} ⊂ {1, 2, · · · ,M − 1},

Sr ∪ Sd = {0, 1, 2, · · · ,M − 1},

Sr ∩ Sd = ∅. (8)

where

f (Sr ) = Tr
(
(DdD∗d )

−1
)

+Tr
(
(D∗rDr )

−1(Cd (Cr )†)
T
Cd (Cr )†

)
(9)

Cr = C[ Sr , : ] (10)

Cd = C[ Sd , : ] (11)

Dr = D[ Sr , Sr ] (12)

Dd = D[ Sd , Sd ] (13)

Cr is a q × p sub-matrix of C with its rows collected from
the rows of C which are specified with index set Sr ; Cd is an
(M−q)×p sub-matrix ofC obtained by removingCr fromC;
Dr and Dd are similarly defined. This is a combinatorial
(or discrete) optimization problem, where α = f (Sr ) is a
quadratic function of discrete parameter Sr , the index set
of the reserved subcarriers. Although it is easy to obtain a
closed form solution for continuous parameters, it is difficult
to find one for such a combinatorial optimization problem
with discrete parameters. The widely used method to solve
this problem is the exhaustive search [25], where all possi-
ble combinations are examined to find the discrete Sr such
that the smallest α is achieved. Exhaustive search may be
acceptable when both M and q are small, but it will become
intolerable for large M and q due to the explosive increase
of complexity. To reduce the search complexity, we design
a fast search algorithm by making use of the symmetry of
C and by transforming a complex multivariate optimization
problem into a series of low complexity ones. Similar prob-
lems have been investigated in [8] and [9]. Note that we have
not taken into account the pilot subcarriers in our design as
those in [18]–[20] and [22] for the sake of simplicity and for
the convenience of comparison, but it is straight forward to
extend our design to the OFDM with pilot subcarriers.

We observe that the matrix C has a symmetry feature,
i.e., Ck,j = CM−k,q−j. Since the optimal Cr also has this
symmetry characteristics, we conclude that rk + rM−k =
M − 1 will facilitate the search for optimized distribution.
Meanwhile, the values of elements in each column of C
vary monotonically from the top to the bottom. Thus, a local
optimum can be easily reached within a few steps of search
in each single variable optimization problem. Although the

optimal distribution is not uniform due to the quadratic opti-
mization function, we may begin our search from the uniform
distribution and towards the direction of decreasing α.

A. AWGN CHANNEL
In the AWGN channel, both Dd and Dr are identity matrix,
(9) is simplified into

f (Sr ) = Tr
(
(Cd (Cr )†)

T
Cd (Cr )†

)
. (14)

Since q� M , it is possible to obtain the optimal solution, Ŝr ,
through an offline exhaustive search. Once we have the solu-
tion, we can store it for precoder design. Thus, the proposed
scheme will have the same online computational complexity
as the conventional SSOP.

B. MULTIPATH CHANNEL
For time-varying multipath channels where channel state
varies from OFDM block to block but is assumed to remain
unchanged during an OFDM interval, the optimal reserved
subcarrier distribution varies accordingly and needs to be
updated repeatedly. If the exhaustive search is employed,
α will need to be calculated

(M
q

)
=

M !
q!(M−q)! times for

each channel state. The computation complexity will become
unacceptable for large M and q. To alleviate this problem,
we propose a fast search algorithm employing an iterative
strategy that will reduce the computational complexity expo-
nentially. The algorithm is described in algorithm 1.

The key of fast search is to convert the combinatorial opti-
mization problem into a series of simple optimization ones
that can be easily solved by iterative processing. Specifically,
at the beginning of the iteration, the optimized reserved sub-
carrier distribution for the i-th OFDM symbol, S(i)r , is initial-
ized with a given distribution, S(i)ini, which is either a uniform
distribution, Su, or the optimized distribution obtained for the
previousOFDMsymbol, S(i−1)r , if it is available. In each cycle
of iteration, two steps are employed to find a more converged
result and then the optimized one is achieved after several
iterations. In step one, a variable, rk , is chosen from Sr that
will lead to the greatest change to α(i) within one step. In step
two, the value of rk is updated by keeping rk moving in the
direction that the value of α(i) will be decreased. After no
more than p cycles of iterations, the optimized S(i)r will be
obtained.

It is noted that our scheme still has a low complexity
despite of the iterative search for the solution. This can be
explained as follows. First, the computation complexity of the
algorithm 1 is not so high. Generally, this algorithm can find
the optimal S(i)r within less than p iterations and a few cal-
culations of α are needed in each iteration. Second, we may
further reduce the computational complexity by making use
of the results obtained in the previous OFDM symbols, S(i−1)r ,
as depicted in Fig. 3. Specifically, for case 1, for the first
OFDM symbol, the S(i)r is initialized with the uniform dis-
tribution Su. For case 2, where the channel varies slowly in
two consecutive OFDM symbols such that the correlation
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Algorithm 1 Fast Search Algorithm for Optimized Reserved
Subcarriers Distribution of the i-th OFDM Symbol
Input: frequency domain channel response for the i-th

OFDM symbol H (i),
Initial value of the reserved subcarrier distribution S(i)ini

Output: Optimized reserved subcarrier distribution S(i)r
1: Initialization: S(i)r ← S(i)ini
2: for ite = 1 to p do
3: Compute α0 = f (S(i)r ) using (9)
4: for m = 1 to p//2− 1 do
5: Smr ← S(i)r
6: Update Smr with rm ← rm + 1 and rM−m−1 ←

rM−m−1 + 1
7: Compute αm = f (Smr )
8: 1αm = αm − α0
9: end for
10: k ← argmax

m∈{1,··· ,p//2−1}
|1αm|

11: direction = sign(1αk )
12: αold ← α0
13: repeat
14: Update S(i)r with rk ← rk − direction · γ and

rM−k−1← rM−k−1 − direction · γ
15: Compute αnew = f (S(i)r )
16: 1α = αnew − αold
17: αold ← αnew
18: until 1α > 0
19: if |α0 − αnew| < ε then

break
20: end if
21: end for

coefficient between the channel response of the current
OFDM symbol H (i) and that of the previous OFDM symbol
H (i−1) is larger than a predefined threshold, δ, (Actually, this
condition is satisfied most cases and δ can be determined by
simulations), the S(i−1)r obtained for the former OFDM sym-
bol can be directly used for the current OFDM symbol and no

FIGURE 3. Flowchart of the search and updating optimized reserved
subcarrier distribution.

TABLE 1. Computational complexity for calculating α in multipath
channels.

search is needed. Otherwise, the optimized distribution S(i−1)r
for the previous OFDM symbol may be used as initialization
value to search for the optimized S(i)r for the current OFDM
symbol. In this way, convergence rate of algorithm 1 can be
greatly sped up.

IV. COMPLEXITY ANALYSIS
The proposed SSOP-OM has the same encoding matrix and
the same decoding processing as the conventional SSOP
spectrum encoder. The main difference is the distribution
of their reserved subcarriers, i.e., the conventional SSOP
employs uniformly distributed reserved subcarriers and no
search is needed for uniform distribution while the proposed
SSOP-OM employs the optimized distribution of reserved
subcarriers and a search is required to find this optimized
distribution. In this section, we will first calculate the extra
computational complexity needed in SSOP-OM to find the
optimized distribution of reserved subcarriers, and then ana-
lyze the total computational complexity.

For AWGN channel, optimized distribution of reserved
subcarriers can be obtained offline by exhaustive search or fast
search in advance and remains the same for all OFDM
symbols. The on-line computational complexity for encoding
and decoding are about 2(2M − q)q and (2M − q)q times of
real multiplications, respectively, which are the same as the
conventional SSOP [22].

For time-varying multipath channels, it is necessary to
search for the optimized distributions repeatedly according
to channel condition using search algorithm 1. The com-
putational burden of algorithm 1 is mainly caused by the
repeated calculations of the objective function α = f (Sr ),
defined by (9), according to the candidate distributions of
reserved subcarriers, Sr , where (M − q)(q2+ q+ 2)+ 3q3+
q2 + q multiplications are required for calculation of each
α, as shown in Table 1, which is approximately Mq2, for
q � M . However, the times of computing α may be differ-
ent to achieve the optimal distribution for different channel
states according to Fig. 3. We evaluate the average times of
calculating α for each OFDM symbol, denoted by ρ, via
simulations. In section V-B, we find that, under the time-
varying channel with the Doppler frequency shift 100Hz, ρ is
no more than 0.041. Considering that ρ � 1 and q �
M , the extra computations required for SSOM-OP, ρMq2,
is trivial compared with the computation burden for the
conventional SSOP, 2(2M−q)q. The complexity comparison
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TABLE 2. Complexity comparison among spectrum precodings.

among SSOP, SSOP-OM, and other spectral encoders are
listed in Table 2. It shows that the online real multiplications
required for SSOP-OM, 2(2M −q)q+ρMq2, is very close to
that for the conventional SSOP [22] and much less than those
for other spectrum encoders [15], [18]–[21]. Furthermore,
the SSOP-OM can avoid the additional computational com-
plexity for matrix decomposition needed in these spectrum
encoders [18]–[21] under cognitive radio scenario.

It should be noted that the transmitter does not have to send
the optimal Sr to the receiver. The reason is that the positions
of reserved subcarriers used at the transmitter can be easily
estimated by checking the power distribution at the receiver
due to the fact that the power on reserved subcarrier is much
lower than that on the data subcarriers in an OFDM system
with SSOP-OM.

V. SIMULATIONS
In this section, simulations are provided to validate the effec-
tiveness of the proposed SSOP-OM, including the optimized
distribution of the reserved subcarriers and enhanced BER
performance achieved by the proposed scheme. In the experi-
ments, all the simulations were performed with theMATLAB
software and its default double-precision float-point calcula-
tion. Monte Carlo simulations are used for the BER evalua-
tion and the BER is estimatedwith the 108 transmittedOFDM
symbols for each channel condition.

A. OPTIMIZED DISTRIBUTION OF THE RESERVED
SUBCARRIERS IN AWGN CHANNEL
The optimized distribution of the reserved subcarriers of
SSOP remains unchanged in AWGN channel. It can be
obtained offline with exhaustive search or with the fast search

algorithm. Both methods are provided for comparison in the
simulations under AWGN channel. In algorithm 1, the search
step length γ is set to 1, and the search termination parame-
ter ε is set to 0.5. We consider two cases where the number
of subcarriers M of the OFDM system is set to 64 and 128,
respectively, and for each case, the number of reserved sub-
carriers q is set to 2, 4, 6, respectively. For p = q = 2, the
two normalized frequencies at which the OOB emission is
forced to be zero are fn = [−32, 95], where fn = fT is
the frequency normalized to the length of OFDM symbol
without ZP insertion. For p = q = 4 and p = q =
6, the normalized frequencies at which the OOB emission
is forced to be zero are fn = [−64,−32, 95, 127] and
fn = [−64,−32,−16, 87, 95, 127], respectively.

For p = q = 2, the reserved subcarriers are located at the
edges: subcarrier 0 and subcarrier 63 for M = 64, or sub-
carrier 0 and 127 for M = 128, which are the same as the
conventional SSOP. For p = q = 4 and p = q = 6, the distri-
butions of the reserved subcarriers, Sr , the corresponding α,
the online and offline multiplications required to search for
Sr in different schemes are listed in Table 3.
It is observed from Table 3 that for AWGN channel,

the distribution of reserved subcarriers obtained by exhaus-
tive search (denoted as SSOP-OME) are not uniform and
are located closer to edge subcarriers, which are different
from the conventional SSOP. Meanwhile, although the α’s
obtained with fast search algorithm (denoted as SSOP-OM)
are a bit larger than those obtained with the exhaustive search,
they are much less than those with the uniform distribution.
This implies that a significant higher SNR and therefore
a better BER performance can be achieved with optimized
distribution of reserved subcarriers in our proposed scheme.
It is also observed that for a larger q (more reserved sub-
carriers are used) or for a larger number of subcarriers of
OFDM, a higher SNR gain can be achieved with optimized
distribution. Moreover, three schemes have the same online
multiplication computations since they share the same spec-
trum encoding structure. In addition, a fast search algorithm
can significantly reduce offline computations in SSOP-OM
compared with the exhaustive search.

TABLE 3. Distributions of reserved subcarriers, the corresponding α and computations for AWGN channel.
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FIGURE 4. Function f (r1, r2) plot in AWGN channel when M = 64,q = 4.

To more clearly illustrate the effect of reserved subcarriers
distribution on the objective function α = f (Sr ), we plot
the surface of α, as an example, where M = 64, q = 4,
in Fig. 4. The set of the locations of the 4 reserved sub-
carriers is denoted as Sr = {r0, r1, r2, r3}. Among the four
parameters r0, r1, r2, r3, only two of them, such as r0 and r1,
are independent due to the symmetry of Sr . So f (Sr ) can
be reduced to a 3-dimensional surface f (r0, r1) as shown
in Fig. 4 for 0 ≤ r0, r1 ≤ M/2 − 1. It can be seen that
the surface is symmetrical with respect to the line r1 = r0.
That is to say the α remains the same when r0 and r1 are
interchanged. It also can be seen that the bottom of the surface
is in the line of r0 = 0 or r1 = 0. It implies that the best
reserved subcarrier distribution exists at two edge positions
(r0 = 0, r3 = M − 1). In addition, it can be seen that α
becomes very large near r0 = r1. This is due to the fact that
the rows ofCr aremore correlatedwhen they aremore closely
spaced as expected. The result explains why the reserved
subcarriers should be separated as far as possible in order to
minimize the noise amplification at the receiver. Meanwhile,
the bottom of the surface is closer to point (0,0) than to point
(31, 31). This means that some reserved subcarriers should be
positioned closer to the edge subcarriers.

Since two edge subcarriers are always chosen for reserved
position, f (Sr ) is further simplified to function f (r1) in the
case of q = 4, as shown in Fig. 5. We observe that for AWGN
channels, the curve has an U shape with a bottom at r1 = 16,
which is different from the uniform distribution a bottom at
r1 = 21.

FIGURE 5. Function f (r1) plot in AWGN channel when M = 64,q = 4.

B. FAST SEARCH ALGORITHM UNDER
MULTI-PATH CHANNEL
Different from AWGN channel, the optimized distribution of
the reserved subcarriers is changing in time-varying multi-
path channel. So, it is obtained in real time using fast search
algorithm. In the simulations, we use a symbol spaced, delay
line Jakes’ model channel of 4 paths with an exponential
delay power spectrum [26] and Doppler frequency shift fd =
100Hz. The duration of the data part in OFDM symbol is
3.2us [1], and δ is set to 0.99 in algorithm 1. The other param-
eters remain the same as section V-A. Then α is averaged over
108 OFDM symbols (denoted by ᾱ). We estimate the aver-
age times of α calculation for each OFDM symbol, denoted
by ρ, and the average online multiplications accordingly. The
results are listed in Table 4.

It can be seen from Table 4 that, the optimized distribu-
tion using the fast search algorithm provides an obviously
lower average ᾱ than the uniform distribution. This implies
that a higher SNR can be achieved with optimized distribu-
tion Sr , leading to a better BER performance for our proposed
scheme. It also can be seen that for a larger q (more reserved
subcarriers are used) or for a larger number of subcarriers of
OFDM, a higher SNR gain can be achieved with optimized
distribution. Meanwhile, the average times of α calculation
for each OFDM symbol in SSOP-OM, denoted by ρ, are
all no more than 0.041 and the average online computations
for SSOP-OM are very close to those for the conventional
SSOP. Therefore, the SSOP-OM has an obviously better SNR

TABLE 4. Average ᾱ, average times, ρ, of α calculation, and average real multiplications per OFDM symbol for different SSOP methods under time-varying
channel with 100Hz Doppler frequency shift.
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FIGURE 6. PSD for ZP-OFDM signals with different SSOP schemes,
M = 64.

performance at a cost of very low computation complexity in
multi-path channel.

In addition, it can be seen that under the same value of q,
the average times of α calculation forM = 128 are even less
than those for M = 64. The reason is that the termination
condition can be more easily met for a largerM or a larger q.
Meanwhile, α decreases quickly at first and then slowly in
the search, thus this termination parameter, ε, has limited
impact on the α. If we use a smaller termination parameter ε
and allow the algorithm to have more times of search when
M and q are larger, then α will be further reduced and the
search time will increase accordingly. This is a trade-off
problem, and we will consider it in our future work.

C. SPECTRUM AND SIDELOBE SUPPRESSION
PERFORMANCE
To illustrate the effectiveness of the proposed scheme,
the power spectrum density (PSD) is calculated and plotted
for comparison in Fig. 6, where M = 64. It is observed
that for the same q (the number of reserved subcarriers),
the same sidelobe suppression performance can be achieved
for both uniform and optimized distribution of the reserved
subcarriers. It can be explained by the fact that the sidelobe
suppression depth depends upon the matrix P used in (1),
which remains the same no matter how reserved subcarriers
are distributed. For a larger q, a deeper notch of sidelobe
suppression is achieved as expected.

Since SSOP spectrum coding introduces some correla-
tion to the transmitted signal, it may slightly deteriorate the
peak-to-average power ratio (PAPR) of the signal. In Fig. 7,
the PAPR distributions of ZP-OFDM time-domain signals
with two different reserved subcarrier distributions are pre-
sented, where M = 128, q = 6 and the oversampling
factor is set to 4 in the computation of PAPR. It can be seen
that the PAPR distributions for the two reserved subcarrier
distributions are basically the same. The reason is that the
PAPR’s of time domain OFDM signal with SSOP are main

FIGURE 7. CCDF of PAPR for OFDM signals with different SSOP schemes.

determined by M and q regardless of the locations of the
reserved subcarriers. Especially, when q � M , the PAPR
distributions of the OFDM signal with SSOP are very close
to that of conventional OFDM without spectrum coding. It is
observed from Fig. 7 that the PAPR of OFDM in conventional
SSOP and the proposed SSOP are slightly larger than that
of the OFDM without SSOP. Obviously, this gap is almost
negligible in practice.

D. BER PERFORMANCE
To illustrate the effectiveness of the proposed scheme in
mitigating the effect of noise amplification, BER is simulated
and plotted for comparison in this subsection.

1) AWGN CHANNEL
In the simulations, AWGN channels are assumed, 16QAM
mapping is used, the number of OFDM subcarriers is M =
64, 128, and number of reserved subcarriers is q = 2, 4, 6.
The results are shown as Fig. 8 and Fig. 9 and it is observed

FIGURE 8. BER comparison in AWGN channel for 16-QAM, M = 64.

VOLUME 7, 2019 29669



G. Dai et al.: Orthogonal Projection With Optimized Reserved Subcarriers Mapping for Sidelobe Suppression

FIGURE 9. BER comparison in AWGN channel for 16-QAM, M = 128.

FIGURE 10. BER comparison in multipath channel for 16-QAM,
M = 64, q = 4.

that the proposed SSOP-OM scheme obviously outperforms
conventional SSOP in terms of BER. For a larger q or a
larger M , more SNR gain is achieved and a more significant
BER reduction is observed. For example, a SNR gain of more
than 3dB is obtained under q = 6 at the BER of 10−3

regardless the value ofM . It is noted that for q = 2, the same
BER performance is observed since the proposed scheme has
the same distribution as the conventional SSOP in this case.

2) MULTIPATH CHANNELS
Similar simulations and BER comparison are provided for
the time-varying multipath channel in Fig. 10, where M =
64, q = 4 and in Fig. 11, where M = 128, q = 6. The
parameters of the channel and OFDM system are the same as
section V-B. For SSOP-OM scheme, the fast search algorithm
is employed to search for the optimized reserved subcarrier
distribution. Similar results are observed and the proposed
SSOP-OM outperforms the conventional SSOP in terms of
BER performance. For example, more than 3dB SNR gain
is obtained with the optimized distribution of the reserved
subcarriers when M = 128 and q = 6 over conventional
one at various BER’s.

FIGURE 11. BER comparison in multipath channel for 16-QAM, M = 128,
q = 6.

VI. CONCLUSION
A SSOP with optimized mapping of reserved subcarriers
(SSOP-OM) and its fast search algorithm are proposed in
this paper. Compared to the conventional SSOP with the uni-
form distribution of reserved subcarriers, SSOP-OM achieves
a significant SNR gain and lower BER performance in
both AWGN and multipath channels while maintaining the
same sidelobe suppression performance. Moreover, the more
reserved subcarriers, or the more subcarriers for OFDM sys-
tem are used, the higher performance gain can be achieved.
Simulations are provided to validate its advantages in both
AWGN channel and time-varying multipath channel. We will
investigate SSOP-OM technology for other multicarrier sys-
tems in the future.
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