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ABSTRACT In this paper, we investigate a relay system with multi-pair single-antenna devices, where
massive antenna array (also known as massive multiple-input-multiple-output (MIMO) technology) is
deployed at the relay with low-complexity maximum-ratio combining/maximum-ratio transmission pre-
coding scheme. By combining massive MIMO and relay cooperation, the performance of relay-assisted
communication systems is predicted to be dramatically improved in many areas, e.g., spectral efficiency,
energy efficiency, inter-user interference cancelation, and so on, by exploring the abundant spatial degree
of freedom of massive MIMO. However, a large number of antennas employed at relay node inevitably
leads to antenna correlation because of small antenna spacing subjected to the limited size of the relay node,
which may affect the system performance and has not yet been compressively studied. Thus, we focus on
analyzing the effect of antenna correlation on the asymptotic performance of system ergodic rate by using a
general channel correlation model. First, by means of the deterministic equivalent technology, the analytical
expression of the ergodic rate with arbitrary channel correlations is derived, which presents the quantitative
relations among system parameters, i.e., the numbers of relay antennas and device-pairs, the channel spatial
correlations at the relay’s receiver side and the transmitter side, and the transmit powers of the source devices
and the relay. By using a general scaling model for system parameters with respect to the relay antenna
number, the asymptotic performance of the ergodic rate under spatially correlated channel and the corre-
sponding scaling laws of the system parameters are obtained, which provides useful guidelines to trade off
the transmit power and the ergodic rate as well as the number of the served device-pairs. It is further revealed
that the influence degrees of the antenna correlations at the relay’s receiver and the transmitter on the ergodic
rate is nearly the same. Finally, the analytical conclusions are justified through the numerical simulations.

INDEX TERMS Massive MIMO relay, ergodic rate, asymptotic performance, scaling law, correlated fading
channel.

I. INTRODUCTION
Multiple-input multiple-output (MIMO) technique means
multiple antennas employed at the transceiver nodes, where
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spatial multiplexing and diversity gain can be extracted to
enhance system capacity and link reliability [1]. In tradi-
tional MIMO systems, only a few number of antennas is
explored (e.g., maximal 8 antenna ports supported in 4G
LTE standard), so the potential and abundant spatial resource
is far from being developed on this point. Fortunately,
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massive MIMO (also known as large-scale MIMO) tech-
nology, which is first put forward in multi-cell multi-user
non-cooperative systems [2] by equipping a base station
with tens or hundreds of antennas to serve many users
under independent and identically distributed (i.i.d.) channel
condition, has attracted great interests from both industry
and academia [2], [2]–[5]. Through a series of exploratory
researches, it has been found that massive MIMO has many
distinct tranmission features, e.g., producing sharp beams
toward different intended users, focusing power in a spe-
cific direction, presenting asymptotic orthogonality among
different users’ channel vectors, and channel hardening,
etc [2], [3]. Thus, massive MIMO has remarkable capa-
bility of increasing the spectral efficiency and energy effi-
ciency by orders of magnitude, and perfectly eliminating
the inter-user interference (IUI) with low-complexity linear
precoding/dection scheme such as maximal-ratio combining
(MRC), maximal-ratio transmission (MRT), and zero-forcing
(ZF) [2]–[5]. In addition, massive MIMO has been com-
prehensively investigated in the areas of performance anal-
ysis [6]–[8], channel training [9], [10], pilot contamination
suppression [11], [12]. Naturally, massive MIMO has been
widely considered as one of the most emerging and powerful
technologies for the fifth generation mobile communication
systems (5G) [13].

As another promising technological avenue, two-hop relay
cooperative communication has been intensively studied,
which is shown to be capable of significantly enlarging
the cellular coverage, reducing the power consumption and
improving the throughput performance of the cell-edge
users [14]. Furthermore, over decades of research, several
practical relaying protocols, such as amplify-and-forward
(AF) and decode-and-forward (DF) [15], [16]), have been
developed and standardized. With rapidly growing require-
ment for higher throughput, multi-user MIMO relay systems
have drawn more and more attention [17]–[19], where mul-
tiple antennas are employed at the relay to assist the infor-
mation delivery between multiple source-destination pairs
by exploring the spatial multiplexing and diversity gain as
well as cooperative diversity. However, a major bottleneck
in multi-user MIMO relay systems is the IUI, which may
cause sever performance degradation [15]. Thus, many atten-
tion are paid to tackle the IUI. One intuitive way is to
allocate orthogonal time/frequency resource blocks for each
user pairs to avoid IUI [20], [21], which is obviously spec-
trally inefficient. Another line of work is to design effec-
tive precoder/detector or optimize power allocation to solve
IUI [22], [23]. Whereas, it was shown in the previous works
that both the precoder design and the optimal power allo-
cation are achieved at the cost of extremely high complex-
ity, which is not suitable for implementation in practice.
Therefore, low-complexity and spectrally efficient schemes
are more preferable to resolve the problem of IUI. Inspired
by the characters of massive MIMO, that is, when massive
antennas were used, simple linear precoding/detection can
achieve near-perfect IUI elimination and near-optimal rate

performance, and massive MIMO is also introduced into
multi-user relay systems.

A. RELATED WORKS
Recently, multi-user massive MIMO relaying systems have
attracted more and more research activities in both academia
and industry [24]–[34]. As stated above, the initial thought
of employing massive antennas array at the relay node is
to mitigate the IUI with high resource utilization and low-
complexity processing [24]. Suraweera et al. [24] showed
for the first time that by using massive antennas array and
a simple transceiver at a relay (i.e., MRC/MRT transceiver or
ZF transceiver) with ideal channel state information (CSI),
the spectrum efficiency of a dual-hop one-way AF relay
system becomes proportional to the number of relay anten-
nas in multi-pair relaying system. After that, the work
is extended to kinds of massive MIMO-enabled relay-
ing systems, including half-duplex [25], [26] and full-
duplex [27], [28] two-way relay systems, in the areas
of performance analysis with imperfect CSI condition
under different precoding schemes [29]–[31], training and
data transmission design [28], [32], and energy efficiency
optimization [33], [34].

In [25], the sum-rates with MRC/MRT and ZF relaying
schemes under perfect CSI are analyzed for half-duplex mas-
sive MIMO two-way relaying communications via deter-
ministic equivalence to show that the sum-rate can remain
constant when the transmit power of each source and/or relay
scales inversely proportional to the number of relay antennas.
Jin et al. [26] considered the same sytem model as in [25] for
MRC/MRT relaying where the number of relay antennas is
assumed to be large but finite. Shortly afterwards, the power
scaling law analysis is extended to the full-duplex massive
MIMO relaying systems in [27] and [28]. In [29]–[31], one-
way massive MIMO relay networks with channel estimation
error are considered. While [29] used ZF relaying precoding
and considered the CSI error existing in both source-relay
and relay-destination links, [30] adoptedMRC/MRT relaying
scheme by investigating the CSI error only in the relay-
destination link, based on which, [31] extended [30] to the
scenario of CSI errors in dual-hop channels. In the aforesaid
three works, the power scaling laws of the sources and relay
for non-vanishing SINR are derived under the assumption of
equal training power and data signal power. Lv et al. [33]
and Nguyen et al. [34] investigated the energy-efficiency
based resource allocation problem with respect to (w.r.t.) the
relay antenna number and user-pair number as well as the
transmit power at the user and relay for one-way and two-
way networks, respectively.

B. MOTIVATIONS AND MAIN CONTRIBUTIONS
It is notable that the majority of the existing works on
multi-pair massive MIMO relay systems usually assumed the
i.i.d. channel conditions. In other words, the spatial correla-
tion among the antennas at the relay is ignored. However,
when large number of antennas are equipped at the relay,
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the antenna spacing is very short due to the limited size of
relay node together with the non-sufficient scattering envi-
ronment, which will result in channel spatial correlation with
a great probability. The effect of channel spatial correlation
on the asymptotic performance and scaling law have not yet
been fully explored in previous works on multi-pair mas-
sive MIMO AF relay system. Although antenna correlation
has been studied in traditional three node MIMO relaying
systems [35]–[38], which consists of a source node, a relay
node and a destination node with all nodes equipped with
multiple antennas, they did not take the IUI into account
and has not yet analyzed the effect of antenna correla-
tion on the system asymptotic behaviors with increasing
antenna number. Furthermore, the extension of such analysis
is by no means straightforward of the multi-pair massive
MIMO relaying systems in terms of the asymptotic perfor-
mance of ergodic rate and the scaling law.

Inspired by the aforementioned analysis, in this paper we
incorporate the general antenna correlations into massive
MIMO AF relay system with multi-pair devices, where the
relay adopts MRC/MRT scheme. To the best of our knowl-
edge, the impacts of antenna correlation on the asymptotic
performance for such systems are still unknown. Thus, this
paper address the asymptotic performance analysis and scal-
ing laws for the multi-pair massive MIMO relay system with
antenna correlation. Overall, our main contributions lies in
the following aspects.
• The practical antenna correlations at the relay
transceiver is taken into account for a multi-pair mas-
sive MIMO AF relay system with MRC/MRT relay
precoding scheme. An analytical expression of ergodic
rate is derived with arbitrary large and finite numbers
of relay antennas and a general channel correlation
model by using deterministic equivalents technology
developed in [7] and [39]. The derived closed-form
expression provides good approximation of the ergodic
rate and facilitates an explicit quantitative evaluation of
the ergodic rate performance.

• Based on the analytical expression, we utilize a gen-
eral scaling model for the system parameters to carry
out the asymptotic performance of ergodic rate as the
number of relay antennas increases. The result discov-
ers the effect and joint interaction of extensive system
parameters and presents the quantitative tradeoff among
different system parameters, i.e, the relay antenna num-
ber, the transmission power at the source device and
the relay, the device-pair number, and the channel cor-
relation matrices (or coefficients). Furthermore, in our
scaling-law model, the scale exponents with respect to
the relay antenna number can take continuous values
from 0 to 1, which is different to the most existing
works [24]–[34], i.e., only a few discrete values for the
scaling exponents, e.g., 0, 1, and 1/2, are allowed.

• In our analysis, it is shown that when the number
of device-pairs increases at a lower-than-linear speed
than that of the number of relay antennas or keeps

constant, the antenna correlations at the relay’s receiver
and transmitter cannot affect the system scaling laws
and the limit performance of ergodic rate in compari-
son to the i.i.d. channel condition, which only have an
impact on the increment speed of the ergodic rate. This
is advantageous to facilitate the massive antennas array
implemented at the relay without strict requirement of
the antenna spacing. Moreover, when the number of
device-pairs increases linearly with the number of relay
antennas, the scaling law is still irrelevant of the channel
correlation at the relay’s transceiver, but the ergodic rate
will saturate to a certain limit value, which is closely
related to the channel correlations.

• In addition, the uniform linear array (ULA) configu-
ration is considered as a special case to quantitatively
analyze the effect of the channel correlation degree on
the system performance.

The rest of this paper is organized as follows. In Section II,
the involved multi-pairs massive MIMO AF relay system
is illustrated and the corresponding ergodic rate is given as
performance evaluation. Section III derives the determinis-
tic equivalent approximations about the ergodic rate first,
based on which, the performance scaling law results are
elaborated. In Section IV, the numerical simulations are pro-
vided to justify the effectiveness and correctness of our pro-
posed theoritical analysis results and the conclusion is given
in Section V.
Notations: Let the boldface uppercase, lowercase letters

and italic letters denote matrices, vectors and scalars, respec-
tively. (·)T, (·)H, and tr(·) represent the transpose, conjugate
transpose, and trace operations, respectively. [A]i,j means
the i-th row and j-th column element of matrix A. E{·} is
the statical expectation operation. The notation (|·|), ‖·‖, and
‖·‖s indicate the absolute value, the Frobenius norm and the
spectral norm, respectively. CN (n,8) stands for the circular
symmetric complex Gaussian distribution with mean n and
covariance8. IN is the (N ×N ) identity matrix. We also use
a.s.
−→ to denote the almost sure convergence.

II. SYSTEM MODEL
As depicted in Fig. 1, we consider a massive MIMO relaying
system, in which K single-antenna source devices send infor-
mation to their corresponding K single-antenna destination
devices with the help of an N -antenna one-way AF relay.
In general, N is large with N � K ≥ 1. It is assumed that no
direct links are available between each device pair owing to
the serious path loss. Then, the MIMO relay needs to assist
the data transmission between the k-th source device (Sk for
short) and the k-th destination device (Dk for short), where
k = 1, . . . ,K . Both the relay and all devices work in half-
duplex mode and share the same time-frequency resource.
Thus, the overall transmission will take up two slots.

In the first stage, all the source devices transmit signals to
the relay simultaneously, and the N×1-dimensional received
signal at the relay can be written

yr =
√
psHx+ nr (1)
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FIGURE 1. Massive MIMO one-way AF relaying system with multi-pair
devices.

where x = [x1, . . . , xk , . . . , xK ]T ∈ CK×1 and xk denotes the
transmit signal from Sk and satisfies the power normalization,
i.e., E

{
|xk |2

}
= 1, ps is the average transmit power at every

source device, (H = [h1, . . . ,hk , . . . ,hK ] ∈ CN×K ) and
hk means the first-hop channel vector between Sk and the
relay, which can be modeled as

hk = R1/2
k hk (2)

where (Rk ∈ CN×N ) is deterministic nonnegative
definite spatial correlation matrix and characterizes the cor-
relation among the receiving antennas at the relay and
hk ∼ CN

(
0, IN

)
denotes the independent Rayleigh fast-

fading channel vectors [7]. This channel model is quite
general since it shows different antenna correlation of each
channel vector. Furthermore, hk and hi is usually statistically
independent for k 6= i since different devices are located
separately. nr ∼ CN

(
0, σ 2

r IN
)
is the complex additive white

Gaussian noise (AWGN) vector at the relay’s receiver with
σ 2
r being the noise power. Kindly note that when antenna

correlation does not exist, namely i.i.d. channel condition,
we only need to set Rk = IN .
During the second phase, the received signal (yr) are

converted at the relay by a linear operation, which can be
expressed as (yt = Vyr), where V ∈ CN×N is a processing
matrix and satisfies the total power constraint pr at the relay,
i.e.,

tr
(
E
{
ytytH

})
= tr

(
V
(
psHHH

+ σ 2
r IN

)
VH
)
= pr (3)

where the expectation operation is over both data signals and
noises.

To proceed, the amplified signal (yt) is disseminated
to the destination devices through the relay-to-destination
channel GH, where GH

= [g1, . . . , gk , . . . , gK ]H ∈ CK×N

and gHk is the channel vector from the relay to Dk with
(gHk = gHk T

1/2
k ), where gk ∼ CN

(
0, IN

)
is the fast fading

vector and Tk is deterministic nonnegative definite spatial
correlation matrix at the relay’s transmitter side. Without loss
of generality, we assume that the correlation matrices have
normalized average channel gain, namely (tr(Rk) = N ) and

(tr(Tk) = N ),∀k . Moreover, the channel correlation matrices
of both the receiver side and the transmitter side are assumed
to have uniformly bounded spectral norms [7], i.e.,

0 < lim
N→∞

sup ‖Rk‖s <∞

0 < lim
N→∞

sup ‖Tk‖s <∞ (4)

Hence, the received signal at all destination devices can be
represented as

yd =
√
psGHVHx+

√
psGHVnr + nd (5)

where (yd =
[
yd,1, . . . , yd,k , . . . , yd,K

]
∈ CK×1)

with (yd,k ) being the Dk ’s received signal and (nd =[
nd,1, . . . , nd,k , . . . , nd,K

]
∈ CK×1) with nd,k being the

AWGN at Dk and distributed as (CN
(
0, σ 2

n
)
).

Regarding the uplink source-to-relay CSI, it can be esti-
mated with the training sequences transmitted from the
source devices. For the downlink relay-to-destination CSI,
it can be obtained by means of the channel reciprocal prop-
erty, which is quite common in TDD massive MIMO sys-
tem. That is, the destination devices send the uplink training
signals and the CSI estimation is completed at the relay
as in [28] and [40]. Moreover, the global CSI can be fed
back to the destination devices for further demodulation. The
minimum length of the training sequences only determined
by the number of antennas at the sources and destinations
without any relations to the number of massive antennas at
the relay. When the training sequences are sufficient long and
the training power is large enough, the accuracy of channel
estimation can be guaranteed to be excellent and CSI errors
can be ignored. Thus, herein we assume that H and G are
perfectly known at the relay [24], [26], [40], [41].

Based on this, one popular and widely-used AF scheme
with low complexity, i.e., MRC/MRT criterion for receiving
and transmitting, is adopted by the relay. Thus, the transfor-
mation matrix at the relay is given by (V =

√
pr/θGHH)

[24], [31], where

θ = tr
(
ps
(
HHH

)2
GHG+ σ 2

r H
HHGHG

)
(6)

is a normalization factor to meet the power constraint in (3).
As a result, the received signal at Dk can be expressed

in (7), as shown at the top of next page, which mainly refers
to three parts [24], [31].With the effective channel coefficient
at Dk [26], i.e., (gHk GHHhk ), the k-th destination device will
demodulate the desired signal. Furthermore, we can calculate
the power of interference and noise through taking expecta-
tion w.r.t. the corresponding terms over the coherence time of
the channel fading. To proceed, the expression of the signal-
to-interference plus noise ratio (SINR) for Dk is given by (8),
as shown at the top of next page, [24], [31].

Consequently, we can obtain the ergodic achievable rate
for Dk [24], [31]

Rk = E
{
1
2
log2

(
1+ SINRDk

)}
, for k = 1, 2, . . . ,K (9)
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yd,k =

√
pspr
θ

gHk GHHhkxk︸ ︷︷ ︸
desired signal

+

√
pspr
θ

K∑
i=1,i 6=k

gHk GHHhixi︸ ︷︷ ︸
inter-pair interference

+

√
pr
θ
gHk GHHnr + nd,k︸ ︷︷ ︸
cumulative noise

, for k = 1, 2, . . . ,K (7)

SINRDk =
prps

∣∣gHk GHHhk
∣∣2

prps
K∑

i=1,i 6=k

∣∣gHk GHHhi
∣∣2 + σ 2

r pr
∥∥gHk GHH

∥∥2 + θσ 2
n

, for k = 1, 2, . . . ,K (8)

where the pre-log factor 1
2 accounts for the time slot con-

sumption.
Precisely, in the presence of antenna correlation, the anal-

ysis for the ergodic achievable rate is more intractable.

III. ASYMPTOTIC PERFORMANCE ANALYSIS
In this section, we deduce the performance scaling law of
the massive MIMO relaying system. First, with the help of
deterministic equivalent approximation technology in large-
scale random matrix theory, an analytical expression of the
ergordic rate is derived. Then, the general scaling law is
obtained for the ergodic rate to be non-decreasing.

A. DETERMINISTIC EQUIVALENT OF ERGODIC RATE
Different from the previous works [31], [41], the closed-
form expressions of the ergodic rate were derived either
by using [8, Lemma 1], i.e., (E

{
log2

(
1+ X

Y

)}
≈

log2
(
1+ E{X}

E{Y }

)
), or by using the mean square convergence

based theory [42] and Jensen’s inequality [6]. Herein, we
utilize the asymptotically deterministic equivalent property,
namely almost sure convergence based lemmas [7], [39],
of the desired signal power term, the inter-user interference
power term as well as the cumulative noise power term in
the SINR expression to derive the deterministic equivalent
approximation of the ergodic achievable rate.

With some tedious derivations and calculations, the deter-
ministic equivalent analytical expression of Rk can be
obtained in the following theorem, which is verified to be
accurate through simulation results in Section IV.
Theorem 1: The ergordic achievable rate of the k-th des-

tination device in the massive MIMO relay system has the
following deterministic approximation

Rk
a.s.
→

N→∞
Rk ,

1
2
log2

(
1+ SINRDk

)
(10)

where SINRDk is given by (11), as shown at the top of
next page, with{

$i,j , tr
(
RiRj

)
νi,j , tr

(
TiTj

)
,

i, j = 1, 2, . . . ,K (12)

Proof: Please refer to Appendix V.
From (10), (11) and (12), it can be seen that on the one

hand, the ergodic achievable rate is highly related to the
spatial correlations of both the transmitter-side antennas and

the receiver-side antennas at the relay, which are shown to
be mutually coupled in the expression of SINRDk . On the
other hand, the expression of Rk in (10) can not be further
simplified due to the non-special form of the channel spatial
correlation matrices, i.e., Rk and Tk , unless a less general
channel model or specific antenna configuration is consid-
ered, e.g., no antenna correlation case or ULA, etc..

Even though the deterministic approximation for Rk is
derived in analytical expression, the result is in relation to
the general second-order channel statistics, which makes the
performance scaling law analysis still complicated. For ana-
lytic simplicity, we consider the scenario as in [26] and [31],1

i.e., Ti = Tj = T and Ri = Rj = R, ∀i 6= j,
which indicates that the source/destination devices with
same or similar channel spatial correlations are grouped to be
served.

Then, by substituting the above conditions into (10)
and after some straightforward manipulations, we have (13),
as shown at the top of next page, wherein $ , trR2 and
(ν , trT2). What’s more, according to the assumption in (4),
it can be straightforwardly concluded thatR2 and T 2 still have
uniformly bounded spectral norms. From (13), one can find
that the number of device-pairs is extracted in an explicit
form. Based on (13), we will study the scaling law of the
ergodic achievable rate in the next subsection.

B. SCALING-LAW RESULTS AND LIMIT PERFORMANCE
In this subsection, we characterize the scaling law of the
asymptotically deterministic rate Rk in order to compre-
hensively analyze the effects of the system parameters on
the system performance. For all system parameters, i.e., the
number of device-pairs K , the transmission power of the
source device ps and the relay pr, we adopt a general scaling
model w.r.t. the number of relay antennas N . Kindly note
that the involved channel spatial correlationmatrices are fixed
regardless of N .

1The similar method has been made in [10], also known as JSDM scheme,
which groups the users with same channel correlation features. Furthermore,
You et al [11] has proved that when the number of base station antennas
goes to infinity, the channel correlation matrices between the based station
and different users tend to have the same channel eigen subspace spanned by
the same eigenvectors with different power gain distributed at each channel
eigen-directions. Thus, such grouping stratagem is easy to implement in
dense user scenarios, especially for 5G typical massive machine-type com-
munication (mMTC) applications [43].
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SINRDk =

N 4
+

K∑
j=1,j6=k

$k,jνk,j

K∑
i=1,i 6=k

(
N 2$k,i + N 2νk,i +

K∑
j=1,j 6=k,i

νk,j$j,i

)
+

σ 2r N

(
N 2+

K∑
j=1,kj 6=k

νk,i

)
ps

+

σ 2nN
K∑
i=1

(
psN 2+ps

K∑
j=1,j 6=i

$i,j+σ 2r N

)
prps

(11)

Rk =
1
2
log2

1+
N 4
+ (K − 1)$ν[

N 2 ($ + ν)+ (K − 2)$ν
]
(K − 1)+ σ 2r (N 3+(K−1)Nν)

ps
+

σ 2nKN(N 2+(K−1)$)
pr

+
σ 2n σ

2
r KN 2

prps

 (13)

Rk ≈
1
2
log2


1+

N+
N κ−1

µ
$ν

[
($+ν)

N κ

µ
+$ν

N 2κ−1

µ2

]
+

σ 2
r

(
Nα+

Nα+κ−1

µ
ν

)
Ps

+

σ 2
n

(
Nβ+κ+

Nβ+2κ−1

µ
$

)
µPr

+
σ 2
n σ

2
r N

α+β+κ−1

µPrPs


(15)

To proceed, we give the following assumptions,

ps =
Ps
Nα

, pr =
Pr
Nβ

, K =
N κ

µ
(14)

where Ps, Pr, and µ are all positive constants with Ps and
Pr being regardless of N . It is worth pointing out that we
should carefully set the value of µ in order to guarantee that
the number of served device-pairs cannot exceed the given
number of relay antennas. Therefore, µ ≥ N κ−1 should
be satisfied. The parameters α, β and κ depict the scales
of ps, pr, andK w.r.t.N . By considering practical ranges of the
system parameters, it is assumed that α, β, and κ all belong
to ([0, 1]). The reasons mainly lies in two-fold. First, in typi-
cal scenarios of massive MIMO, the number of devices-pairs
K either grows with the number of relay antennas N or keeps
constant. Thus, κ ≥ 0. On the other hand, K cannot go
beyond N due to the maximum available multiplexing gain
is equal to the number of relay antennas N . Thus, κ ≤ 1. Sec-
ondly, since the high energy efficiency is required in massive
MIMO, the transmission powers at the source devices and the
relay should not increase as the number of relay antennas N
increases. But they can be cut down as N becomes large with
a precondition that their decreasing rates are lower than the
increasing rate of N . This is because that the maximum array
gain used for compensating the loss of receiving energy is N .
Thus 0 ≤ α, β ≤ 1.
By substituting (14) into (13) and dividing the numera-

tor and the denominator of the SINR in (13) with N 3, we
have (15), as shown at the top of the this page, where
(N

κ

µ
− 1 ≈ N κ

µ
− 2 ≈ N κ

µ
) is utilized and ($ , $

N ) and
(ν , ν

N ) are bounded values. Therefore, the conclusion about
the performance scaling laws can be obtained in the following
theorem.

Theorem 2: For the multi-pair massive MIMO relaying
system with MRC/MRT precoding and antenna correlations
at the relay, the performance scaling exponents should satisfy
the following condition in order to have a non-vanishing Rk
in (15) as N →∞

max {α, β+κ} ≤ 1, 0 ≤ α, β, κ ≤ 1 (16)

Proof: The maximal scaling exponent w.r.t. N of
each term in SINR’s denominator in (15) should be less
than or equal to 1. Then, the results in (16) can be obtained,
which completes the proof.

The condition in Theorem 2 provides the available scale
degrees of the source-device transmit power, the relay trans-
mit power, and the number of the device-pairs, which is quite
useful for guiding the design of the massive MIMO relay
system. For example, the condition in (16) implies β+κ ≤ 1,
which indicates that to make the ergodic rate non-decreasing
as the relay antenna number increasing, the scale exponent
of the relay power for each source should be no less that 1

N .
This also puts forward a tradeoff between β and κ , i.e., the
available power saving at the relay and the number of served
device-pairs. With extra relay antennas, more devices can be
served or less relay transmit power can be consumed for the
same level of performance, but the improvements in the two
aspects should satisfy the total constraint.

Precisely, when (α, β, κ) is set to be different values, Rk
in (15) will saturate to several certain levels with N going
to infinity. With that in mind, we will analyze the limit
performance of the ergodic rate in the following under two
cases of the scales of the device-pair number, i.e., 0 ≤ κ < 1
and κ = 1.
1).When 0 ≤ κ < 1, it means that the number of device-

pairs increases at a lower-than-linear speed with the relay
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antenna number increasing. Then, we have the following
Corollary.
Corollary 1: By assigning different scaling exponent val-

ues from (16), the ergodic rate of Dk has the following
asymptotical limit performance as N →∞,

R
∞

k =



1
2
log2 (1+ c1) , α = 1, 0 ≤ β < 1− κ (17)

1
2
log2 (1+ c2) , β = 1− κ, 0 ≤ α < 1 (18)

1
2
log2 (1+ c3) , α = 1, β = 1− κ (19)

where c1, c2, and c3 are given by

c1 =
Ps
σ 2
r
, c2 =

µPr
σ 2
n
, c3 =

1
1
c1
+

1
c2
+

σ 2n σ
2
r

µPrPs

(20)

Proof: Since µ is constant and $ and ν are bounded
values, the limit performance results in (17)-(19) can be
straightforwardly deduced by keeping the dominant terms
and removing the trivial terms in (15) as N → ∞. This
complete the proof.
From Corollary 1, some useful insights can be discovered

as follows
• The physical meanings for (17)-(19) lies in that as the
number of relay antennas becomes larger and larger,
the practical transmit power at each source device, ps,
and the relay, pr, can be continuously scaled down by
1/Nα and 1/Nβ , respectively, while keeping the ergodic
rate at a constant level. In the meanwhile, the number of
device-pairs can increase byN κ . From this point of view,
no performance loss of the ergodic rate occurs as the
actual transmit power decreases and the served number
of device-pairs increases.

• It can be found that the existing work in [41], where no
antenna correlations is considered at the relay, is covered
as a special case in our framework. Compared with the
scaling laws in [41], when κ < 1, the antenna corre-
lations of both the relay’s receiver side and transmitter
side have no impact on the system power scaling laws
even on the limit values of the ergodic rate, which only
depends on the predefined values Ps, Pr and µ. In other
words, when a relay is equipped with a large number of
antennas, we don’t have to overemphasize the sufficient
antenna spacing to guarantee the independence among
the antennas, which will relax the size of antenna array
configuration and facilitate the deployment of the mas-
sive antenna arrays at the relay.

• Comparing (15) and (17)-(19), it is clear that the inter-
pair interference term is eliminated when the number of
antennas at the relay grows to infinity, since the effec-
tive relaying channels among all device pairs become
pairwise orthogonal. That is, the channel asymptotic
orthogonality among all device pairs is irrelevant to the
spatial correlation at the relay side.

• The three scaling cases corresponds to the systems
with different power capabilities at the source devices

and the relay. (17) is applicable to the systems with
power limited source devices but power sufficient relay,
while (18) is the opposite. For (19), it is fit for the power
sufficient systems.

• From (17)-(19), one can see that the practical trans-
mit power of the source devices and the relay can be
maximally cut down by 1/N , separately and simulta-
neously, at the cost of the ergodic rate performance
and the number of served device-pairs. This shows the
trade-off between the system power consumption,
the required quality-of-service (QoS) and the subscriber
capacity.

In addition to the above mentioned, when 0 ≤ α < 1 and
0 ≤ β + κ < 1, it can be directly concluded from (15) that
ergodic rate will keep increasing until infinity as N → ∞.
Because all the terms in the SINR’s denominator in (15) will
tend to 0.

Unfortunately, until now we have not yet revealed the
quantitative effect of the relay’s antenna correlation on the
deterministic ergodic rate due to the non-special channel
correlation matrices. Thus, to gain more insight, we assume
the ULA configuration at the relay side, which corresponds to
an exponential correlation model [44]. Then, the channel cor-
relation matrices at the relay receiver side and the transmitter
side can be represented as

[R]i,j = r |i−j|, [T]i,j = t |i−j|, i, j = 1, 2, . . . ,N (21)

where 0 ≤ r, t ≤ 1 denote the relay’s receiver-side
and transmitter-side channel correlation coefficients, respec-
tively. The larger the antenna correlation coefficient is,
the stronger the channel spatial correlation becomes. It is
clear that when r = 1 (and/or t = 1), the channels at the first
hop (and/or at the second hop) degenerate into i.i.d. channels..
Then, we have the following corollary.
Corollary 2: When (α, β, κ) = (0, 0, 0) and the high SNR

region is considered, i.e., ( Ps
σ 2r
� 1)and( Pr

σ 2n
� 1), the deter-

ministic rate Rk in (13) has the following approximation

R
∞

k
N→∞
≈

1
2
log2

1+
N

(K − 1)
(
1+r
1−r +

1+t
1+t

)
 (22)

Proof: Under the exponential correlation model, the fol-
lowing limit exists [45]

lim
N→∞

tr
(
R2
)

N
=

1+ r
1− r

, lim
N→∞

tr
(
T2
)

N
=

1+ t
1+ t

(23)

Then, substituting (23) into (13) and ignoring the lower
order terms as N →∞ yields (22). This ends the proof.

Obviously, the ergodic has a nearly logarithmic increase
with the number of relay antennas increasing and logarith-
mically inversely proportional to the number of interfer-
ence device pairs. What’s more, one can find that both the
transmitter-side correlation and receiver-side correlation at
the relay are unfavorable factors for the increment speed
of the ergodic rate. Fortunately, they will not affect the
trend of the rate increase. Moreover, the absolute values of
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the ergordic rate will decrease in highly correlated channel,
i.e., larger r and/or t .
2). When κ = 1, it indicates that the number of device-

pairs increases linearly with N . Then, from (16), one can find
that the power scaling exponent at the relay, β, should be
equal to 0, which means that the relay power must remain
constant. That is, the goal of the power saving at the relay
cannot be achieved.

Specifically, with different power scaling exponent values
of α, the limit performance of Rk in (15) is summarized in the
following corollary.
Corollary 3: By setting different power scaling exponent

values from (16), the ergodic rate of Dk has the asymptotical
limit performance shown in (24) and (25), as shown at the
bottom of the this page), where ($̃ = lim

N→∞
$ < ∞) and

(̃ν = lim
N→∞

ν <∞).

Proof: The derivation is almost the same as the one for
Corollary 1. Thus it is omitted.
Based on Corollary 3, we can find that the power scaling

law will not be affected by the channel correlations at the
relay in comparison to [41], whereas the limit values of
ergodic rate is in relation to them. More precisely, the limit
values of Rk in (25) and (25) depend on µ, Pr, Ps, $̃
and ν̃. However, in practical system, it means that we can
still serve more devices pairs with a guaranteed QoS as the
number of relay antennas increases, which is significant for
the mMTC in 5G IoT networks [46], [47]. Apart from these,
we can find that Rk in (24) and (25) monotonically increases
with µ, which can be proved by taking the first-order deriva-
tive of Rk w.r.t. µ.

IV. NUMERICAL RESULTS
In this section, Monte Carlo numerical simulations are pro-
vided to verify the obtained analytical results in terms of the
ergodic rate and scaling laws w.r.t. the system parameters.
In each simulation, 104 independent channel realizations are
generated and averaged to produce the numerical results.
Table 1 shows the list of involved system simulation param-
eters with corresponding values and Table 2 specifies several
scaling parameters settings. For comparison with our relaying
scheme, we consider the commonly-used orthogonal channel
access scheme (orthogonal scheme for short) in multi-pair
MIMO relay system as benchmark [24]. More precisely,
each source-destination pair occupies 1

2K channel resources
for communication, which indicates that the IUI is removed
completely and also means a pre-log factor 1

2K . At the relay,

TABLE 1. System simulation parameters.

TABLE 2. Scaling parameters settings.

MRC/MRT is still employed for maximizing the received
SINR. Obviously, the corresponding analytical expression of
ergodic rate for the orthogonal scheme can be deduced from
our results by setting the device-pair number K = 1.

Firstly, the performance of ergodic sum rate and ergodic

rate per device-pair, i.e., (R6 =
K∑
k=1

Rk = KRk ) and R =

R6
K = Rk , is given in Fig. 2 to validate the effectiveness of the
proposed asymptotical deterministic equivalent expression in
Theorem 1 and compare with the benchmark. It is clear that
there is only tiny gap between the analytical expression and
the numerical result as N increases. That is, the accuracy
of the proposed analytical results is reliable. Even under the
moderate number of relay antennas, the proposed analytical
results can still provide good approximation. In comparison
with the orthogonal scheme, it can be seen that our transmis-
sion scheme outperforms the benchmark on both the ergodic
sum rate and the ergoic rate per device-pair, although no IUI
exists in the orthogonal scheme. This is mainly because we
benefit from simultaneously serving K device-pairs in the
same time-frequency resource, which attains higher level of
resources utilization. Furthermore, it is interesting to find that

R
∞

k =



1
2
log2

1+
µ2

µ ($̃ + ν̃)+ $̃ ν̃ +
µ2+µ$̃

c2

 , 0 ≤ α < 1, (24)

1
2
log2

1+
µ2

µ ($̃ + ν̃)+ $̃ ν̃ +
µ2+µ̃ν
c1
+

µ2+µ$̃
c2
+

µ2

c1c2

 , α = 1. (25)
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FIGURE 2. Performance comparisons under different transmission
scheme, where the transmit SNR is set as ps/σ2

r = pr/σ2
n = 20dB,

r = t = 0.5.

the ergodic sum rate is the same for K = [4, 8, 16] under the
orthogonal scheme, since the same correlation conditions and
path loss among the source devices and destination devices
are considered here, which leads to no multi-user diversity
gain. By comparing Fig. 2(a) and Fig. 2(b), one can also see
that although the ergodic rate per device-pair decreases with
K increasing, the sum rate grows due to the effective multi-
user multiplexing gain.

Fig. 3 justifies the performance scaling laws when 0 ≤
κ < 1. It can be seen that for Case 1-2, R6 keeps increasing
without a limit as N increases. While for Case 3-5, it con-
verges to different limit values, which are given by (17)-(19),
respectively. From Case 1-5, it can be found that when more
power saving is preferred, i.e., larger α and/or β, the ergodic
rate will be reduced accordingly, or vice versa. Specially,

FIGURE 3. Ergodic sum rate with 0 ≤ κ < 1 under different (α, β, κ),
where r = t = 0.5.

FIGURE 4. Ergodic rate per device-pair with the case κ = 1 under
different µ, where r = t = 0.5.

the ergodic rate diminishes to zero in Case 6 as N increases,
since α and β spills out of the maximal power scaling region.
All the results in the figure is consistent with the scaling laws
derived in Corollary 1.

Fig. 4 and Fig. 5 illustrate the performance of the ergodic
rate per device-pair and ergodic sum rate as the number of
user pairsK increases linearly with the number of relay anten-
nasN , namely κ = 1, under differentµ. From Fig. 4, it is seen
that as N →∞, we can decrease the source device transmit
power ps by 1/N while the ergodic rate per device-pair is kept
unchanged, which indicates that more device-pairs can be
served with no loss of the current performance. Additionally,
by comparing Case 7-9, it can be seen that the ergodic rate per
device-pair increases with µ growing large, which is because
more antennas is available for each device-pair to improve
the QoS. Furthermore, in comparison with Fig. 5, although
the ergodic rate per device-pair decreases with µ decreasing,
the ergodic sum rate increases near-linearly over µ. This is
because the multiplexing gain originated from the abundant
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FIGURE 5. Ergodic sum rate with the case κ = 1 under different µ, where
r = t = 0.5.

FIGURE 6. Ergodic rate per device-pair with the case κ = 1 under
different scaling law.

and steadily increased DoFs of the massive antenna arrays.
This further illustrates that with the continuously increas-
ing number of antennas, we can significantly promote the
network throughput by serving more and more device-pairs,
which is quite suitable for the massive sensors based IoT
networks with lower transmission rate requitement.

Fig. 6 shows the ergodic rate per device-pair under different
power scaling exponent values with κ = 1 andµ = 10. It can
be seen that in Case 10-11, Rk converges to the same limit
value given by (24). For Case 8, Rk tends to the limit perfor-
mance given by (25), which is lower than that of Case 10-
11 due to the obtained maximum power saving. Moreover,
it is clear in the zoomed figure that as α becomes large,
the ergodic rate decreases more seriously, which is owing to
the more power saving at the source devices.

In Fig. 7, the performance of the ergodic rate per device-
pair w.r.t. K is provided with and without (‘w/o’ for short)
antenna correlation. It can be seen that for a given number

FIGURE 7. Ergodic rate per device-pair v.s. the number of device-pairs,
where (α, β, κ) = (0,0,0), r = t = 0.5.

FIGURE 8. Ergodic sum rate v.s. the number of device-pairs, where
Ps/σ2

r = 10dB, Pr/σ2
n = 15dB, (α, β, κ) = (0,0,0), r = t = 0.5.

of relay antennas, Rk has a nearly logarithmic decrease with
K regardless of the channel spatial correlations. Moreover,
as the number of devices-pairs increases, the performance gap
between the non-correlation case and the correlation case are
gradually narrowed. As a comparison, the ergodic sum rate
performancew.r.t. the number of device-pairs is also provided
in Fig. 8. Comparing Fig. 7 and Fig. 8, it is obvious that
although the performance gap is narrow for the ergodic rate
per device-pair, the gap is relatively large in terms of the
ergodic sum rate, which indicates that the antenna correla-
tions intensively affects the attainable multiplexing gain.

By further observation in Fig. 8, one can find that for one
thing, the ergodic sum rate no longer presents the similar
monotonic increasing trend as in Fig. 5. In fact, the ergodic
sum rate is first increasing and then decreasing over the num-
ber of device-pairs K . This is because when the number of
relay antennas is fixed, the available multiplexing gain from
numerous devices is larger than the additional inter-user inter-
ference level for small K and the ergodic sum rate decreases
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FIGURE 9. Ergodic sum rate v.s. the antenna correlation at the relay,
where K = 8 and (α, β, κ) = (0,0,0).

for large K due to the opposite reason. Hence, there exists an
optimal number of served device-pairs, K opt, for the ergodic
sum rate maximization. Furthermore, the antenna correlation
also has an negative effect on the optimal number of device-
pairs. More precisely, as the channel correlation becomes
strong, the supported maximum number of device-pairs will
decrease. For another thing, the optimal K opt increases as the
number of relay antennas grows large.

In Fig. 9, the effects of the channel spatial correlations
at the relay are evaluated in terms of the ergodic sum rate.
Obviously, both the antenna correlation at the relay’s receiver
side and the transmitter side have detrimental impacts on the
ergodic rate, which lead to the performance degradation of
ergodic sum rate. Especially, when the channel correlation
becomes higher, namely larger r and/or t , the performance
reduction speed is more quickly. From the zoomed sub-
figure, it can be also found that the influence degrees of
the receiver-side antenna correlation and the transmitter-side
one are nearly the same, which complies with our analysis
in Corollary 2.

V. CONCLUSION
In this work, we studied the performance scaling law of
a multi-pair massive MIMO relay system with MRC/MRT
relaying scheme. Furthermore, the spatial antenna correlation
at the relay have been considered to extend the generality
of the analysis. We firstly derived the asymptotical deter-
ministic equivalents of the ergodic rate, based on which,
the general scaling laws were deduced with respect to many
system parameters, including the number of relay antennas,
the source device transmit power, the relay transmit power as
well as the number of device-pairs. Then, the asymptotically
deterministic property for different scaling exponents settings
are found and tradeoff between the parameters is analyzed.
In our analytical results, it is revealed that the antenna corre-
lations at the relay will not bring any effects on the scaling
law but only affects the limit values of available ergodic rate.

APPENDIX A
DETERMINISTIC EQUIVALENT APPROXIMATION LEMMA
Lemma 1 ( [39, Lemma 1], [7, Lemma 4]): Assume Q ∈

CN×N with uniformly bounded spectral norms w.r.t. N . Con-
sider two random vectors (u ∈ CN×1

∼ CN (0,A)) and
(v ∈ CN×1

∼ CN (0,B)), which are mutually independent
and independent of Q. Then, we have

uHQu
N
−

tr(QA)
N

a.s.
→

N→∞
0 (26)

uHQv
N

a.s.
→

N→∞
0 (27)∣∣uHQv

∣∣2
N 2 −

tr(QAQB)
N 2

a.s.
→

N→∞
0 (28)

APPENDIX B
PROOF OF THEOREM 1

Since GHH can be expressed as GHH
=

K∑
j=1

gjhHj , then we

substitute it into (8) and have (29)-(32), as shown at the top
of next page.

It can be seen from (29)-(32) that each terms are general
formulas of the sum of products of zero mean N × 1 com-
plex Gaussian vectors with different/same variance matrices,
i.e., (hHl hm) and (gHl gm,∀l,m = 1, 2, . . . ,K ). Then, accord-
ing to Lemma 1 in Appendix A, we can obtain the determin-
istic equivalent approximations of (hHl hm) and (gHl gm) with
N →∞

∣∣hHl hm∣∣n
N n

a.s.
→

N→∞


0, if l 6= m, n = 1
tr (RlRm)

N 2 , if l 6= m, n = 2

(tr(Rl))
n

N n , if l = m, n ∈ Z+
(33)

∣∣gHl gm∣∣n
N n

a.s.
→

N→∞


0, if l 6= m, n = 1
tr (TlTm)

N 2 , if l 6= m, n = 2

(tr(Tl))n

N n , if l = m, n ∈ Z+
(34)

Based on (33) and (34), we can obtain the asymptotical
deterministic results of the terms C2i−1 in (29)-(32), i =
1, 2, . . . , 5, as follows

C1

N 4
a.s.
→

N→∞


(tr(Rk))

2

N 2

(tr(Tk))2

N 2 , if j = k

tr
(
RkRj

)
N 2

tr
(
TkTj

)
N 2 , if j 6= k

(35)

C3

N 4
a.s.
→

N→∞



(tr(Tk))2

N 2

tr (RkRi)

N 2 , if j = k

tr (TkTi)
N 2

(tr(Ri))
2

N 2 , if j = i

tr
(
TkTj

)
N 2

tr
(
RiRj

)
N 2 , if j 6= k, i

(36)

C5

N 3
a.s.
→

N→∞


(tr(Tk))2

N 2

tr (Rk)

N
, if j = k

tr
(
TkTj

)
N 2

tr
(
Rj
)

N
, if j 6= k

(37)
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∣∣∣gHk GHHhk
∣∣∣2 = K∑

j=1

K∑
l=1

gHk gjh
H
j hkh

H
k hlg

H
l gk =

K∑
j=1

∣∣∣gHk gj∣∣∣2∣∣∣hHj hk ∣∣∣2︸ ︷︷ ︸
C1

+

K∑
l=1,l 6=j

gHk gjh
H
j hkh

H
k hlg

H
l gk︸ ︷︷ ︸

C2

 (29)

∣∣∣gHk GHHhi
∣∣∣2 = K∑

j=1

K∑
l=1

gHk gjh
H
j hih

H
i hlg

H
l gk =

K∑
j=1

∣∣∣gHk gj∣∣∣2∣∣∣hHj hi∣∣∣2︸ ︷︷ ︸
C3

+

K∑
l=1,l 6=j

gHk gjh
H
j hih

H
i hlg

H
l gk︸ ︷︷ ︸

C4

 (30)

∥∥∥gHk GHH
∥∥∥2 = K∑

j=1

K∑
l=1

gHk gjh
H
j hlg

H
l gk =

K∑
j=1

∣∣∣gHk gj∣∣∣2∥∥hj∥∥2︸ ︷︷ ︸
C5

+

K∑
l=1,l 6=j

gHk gjh
H
j hlg

H
l gk︸ ︷︷ ︸

C6

 (31)

θ = ps
K∑
i=1

K∑
l=1

K∑
j=1

hHi hjh
H
j hlg

H
l gi + σ

2
r

K∑
i=1

K∑
j=1

hHi hjg
H
j gi

= ps
K∑
i=1

 K∑
j=1

∣∣∣hHi hj∣∣∣2‖gi‖2︸ ︷︷ ︸
C7

+

K∑
l=1,l 6=i

K∑
j=1

hHi hjh
H
j hlg

H
l gi︸ ︷︷ ︸

C8

+ σ 2
r

K∑
i=1

‖hi‖2‖gi‖2︸ ︷︷ ︸
C9

+

K∑
j=1,j 6=i

hHi hjg
H
j gi︸ ︷︷ ︸

C10

 (32)

C7

N 3
a.s.
→

N→∞


(tr(Ri))

2

N 2

tr(Ti)
N

, if j = i

tr
(
RiRj

)
N 2

tr(Ti)
N

, if j 6= i
(38)

C9

N 2
a.s.
→

N→∞

tr(Ri)

N
tr(Ti)
N

(39)

Meanwhile, the terms ( C2
N 4 ), (

C4
N 4 ), (

C6
N 3 ), (

C8
N 3 ) and (C10

N 2 ) will
almost surely converge to 0 as N →∞.
By substituting the asymptotic deterministic approxima-

tions of C2i−1 into (8) and throwing away the relatively trivial
terms C2i (i = 1, 2, ..., 5), we can obtain the corresponding
asymptotical equivalents of the received SINR as N →∞

SINRDk
a.s.
→SINRDk (40)

where SINRDk is given in (11).
Then, on the basis of the dominated convergence and the

continuous mapping theorem [7], we have the deterministic
equivalent approximation of the average rate as follows

Rk
a.s.
→

N→∞

1
2
log2

(
1+ SINRDk

)
(41)

This completes the proof.
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