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ABSTRACT In this paper, an improved two-branch equivalent circuit model with a controlled current
source is proposed to describe the real-time charge/discharge and self-discharge operating characteristics of
a supercapacitor (SC). First, the self-discharge mechanism of the SC is investigated based on the two-branch
model and experimental analyses at the different charge and discharge stages. Furthermore, the controlled
current source is introduced into the two-branch model to reflect the self-discharge effect of the SC.
On this basis, the recursive least square method is adapted to identify the model parameters. To improve
the accuracy of the proposed model, the iterative optimization algorithm is also adapted to optimize the
dynamic parameters of the controlled current source. Finally, the improved two-branch equivalent circuit
model with the controlled current source is simulated. The simulation results are basically in accordance
with the experimental results. The relative error of the proposed model is less than 0.7%. Compared with the
conventional two-branch model, the proposed model can not only reflect the SC dynamic behavior during
the charge/discharge phase but also better reflect the self-discharge effect of the SC.

INDEX TERMS Supercapacitor, equivalent circuit model, self-discharge effect, controlled current source,
parameters identification.

I. INTRODUCTION
Supercapacitors (SCs) are being actively and widely studied
in recent years since they represent a promising new energy
storage technology [1], [2]. Compared with conventional bat-
teries and capacitors, SCs have comprehensive advantages of
high power density and high expected reliability. In addition,
SCs can be discharged and charged more efficiently and
quickly, and have longer cycle life than that of conventional
batteries. Therefore, SCs have been widely employed in
energy storage systems (ESSs) of electric vehicles (EVs) [3],
[4], solar/wind generation power systems [5], [6], wireless
sensor nodes [7], [8], etc. In ESSs applications, they usu-
ally use SC terminal voltage as the feedback of controller
to achieve real-time control for the SC. However, the SC
terminal voltage would be affected by many factors [9]–[11].
To effectively evaluate the SCs terminal voltage and achieve
the precise control for the SCs in the ESSs, it is crucial to
establish an accurate model for the SC [11], [12].

The associate editor coordinating the review of this manuscript and
approving it for publication was Norbert Herencsar.

The SC has a special structure with double-layer capaci-
tance such that it has an excellent fast charge and discharge
performance [13]. However, a complex self-discharge or
potential voltage recovery phenomenon cannot be avoided
with this special structure [14]. The self-discharge effect
is characteristic of nonlinearity. So it is difficult to use a
simple model to describe the self-discharge effect of the SC.
In previous studies, it has been widely accepted that the
self-discharge process is presented with three mechanisms:
the faradaic charge-transfer reaction, the diffusion-controlled
faradaic redox reaction and the leakage current [15]–[17].
Generally, the faradaic charge-transfer reaction occurs when
the SC is overcharged. With the diffusion-controlled faradaic
process, instability of faradaic response caused by the redox
reaction cannot be avoided. In addition, the leakage current
always occurs since the SC has an internal ohmic leakage
pathway. In practical applications, the self-discharge of the
SC could not be ignored since it might affect the real-time
charge and discharge behaviors (it is related to the SOC).
And not only that, the self-discharge characteristics of the
SC are also related to external factors such as initial voltage
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FIGURE 1. Structure and equivalent circuit models of the SC. (a) Schematic diagram of the SC. (b) Multi-branch equivalent
circuit model. (c) Three-branch equivalent circuit model. (d) Equivalent circuit model with a variable capacitance.
(e) Equivalent circuit model with a parallel leakage resistance.

and charging period [18], [19], etc. For these reasons, the
precise self-discharge description is of critical importance for
establishing the accurate model of the SC.

To describe the self-discharge performance of the SC, the
equivalent circuit model with a controlled voltage source
or a variable leakage resistance has been studied, respec-
tively [16], [17]. The SC model with the controlled voltage
source can effectively reflect the nonlinear characteristics of
the SC. Besides, it can also reflect the self-recovery perfor-
mance of the SC terminal voltage at the end of charge and
discharge stages. However, it cannot simulate the superpo-
sition current effect caused by the internal charge diffusion
reaction of the SC during the static stages. What’s worse,
the controlled voltage source would be coupled with the
SC terminal voltage, which would increase the computa-
tional complexity of the model in practical applications. The
SC model with the variable leakage resistance can reflect
the dynamic self-discharge characteristics of the SC [16].
However, the estimation of the variable leakage resistance
involves a complex exponential operation. Moreover, if the
parameters of the dynamic variable leakage resistance in the
self-discharge branch could not be updated in time, an unex-
pected calculation error could not be avoided [20], [21].
Although the models with comprehensive CPE or Warburg
can effectively mimic the self-discharge behavior of the SC,
they cannot reflect the elementary phenomena of the residual
charge redistribution [12], [22], [23].

In [24], an equivalent circuit model with a controlled
current source was established to reflect the real-time oper-
ating performance of the SC during the charge/discharge
and rest stages. The controlled current source can reflect
the superimposed current effect of the SC residual charge
and compensate the SC terminal voltage at self-discharge
stages. However, the complex self-discharge effect in accor-
dance with the SC terminal voltage dynamic (i.e., the change
rate of the SC terminal voltage) was not fully considered.
In addition, the model accuracy is still not perfect in practical

applications. In this paper, the two-branch equivalent circuit
model is improved based on a controlled current source
with two dynamic parameters. The design of the controlled
current source takes into account the SC terminal voltage
and terminal voltage dynamic, which can effectively describe
the real-time self-discharge performance of the SC. Then,
the recursive least square algorithm is adopted to identify
parameters of the proposed model. To improve the model
precision, the iterative optimization algorithm is adopted to
modify the parameters of the controlled current source. Based
on the improved two-branch model with the controlled cur-
rent source and the parameters identification method, the SC
self-discharge performance can be effectively described, and
the model accuracy can be improved.

This paper is organized as follows. Section II presents the
multi-branch equivalent circuit model and studies the conven-
tional two-branch model of the SC in detail. In Section III,
the improved two-branch equivalent circuit model with the
controlled current source is designed. In Section IV, the recur-
sive least square algorithm and the iterative optimization
algorithm are employed to achieve the model parameters
identification and the optimization of the controlled current
source, respectively. Section V discusses the simulation and
experimental results. Conclusions are given in Section VI.

II. EQUIVALENT CIRCUIT MODEL OF THE SC
The schematic diagram of the SC and its equivalent circuit
models are shown in Fig. 1. In Fig. 1(b), the multi-branch
equivalent circuit model of the SC is presented. It can be seen
that every branch includes the equivalent series capacitance
and resistance. For the multi-branch circuit model of the
SC, each of the branches can represent different behaviors
of the SC at different times. For example, the branches of
a three-branch model can represent the immediate, short-
time and long-time behaviors of the SC. The more branches
are employed, the higher precision can be achieved with
the multi-branch equivalent circuit model. However, the
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FIGURE 2. Two-branch model with the parallel leakage resistance and simulation results. (a) Two-branch model.
(b) Simulation model. (c) Comparative results of the simulation and experiment.

multi-branch equivalent circuit model would not be so easy
to implement with lots of branches [25]–[27]. Therefore, the
two-branch and three-branch equivalent circuit models have
been widely used in practical applications since they can be
easily implemented.

The classical three-branch equivalent circuit model is
shown in Fig. 1(c). To better reflect the variable capaci-
tance in accordance with the load voltage variation of the
SC, Faranda [25] adopted a variable capacitance Ci and an
equivalent series resistance Ri in the first branch of the three-
branch model, as shown in Fig. 1(d). With this model, the
dynamic relationship between the terminal voltage and the
variable capacitance of the SC could be reflected in real
time. However, compared with the classical three-branch
equivalent circuit model, the parameters identification would
become more complex since Ci changes in real time during
the charge and discharge processes [29].

Based on the three-branch structure, many improved SC
equivalent circuit models were proposed [25], [30], [31].
In order to reflect the self-discharge performance of the SC,
some researchers proposed the two-branch model with a
parallel leakage resistance [25], [30], as shown in Fig. 1(e).
In this model, the parallel leakage resistance Rl can effec-
tively reflect the self-discharge process of the SC. But it is
challenging for the design of the Rl. If the parameter Rl is
designed with a constant value, the variable self-discharge
effect of the SC cannot be accurately expressed [32]. On the
contrary, if the parameter Rl is designed as a variable value,
the variable parameter Rl should be designed as a func-
tion of the SC terminal voltage and current [16], [31].

What’s more, the parallel leakage resistance would inter-
act with the equivalent series resistances and capacitances
of other branches in the model. In summary, the two-
branch model with the variable leakage resistance would also
increase the complexity of the parameters identification.

To study the two-branch model with the parallel leakage
resistance, a specific simulation model is established in Mat-
lab/Simulink, as shown in Fig. 2. Notice that the variable
capacitance Ci in the first branch is replaced by a constant
capacitance Ci0 and a voltage-based capacitance Ci1 ∗ V ,
in which V is in accordance with the SC terminal voltage.
By using this model, the time-varying charge and discharge
processes could be effectively described with the first branch,
especially for the fast charge and discharge characteristics
of the SC. Moreover, Ri, Ci0, Ci1 and Rl in the two-branch
model can be easily identified since they could be designed
with constant values.

To identify the parameters of the two-branch model with
the parallel leakage resistance, an experiment is also imple-
mented. In the experiment, the SC initial voltage is designed
as 0.4 V, the constant charge/discharge current is set as 15 A.
The SC is kept in a static state for 10 minutes after the end
of charging and discharging, respectively. The purpose is to
reflect the middle-term self-discharge behavior of the SC
in practical applications. The parameters of the two-branch
model are identified by the recursive least squaremethod. The
results are presented in Table 1. The comparative results of the
simulation and experiment are shown in Fig. 2(c).

It can be seen from Fig. 2(c) that the two-branch model
can effectively reflect the charge and discharge characteristics
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TABLE 1. Parameters identification results of the two-branch model.

of the SC. It also means that the parameters Ri, Ci0, Ci1,
Rd and Cd can describe the SC characteristics. However,
the middle-term self-discharge effect of the SC cannot be
reflected completely. Furthermore, the relative error of the
two-branch model is up to 1.78%. Therefore, the two-branch
model is insufficient to describe the self-discharge behavior
of the SC. To address the above issues, an improved two-
branch equivalent circuit model with a controlled current
source is proposed for the SC based on the two-branch model
with the parallel leakage resistance.

III. IMPROVED TWO-BRANCH EQUIVALENT CIRCUIT
MODEL WITH A CONTROLLED CURRENT SOURCE
A. DESIGN OF THE CONTROLLED CURRENT SOURCE
Based on the above section, it can be known that the SC
terminal voltage would drop obviously after the end of charg-
ing [17], [33]. On the contrary, the self-recovery phenomenon
of the SC terminal voltage would occur after the end of
discharging. Therefore, the self-discharge effect of the SC
would affect its terminal voltage at different operating stages.
Moreover, it can be seen from Fig. 2(c) that the self-discharge
effect also has an effect on the change rate of the SC terminal
voltage.

In [24], an equivalent circuit model with the controlled
current source is proposed for modeling the SC dynamic.
But the dynamic relationship among the SC self-discharge
and the change rate of the SC terminal voltage cannot be
effectively reflected. So the equivalent circuit model with
the controlled current source is improved by considering the
change rate of the SC terminal voltage. As shown in Fig. 3, the
controlled current source is introduced into the two-branch
model. The controlled current source is designed based on
the SC terminal voltage and its change rate.

According to the relationship of C = Q/U , the self-
discharge current iself−discharge(t) of the SC can be expressed
as

iself-disch arg e(t) =
dQ
dt
= C

du(t)
dt
= Cu̇(t) (1)

where Q is the stored charge of the SC, u(t) is the real-time
SC terminal voltage, u̇(t) is the change rate of u(t).

FIGURE 3. The improved two-branch equivalent circuit model with a
controlled current source.

According to the Ohm’s law, iself−discharge(t) can be also
re-written as

iself-disch arg e(t) =
1u(t)
ESR

=
−usc(t)+ u(t)

ESR
(2)

where ESR is considered as the equivalent series resistance of
the SC, usc(t) is the open-circuit voltage of the SC.
Based on the above analyses, the current of the controlled

current source can be assumed as a function related to the SC
terminal voltage and its change rate

gus = AU̇ (s)+ BU (s) (3)

where gus is the current of the controlled current source,
which is related to i(t). U (s) is the result of a Laplace trans-
form of u(t). U̇ (s) is the change rate of U (s). A and B are the
coefficients of U̇ (s) and U (s), respectively. Both A and B are
designed with positive constants.

With the controlled current source, the middle-term self-
discharge behavior can be simulated effectively. What’s
more, the superposition current effect caused by the internal
charge diffusion reaction (self-discharge process) in the SC
can be also reflected. According to the charge-discharge and
self-discharge experiments of the SC, it can be known that the
controlled current source would present different parameter
characteristics at different operating conditions of the SC. For
the parameters (A and B) of the controlled current source,
they can be identified by the recursive least square method.
Therefore, using the controlled current source to describe the
self-discharge characteristics of the SC can not only reduce
the difficulty of the parameters identification for the param-
eter Rl, but also effectively describe the charge/discharge
and self-discharge performance of the SC terminal voltage
behavior in real time.

B. ANALYSIS OF THE SC SELF-DISCHARGE
PHENOMENON AT DIFFERENT STAGES
For the SC, the self-discharge mechanism is very complex
since different self-discharge performancewould occur at dif-
ferent operating stages. On the other hand, the nonlinear char-
acteristics of the SC self-discharge process are also affected
by its initial voltage. Thus, the two parameters (A and B) of
the controlled current source in the proposed model would be
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discrepant at different operating stages. To achieve the param-
eters identification of the controlled current source, it should
analyze the experimental data of the SC self-discharge during
different operating stages. In the experiments, the minimum
operating voltage of the SC is about 0.4 V. On the other hand,
the self-recovery phenomenon of the terminal voltage of the
SC is obvious when the terminal voltage is lower than 0.5 V.
If the SC is discharged from 2.7 V to 0.5 V or 0.4 V, more than
96.5% or 97.8% of the SC stored energy would be delivered
theoretically. Therefore, 0.5 V is set as the boundary value of
the SC terminal voltage, and 0.4 V is set as the initial voltage
of the SC.

Based on the experimental results in Fig. 2(c), the parame-
ters A and B of the controlled current source in the proposed
model would dynamically change depend on the charge,
discharge and rest stages. It can be concluded as follows.

(1)When u(t) > 0.5V, i(t) 6= 0, the self-discharge effect of
the SC would be suppressed completely during rapid charge
and discharge processes. The controlled current source keeps
in open circuit state, and the parameters A and B are equal to
0. The improved model can be equivalent to the two-branch
model in Fig. 2(a).

(2) When u(t) > 0.5 V, i(t) = 0, the SC terminal voltage
drops obviously while the change rate of the terminal voltage
fluctuates slightly during the static stage after the charge
process. In this phase, the controlled current source should
be used to compensate the terminal voltage particularly.

(3) When u(t) ≤ 0.5 V, i(t) 6= 0, the change rate of the
SC terminal voltage fluctuates strongly while the change of
the SC terminal voltage is small after the end of discharge
process. To modify the two-branch model, the controlled
current source should be utilized to compensate the change
rate of the SC terminal voltage.

(4) When u(t) ≤ 0.5 V, i(t) = 0, the self-recovery
phenomenon of SC terminal voltage would appear because
of the slow charge diffusion reaction inside the SC during the
static stage after discharge process. The SC terminal voltage
would rise significantly and the change rate of the terminal
voltage would fluctuate dramatically. To further describe the
self-discharge performance of the SC at different stages,
the controlled current source should be employed to compen-
sate the change of the SC terminal voltage and its change rate
simultaneously.

IV. MODEL PARAMETERS IDENTIFICATION
A. IDENTIFICATION OF THE MODEL PARAMETERS
The recursive least square algorithm is introduced to identify
the parameters of the improved two-branch equivalent circuit
model with the controlled current source in this paper. It has
been demonstrated that the recursive least square algorithm
can achieve high efficiency [34] and high accuracy [35] iden-
tification for the functions and parameters of the mathemat-
ical model. For the improved two-branch equivalent circuit
model with the controlled current source of the SC, we select
the operating current i(t) as the input and the terminal voltage

u(t) as the output. The transfer function G(s) of the proposed
model can be calculated as follows

G(s)=U (s)/(I (s)+gus)=U (s)/(I (s)+AsU (s)+BU (s))

= (b2s2 + b1s+ b0)/(s2 + a1s+ a0) (4)

U (s)/I (s)= (b2s2+b1s+b0)/[−Ab2s3+(1− Ab1−Bb2)s2

+ (a1 − Ab0 − Bb1)s+ (a0 − Bb0)] (5)

The relationship between the capacitances and resistances
can be calculated as

a1 = (RiCi + RdCd + RlCi + RlCd)/(XCiCd)
a0 = 1/(XCiCd)
b2 = (RiRdRlCiCd)/(XCiCd)
b1 = (RiRlCi + RdRlCd)/(XCiCd)
b0 = Rl/(XCiCd)
X = RiRl + RdRl + RiRd

(6)

Based on the bilinear transformation, (5) is changed as

G(z)= (4b2Txy2+2b1T 2x2y+b0T 3x3)/[−8Ab2y3+4Txy2

(1−Ab1−Bb2)+2T 2x2y(a1−Ab0−Bb1)+T 3x3(a0−Bb0)]

(7)

where T is the sampling period, x = 1+ z−1, y = 1− z−1.
The difference equation can be obtained based on (7)

u(z) = α1u(z− 1)+ α2u(z− 2)+ α3u(z− 3)+ β1i(z)

+β2i(z− 1)+ β3i(z− 2)+ β4i(z− 3) (8)

whereα1,α2,α3, β1, β2, β3, β4 are the correlation coefficients
of the difference equations. u(z), i(z) are the output terminal
voltage and the input current recorded by the experimental
tester, respectively.

Define Y = −(A + B)(b2 + b1 + b0) + a1 + a0 + 1, the
relationship among the correlation coefficients of (7) and (8)
can be expressed as

α1 = −(3Ab2 + Bb2 + Ab1 − Bb1−
Ab0 − 3Bb0 + a1 + 3a0 − 1)/Y

α2 = −(Bb2 − 3Ab2 + Ab1 + Bb1
+Ab0 − 3Bb0 − a1 + 3a0 − 1)/Y

α3 = −(Ab2 − Bb2 + Bb1 − Ab1
+Ab0 − Bb0 − a1 + a0 + 1)/Y

β1 = (b2 + b1 + b0)/Y , β2 = (−b2 + b1 + 3b0)/Y
β3 = (−b2 − b1 + 3b0)/Y , β4 = (b2 − b1 + b0)/Y

(9)

Based on (8), the data matrix of the experimental input-output
h(z) and the correlation coefficient matrix θ can be expressed
as

h(z) = [−u(z− 1),−u(z− 2),−u(z− 3),

i(z), i(z− 1), i(z− 2), i(z− 3)] (10)

θ = [−α1,−α2,−α3, β1, β2, β3, β4]T (11)

Finally, (8) can be rewritten as

u(z) = h(z)θ (12)
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FIGURE 4. Comparison between the simulation and experimental results
of the improved two-branch model based on the comprehensive values
of the controlled current source.

According to (4) ∼ (12), the parameters A and B of the
controlled current source, the resistances and capacitances in
the equivalent circuit model can be identified by the recursive
least square algorithm, respectively.

B. PARAMETERS OPTIMIZATION OF THE CONTROLLED
CURRENT SOURCE
By using the recursive least square algorithm, we can obtain
the comprehensive values of the controlled current source
(A = 49.8998, B = 0.1102). However, it can be seen that the
improved two-branch model has a large relative error with
the comprehensive values of the controlled current source.
Actually, the SC has different self-discharge performance
in accordance with the operating stages. It is inaccuracy to
describe the complex self-discharge effect of the SC with the
comprehensive values of the controlled current source.

Based on the design of (3), we know that the parameter A
is related to the change rate of the terminal voltage, and the
parameter B is related to the real-time voltage response of the
SC. The accuracy of the parameters A and B would directly
affect the calculation accuracy of the improved two-branch
equivalent circuit model with the controlled current source.
On the other hand, we assume that the self-discharge effect
has little relationship with the parameters of the conventional
two-branch equivalent circuit model, since the controlled
current source is used to reflect the self-discharge effect. This
assumption is reasonable according to [23]. Therefore, it is
necessary to optimize the parameters of the controlled current
source.

Based on the parameters A and B identified and updated by
the recursive least square algorithm at different times, many
experiments and simulation tests are presented, as shown
in Fig. 5 and Fig. 6. It should be noticed that the parame-
ters A andB can be limited by using the updated identification
results of recursive least square algorithm. For the parame-
ter A of the controlled current source, if it is designed in the
region 30-700, it can be seen from Fig 5(a) that simulation
results are basically in accordance with the experimental
results. There is no voltage fluctuation at charge stage. How-
ever, if the parameter A is higher than 83, the serious voltage

FIGURE 5. Influence based on the design of parameters A. (a) The
self-discharge stage at the end of charging. (b) The self-discharge stage at
the end of discharging.

fluctuation would occur at discharge stage and self-discharge
stage after the end of discharging, as shown in Fig. 5(b).

For the parameter B of the controlled current source,
the simulation results and experimental results are also con-
sistent at charge stage when the parameter B changes from
0 to 0.3075, as show in Fig. 6(a). However, it can be seen from
Fig. 6(b) that the simulated voltages are significant difference
after the end of the discharge stage when the parameter B
only changes slightly. To ensure the calculation accuracy of
the parameter B of the controlled current source, a large
number of the model analyses and experimental results are
implemented. Results show that the model accuracy (e ≤
0.01) could be obtained when the change accuracy of the
parameter B is within 0.01%.

Since the parameters A and B of the controlled current
source would affect the calculation accuracy of the proposed
model, they should be optimized or modified to assure the
model precision. In this paper, based on the results identified
by the recursive least square algorithm, the iterative optimiza-
tion algorithm [36] is adopted to optimize the parameters A
and B. The flow chart of the iterative optimization algorithm
is shown in Fig. 7. The initial values A0 and B0 are obtained
by the recursive least square algorithm. Then, the new param-
eters A and B are obtained based on repeated iteration of
A0 and B0. The updated parameters are substituted into
the improved two-branch equivalent circuit model with the
controlled current source to acquire the new simulated SC
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FIGURE 6. Influence based on the design of parameters B. (a) The
self-discharge stage at the end of charging. (b) The self-discharge stage at
the end of discharging.

terminal voltage. Finally, the new simulated terminal voltage
results are compared with the actual experimental voltage
until the relative error of the proposed model is less than 1%
(e≤ 0.01). The average error is defined as the variance of the
actual experimental output voltage and the simulated output
voltage [28], it can be calculated as

errorave =
1
n

n∑
k=1

[u(k)− û(k)]2 (13)

where u(k) is the actual experimental output voltage, û(k) is
the simulated output voltage of the SC.

Based on (13), the relative error of the proposed model is
defined as

errorrel =
1
n

n∑
k=1

[
u(k)− û(k)

u(k)
]2 × 100% (14)

V. EXPERIMENT AND MODEL VALIDATION
A. EXPERIMENT AND PARAMETERS IDENTIFICATION
RESULTS
The SC in the experiment is SAMWHA 350 F. The specific
parameters of the SC are shown in Table 2. To validate
the improved two-branch equivalent circuit model with the
controlled current source and its parameters identification
method, the experimental platform has been established,
as shown in Fig. 8. Based on the Neware multi-channel tester
CE-7002 and the monitoring system of the experimental
platform, the experimental data can be obtained. The output
voltage and input current curves of the SC are show in Fig. 9.

FIGURE 7. Flow chart of iterative optimization algorithm.

TABLE 2. The specific parameters of the SC.

FIGURE 8. Multi-channel test platform of the SC.

In Fig. 9, the charge/discharge current is designed as 15 A
and the sampling period is designed as 1 s. The SC is charged
to the rated voltage and then kept in static stage for 10 min-
utes. Finally, the discharge experiment is carried out until
the SC terminal voltage decreases to the boundary value, and
the SC is also kept in static stage for 10 minutes. According
to the experimental data, the recursive least square algo-
rithm is adopted to identify the parameters of the improved
two-branch equivalent circuit model with the controlled cur-
rent source. The identification results are shown in Table 3.
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FIGURE 9. Experimental results (output voltage and input current curves)
of the SC.

TABLE 3. Identification results of the improved two-branch equivalent
circuit model with the controlled current source.

It can be seen from Fig. 9 that the SC terminal voltage
rises or drops rapidly during the charge and discharge stages,
respectively. Actually, the self-discharge effect is not so obvi-
ous during the charge and discharge stages. On the other hand,
the SC terminal voltage rises and drops smoothly during
the static stage after the charge and discharge stages since
the self-discharge effect achieves the balance of the internal
capacitance of the SC. Therefore, the parameters A and B of
the controlled current source in the proposed model should
be identified and optimized at different stages to compensate
the self-discharge effect of the SC.

The iterative optimization algorithm is adopted to optimize
and modify the parameters A and B of the controlled current
source. By analyzing the influence degree of the parameters
A and B on the SC terminal voltage and its change rate,
the parameters A and B are continuously updated until the
relative error of the proposed model is less than 1%. In this
way, it can obtain the optimal identification results of the
parameters A and B. Some identification results and the cor-
responding relative errors based on the iterative optimization
algorithm are shown in Table 4. Finally, the identification
results of parameters A and B at different operating stages
are shown in Table 5.

B. MODEL VALIDATION
To verify the effectiveness of the improved two-branch
equivalent circuit model with the controlled current source

TABLE 4. Comparative analyses of the identification results of
parameters A and B.

TABLE 5. Identification results of the parameters A and B.

can describe the self-discharge characteristics of the
SC, the charge-rest experiment, discharge-rest experiment,
charge-rest-discharge-rest experiment and charge-discharge
cycle experiment are implemented. The charge/discharge
current is designed as 15 A. The experimental design of
the operating conditions is the same as that of in part A
of Section V. To make the improved two-branch equivalent
circuit model with the controlled current source and its
parameters identification method become more persuasive,
the experiments of different charge and discharge depth for
the SC are designed. First, the SC is charged to 2.5 V or
2.0 V. Then, the discharge tests are implemented until the
voltage of the SC decreases to the boundary value of the SC
terminal voltage. Finally, the comparative results are shown
in Fig. 10.

From Fig. 10, the simulation results of the improved two-
branch equivalent circuit model with the controlled current
source are basically in accordance with the experimental
results. The relative errors of the proposed model in multi-
group experiments are calculated, as shown in Table 6.
In addition, the proposed model is compared with the con-
ventional two-branch model under different experimental
conditions. The comparative results are shown in Table 7.
The model precision can be improved up to 0.4% in the
whole operation period when the SC is charged to the rated
voltage. It can be seen from Table 6 and Table 7 that the
proposed model can better reflect the charge/discharge and
self-discharge performance of the SC when compared with
the conventional two-branch model.

To verify the universal applicability of the improved
two-branch equivalent circuit model with the controlled
current source, the charge-rest experiment, discharge-rest
experiment, charge-rest-discharge-rest experiment and
charge-discharge cycle experiment are also implemented in

26386 VOLUME 7, 2019



D. Xu et al.: Modeling of SC Behavior With an Improved Two-Branch Equivalent Circuit

FIGURE 10. Comparison between the simulation and experimental results of the improved two-branch equivalent circuit model
with the controlled current source when the operating current of the SC is designed as 15 A. (a) Charge-rest experiment.
(b) Discharge-rest experiment. (c) Charge-rest-discharge-rest experiment (the SC is kept in static stage for 10 minutes).
(d) Charge-discharge cycle experiment. (e) SC is charged to 2.5 V. (f) SC is charged to 2.0 V.

TABLE 6. The modeling errors in multi-group experiments.

the case of 10 A constant charge/discharge operating current.
The comparative results of the experiment and simulation
are shown in Fig. 11. For the experimental platform, it also
has an equivalent resistance. When the SC is discharged at
a low voltage, the voltage drop in the equivalent resistance
of the experimental platform and the SC internal resistance
would be close to the open-circuit voltage of the SC. So the

SC cannot be discharged with a large current. As a result,
the discharge current is reduced.

From Fig.11, the simulation results of the improved two-
branch equivalent circuit model with the controlled cur-
rent source and the experimental results are also consistent.
Hence, the improved two-branch equivalent circuit model
with the controlled current source can effectively describe the
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TABLE 7. Comparison of the average output errors of different charge and discharge depth of the SC.

FIGURE 11. Comparison between the measured and simulation results of the improved two-branch equivalent circuit model with the
controlled current source when the operating current of the SC is designed as 10 A. (a) Charge-rest experiment. (b) Discharge-rest
experiment. (c) Charge-rest-discharge-rest experiment. (d) Charge-discharge cycle experiment.

SC dynamic behavior in both the charge/discharge phase and
the rest phase. In practical applications, the proposed model
would be valuable to enhance the control accuracy of the SC
system.

VI. CONCLUSION
An improved two-branch equivalent circuit model with a
controlled current source has been developed for describ-
ing the real-time charge/discharge and self-discharge oper-
ating characteristics of the SC. First, the experimental and

simulation analyses showed that the conventional two-branch
model could not effectively describe the self-discharge
behavior of the SC. Therefore, the controlled current source
was introduced to improve the conventional two-branch
equivalent circuit model. Furthermore, to design the two
parameters of the controlled current source, the self-discharge
mechanism of the SC was studied by testing and analyzing
the SC terminal voltage and its change rate at different oper-
ating stages. On this basis, the recursive least square method
was adopted to identify the parameters of the improved
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two-branch equivalent circuit model with the controlled cur-
rent source. To improve the accuracy of the proposed model,
the iterative optimization algorithm was adopted to optimize
and modify the parameters of the controlled current source.

The simulation model based on the SC improved
two-branch equivalent circuit with the controlled current
source was established. Simulation results of the proposed
model were compared with the experimental results. The
simulation results of the proposed model are basically in
accordance with the experimental results. It is shown that
the proposed model can not only accurately reflect the real-
time charge/discharge performance, but also reflect the self-
discharge effect of the SC at different operating stages. The
relative error of the proposedmodel was less than 0.7%. Com-
pared with the conventional two-branch model, the proposed
model can better reflect the self-discharge performance of the
SC. Hence, the proposed model can effectively describe the
SC dynamic behavior in both the charge/discharge phase and
the rest phase.
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