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ABSTRACT We investigate the peak-to-average power ratio (PAPR) reduction problem in orthogonal
frequency-division multiplexing-based massive multi-user (MU) multiple-input multiple-output (MIMO)
downlink systems. In this paper, we develop a downlink transmission scheme that performs jointly MU
precoding and PAPR reduction (PP) by exploiting the excess degrees of freedom offered by equipping the
BS by a large number of antennas. Specifically, the joint MU precoding and PAPR reduction scheme is
formulated as a simple convex optimization problem solved via steepest gradient descent (GD)
approach. Then, we develop a novel algorithm, referred to as MU-PP-GDm, to reduce the PAPR of the
transmitted signals by exploiting the high-dimensional null space of the MIMO channel matrix while
maintaining an excellent transmission quality. The simulation results show that the proposed MU-PP-GDm
has low computational complexity and can achieve substantial PAPR performance with a fast convergence
rate.

INDEX TERMS 5G+, massive multiple-input multiple-output (MIMO), orthogonal frequency-division
multiplexing (OFDM), peak-to-average power ratio (PAPR), multi-user (MU) precoding, convex

optimization, gradient descent (GD).

I. INTRODUCTION

Massive multiple-input multiple-output (MIMO), also known
as large-scale multi-user (MU) MIMO, has been recognized
as a promising technology for future generations of wireless
communications. It has been initially introduced in [1] and
popularly studied in [2] where a large number of antennas
are employed at the base station (BS) simultaneously serving
a much smaller number of single-antenna users using MU
precoding. Wireless massive MIMO systems enable the use
of low-cost and low-power single-antenna user devices while
expensive equipment is only needed on the BS. In this way,
potential improvements are provided in the spectral- and
energy-efficiency [3]. Furthermore, simple linear signal pro-
cessing approaches, such as matched filter (MF), minimum
mean-squared error (MMSE) and zero-forcing (ZF), can be
used as precoding techniques for massive MIMO downlink
that have the potential to reduce the operational power con-
sumption at the transmitter and enable the suppression of MU
interference (MUI) [4].

The associate editor coordinating the review of this manuscript and
approving it for publication was Jiayi Zhang.

In practice, broadband wireless communications, however,
encounter large delay spread, and, therefore, suffer from
frequency-selective fading. Orthogonal frequency-division
multiplexing (OFDM), a scheme of encoding digital sym-
bols on multiple orthogonal sub-carriers, is an efficient and
well-established way to deal with frequency-selective chan-
nels. Therefore, massive MIMO-OFDM is a very promising
combination to meet the ever growing demands for higher
link readability and spectrum efficiency of next-generation
wireless communication systems (5G and Beyond).

However, massive MIMO precoders exhibit transmit
signals with high peak-to-average power ratio (PAPR),
regardless of whether single-carrier or OFDM transmission
and of whether a low or a high modulation order is used [4].
Consequently, the nonlinearity of the radio frequency (RF)
high-power amplifier (HPA), which is necessary in a trans-
mission chain, yields in-band distortion and out-of-band radi-
ation (OBR) which cause signal distortion, phase rotation
and adjacent channel interference, respectively. To avoid such
heavy distortions, the transmit signals require that the power
amplifiers are backed-off and operated in their linear region
(i.e., where their transfer characteristics are sufficiently
linear). Nevertheless, operating at lower power levels reduces
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the power efficiency, which would result in huge operational
expenditure for large-scale BS having hundreds of antennas.
This is not a practical solution for 5G networks since the
target energy efficiency improvement is 100x w.r.t. 4G long-
term evolution (LTE) [5]. Therefore, it is primordial to reduce
the PAPR of OFDM-based massive MIMO systems to moti-
vate corresponding energy- and cost-efficient massive MIMO
BS deployments. Thus, low-PAPR MU precoders would be
of paramount importance since massive MIMO systems have
the potential to reduce the PAPR of transmit signals by
exploiting the excess spatial degrees-of-freedom (DoFs) [2].

Over the recent past years, many efforts have been
devoted to introduce MU-MIMO precoding based PAPR
reduction schemes because joint signal processing at the
receiver side is impossible as users are spatially distributed.
Low-PAPR Tomlinson-Harashima precoding schemes suit-
able for MU-MISO and MU-MIMO downlink were initially
described in [6] and [7], respectively. These schemes, how-
ever, require specific signal processing at the receiver side
(i.e. in the mobile terminal) making them less attractive.
Prabhu et al. [8] have proposed a peak-signal clipping scheme
for PAPR reduction in OFDM-based massive MIMO where
some of the antennas at the BS are reserved to compensate for
peak-clipping signals. Another method has been introduced
in [9] that aims at reserving some tones to reduce the PAPR
in large-scale MU-MIMO-OFDM systems. Despite of their
low computational complexity, these methods are lose effi-
ciency since they sacrifice spectral efficiency by reserving
some antennas or some tones, which are not realistic solu-
tions for future wireless networks. Studer and Larsson [10]
have introduced a downlink transmission scheme for mas-
sive MU-MIMO-OFDM wireless systems. The proposed fast
iterative truncation (FITRA) [10] algorithm aims to perform
jointly MU precoding, OFDM modulation and PAPR reduc-
tion (PMP). This method provides good PAPR performance
by sacrificing the transmission quality (MUI) and affecting
the spectral purity (i.e. OBR). Moreover, the complexity
of this algorithm is high. Bao er al. [11] have developed
an efficient approximate passing (AMP)-based Bayesian
method (EM-TGM-GAMP) [11] for joint PAPR reduction
and MUI cancellation for massive MIMO-OFDM, which has
been demonstrated to show better performance compared to
FITRA, in terms of convergence speed and PAPR reduc-
tion performance. More recently, an efficient perturbation-
assisted based alterative direction method of multipliers
(ADMM) technique [12] has been proposed to address PAPR
reduction for large-scale MU-MIMO-OFDM. The proposed
PROXIINF-ADMM [12] algorithm has the advantage to do
not cause any additional in-band distortion (MUI) and out-
of-band radiations while its performance is very close to
those provided by FITRA. However, PROXIINF-ADMM
still has a quite high computational complexity, even if,
it has a faster convergence speed compared to FITRA and
EM-TGM-GAMP.

Motivated by these considerations, it is encouraged to
concentrate on the development of an efficient MU precoding
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scheme based PAPR reduction that aims at performing jointly
the MU precoding and the PAPR reduction without sacrific-
ing neither the spectral efficiency nor the transmission quality
nor the spectral purity. It should exploit the extra null-space of
the associated massive MIMO channel [13]. A big emphasis
should be put on reducing the computational complexity.

In this paper, we develop a downlink transmission scheme
to address the PAPR reduction problem for OFDM-based
massive MIMO wireless systems, which leaves the pro-
cessing required at each mobile terminal untouched while
affecting only the signal processing at the BS. Our proposed
method performs jointly MU precoding and PAPR reduction
that are formulated as a convex optimization problem and
solved online with instantaneous processed data via gradient
descent (GD) approach. On one hand, it aims at optimizing
frequency-domain precoded signals that perfectly remove all
MUI, guaranteeing ideal transmission quality, and spectral
purity. On another hand, it introduces carefully, to precoded
signals, frequency-domain peak-cancelling signals that are
conceived to reduce the PAPRs of the transmitted symbols.
The additive peak-power signals are restricted to only the
null-space of their associated MIMO channel matrices. This
restriction guarantees that the additive peak-power signals
do not cause any additional MUI. We formulate the design
of these additive peak-power signals as constrained convex
optimization problems that is solved via GD approach. The
optimization of the two sets of signals is done jointly since
they perform in different orthogonal spaces. In this regard,
we develop a novel optimization algorithm, referred to as
MU precoding based PAPR reduction via gradient descent
approach (MU-PP-GDm), which is able to find efficient solu-
tion to MU-PP for large-scale MU-MIMO-OFDM.

Compared with existing methods, e.g. [7]- [12], our pro-
posed method presents the following improvements:

« The substantial improvement is related to the fact that
our method has a lower computational complexity over
all existing methods when considering a given PAPR
performance target. Indeed, only matrix-vector multipli-
cations are performed when using the GD-based solver,
avoiding the computation of large-scale pseudo-inverse
matrix. For example, the PROXIINF-ADMM [12] ini-
tializes the frequency-domain precoded signals using the
zero-forcing (ZF) precoding scheme that aims at elimi-
nating the MUI completely, but with high computational
complexity. A low computational complexity precoder
is an interesting merit for practical systems.

e Our proposed method guarantees perfect MUI can-
cellation and do not cause any additional out-of-
band radiations, whereas, other proposed method
(e.g., [10] and [11]) cannot guarantee complete MUI
cancellation and any OBR. Such precoder is of
paramount importance for future wireless networks.

e Most PAPR reduction schemes for massive MIMO-
OFDM [10], [12] use some appropriate regulariza-
tion or penalty parameters, which are manually adjusted.
In contrast, in our proposed algorithm all parameters are
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FIGURE 1. System model of the massive MIMO-OFDM downlink: M; transmit antennas at the BS, M, independent single-antenna terminals, N OFDM
tones. The proposed MU-PP-GD, highlighted by the dashed box in the BS, combines MU precoding and PAPR reduction.

adjusted automatically leading to a faster convergence to
the optimal PAPR while maintaining excellent transmis-
sion quality.

The rest part of this paper is structured as follows.
Section II provides the system model, the MU precoding
scheme and the PAPR reduction problem. In section III,
the proposed approach-assisted MU precoding and PAPR
reduction are formulated as convex optimization prob-
lems. The developed MU-PP-GDm algorithm is discussed
in section IV. Simulation results are provided in section
V. Finally, the conclusion is given in section IV.

Notations: Lowercase boldface letters (e.g. x) stand for
column vectors, bold lowercase letters with a superscript
()" (e.g. x") denotes row vectors, and bold uppercase letters
(e.g. X) denotes matrices. We denote its transpose, conjugate
transpose, pseudo-inverse and largest singular value by X7,
XH, X' and omax (X), respectively. For a M x N-dimensional
matrix X = {x,,,}, we use x,, to designate the m-th column,
and x/, to designate the n-th row. The N x N identity matrix
and the M x N all-zeros matrix are denoted by Iy and
047 x v, Tespectively. We use ||x||2 and ||x]| o to denote /-norm
and /s-norm of vector X, respectively. The cardinality and
complement of set y is | x| and x¢, respectively. E [.] stands
for the expectation operator.

Il. PRELIMINARIES

A. SYSTEM MODEL

We consider a typical OFDM-based massive MIMO down-
link scenario as illustrated in Fig. 1. We assume that the BS
is equipped with M; transmit antennas and simultaneously
serves M, single-antenna terminals (users) over a frequency-
selective channel, where M, is significantly larger than M,.
The signal vector s, € C¥*! contains the symbols associ-
ated with the n-th tone for M, users, where n = 1,...,N
indexes the OFDM subcarriers, N denotes the total number
of OFDM tones. s, is chosen from a complex-valued con-
stellations A. In practice, OFDM systems typically specify
certain unused subcarriers, which are used for guard-band
(e.g., at both ends of the spectrum). Hence, the set of sub-
carriers available are divided into two sets x and x¢, where
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the subcarriers in set x are used for data transmission and the
subcarriers in its complementary set x ¢ are used for guard-
band. Moreover, we set s, = 0y, <1 for n € x° such that no
signal is transmitted on the guard-band.

B. MULTI-USER PRECODING SCHEME

To remove MUI at the receivers, precoding needs to be per-
formed at the BS since cooperative detection among users is
often impossible. The signal vectors s, Vn, can be linearly
precoded as

Cp = ;Wnsn (D
Vew

where ¢, € CM*! represents the precoded vector that
contains symbols to be transmitted over the n-th subcarrier
through the M; antennas, Wy, € CMixM; denotes the precod-
ing matrix for n-th OFDM subcarrier and ¢w is a normal-
ization factor designed to obtain an average or instantaneous
transmit power equal to 03.

Zero-forcing (ZF) precoding scheme is considered in this
paper, which aims at cancelling the MUI completely. Note
that since M, < M,, there are many precoding matrices that
can achieve perfect MUI elimination, where the most widely
used form is

w=Hf ()" @

where H, € CM~>*M: ig the MIMO channel matrix asso-
ciated with the n-th OFDM subcarrier. Here, we assume
that the channel matrices {H,,} are perfectly known at the
BS, which can be determined by exploiting the channel
reciprocity [14], [15] of time division multiplexing (TDD)
systems.

It can be easily verified that the ZF has a high com-
putational complexity [16], [17] since it needs to compute
large-scale pseudo-inverse matrix.

After precoding, the M;-dimensional vectors ¢,, VYn are
reordered to M; transmit antennas for OFDM modulation,
according to the following one-to-one mapping

[x]..x}, | = [er...en]? 3)
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Here, the N-dimensional vector X,,, denotes the frequency-
domain signal to be transmitted from m,-th antenna. The
time-domain signal {afnt} is obtained by applying an inverse
fast Fourier transform (IFFT) of {xﬁnt }. Prior the transmission
over wireless channel, a cyclic-prefix (CP) is added to the
time-domain samples of each antenna in order to avoid inter-
symbol interference (ISI).

To simplify the presentation and without loss of generality,
we specify the input-output relation of wireless channel in
frequency-domain only. Then, the signal received by M, users
can be expressed as

Yo =Huc, +b,, ney 4

where b, € CMr*! represents the receiver noise whose
entries are i.i.d circularly-symmetric complex Gaussian dis-
tribution with zero-mean and variance Ny /2.

Since HnH,JE = Iy, , transmitting ¢, = Hlsn perfectly
removes all MUI. Then, (4) can be transformed into M, inde-
pendent single-stream formulation and it can be rewritten as

Yn=8n+bn, nex 5)
Note that the precoded vectors ¢, needs to satisfy

sy = Hyc,, ney

anOM,xla neXC (6)

Note that this is equivalent to transmitting {x,, Vn} that
satisfy

s, =H,x,, ney (7

where x, € CM:>! denotes the frequency-domain pre-
coded signal associated with M; transmit antennas at the n-th
subcarrier.

In order to ensure desirable spectral properties of the
transmitted OFDM signals, the inactive OFDM subcar-
rier (indexed by x¢) must satisfy the following shaping
constraints

Xn:()M,xly nEXC 8)

Consequently, the total MUI energy can be evaluated by
[|H,x,, — sn||%, Vn. Note that ZF precoding is equivalent to
transmitting the solution x,, to the following convex optimiza-
tion problem

minimize F(x,) = |Hux, — s,,||§, ney
X,

subject to X, = Opg, <1, n € x° ©

This formulation inspired us to state the MU massive
MIMO precoding scheme as a convex optimization problem
that can be solved online with instantaneous scenario infor-
mation (i.e., transmit data, CSI). This would have a lower
computational complexity and, most importantly, it will
enable to perform the PAPR reduction in a flexible way,
as discussed in Section III.
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C. PEAK TO AVERAGE POWER RATIO

Consider a typical OFDM system with N subcarriers. The
oversampled OFDM symbol in discrete time-domain aﬁnr =
[am,0, @m,1, - .., amN—1] at m;-th transmit antenna, where
the oversampling factor is denoted as L, is generated by LN-
point inverse fast Fourier transform (IFFT) operation as

N—1 _
() = —— 3 & e T, 0 <k < LN —1 (10)
VLN ! -

n=0

where x;,, is the algorithm solution, k stands for a discrete
time index and j = +/—1. The OFDM signal can also be
written in matrix form as

al, = F1 % (11)
S~ —
[LNx1] [LNXN][Nx1]

where FH denotes the LN x N IFFT matrix. A normalization
is applied to the frequency-domain signal to ensure fixed
transmit power.

The PAPR of aﬁnr is defined as the ratio of the highest signal
peak power to its average power value. Hence, it is given by

0<k<LN
E [|am, (k)|?] la, 113

Existing PAPR reduction methods, e.g. [6]-[11], for mas-
sive MU-MIMO-OFDM systems performs directly through
performing the precoded signals {c,}. The key idea behind
all these methods is that, due to the redundant DoFs rendered
by the large number of antennas at the BS, there exist a great
number of precoded signals that can achieve perfect MUI can-
cellation, from which we may find a set of precoded signals
{c,} whose time-domain counterpart signals {afnl} have a low
PAPR. Recently, a solution was introduced in [12], which
consists on a perturbation-assisted scheme that does not rely
on the precoding design to reduce the PAPR. However, either
they rely on the precoding design or not, these approaches
may have limited applicability because, in practical systems,
the precoding matrices can be either chosen from a pre-
specified codebook or according a specified criterion that
could be performed online. In this regard, in the next section,
we propose a MU precoding scheme based PAPR reduction
that is transparent to the precoding design.

ma am, (k)2
PAPR(a!, ) = 2=F=EN1 [ 7] _ LNl 15

my

. (12

Ill. PROPOSED JOINT PRECODING AND PAPR
REDUCTION ALGORITHM

A. DISCUSSION

The key idea of the proposed downlink transmission scheme
is to exploit the high-dimensional null-space of the massive
MIMO channel matrix offered by equipping the BS with a
large number of antennas and to jointly perform MU pre-
coding and PAPR reduction. Therefore, it aims to compute
the precoded signals {Xin,} that satisfy {H, ¢, = s,} (where
{c,} are the reordered versions of {xﬁnl}) and evaluates the
peak-canceling signals {rﬁnt} that reduces the PAPR of the
resulting time-domain signal {afn[} (see Fig. 1). It is worth to
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mention that the peak-canceling signals {rﬁnl} are constrained
to lie in the null-space of their associated MIMO channel
matrices such that they do not disturb the signals received by
M, users through the N subcarriers (i.e. they are transparent
to the receivers). Thus, adding the peak-canceling signals
does not damage the transmission quality (i.e., MUI and
capacity) since they vanish after propagating through the
wireless channel. We next formulate the convex optimization
problem, which jointly performs MU precoding and PAPR
reduction, while enabling the use of conventional OFDM
demodulation at the receivers.

We start by specifying the necessary constraints. To com-
pletely remove MUI and ensure spectral purity, the precoding
constraints in (7) and (8) must hold, which leads to the convex
optimization problem in (9). PAPR reduction is achieved
by adding peak-canceling signals {rﬁnt} to precoded signals
{x(, }. Specifically, the N-dimensional vector r}, is the peak-
canceling signal added to the precoded signal of the m-th
transmit antenna, while r, € CM:*! is the peak-canceling
signal added to the precoded signal associated to the n-th
subcarrier, i.e. X,. In order to avoid any in-band distortions
(i.e., MUI), the peak-canceling signals must satisfy the fol-
lowing conditions

H,r, = Oerla nexy (13)

Note that H,, can be decomposed by using singular value
decomposition (SVD) [18] as

H,=U,%, V7 wn (14)

where U, is an M, x M, complex unitary matrix, X, is an
M, x M, rectangular diagonal matrix with non-negative real
numbers on the diagonal, and VnH = [v,ll, V}%, R Vﬁ’l’ ] is an
M; x M, complex unitary matrix. The diagonal entries o; of
%, are known as the singular values of H,,.

Note that MIMO transmission uses M; x M,-dimensional
VZ = V,l1, %, e, Vf,/l’] as the Beamforming (BF) matrix of

the M, data streams. On the other hand, the M; x (M, — M, )-

dimensional Vg = [vﬁ/["ﬂ, e, V,,M’] spans the null-space of

the channel since it is not used for BF of the data streams.
Therefore

H,V) =0, ¥n (15)

In the following, we will represent r, by using a
(M; — M,)-dimensional vector e, as

r, = Ve, (16)

Moreover, to avoid spectral regrowth, i.e. out-of-band radi-
ations, the following constraint must hold on the guard bands
(indexed by x©)

rnZOM,xl» ”eXC a7

A conventional demodulation OFDM is sufficient and no
additional processing is needed at the receivers by holding
the above constraints. That is, the peak-canceling signals are
transparent to the receivers.
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Here, we wish to minimize the PAPR at each antenna.
Then, we take an approach that minimizes the largest mag-
nitude of the time domain-signals {aﬁnr }. This results is a sub-
optimal solution that leads to a convex formulation while
it can substantially reduce the PAPR [10]. In fact, directly
optimizing (12), i.e. minimize jointly the PAPRs associated
with all antennas, results in a non-convex problem which is
not straightforward to solve and, to our best knowledge, there
is no efficient solution for such a non-convex problem.

In the following, we discuss how to design the peak-
canceling signals {r,}. The key idea is to iteratively fit the
peak-canceling signals to their associated frequency-domain
clipping-noise signals. These latter are obtained by clipping
the time-domain signals {a;tn,}- Given the clipping thresh-
old A, the clipped signal a, at the n-th subcarrier can be
obtained by

- ) am,(K), i lam, (K] < A
R e AR I
where @y, (k) = |am, (k)|e®® and ¢(k) is the phase of

am, (k). In order to obtain the best PAPR, the optimal clipping
threshold [19] A is closely related with the mean power of the
OFDM signal 62 and the ratio of the used subcarriers ‘)I(V—C‘ and

is given by
N
A=o,|ln ( ) 19)
Ix€l

Evidently, the original frequency-domain clipping noise
associated to the my-th transmit antenna is dj, =

FFT (&, — a,). Then, the optimal peak-canceling signals

Ve, = d,, Vne x (20)

where d, contains samples associated to the n-th subcarrier

collected from the M, vectors (d’1 d,..., d]",lt).
Then, the effective transmission signal X,, at the n-th sub-

carrier in the frequency-domain is represented as
3 0
Xy = Xp +annen7 neyxy 21

where p,, is a regularization factor. In fact, the peak-canceling
signals during the first iteration is much smaller than that
of the original clipping noises when the traditional clipping
control (CC) method is employed in OFDM systems. Hence,
this regularization factor aims at generating the optimal
peak-canceling signals with fast convergence. The regular-
ization factor is calculated using least-squares approximation
(LSA) [20] and it is defined as

Y IVend,|
> Ve

Using such regularization factor, the amplitude of peak-
canceling signals Vge,, generated by LSA, almost equal to
those of the original clipping noise. Obviously, it may reduce
the number of iterations to achieve a good PAPR reduction
(see Section V).

(22)
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However, the peak-canceling signals {Vgen} hardly equal
to {d,}, because | x| < N. Then, we search, via the proposed
algorithm, to optimize the solution é, according to the fol-
lowing simple convex optimization problem

minimize G(e,) = |[Voe, —d, |13, n € x
€,
subject to €, = Op1,—m,yx1, 1 € X°© (23)
Note that when |x| = N, (23) has a unique solution,
ie., & = VS d,, otherwise, it leads to a poor PAPR

reduction meanwhile its computational complexity is very
high since we have to compute the pseudo-inverse of an
M; x (M; — M,)-dimensional matrix V?l.

B. PROPOSED FORMULATION

Ideally, PAPR reduction is achieved by minimizing the /-
norm of the time-domain signals {aint , Vm,}. With taking into
consideration constraints in (7) and (8), The MU precoding
scheme based PAPR reduction is cast as

minimize {||a} || oo, . .

a, t

. Dy lloo)

sy =Hpx,, ne€yx

Xn:()M,xly neyx* @)

subject to {

Since the solution of the /,-norm is in fact obtained by

the clipping and control, as discussed in Section III-A, we are

able to state the formulation in (24) subject to constraints (17)
and (20) as a simple convex optimization problem

minimize G(e,) = |[Voe, —d, |13, n e x

{en}

si =H, (x, +Vd,), neyx
subject to { X, = Oy, %1, neyx® (25)
en = 0, —M,)x1, neyx*

Note that the above formulation will yield an iterative
CF algorithm with the peak-canceling signals constrained
in the null-space of the associated MIMO channel matrices.
The objective is to search for signals {e,} which can help
reduce the PAPR and meanwhile satisfy the MU precoding,
in-band and out-of-band constraints. It is worth noticing that
the proposed formulation can separate the PAPR reduction
problem from the MU precoding by initializing precoded
signals {x,} according to a pre-fixed precoder or from a pre-
specified codebook, and as a consequence, it is transparent to
the precoding design.

IV. MU-PP-GDm ALGORITHM

In this section, we develop a new algorithm to find an
effective solution to (25). The MU precoding scheme based
PAPR reduction is achieved by alternately repeating the
PAPR reduction process using the CF method, restoring the
restrictions on the PAPR reduction signal components using
null-space MIMO channels and performing MU precoding.
To make the problem tractable, the equality constraint s, =
H, (xn + Vgen), which is equivalent to s, = H,Xx,, is
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relaxed as
minimize J(X,, €,) = F(x,) + G(ey), nex
{€.%n}
J— Cc
subject to Xn = Opt, 1 ne Xc (26)
€, = 0, —p1,)x1, ney

An alternating minimization strategy can be used to solve
(26), in which we alternatively minimize the objective func-
tion with respect to X, and e,,. Thus in the (/ + 1)-th iteration,
the alternating procedure can be expressed as

XD = argmin I (x,, V), ney (27)
{xn}
e5l1+1) = argmin ](X,SH]), eﬁl’)), nexy (28)

{en}

By doing so, the constrained optimization problem is
relaxed, which therefore enables low-complexity first-order
algorithm, i.e., an algorithm only requires matrix-vector
multiplications, such as the steepest gradient descent (GD)
method [21], [22]. The proposed algorithm to solve (26) is
referred to as MU-PP-GD.

The search directions of the steepest descent method at the
iterate Xff ) and e§,’> are determined by the negative gradient of
J at, respectively, xff) (denoted by —V)ICJ (xff), eﬁ,l))) and eﬁ,l)
(denoted by —Vi] (X;IH), eﬁ,l))), where

2
V)l(J(xgll), egll)) = £—HnH (an,(f) - sn> , nex (29
Xn
4D o0y — 2 yoH (v () _ g+
VI, ) = V) (Viel — i), nex
€n

(30)

where £, = 202, H,) and L,, = 202,.(V9) are the
Lipschitz constants [23] for, respectively, ||H,x, — sn||§ and
||V26n - dn”%

In this work, we consider the gradient descent with
momentum [24] in order to enhance the convergence rate of
the algorithm. We do this by adding a fraction u of the update
vector of the past time step to the current update vector (the

algorithm referred to as MU-PP-GDm).

A. ALGORITHM SUMMARY

The details of the proposed MU-PP-GDm is summarized in
Tab. Algorithm. One can note that the proposed algorithm
proceeds in only one-loop where it performs the precoded
signals (Step 4) using gradients computed in Step 3, the peak-
canceling signals in Step 6 and its constrained version in
Step 7. Finally, in Step 9, the precoded signals are re-updated
to take into consideration the peak-canceling signals, which
are constrained to lie in the null-space of their associated
MIMO channel matrices. Also, note that the constraints
in (26) are always satisfied throughout the whole iterative
process. Hence, any intermediate solution can be used, with-
out causing any in-band or out-of-band radiations.
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Algorithm 1 The MU-PP-GDm algorithm3
Given a set of N modulated complex signals {s;}.
1: Initialize xﬁll) = 0p, <1,

1
e = Ort, —M,)x15
dx? = 0y, 1,
Ly = 20, (Hy,), Ley = 20,,,(V),
and set the maximal iteration number maxlter

and the momentum term

2: for 1=1,... maxiter do

3:dx{) = Zi—anZ (an,(f) - s,,) + pudx=V, Vn e x
4. xgH) = xg,l) — dxff), Vn € x
5. "D = [FFT (xi,if“)) , Vi, = 1..M,
6: i = Frr (al " — al ")

7: el = o) _ %@VSH (V;’ei,” - d,(fﬂ)) ., Vney
= E
9: XSLH_]) = xgﬂ) + angegH), Vn e x
10: end for

11: return (%, = x/"@er+hy

B. COMPLEXITY ANALYSIS

We adopt the number of complex multiplications as a com-
plexity measure to compare the complexity of the pro-
posed algorithm with that of PROXINF-ADMM [12] and
FITRA [10]. For the proposed MU-PP-GDm, we can easily
verify that the computational cost is dominated by the gradi-
ents V/J (Line 3), V!J (Line 7) and the N-points I[FFT/FFT
(Lines 5 and 6). The gradient in line 3 of the algorithm
involves O (2|x|M;M,) complex multiplications. Line 7
requires O (2|x|M;(M; — M,)) complex multiplications for
the second gradient. The IFFT/FFT costs O (M;N log (N))
complex multiplications. Therefore, the MU-PP-GDm
requires a total of O(2M,N log (N) +2|X|M,2) complex
multiplications for each iteration. By contrast, the PROXINF-
ADMM [12] needs O (|x| (M,M;?)) for the initialization
step and O(M,N log (N) —|—ImaxM,|)(|M,2) for each iter-
ation [12], where I, is the number iterations in the
inner loop, that was flexed to 2 [12]. While, the FITRA
requires about O (M,M;N?) complex multiplications per
iteration [12]. Evidently, the number of iterations needed
to achieve a desirable PAPR performance will be of
paramount importance in evaluating the complexity of these
algorithms. Complexity comparison will be given, in the
next section, where many PAPR performance levels are
considered.
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V. SIMULATION RESULTS

A. PERFORMANCE EVALUATION

To demonstrate the efficiency of the proposed algorithm for
joint MU precoding and PAPR reduction, some simulations
have been conducted in an OFDM-based MU massive MIMO
system. This latter has M; = 100 antennas at the BS and serv-
ing M, = 10 single-antenna users. We consider an uncoded
OFDM with N = 128 subcarriers and use a spectral map y,
in which |x| = 114 subcarriers are used for data transmis-
sion. A 16 quadrature amplitude modulation (16-QAM) with
Gray mapping is considered. The number of FFT/IFFT points
is setto 512, which corresponds to L = 4-oversampling in the
time-domain in order to measure the PAPR levels accurately.
We use the complementary cumulative distribution func-
tion (CCDF) to evaluate the PAPR reduction performance,
which denotes the probability that the PAPR of the estimated
signal exceeds a given threshold PAPRy. Also, to evaluate the
multi-user interference, we define the MUI as

2
Znex IH,x, — Sn||2
> ey lIsall3

The wireless channel is assumed to be frequency-selective
and modeled as a tap delay line with 7 = 8 taps. The
time-domain channel response matrices H;, r = 1,..., T,
have i.i.d. circularly symmetric Gaussian distributed entries
with zero mean and unit variance. The equivalent frequency-
domain response H, on the n-th subcarrier can be
obtained by

MUI =

€1y

—j2nn

T
H, = ZH[eT (32)
=1

We compare our algorithm with the conventional ZF pre-
coding scheme. It is worth to mention that all parameters
used in our proposed algorithm are determined automati-
cally and no parameter is defined manually, expect if we
add the momentum term which is set to be u = 0.11.
In contrast to other existing algorithms, like FITRA [10] and
PROXIINF-ADMM [12] where many parameters have to be
fixed manually which is not straightforward in practical sys-
tem. In our algorithm, A (equation 19) and {p,} (equation 22)
are automatically adjusted in each iteration that offers the best
convergence rate to the optimal PAPR [19], [20].

To evaluate the efficiency of our algorithm in term of PAPR
reduction, Fig. 2 shows the CCDF of the PAPR when differ-
ent numbers of iterations are considered. Note that PAPRs
associated with all M, antennas are taken into account in
computing the empirical CCDF. The number of channel trials
is chosen to be 1000 in our simulations. We note that our algo-
rithm provides substantial PAPR reduction compared with
the conventional ZF precoding scheme. Indeed, it achieves
a gain of 5.7dB, 6dB and 6.3dB when, respectively, 10, 20
and 100 iterations are considered (at CCDF of 1%). We can
also note that our algorithm, within few number of iterations
(e.g. maxiter = 20) offers PAPR reduction performance
similar than PROXIINF-ADMM and FITRA that need to
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FIGURE 2. PAPR performance.

perform, respectively, 40 and 1000 iterations. However,
PROXIINF-ADMM and FITRA outperform our algorithm
MU-PP-GD when a large number of iterations is performed,
e.g. 200 and 2000 for, PROXIINF-ADMM and FITRA,
respectively. However, this gain is at the cost of SNR loss,
which causes the symbol error rate (SER) and capacity perfor-
mance loss compared to the ZF scheme. This is undesirable
in practical 5G and Beyond systems. This performance loss
is primarily due to an increase in the norm of the obtained
solution X, i.e. increase in the transmit power ||f(||§. It is not
surprising to see that the solution obtained by our proposed
method has a smaller norm than the solution of PROXIINF-
ADMM since our MU-PP-GDm algorithms aims at perform-
ing jointly the MU precoding (optimizing the same criterion
as in ZF) and PAPR reduction. Therefore, MU-PP-GDm
tends to converge to a norm solution very close to the ZF one.

10° T T T
-
) — % —MU-PP-GDm Niter=200
—-B-— MU-PP-GDm Niter=40
10! 3
o
w
(/2]
107°F 3
1072 3
0 2 4 6 8 10 12

SNR[dB]
FIGURE 3. SER performance, 16-QAM.

To confirm this point of view, we plot the SER performance
of the proposed MU-PP-GDm algorithm in Fig. 3, where

the SNR is defined as SNR = E{HX,,H%}/N(). In contrast
to PROXIINF-ADMM and FITRA, we can note that our
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algorithm incurs a negligible SNR performance loss, e.g. at
SER = 1073, 0.25dB of SNR loss is shown compared to
the ZF scheme, even when the number of iteration is large
(maxlIter = 200).

— — —MU-PPGD
MU-PP-GDm| |

MUI[dB]
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FIGURE 4. Convergence rate of MUL.
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FIGURE 5. Convergence rate of PAPR.

We now discuss the convergence rate of the proposed
MU-PP-GDm algorithm. Figs. 4 and 5 show, respectively,
the MUI and the average PAPR versus the number of
iterations. We note that our algorithm achieves a MUI of
about —308dB with only 30 and 80 iterations which cor-
responds, respectively, to the use of the gradient descent
with or without momentum. We can also note that MU-
PP-GDm can achieve a MUI of about —100dB when only
10 iterations are performed, which is a sufficient perfor-
mance needed in practical systems. Moreover, our method
has a low computational complexity since this MUI is per-
formed using simple first-degree algorithm (using matrix-
vector multiplications) which needs O (2M;M,) per itera-
tion. With this few number of iterations needed, its com-
putational complexity is considerably lower than initial-
izing the precoded signal using ZF scheme (the solution
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FIGURE 6. MUI vs. number of transmit antennas.

adopted by PROXINF-ADMM) which has to compute the
pseudo-inverse of a large-scale matrix. We move now to
the PAPR, one can note that our proposed MU-PP-GDm
performs well when the optimal solutions of {p,} is con-
sidered. We can clearly see a gain of about 100 iterations
for an achieved PAPR of 3dB (see Fig. 6). The proposed
MU-PP-GDm can obtain a PAPR of 4dB with only 6
iterations, while PROXINF-ADMM and FITRA algorithms
require 20 x 2 (outer loop and inner loop) and 800 iterations,
respectively. Also, the proposed algorithm is able to reduce
the PAPR down to 3dB with only 40 iterations, while the
PROXINF-ADMM and FITRA require 100 and 1500 itera-
tions, respectively, to obtain a similar result. It is worth to
mention that the PROXINF-ADMM and FITRA algorithms
converge to a lower PAPR than the proposed MU-PP-GDm
but at the cost of transmission quality loss. This means that
the MU-PP-GDm has the fastest convergence rate compared
to PROXINF-ADMM and FITRA but a higher PAPR that
does not affect a lot the transmission quality. This trade-
off between PAPR reduction and transmission quality loss
is assured by the joint performing of MU precoding and
PAPR reduction. It is worth mentioning that the proposed
algorithm is as sensitive to the inaccuracy of the channel state
information (CSI) as the ZF scheme.

Finally, we examine the efficiency of our proposed algo-
rithm under different number of transmit antennas (varies
from 20 to 120), while the number of users is fixed to be
M, = 10. Here, we would like to show the effect of DoF
offered by equipping the BS by a large number of antennas
on the performance of our algorithm. Figs. 6 and 7 illustrates,
respectively, the MUI and the PAPR versus the number of
transmit antennas, where different numbers of iterations are
considered. Results are averaged over 1000 independent sim-
ulations and PAPR results are averaged over PAPRs associ-
ated with all transmit antennas. We observe that the number
of iterations required to achieve a given MUI increases as the
number of antennas decreases, e.g. for a MUI of —200dB,
about 20, 40 and 80 iterations are required for M; = 100,
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M; = 80 and M; = 40. We can explain this by the fact that the
proposed algorithm achieves better MUI performance when
more DoF at the base station are available.

We move now to the PAPR (Fig. 7), one can note that
the MU-PP-GDm can achieve lower PAPR when the null-
space of the MIMO channel is larger (with higher number
of transmit antennas), i.e. more DoF at the base station are
available.

Simulation results showed that MU-PP-GDm is able to
achieve substantial PAPR reduction performance, without
affecting at all the MUI and the out-of-band radiations, mean-
while providing a faster convergence rate compared to the
existing algorithms. This could substantially motivate the use
of low-cost and low-size radio-frequency (RF) components
in future wireless massive MIMO-OFDM communication
systems.

B. COMPLEXITY COMPARISON

According to the aforementioned closed-form expres-
sions (see Section IV-B) and the configuration given in
Section V-A, it is possible to numerically assess the complex-
ity of the proposed MU-PP-GD algorithm. The comparison
with the existing algorithms, PROXINF-ADMM [12] and
FITRA [10], is given in Tab. 1. We consider to compute the
complexity required by each algorithm (1) for one iteration,
(2) to achieve an average PAPR of 4dB and (3) to achieve
an average PAPR of 3dB. As discussed in Section V-A,
to achieve an average PAPR of 4dB, the MU-PP-GDm,
PROXINF-ADMM and FITRA require 6, 20 and 800 itera-
tions, respectively. While to achieve an average PAPR of 4dB,
they need 40, 100 and 1500 iterations, respectively. We have
considered these iteration numbers to numerically assess the
complexity of each algorithm.

According to results illustrated in Tab. 1, we can easily
note that MU-PP-GDm algorithm complexity is substan-
tially less than that of the two considered algorithms. Note
that the energy-efficiency refers to the trade-off between the
PAPR reduction gain and the computational complexity of the
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TABLE 1. Complexity comparison.

Algo. Complexity per iteration =~ Complexity to achieve a PAPR of 4dB ~ Complexity to achieve a PAPR of 3dB
FITRA [10] 16384000 1.3107 x 1010 2.4576 x 1010
PROXINF-ADMM [12] 34379200 470984000 2.3093 x 107
Proposed MU-PP-GDm 2459200 14755200 98368000
O(MU-PP—-GDm)
O(PROXINF—ADMM) 7.15% 3.13% 4.26%
O(MU-—_PP_GDm)
—  OFITRA) 15.01% 0.1% 0.4%
TABLE 2. Downlink transmission schemes: comparison summary.
Algo. Advantages Disadvantages
FITRA [10] Low PAPR Slow convergence rate

High complexity

Non null MUI

Non null OBR

Appropriate regularization parameters are needed
CSI is needed

PROXINF-ADMM [12] Low PAPR Quite fast convergence rate
Null MUI High complexity
Null OBR Appropriate regularization parameters are needed
Requires inversion of M, X M, matrices
CSlI is needed
Proposed MU-PP-GDm  Low PAPR CSI is needed
Null MUI
Null OBR

Fast convergence rate

All parameters are adjusted automatically

associated method [25]. Thus, our proposed algorithm pro-
vides better energy-efficiency among the other algorithms.

The comparison of the proposed MU-PP-GDm algorithm
to FITRA [10] and PROXINF-ADMM [12] ones is summa-
rized in Tab. 2, where we illustrate the enormous advantages
of our proposed scheme compared to these methods.

VI. CONCLUSION

In this paper, we investigated the joint MU precoding and
PAPR reduction in OFDM based massive MIMO downlink
systems. We developed an algorithm to perform jointly the
MUI interference cancellation and PAPR reduction. The pro-
posed algorithm, referred to as MU-PP-GDm, facilitates an
explicit trade-off between PAPR and transmission quality.
The motivation of MU-PP-GDm is the high-dimensional
null-space associated to the massive MIMO downlink chan-
nel matrix, which enables as to device transmit signals with
low PAPR while maintaining excellent transmission quality.
The joint MU precoding and PAPR reduction scheme was for-
mulated as a simple convex optimization problem for which
an algorithm based steepest gradient descent method was
designed. The MU-PP-GDm only involves simple matrix-
vector multiplications at each iteration, leading then to the
lowest computational complexity among all existing algo-
rithms. A possibility for future work is to extend this algo-
rithm to take into consideration, in addition to the PAPR
reduction, other RF impairments (like PA non-linearity,...).
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