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ABSTRACT Response diversity of a commensurate line bandpass filter is described and discussed. It is
found that a stub-loaded ring topology can generate different bandpass responses in a single band or two
symmetric bands, depending on the line admittances in the topology. For a single band, the response can be
designed to be an equiripple delay, Chebyshev in magnitude, or elliptic in magnitude. For dual bands, the out-
band attenuation curve can be adjusted with almost unchanged in-band matching. A generalized synthesis
algorithm, supporting both the single- and dual- band applications, is given to calculate the admittance
of each line element, according to the prescribed in-band specifications, e.g., ripple factor and cut-off
frequencies. Further study reveals that the admittance of the line segment between the stubs is the key
element dominating the response type in the single-band case. When the admittance is positive, zero, and
negative, the response is an equiripple delay, Chebyshev inmagnitude, and elliptic inmagnitude, respectively.
To validate the synthesis algorithm, four filter sets with different responses are given and simulated through
a transmission line model. For circuit verification, a microstrip filter with a single-band elliptic response is
designed, fabricated, andmeasured, of which the negative admittance line is realized by a coupled line section
with shorted ends. The experimental results show that the filter achieves elliptic response successfully. The
measured 3-dB fractional bandwidth is 86.6% centered at 0.97 GHz, within which the minimal insertion
loss is 0.88 dB at 0.81 GHz. Furthermore, two transmission zeroes beside the passband are observed clearly
at 0.31 and 1.59 GHz, offering a sharp rejection in the stopband.

INDEX TERMS Bandpass filter, wideband filter, filter synthesis, transmission zero, dual-band.

I. INTRODUCTION
Wideband bandpass filter (BPF) became extremely attractive
after the releasing of Ultra-Wideband spectrum in 2002 by
the Federal Communications Commission [1]. In order to
cover such a wide frequency band from 3.1 to 10.6 GHz,
the fractional bandwidth (FBW) should exceed over 100%,
which is hardly met using the classic filter synthesis theory
developed based on narrow band approximations [2], [3].
Therefore, this urgent demand leads to many new design
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theories for wideband BPF [4], such as the multiple mode
resonance (MMR) [5]–[9], stub-loaded topology [8]–[13],
and the signal interference technology [14]–[17].

The MMR was firstly reported by Zhu et al. [5] in 2005,
and soon became the most focused concept in wideband filter
design area. By using two or more resonant modes simulta-
neously in a finely tuned individual resonator, a continuous
and flat frequency response over 100% FBW can be built
with a proper feeding scheme [5]. The related researches on
the MMR-based BPF include band-notch [6], harmonic sup-
pression [7], mathematical synthesis [8], [9], and so on. The
stub-loaded topology is a classic structure which supports
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FIGURE 1. Configurations of stub loaded ring filter. (a) Bottom line with
positive admittance, the common case. (b) Bottom line with zero
admittance. (c) Bottom line with negative admittance.
(d) Top line with zero admittance.

wideband filter applications, in which several short/open
ended stubs are arranged in sequence and separated by trans-
mission line segments [8]–[13]. When all the stubs and line
segments are equal in electrical length, namely commensu-
rate, this topology enables the facilitation in mathematical
modeling and analysis, but, suffers from relatively large size
due to its cascading structure [11]–[13]. Besides, the circuit
area can be reduced by folding the connecting line into
a coupled line section, with an improved equiripple delay
response [14]. The signal interference is another new concept
in filter design [15]–[18]. The reduction in circuit area and the
steep rejection in stopband can be achieved simultaneously,
by introducing one or more interferences from the multiple
signal passages between the input/output ports [15]. Themain
drawback of this technique is the lack of precise synthe-
sis methods [16], [17], especially for equiripple response.
In most of the reported wideband BPF designs, the group
delay characteristic is ignored or fixed, because the design
methodologies are derived entirely frommagnitude response.
In our recent works, two new wideband BPFs are given to
show the co-existence of equiripple responses in both delay
and magnitude, one of which is utilized by coupled lines
section [14] while the other one is achieved by commensurate
line ring [18]. The common part of the two BPFs in structure
is a pair of short-ended stubs.

In this work, we will give a full demonstration on the
responses based on the filter topology reported originally
in [18], in the consideration of the passband number, delay,
transmission zero, and circuit realization. The objective of
this study is to reveal the response diversity/complexity of
the stub-loaded ring structure, and the unity/simplicity in
mathematical representation. It will be shown that four fil-
ters of different types [9], [12], [13], [15], [16], [18] and
different operation mechanisms have a common prototype in
topology and can be analyzed through a generalized algo-
rithm. Besides, all of the following discussions are based
on equiripple magnitude response in passband, which is
guaranteed by using an improved synthesis approach based
on [18].

II. FILTER TOPOLOGY, SYNTHESIS AND REALIZATION
Fig.1 shows the configurations of the stub loaded ring filters.
As given in Fig.1a, the initial filter is composed of six line

components, with normalized admittances of y1, y2, yc, y2,
ys, and ys, respectively. Four of them (y1, y2, yc, and y2)
form a closed ring, and the other two (ys and ys) are used
as short-ended stubs loaded beside the bottom section (yc) of
the ring. All of the line segments have an identical electrical
length (θ ).

According to [18], the overall transfer function Fcir can be
expressed by the admittances (yi) of the filter, as follows,

Fcir (x2) = j
a0 + a2x2 + a4x4 + a6x6 + x8

b0 + b2x2 + b4x4 + b6x6
x ∈ (−∞,+∞) (1)

in which

a0=
−y21 + y

4
2 − 2y1y22yc + y

2
1y

2
c

16y2ys
(
2y1y2 + 4y1yc + 2y2yc + 2y1ys + y2ys

)

a2=

(2y1y2+y22−y12y22−2y1y23−2y12y2yc+
−6y1y22yc−2y23yc−2y1y2yc2−y22yc2−2y12y2ys+

−2y1y22ys−2y23ys−2y12ycys−y12y
2
s )

4y2ys
(
2y1y2+4y1yc+2y2yc+2y1ys+y2ys

)
b0=

y1
(
y22 − y1yc

)
8y2ys

(
2y1y2 + 4y1yc + 2y2yc + 2y1ys + y2ys

)
b6=

y1y22 + 2y1y2yc + y2
2yc

y2ys
(
2y1y2 + 4y1yc + 2y2yc + 2y1ys + y2ys

)
a4=1+ a2
a6=2

b2=2b0 +
b6
2

b4=
3b6
2

(2)

and

x
√
1+ x2

=
tan (θ/2)− 1
tan (θ/2)+ 1

θ ∈
[
0, 180◦

]
(3)

The variable transformation (x ↔ θ ) in (3) extends the initial
definition domain (θ ) of Fcir to the field of real number (x),
for the ease of polynomial synthesis. If any passband and
in-band ripple exist, even number of solutions must be found
on the real axis for Fcir = 0, then one or two passbands across
the solutions (zeroes) can be defined by a ripple factor (ε),
as well as the cut-off frequencies.

As shown in Fig.2, a real rational function Fideal, having
the same structure of -jFcir of (1), is implemented and drawn
with four zeroes and three extrema at –xm(θm), 0(θ = 90◦),
and xm(θm’). Let ε = |Fideal(xm)|, then two discrete pass-
bands can be determined from -xc1 to -xc2, and xc2 to xc1,
respectively. Particularly, the two passbands will be merged
into a continuous single passband when xc2 = 0 (θc2 = 90◦),
yields the same curve and solutions as those in [18].
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FIGURE 2. Transfer function with equiripple response in magnitude
(centered at θ = 90◦).

Therefore, by defining three in-band specifications
(ε, θc1 and θc2) and an extra variable θm, satisfying

FBWD
=

2 (θc2 − θc1)
(θc2 + θc1)

,

for the 1st passband of dual − band

FBW S
= 2

(
1−

θc1

90◦

)
,

for single− band (θc2 = 90◦)

ε = 10S/20
(
1− 10S/10

)−0.5
, S is the Ripple of

|S11| in dB
θm is the location of the 1st Ripple in the 1st passband

(4)

the goal transfer function of prescribed in-band properties
can be established. In [18], we have proposed a full syn-
thesis procedure of Fideal on the single-band case. Here,
an updated approach is presented with the supporting of dual-
band response. As mentioned above, Fideal should have the
same structure of -jFcir, that is

Fideal
(
x2
)
=

c0+c2x2 + c4x4 + c6x6 + x8

d0 + d2x2+d4x4+d6x
6

= ε
P
(
x2
)

Q
(
x2
) = εf (x2) (5)

where
ε is a positive number, represents the ripple factor in
magnitude
ci and di(i = 0, 2, 4, 6) are real numbers
f(x2) is the normalized form of Fideal(x2) with ripple
factor of 1

For calculating the coefficients of (5), other two functions are
given here based on f(x2), as

f ±1
(
x2
)
= f

(
x2
)
± 1 =

P
(
x2
)
± Q

(
x2
)

Q
(
x2
)

=
c±0 x

0
+c±2 x

2
+ c±4 x

4
+ c±6 x

6
+ x8

Q
(
x2
) (6)

From Fig.2, it is obvious that f ±1
(
x2
)
have the following

forms due to the distributions of roots and ripples.
f +1

(
x2
)
=

(
x2 − x2m

)2 (
x4 + K1x2 + K2

)
Q
(
x2
)

f −1
(
x2
)
=

(
x2 − x2c1

) (
x2 − x2c2

) (
x4 + K3x2 + K4

)
Q
(
x2
) (7)

where {
x4 + K1x2 + K2 > 0
x4 + K3x2 + K4 > 0

(8)

Hence, the coefficients of f±1(x2) can be expressed as

c+0 = K2x4m
c+2 = −2K2x2m + K1x4m
c+4 = K2 + x4m − 2K1x2m
c+6 = K1 − 2x2m
c−0 = 0
c−2 = −2K4

(
x2c1 + x

2
c2

)
+ K3x2c1x

2
c2

c−4 = K4 − K3
(
x2c1 + x

2
c2

)
+ x2c1x

2
c2

c−6 = K3 −
(
x2c1 + x

2
c2

)
(9)

Then, the coefficients of Fideal(x2) can be obtained
ci =

(
c+i + c

−

i

)
2

di =

(
c+i − c

−

i

)
2ε

i = 0, 2, 4, 6 (10)

That is

c0=
K4x2c1x

2
c2+K 2x4m
2
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−2K2x2m − K4

(
x2c1 + x

2
c2

)
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2
c2

2
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(
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2
c2

)
+x4m+x

2
c1x

2
c2

2

c6=
K1 + K3 − 2x2m −

(
x2c1 + x

2
c2

)
2

d0=
−K 4x2c1x

2
c2 + K 2x

4
m

2ε

d2=
K1x4m − 2K2x2m + K 4x

2
c

2ε

d4=
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4
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2ε

(11)
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FIGURE 3. Design procedure of stub loaded ring filter.

Because Fideal(x2) is the goal response of Fcir, their coeffi-
cients must have the same relationships in (2), namely,

c4 = 1+ c2
c6 = 2
d2 = 2d0 + d6/2
d4 = 3d6/2

(12)

Solve (11) with (12), we have
K1 = 2+ x2c1 + x

2
c2

K2 = 1+ x2c1 + x
2
c2 + x

2
c1x

2
c2

K3 = 2
(
1+ x2m

)
K4 =

(
1+ x2m

)2 (13)

Then, the coefficients of (11) can be calculated directly after
mathematical matching, those are

c0=
x2c1x

2
c2+x

4
m+x

2
c1x

4
m+x

2
c2x

4
m

2
− x2c1x

2
c2x

2
m
(
1+x2m

)
c2=

x2c1x
2
c2 − x

2
c1 − x

2
c2

2
+x2m

(
x2m − 1− 2x2c1 − 2x2c2

)
d0=

(
1+x2c1+x

2
c2

)
x
4
m − x

2
c1x

2
c2

(
1+2x2m

)
2ε

d6=
x2c1 + x

2
c2 − 2x2m
ε

(14)

Finally, the admittances can be obtained by solving the equa-
tions in (2) with (15) 

a0 = c0
a2 = c2
b0 = d0
b6 = d6

(15)

The synthesis procedure is summarized in Fig.3. When
the three in-band specifications (θc1, θc2, and ε) are fixed,
the solution set (y1, y2, yc and ys) will change as θm changes.

FIGURE 4. Realization of stub loaded ring with negative admittance.

Comparing with the other synthetic designs such as [8], [9],
and [11] with one fixed response type, this unique property
offers an extra tuning freedom, and also, provides multiple
and tunable responses depending on θm. In [18], we have
discussed such an operation on single-band delay already.
In the following, we will show the response diversity of this
structure by applying this mechanism.

Let us categorize the solution sets according to the (±)
signs of yc and y1, which depend strongly on θm . The other
two admittances (y2 and ys) are always positive in every case.

A. CASE #1: yc > 0 & y1 > 0
When yc is positive, the bottom line can be implemented
directly as shown in Fig.1a. A BPF with an embedded
equalizer can be obtained after optimization [18]. The delay
response can be tuned to be equiripple to achieve the minimal
variation within the passband. The only drawback is that the
out-band rejection will be affected more or less. With the
improved synthesis procedure here, a new BPF with dual-
passband can be implemented in this case, too.

B. CASE #2: yc = 0 & y1 > 0
After unfolding, it has exactly the same structure as an
MMRfilter [9], which has a fourth-order Chebyshev response
in magnitude. In this case, θm is not free, and can be deter-
mined from θc1(θc2 = 90◦), according to [9].

C. CASE #3: yc < 0 & y1 > 0
In the third case, the line (yc) has a negative admittance
that cannot be implemented directly, as shown in Fig.1c.
Fortunately, the negative admittance line (yc), together with
two shunt stubs (ys), can be equivalent to a shorted-coupled-
line section [19] by using (16). It is interesting that after
transformation, the structure is similar to two signal interfer-
ence filters [16], [17], as shown in Fig.4. However, the orig-
inal design methodologies in [16] and [17] are not capable
of obtaining equiripple response directly. Here, the exact
synthesis procedure about this structure is given for the
first time. In addition, this structure is suitable for building
dual-band BPF, too.{

yo = ys
ye = 2yc + ys

ys > 0, yc < 0 (16)
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TABLE 1. Parameters of comparison set (single passband).

D. CASE #4: yc > 0 & y1 = 0
In this case, the top line (y1) is disconnected/isolated from
other elements, as shown in Fig.1d. It is a well-known
two staged BPF topology implemented by commensurate
line [12], [13]. Considering the periodic response of
commensurate line circuits, it also can be treated as a
dual-band BPF.

E. CASE #5 yc = 0 & y1 = 0
When both the top and bottom lines are with zero admittance,
Port 1 and Port 2 are totally isolated from each other, thus no
transmission can be observed through the network.

F. CASE #6 yc < 0 & y1 = 0
In this case, a dual-band BPF can be obtained. After
applying (16), it becomes a classic topology with two coupled
resonators. Moreover, it can be categorized into Case #4with
an external phase inverter, as proven in the Appendix.

G. CASE #7: y1 < 0
Differing from Case #3, the negative admittance (y1)
here cannot be transformed into a realizable structure by
using (16), because there is no stub loaded beside the top
line (y1).
Now, we have six Cases (#1-#6) that can be imple-

mented in practical, within which only the first four (#1-#4)
have bandpass responses. Each of them has a correspond-
ing structure that has been reported before [9], [12], [13],
[15], [16]. Based on the same synthesis procedure intro-
duced above, one can find out the exact admittances easily.
Comparing with the related synthesis methods such
as [9] and [16], the proposed algorithm is advanced in
supporting more structures, dual-band operation and precise
equiripple response.

III. DISCUSSION ON DIVERSITY IN RESPONSE
In Part II, we have shown that for given in-band specifications
(θc1, θc2, and ε), the solution sets with different θm will lead
to different structures (#1-#4). Although two (#1 and #2)
of the four have been described already in [9] and [18] for
single-band operation, here, we would like to give a detailed,
comparative discussion on their responses associated with
that of Case #3 and #4 for both single- and dual- band
operations.

FIGURE 5. Single band frequency responses (different type) of stub
loaded ring filter with same in-band specifications (θc1 = 60.0◦,
θc2 = 90.0◦ and ε = 0.1005). (a) Magnitude. (b) Group Delay.

A. SINGLE-BAND RESPONSE
In this section, the discussed filters have a single passband of
66.7% (2/3)FBW and a |S11| ripple of −20 dB (θc1 = 60.0◦,
θc2 = 90.0◦, and ε = 0.1005). Fig.5 depicts the frequency
responses of a comparison filter set. The related parameters
are given in Table 1 asCase A,B, andC . Within the passband,
it can be seen that all the three BPFs have equiripple response
in magnitude, the only difference is the slight variation of θm.
However, the responses are quite different in the stopband.
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TABLE 2. Parameters of comparison set (dual passband).

FIGURE 6. Single band frequency responses of stub loaded ring filter
(Case #3) with transmission zeroes (θc1 = 60.0◦ and θc2 = 90.0◦).

A significant improvement on rejection can be observed in
Case C(yc < 0) from Fig.5a, due to the extra two transmis-
sion zeroes which can be also found in the signal interference
filters [16], [17]. An explanation on the transmission zeroes is
that Q(x2) in (6) has two finite real roots beside the passband
when yc < 0. From Fig.5b, it can be seen that the delay
variation of Case A is the minimal (0.18ns), whereas that of
Case C is the maximal (1.59ns). One can now conclude that
the better (worse) rejection in stopband, the worse (better)
group delay in passband. It validates the compromise in filter
design with limited circuit elements.

Another detailed comparison is made as a supplement
focusing onCase #3, which has balancedmagnitude response
in both passband and stopband. FromFig.6, it can be observed
that the ripple factor (ε) has no impact on the transmission
zeroes. However, a better in-band matching leads directly to
worse out-band rejections, e.g., selectivity and attenuation
ripple in stopband, after comparing Case C with D. On the
other hand, if the ripple factor (ε) and cut-off frequency (θc)
are fixed (Case C and E), the selectivity and the attenuation
ripple in stopband will restrict mutually according to the
simulated results.

B. DUAL-BAND RESPONSE
Besides the single-band operation, the stub-loaded ring topol-
ogy also supports dual-band when θc2 is not locked at 90.0◦.
On the other hand, one can treat the dual-band response as a

special case that the second ripple (A0 in Fig.2) at θ = 90◦

of the single-band BPF, rises up from the other ripples at
θm and θ ′m. Thus the continuous passband will be split into
two discrete bands with a center notch, which is a traditional
approach for dual-band BPF realization [12]. The two pass-
bands are symmetrical to θ = 90◦ [12], [13], and have same
bandwidth. We have designed six sample BPFs with dual
passbands listed in Table 2. They are categorized into two
sets according to center frequency and FBW.

Fig.7a shows the simulated responses of the first
set BPFs, which are designed based on the specifications of
(θc1 = 40.0◦, θc2 = 50.0◦, and ε = 0.1005), namely,
(FBW = 22.2%, |S11| ripple=−20 dB and center frequency
of 45◦). Due to the symmetry, one can find that the frequency
ratio of the two bands is 3:1 exactly, which is the most com-
mon case in commensurate BPF design. It is clear that all the
three filters exhibit the desired in-band response successfully.
The modulation from θm, on the out-band rejection, is still
effective as in the single-band case. When θm moves towards
lower frequency, the rejection in the low band is strengthened
(for the first passband), whereas the rejection in the high band
is weakened. In the case of smaller θm, the bottom line (yc)
may have negative admittance (Case DA1), which means this
BPF has the same topology with that in Case #3, and surely
can be realized in practical with the same physical structure.
Moreover, when θm moves towards the other direction, espe-
cially at a particular frequency (45.22◦), the admittance of
the top line (y1) will equal to zero (Case DA3). The ring
structure is now changed to a cascading structure with linear
configuration [12], [13], which means there is only one signal
passage without interference from multiple passages. The
advantage is that the attenuation at θ = 90.0◦ is infinite,
which enhances the rejection level between the two passbands
tremendously.

Without loss of generality, another set BPFs (Case DB1−3
in Table 2) are given for comparison. From Fig.7b, one can
find the in-band |S11| ripple is −15 dB, and frequency ratio
of two bands is about 1.9. Similar responses can be observed
comparing with Case DA. The main difference is that there
exists a transmission zero at the lower rejection band (of the
first passband) when yc is negative. This property is useful for
improving the stopband response at specific frequency point.
In fact, in Case DA, the transmission zero will appear when
θm is smaller enough, however, the rejection in the other side
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FIGURE 7. Dual-band frequency responses of stub loaded ring filters.
(a) Case DA (θc1 = 40.0◦, θc2 = 50.0◦ and ε = 0.1005). (b) Case DB
(θc1 = 58.0◦, θc2 = 62.0◦ and ε = 0.1807).

(between the two bands) will be affected to an unacceptable
level as the trend shown in Fig.7a. Since the main objective
of this paper is the response diversity of the ring topology,
more detailed discussions on the dual-band response of this
topology will not be demonstrated further.

In addition, the proposed synthesis approach may be capa-
ble of other commensurate line filters, e.g., bandstop and/or
lowpass filters, if the topology itself supports equiripple mag-
nitude response. The key is that the sum of the number of the
unknowns (line admittances) and the number of the relation-
ship equations (of the coefficients of the transfer function,
as in (12) or (2)) must be equal to the total number of the
coefficients, as in (1) or (2).

IV. EXPERIMENTAL VERIFICATION
For practical verification, we chooseCase C as a filter sample
for fabrication. Before circuit simulation, the negative admit-
tance line with two short-ended stubs together, have been
transformed into a coupled line section, according to (16).
A commercial Software, IE3d, is adopted for fullwave sim-
ulations. In the microstrip layout, a simple, efficient and

FIGURE 8. Photograph of fabricated filter (Table 1: Case C).

FIGURE 9. Ideal, fullwave, and measured magnitude response of Case C
in Table 1.

powerful technique [20] is applied for compensating the
velocity difference between the odd and the even modes of
the coupled line section, as can be seen in Fig.4. The actual
filter is constructed on a microstrip substrate (Rogers 4003)
with height of 0.8 mm and relative dielectric constant of 3.38.
The fabricated sample is shown in Fig.8, markedwith detailed
dimensions. Two SMA connectors are used for S-parameter
test, through a VNA (R&S ZVA67). The measured results,
together with the ideal and the fullwave simulated data, are
shown in Fig.9. In all cases, two transmission zeroes nearby
the passband can be observed clearly. Since the equiripple
response observed in measurement is not perfect, here the
3-dB FBW will be used for comparison. The measured 3-dB
FBW is 86.6%, centered at 0.97GHz, whereas the 3-dB FBW
of the ideal case is 82.0%. Within the passband, the minimal
measured insertion loss is about 0.88 dB at 0.81 GHz, includ-
ing the loss from SMA connectors. The difference between
the measured and the simulated results is mainly caused by
the uncertainty of the substrate’s permittivity, because the
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FIGURE 10. Equivalences between stub loaded line circuits. (a) Initial
topology of Case #6 (Negative line). (b) Coupled line form of Case #6.
(c) Equivalent circuit with all positive lines and internal phase inverter.
(d) Equivalent circuit with all positive lines with external phase inverter
(Case #4 with Phase inverter).

measured response is moved towards the lower frequency in
general, comparing with the simulated response. The non-
equiripple response in measured |S11|is mainly due to the
manufacture tolerance. The main objective of this experiment
is to verify the effectiveness of this topology and the synthesis
procedure, which is already achieved by the fullwave simu-
lation, that agrees perfectly with the ideal transmission line
models, as illustrated in Fig.9.

V. CONCLUSION
It is found that a particular topology of stub loaded com-
mensurate line ring is shared by four different filters with
different responses (after circuit transformation). As a result,
a generalized synthesis method is developed. When the in-
band specifications are fixed, the frequency response in
both magnitude and delay can be tuned by varying an extra
parameter which indicates the first reflection ripple within
the passband. The location of the first ripple dominates the
response type, e.g., equal ripple in delay, Chebyshev in mag-
nitude, and elliptic in magnitude. It also leads to different
solutions which may have zero or negative line admittance,
as well as different structures in practical implementation.
The diversity in responsemay be useful for reconfigurable fil-
ter design. In future work, wewill apply this synthesis method
to other filter topologies, or higher order filters with improved
performance.

APPENDIX
In Part II, we have stated that Case #4 (yc > 0) and Case #6
(yc < 0) share the same topology. As shown in Fig.10a, the
initial structure in Case #6 can be transformed into its coupled
line form (Fig.10b) using (16). After applying a well-known
formula (17) from [3],{

yo = 2yc2 + ys2
ye = ys2

ys > 0, yc > 0 (17)

the first equivalent circuit of Case #6 without negative ele-
ment can be obtained as shown in Fig10c. Note that there is
an ideal phase inverter placed between the connecting line
(yc2) and stubs (y2 and ys2). Because y1 = 0, namely there is
only one signal passage between the input/output ports, the
location of the phase inverter and the shunt stubs (y2 and ys2)

can be swapped directly without any impedance transforma-
tion, as given in Fig.10d. Comparing Fig.10d with Fig.1d, one
can find that the two circuits are almost the same, except an
ideal phase shifter which has no impact on magnitude and
delay responses at all. Therefore, we have proved thatCase #6
is the same as Case #4 in magnitude and delay responses.

However, the equivalence between Case #4 and #6 is not
applicable for Case #1 and #3 that also have similar topolo-
gies. In the latter two cases, since y1 > 0, the phase inverter
cannot be moved out from the ring, and cannot be dismissed
after applying (16) and (17).
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