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ABSTRACT In this paper, a new feedback-added pseudoinverse-type balanced minimization (FPBM)
scheme is proposed and studied for the kinematic control of redundant robot manipulators. Such a scheme
is designed by combining the minimum acceleration norm (MAN) solution and the weighted minimum
velocity norm (WMVN) solution and by introducing the feedback.With theMAN andWMVN combination,
the proposed FPBM scheme can not only remedy the phenomena of high velocity and acceleration but
also generate a near-zero velocity after task execution. With the feedback introduction, the proposed FPBM
scheme can guarantee a nondivergent end-effector tracking error. Based on a four-link robot manipulator,
the simulation results are presented to show the effectiveness of the proposed FPBM scheme.

INDEX TERMS Balanced minimization, pseudoinverse, feedback, kinematic control, redundant robot
manipulators.

I. INTRODUCTION
Redundant robot manipulators are playing a significant
role in many science and engineering fields [1]–[13]. The
redundancy-resolution problem is one important issue in the
kinematic control of redundant robot manipulators [1]–[6],
[14]–[24]. This problem is generally described as: given the
end-effector desired path, the corresponding joint solution
need to be determined in real time. The classical solution
to the redundancy-resolution problem is the pseudoinverse-
type technique. This technique is a powerful alternative
for the kinematic control of redundant robot manipulators.
By exploiting the pseudoinverse-type technique, many stud-
ies have been reported on redundant robot manipulators [14],
[15], [17], [19], [21]–[27].

As one special pseudoinverse-type scheme at the joint
velocity level, the minimum velocity norm (MVN) scheme
is widely adopted to the kinematic control of redundant
robot manipulators [1], [2], [14], [15], [24]. In addition,
a common variation of this minimum norm scheme is the
weighted scheme that minimizes a weighted two norm (e.g.,
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the weighted MVN scheme) [1], [2], [14], [15], [21]. Being
another typical pseudoinverse-type scheme at the joint accel-
eration level, theminimum acceleration norm (MAN) scheme
is also widely employed for the kinematic control of redun-
dant robot manipulators [21]. However, there exist some
drawbacks/limitations in the velocity level and acceleration
level schemes.

On the one hand, the weightedMVN (WMVN) scheme (as
a velocity level scheme) can only be applicable for the robot
manipulators controlled by joint velocity. Due to the lack of
information of joint acceleration and joint torque, theWMVN
scheme can not be directly applied to the acceleration-
controlled or torque-controlled robot manipulators. In this
sense, the application field of the WMVN scheme is consid-
erably limited [5], [21]. On the other hand, the MAN scheme
(as an acceleration level scheme) can be applicable for the
velocity-, acceleration-, or torque-controlled robot manipula-
tors, thereby being advantageous over the WMVN scheme.
However, the MAN scheme may not necessarily minimize
the magnitudes of the individual joint acceleration, which
would lead to a (relatively) high velocity or acceleration for a
particular joint [14], [15], [28]–[31]. In addition, this scheme
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would generate a non-zero final velocity that less desirable
in applications. Evidently, there exist inherent issues for the
WMVN and MAN schemes. It is thus necessary to develop
an effective scheme to conquer the aforementioned problems.

In this paper, to avoid the limited application field and
to remedy the phenomena of high-velocity/acceleration and
non-zero final velocity, a new feedback-added pseudoinverse-
type balanced minimization (FPBM) scheme is proposed
and studied. Specifically, by combining the WMVN and
MAN solutions via a weighting factor and by introducing
the feedback, the FPBM scheme is developed for the kine-
matic control of redundant robot manipulators. This is the
first time to provide a pseudoinverse-type scheme with the
WMVN and MAN combination. Because of the feedback
introduction, a prominent advantage of the proposed scheme
is that the scheme can guarantee an end-effector tracking
error with no divergence. Simulation results based on a four-
link robot manipulator [21] are presented to further verify the
effectiveness of the proposed FPBM scheme.

The rest of this paper is organized into four sections.
Section II presents the preliminaries about the WMVN and
MAN schemes. Section III describes the detailed formulation
of the proposed FPBM scheme, together with the scheme
derivation. Section IV shows the simulation results that are
synthesized by the proposed FPBM scheme. Section V con-
cludes this paper with final remarks.

II. PRELIMINARIES
In this section, some preliminaries about the pseudoinverse-
type technique to the kinematic control of redundant robot
manipulators are presented. In addition, the formulations of
the WMVN and MAN schemes are given to lay a basis for
further discussion.

A. ROBOTIC REDUNDANCY RESOLUTION
The redundancy resolution problem is a fundamental issue
that corresponds to the kinematic control of redundant robot
manipulators [1], [2], [5], [14], [15], [21], [24]. Mathemati-
cally, solving this problem can be equivalent to the solution
to the following kinematic system:

f (q(t)) = x(t), (1)

where q(t) ∈ Rn is the joint angle vector, x(t) ∈ Rm is the end-
effector desired path, and f (·) is the differentiable nonlinear
mapping. Note that n > m in (1). This means that, given x(t),
an infinite number of q(t) are possible.

By differentiating (1) with respect to time t , the redundancy
resolution of robot manipulators can be studied at the joint-
velocity level:

J (q)q̇ = ẋ, (2)

where J (q) ∈ Rm×n is the Jacobian matrix, q̇ ∈ Rn is the joint
velocity vector, and ẋ ∈ Rm is the time derivative of x. Based
on (2), the pseudoinverse-type technique at the joint-velocity
level is written as follows [1], [2], [21]:

q̇ = J+ẋ + (I − J+J )c, (3)

where J+ ∈ Rm×n is the pseudoinverse of J , I ∈ Rn×n is the
identity matrix, and c ∈ Rn is the vector selected by some
optimization criteria. Different selections of c in (3) result
in different pseudoinverse-type schemes for the kinematic
control of redundant robot manipulators at the joint-velocity
level.

By differentiating (2) with respect to time t , the redundancy
resolution of robot manipulators can be further studied at the
joint-acceleration level:

J q̈ = ẍ − J̇ q̇, (4)

where q̈ ∈ Rn is the joint acceleration vector, and ẍ and J̇
are the time derivatives of ẋ and J , respectively. Based on
(4), the pseudoinverse-type technique at the joint-acceleration
level is written as follows [1], [2], [21]:

q̈ = J+(ẍ − J̇ q̇)+ (I − J+J )c. (5)

Similarly, selecting different c leads to different
pseudoinverse-type schemes for the kinematic control of
redundant robot manipulators at the joint-acceleration level.

On the basis of the above formulations, the pseudoinverse-
type technique is depicted in an analytical-solution form,
and it can thus solve the redundancy resolution problem
readily. This significant characteristic has popularized the
research and application of the pseudoinverse-type technique
in the past decades [1], [2], [14], [15], [17], [19], [21]–[23],
[32]–[36].

B. WMVN AND MAN SCHEMES
Being a special velocity level scheme, the pseudoinverse-
type MVN scheme is widely adopted to redundant robot
manipulators. This scheme is derived from (3) with c = 0
and is given as follows [1], [2], [14], [15]:

q̇ = J+ẋ. (6)

As a common variation of the MVN scheme (6), the WMVN
scheme is formulated as follows:

q̇ = J+Wẋ = W−1JT(JW−1JT)−1ẋ, (7)

where W ∈ Rn×n is a positive definite matrix. Evidently,
(7) reduces to (6) when W = I . This means that the
WMVN scheme (7) is considered as a generalized form of
the MVN scheme (6) for the kinematic control of redundant
robot manipulators. In addition, the solution of q̇ computed
by the WMVN scheme (7) is the solution to the following
minimization problem:

min {q̇TWq̇} subject to J q̇ = ẋ.

where the superscript ‘‘T’’ is the transpose operator.
Being a typical acceleration level scheme, the

pseudoinverse-type MAN scheme is also widely employed
for redundant robot manipulators. This scheme is derived
from (5) with c = 0 and is presented as follows [1], [2], [21]:

q̈ = J+(ẍ − J̇ q̇). (8)
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FIGURE 1. The four-link robot manipulator tracks a circular path by using the MAN scheme (8). (a) Motion
trajectories. (b) End-effector tracking errors. (c) Profiles of joint velocity q̇. (d) Profiles of joint acceleration q̈.

The solution computed by the MAN scheme (8) is the solu-
tion to the following minimization problem:

min {q̈Tq̈} subject to J q̈ = ẍ − J̇ q̇.

III. NEW FPBM SCHEME
In this section, based on the WMVN scheme (7) and the
MAN scheme (8), the new FPBM scheme is proposed for the
kinematic control of redundant robot manipulators.

For further discussion, the following lemmas are presented.
Lemma 1: The time derivative of J+W is formulated as

follows:

J̇+W ,
dJ+W
dt
= (I − J+WJ )W

−1J̇T(JW−1JT)−1 − J+WJ̇ J
+

W.

Proof: Given that J+W = W−1JT(JW−1JT)−1, we have
the following time derivative:

J̇+W ,
dJ+W
dt
= W−1

d(JT)
dt

(JW−1JT)−1

+W−1JT
d((JW−1JT)−1)

dt
= W−1J̇T(JW−1JT)−1 − J+WJW

−1

× J̇T(JW−1JT)−1 − J+WJ̇ J
+

W

= (I − J+WJ )W
−1J̇T(JW−1JT)−1 − J+WJ̇ J

+

W.

The proof is thus completed. �

Lemma 2: Thematrix J+W satisfies the following properties:

(I − J+WJ )J
+

W = 0, (I − J+J )J+W = J+W − J
+,

(I − J+WJ )(I − J
+

WJ ) = (I − J+J )(I − J+WJ ) = I − J+WJ .

Proof: It can be generalized from JJ+W = I ∈ Rm×m. �
For theWMVN scheme (7) and theMAN scheme (8), their

decision variables are different from each other; that is, the
former is the joint velocity q̇ and the latter is the joint accel-
eration q̈. To combine the WMVN and MAN solutions, the
WMVN scheme (7) needs to be extended to the acceleration
level one for redundant robot manipulators.
Theorem 1: The WMVN scheme (7) is equivalent to the

acceleration level scheme as follows:

q̈ = J+W(ẍ − J̇ q̇)+ (I − J+WJ )W
−1J̇T(JW−1JT)−1ẋ. (9)

Proof: Given that JJ+W = I ∈ Rm×m, similar to the
WMVN scheme (7), the following weighted scheme at the
joint acceleration level can be derived:

q̈ = J+W(ẍ − J̇ q̇)+ (I − J+WJ )c. (10)

To develop an acceleration level scheme with the WMVN
characteristic, c should be selected via the WMVN criterion.
Differentiating (7) with respect to time t , the following

result is obtained:

q̈ = J+Wẍ + J̇
+

Wẋ. (11)
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FIGURE 2. The four-link robot manipulator tracks a circular path by using the proposed FPBM scheme (13)
with α = 0.6, k1 = k2 = 1 and W = diag{1,2,3,4}. (a) Motion trajectories. (b) End-effector tracking errors.
(c) Profiles of joint velocity q̇. (d) Profiles of joint acceleration q̈.

By replacing c with (11), the acceleration level scheme
derived from (10) is presented as follows:

q̈ = J+W(ẍ − J̇ q̇)+ (I − J+WJ )(J
+

Wẍ + J̇
+

Wẋ). (12)

Based on the results in Lemmas 1 and 2, the acceleration level
scheme (12) is reformulated as follows:

q̈ = J+W(ẍ − J̇ q̇)+ (I − J+WJ )W
−1J̇T(JW−1JT)−1ẋ.

which is exactly (9) with the WMVN characteristic. By
summarizing the above analysis, the WMVN scheme (7)
processes the equivalence to the acceleration level scheme
(9). The proof is thus completed. �
On the basis of Theorem 1, the following FPBM scheme

based on the combination of WMVN and MAN schemes is
thus developed for the kinematic control of redundant robot
manipulators.
Theorem 2: The FPBM scheme proposed in this paper is

formulated as

q̈(FPBM) = (αJ+W + (1− α)J+)(ẍ − J̇ q̇+ k1(ẋ − J q̇)

+ k2(x − f (q)))+ α(I − J
+

WJ )W
−1

× J̇T(JW−1JT)−1ẋ, (13)

where α ∈ [0, 1] is the weighting factor, and k1 > 0 ∈ R and
k2 > 0 ∈ R are the feedback gains.

Proof: Recall the pseudoinverse-type technique (5), i.e.,

q̈ = J+(ẍ − J̇ q̇)+ (I − J+J )c.

By employing a weighting factor α and replacing c with (9),
the following result is derived:

q̈ = J+(ẍ − J̇ q̇)+ α(I − J+J )q̈(WMVN), (14)

where q̈(WMVN) is obtained by (9). Based on the results in
Lemma 2 and Theorem 1, (14) is transformed as follows:

q̈ = (1− α)q̈(MAN) + αq̈(WMVN), (15)

where q̈(MAN) is obtained by (8). Therefore, by substituting
(8) and (9) into (15), we have

q̈ = (1− α)q̈(MAN) + αq̈(WMVN),

= (αJ+W + (1− α)J+)(ẍ − J̇ q̇)+ α(I − J+WJ )W
−1

× J̇T(JW−1JT)−1ẋ. (16)

For (16), it would generate a divergence end-effector tracking
error. To overcome this issue, by introducing the feedback
based on (1) and (2), the following result is obtained:

q̈(FPBM) = (αJ+W + (1− α)J+)(ẍ − J̇ q̇+ k1(ẋ − J q̇)

+ k2(x − f (q)))+ α(I − J
+

WJ )W
−1

× J̇T(JW−1JT)−1ẋ,
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FIGURE 3. The four-link robot manipulator tracks a circular path by using the proposed FPBM scheme (13)
with α = 0.6, k1 = k2 = 1 and W = diag{1,4,9,16}. (a) Motion trajectories. (b) End-effector tracking errors.
(c) Profiles of joint velocity q̇. (d) Profiles of joint acceleration q̈.

which is the FPBM scheme (13) proposed in this paper for
the kinematic control of redundant robot manipulators. The
proof is thus completed. �
The proposed FPBM scheme (13) is changed to the

feedback-added MAN scheme as α = 0, and is changed to
WMVN scheme as α = 1. When α ∈ (0, 1), the proposed
scheme processes simultaneously the MAN and WMVN
characteristics. By selecting a suitable α, the proposed FPBM
scheme (13) can remedy the phenomena of (relatively) high
joint velocity and joint acceleration, generate a near-zero
final joint velocity, and guarantee a nondivergent end-effector
tracking error.

IV. SIMULATION VERIFICATION
In this section, simulation results based on a four-link robot
manipulator [21] with different tracking examples are per-
formed to verify the effectiveness of the proposed FPBM
scheme (13).

A. CIRCULAR PATH TRACKING EXAMPLE
In this example, the proposed FPBM scheme (13) is applied
to the four-link robot manipulator when its end-effector
tracks a circle with radius of 0.25 m. In addition, the task
duration is T = 10 s and the initial joint state is
q(0) = [π/15, π/15, π/12, π/12]T rad. For comparison,
the MAN scheme (8) is simulated here. The simulation

results by using (8) and (13) are presented in Figs. 1–3 and
Tables 1–3.

Fig. 1 illustrates the results by using the MAN scheme (8).
In Fig. 1(a) and (b), the end-effector of the robot manipulator
tracks effectively the desired circular path, where the maxi-
mal tracking error is about 8.0× 10−5 m. However, Fig. 1(b)
shows that there exist the divergence phenomenon in the end-
effector tracking error. In addition, Fig. 1(c) and (d) show that
some value of joint velocity q̇ and joint acceleration q̈ appear
to be (relatively) large. Furthermore, Fig. 1(c) shows that
some final joint velocities are not zero. The detailed data are
q̇(10) = [0.408275,−0.430472,−0.174470, 0.000112]T

rad/s. Evidently, the final joint velocities are too large. Thus,
the MAN scheme (8) is less applicable in terms of the diver-
gent tracking error and the non-zero joint velocity at the end
of motion.

Fig. 2 presents the results by using the proposed FPBM
scheme (13) with α = 0.6, k1 = k2 = 1 and W =

diag{1, 2, 3, 4}. In Fig. 2(a) and (b), the robot manipu-
lator successfully finishes the circular path tracking task,
where the maximal tracking error is about 1.5 × 10−5

m. By comparing Fig. 1(b) and Fig. 2(b), we find that
the maximal error via the proposed FPBM scheme (13)
is about six times smaller than that via the MAN scheme
(8). In addition, no divergence phenomenon exists in the
tracking error, thereby indicating the advantage of (13) by
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FIGURE 4. The four-link robot manipulator tracks a Lissajous-figure path by using the MAN scheme (8).
(a) Motion trajectories. (b) End-effector tracking errors. (c) Profiles of joint velocity q̇. (d) Profiles of joint
acceleration q̈.

TABLE 1. End-effector tracking errors (m) and final joint velocities (rad/s) when the four-link robot manipulator tracks the circular path by using the
proposed FPBM scheme (13) with k1 = k2 = 1, W = diag{1,2,3,4} and different α.

introducing the feedback. Fig. 2(c) and (d) shows that the
values of q̇ and q̈ are relatively small, as compared with
those shown in Fig. 1(c) and (d). Fig. 2(c) also shows that
the final joint velocities are near zero. The detailed data are
q̇(10) = [−0.009308, 0.030958,−0.023297,−0.010275]T

rad/s (being acceptable for applications). Evidently, these
simulation results verify the effectiveness and superiority of
the proposed FPBM scheme (13) over the MAN scheme
(8). More comparative simulation results are presented in the
Appendix.

By changing the values of α (i.e., α = 0.4, 0.5, 0.6, 0.7
and 0.8), the proposed FPBM scheme (13) with k1 = k2 = 1
and W = diag{1, 2, 3, 4} is simulated, and the related data
are given in Table 1. This table shows that the end-effector
tracking errors via (13) are in the order 10−5 m. Table 1
also shows that the joint velocities at t = 10 s (i.e. the
final joint velocities) are near zero. Evidently, these results
verify that the proposed FPBM scheme (13) is effective on the

TABLE 2. End-effector tracking errors (m) when the robot manipulator
tracks the circular path by using the proposed scheme (13) with α = 0.6,
k1 = k2 = 1 and different W .

kinematic control of the four-link robot manipulator. Further-
more, the data shown in Table 1 indicate the flexibility of (13);
that is, different α can be selected for the proposed FPBM
scheme (13) to achieve a suitable performance

With α = 0.6 and k1 = k2 = 1 fixed, by chang-
ing W to diag{1, 4, 9, 16}, the proposed FPBM scheme
(13) is simulated, and the related results are presented
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FIGURE 5. The four-link robot manipulator tracks a Lissajous-figure path by using the proposed FPBM
scheme (13) with α = 0.6, k1 = k2 = 1 and W = diag{2,4,6,8}. (a) Motion trajectories. (b) End-effector
tracking errors. (c) Profiles of joint velocity q̇. (d) Profiles of joint acceleration q̈.

in Fig. 3. In Fig. 3(a) and (b), the circular path track-
ing task is effectively fulfilled by the robot manipulator
with the maximal tracking error being about 2.0 × 10−5

m. In addition, there does not exist the divergence issue
in the tracking error, as shown in Fig. 3(b). In Fig. 3(c)
and (d), the values of q̇ and q̈ are relatively small, and the
final velocities are near zero (with the detailed data being
q̇(10) = [−0.002759, 0.011884,−0.015928, 0.007059]T

rad/s). These simulation results verify again the effectiveness
of the proposed FPBM scheme (13).

By selecting more W [i.e., W1 = diag{2, 2, 4, 4},
W2 = diag{4, 4, 9, 9}, W3 = diag{9, 9, 16, 16}, W4 =

diag{2, 4, 6, 8}, W5 = diag{10, 12, 14, 16}, and W6 =

diag{16, 16, 16, 16}], the proposed FPBM scheme (13) with
α = 0.6 and k1 = k2 = 1 is simulated, and the related
data are given in Tables 2 and 3. In Table 2, by using (13)
with different W , the end-effector tracking errors are still
small enough and are in the order 10−5 m. In Table 3, all
the joint velocities at t = 10 s are near zero. Evidently, these
results verify again that the proposed FPBM scheme (13) is
effective on the four-link robot manipulator. Note that, for
each selection of W , (13) is tested by changing the values
of α. The related results, which are similar to those in Table 1
and are thus omitted here, also show that the maximal end-
effector tracking error is small and does not introduce the
divergence phenomenon. In addition, the q̇ and q̈ values are

TABLE 3. Final joint velocities (rad/s) when the robot manipulator tracks
the circular path by using the proposed scheme (13) with α = 0.6,
k1 = k2 = 1 and different W .

relatively small, and the final velocities are near zero. Thus,
the effective and flexible performance of the proposed FPBM
scheme (13) is indicated once again.

In summary, the above results (i.e., Figs. 1–3 and
Tables 1–3) have verified the effectiveness of the proposed
FPBM scheme (13), as compared with the MAN scheme (8).

B. LISSAJOUS-FIGURE PATH TRACKING EXAMPLE
In this example, the proposed FPBMscheme (13) is simulated
the four-link robot manipulator when its end-effector tracks
a Lissajous-figure path. The task duration and the initial
joint state are the same as before. The simulation results are
presented in Figs. 4–6.

Fig. 4 shows the results by using the MAN scheme (8).
As shown in Fig. 4, although the robot’s end-effector
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FIGURE 6. The four-link robot manipulator tracks a Lissajous-figure path by using the proposed FPBM
scheme (13) with α = 0.6, k1 = k2 = 1 and W = diag{10,12,14,16}. (a) Motion trajectories. (b) End-effector
tracking errors. (c) Profiles of joint velocity q̇. (d) Profiles of joint acceleration q̈.

FIGURE 7. The four-link robot manipulator tracks a tricuspid path by using the MAN scheme (8). (a) Motion trajectories. (b) End-effector
tracking errors. (c) Profiles of joint velocity q̇.

tracks effectively the desired path, some issues are still
encountered. That is, the divergence phenomenon exists
in the end-effector tracking error, and some final joint
velocities are not zero (with the detailed data being
q̇(10) = [0.096595, 0.049759,−0.182648,−0.157152]T

rad/s). Obviously, these results indicate again that the MAN
scheme (8) is less applicable in robotic practice.

Fig. 5 presents the results by using the proposed FPBM
scheme (13) with α = 0.6, k1 = k2 = 1 and
W = diag{2, 4, 6, 8}. In Fig. 5(a) and (b), the robot’s end-
effector tracks the Lissajous-figure path successfully with

a small and nondivergent tracking error. In Fig. 5(c) and
(d), the joint velocity and joint acceleration values are rel-
atively small, and the final joint velocities are q̇(10) =
[−0.009833, 0.031417,−0.024939, 0.006216]T rad/s (being
near zero). Evidently, comparing Fig. 5with Fig. 4 verifies the
effectiveness and superiority of the proposed FPBM scheme
(13) over theMAN scheme (8). More comparative simulation
results are presented in the Appendix. Fig. 6 shows the results
of (13) by changing W to diag{10, 12, 14, 16} from which
the observation is similar to that from Fig. 5. Evidently,
Fig. 6 indicates again that the proposed FPBM scheme (13)

VOLUME 7, 2019 23813



Z. Wang et al.: FPBM Scheme for Kinematic Control of Redundant Robot Manipulators

FIGURE 8. The four-link robot manipulator tracks a tricuspid path by using the proposed FPBM scheme (13) with α = 0.6, k1 = k2 = 1 and
W = diag{2,4,6,8}. (a) Motion trajectories. (b) End-effector tracking errors. (c) Profiles of joint velocity q̇.

is effective on the kinematic control of the four-link robot
manipulator.
Remark 1: The weighting factor α in the proposed FPBM

scheme (13) scales the combined effect of WMVN andMAN
solutions. Different α in (0, 1) can be selected for different
requirements. For example, if a solution where WMVN has
more effect in comparison with MAN is needed, then α can
be selected as a larger one. By selecting different α for (13)
in the simulations, it can be concluded that α in (13) can
be determined by the requirements of an acceptable tracking
error and the q̇ and q̈ solutions stability.
Remark 2: Different selections of W also lead to different

effects of the proposed FPBM scheme (13). Using W =

diag{w1,w2, · · · ,wn} ∈ Rn×n can be the common one in
(13). By following the simulation results in Figs. 2–6 and
Tables 1–3), it can be concluded that the element inW could
be selected as a relatively large value to achieve a small end-
effector tracking error and a near-zero final joint velocity.
More studies on how to select W can be the future research
direction.

V. CONCLUSION
In this paper, the new FPBM scheme (13) has been proposed
and studied for the kinematic control of redundant robot
manipulators. Such a scheme has been designed based on
the combination of the WMVN and MAN schemes and the
introduction of the feedback. Based on a four-link robot
manipulator with different illustrative examples, simulation
results have been presented to verify the effectiveness of
the proposed FPBM scheme (13) on robotic redundancy
resolution. That is, the proposed scheme can prevent the
occurrence of high velocity and acceleration, generate a near-
zero final velocity, and guarantee a nondivergent end-effector
tracking error.

The proposed FPBM scheme (13) is the first
pseudoinverse-type scheme that combines the MAN and
WMVN solutions. This is significant as it shows potentials on
the design of more different balanced minimization schemes
for redundant robot manipulators. By following this paper,
the proposed FPBM scheme (13) is expected to applied to
a practical robot manipulator, as one of the future research
directions.

APPENDIX
In this appendix, more comparative results of the MAN
scheme (8) and the proposed FPBM scheme (13) are pre-
sented, where the four-link robot manipulator is expected to
track a tricuspid path.

Specifically, by using the MAN scheme (8), Fig. 7 shows
the related results. This figure indicates that (8) is less appli-
cable in terms of the divergence phenomenon in the end-
effector tracking error and the not zero problem in the final
joint velocity. By contrast, Fig. 8 presents the results by
using the proposed FPBM scheme (13) with α = 0.6,
k1 = k2 = 1 and W = diag{2, 4, 6, 8}. As observed
from Fig. 8, the robot’s end-effector matches the tricuspid
path successfully with a small and nondivergent error. In
addition, the joint velocities are relatively small and the final
joint velocities are near zero (with the detailed data being
q̇(10) = [−0.015436, 0.063234,−0.042985,−0.040725]T

rad/s). This means that the undesired issues that exist in Fig. 7
are not encountered in Fig. 8. Thus, these comparative results
the effective and superior properties of the proposed FPBM
scheme (13) over the MAN scheme (8).
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