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ABSTRACT The basic reproduction number plays an important role in exploring the dynamics of the
epidemic models. Such value has been extensively used in the estimation of how severe an epidemic outbreak.
Although several methods for calculating the basic reproduction number has been proposed, there isn’t an
effectively universal method to estimate such value. In this paper, we propose a general approach to calculate
the explicit formulation of the basic reproduction number by the renewal equation. We apply such a method
to estimate the basic reproduction number of many epidemic models on complex networks consisting of
mean-field models, pairwise models, and edge-based compartmental models.

INDEX TERMS Complex networks, the basic reproduction number, the renewal equation.

I. INTRODUCTION

The concept of the basic reproduction number Ry [1], [2] has
been defined as the numbers of secondary cases produced by
atypical infected individual in a completely susceptible popu-
lation. R is an epidemiologic metric for the study of dynam-
ics of infectious diseases and is extensively used indicator of
how severe an epidemic outbreak can be. R has the property
coupling the process of contagion and the contact patterns of
the population. In classical epidemic models, Ry marks the
threshold property, the disease breaks out if Ry > 1, other-
wise, it dies out. Furthermore, the final outbreak size, inci-
dence and time to the peak prevalence of disease are always
functions of Rg. Therefore, many epidemiologists used R to
design the control strategies including vaccination, sanitation,
quarantine, etc.

Indeed, Ro equips with the important mission in study of
epidemic dynamics. Many researches adopted some methods
to estimate the value of Ry. Generally, the definition of R
couples three factors: the likelihood of infection per contact
with a susceptible, the contact rate, and infectious duration.
From these three points, there exist three main methods to
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estimate Ro: calculation of the spectral radius of the next
generation operator [3]-[5], analysis of the data on the time
series of cases or stochastic processes [6]-[8], and analysis
local stability of the disease-free equilibrium [9]-[12].

As we know, individuals contact pattern is an key factor
to evaluation of Ro. Such property has been addressed epi-
demic models on contact networks [6]-[12]. Network-based
epidemic models concern the contact relationship between
nodes (individuals or agents). Up to now, there are four-type
epidemic models on networks: mean-field models [10]-[13],
the pairwise models [16], [17], the edge-based compartmen-
tal models [15], [17] and the bond percolation [18]. For dis-
unity of network-based models, there are not a universal
method to estimate R until now. In view of previous stud-
ies, Ro for mean-field models are generally solved by the
calculation the spectral radius of the next generation matrix
K = FV~!to estimate Ro, where F denotes the transmission
matrix and V represents the transition matrix; there are two
ways to determine R for some pairwise models: directly
given by the definition of Ry, analysis the local stability of
the disease-free equilibrium or the positivity of the endemic
equilibrium. For any method, the process of calculation R
is tedious and it is hard to give a reasonable interpretation.
This paper is conducted to proposing an effectively universal
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method to calculate Rg in terms of model parameters by
renewal equation and Laplace transformation. We will show
that Ro completely determines whether or not the disease
based on networks breaks out or dies out.

Il. RENEWAL EQUATIONS AND ITS PROPERTIES
The classical renewal equation on positive half-line is defined
by

t
f(l)=CI(t)+/ ft —9)G(s)ds =q) +f G, 1=0.
0
ey

where g(¢) is a measurable function and bounded on any finite
interval, and G(s) is a distribution function on R, named
by the forcing function and the distribution generating the
renewal equation. x denotes the convolution of two func-
tions f and G. Taking Laplace transform on both sides of (1),
we have the following lemma.

Lemma 1: Let f(h) = I e Mf(dt and G =
fooo e ™ G(t)dt be Laplace transforms for f and G, respec-
tively. Then the following relation holds

N S —
N = ——"0e =g\ (L), 2
O=1"% ();G() @

where

Gu(M) = G(1) = G(h) % G(h)  G(1) -+ % G(R).

From Lemma 1, we conclude that if 0 < G/(B) < 1, then
]@ is convergent as n — 00, otherwise, it is divergent if
0 < G(0) < 1.

Now, we are in a position to adopt the renewal equation
to calculate R for a SIS epidemic model. As we know,
a classical SIS-type epidemic model obeys the following
equations

das(t)
7 A — BSOI() — uS() + yI(@), 3)
di(t)

el BSOI) — (u+oa+ (), 4

where S and I denote the density of the susceptible and
infected individuals, A represents the input rate, « denotes
the disease-caused mortality, w is the natural death rate,
B represents the transmission rate. Ro is defined as the
expected number of secondary cases that an infected individ-
ual infects if he or she enters a entirely susceptible population.
Observe that system (3)-(4) has a disease-free equilibrium
Ey = (5°,0) = (%, 0). Linearizing equation (4) around the
disease-free equilibrium Ej, one arrives at
)

— = BSOI(1) — (1 + o + V) (1) )

Solving equation (5) yields

t
1(t) = Tpe—ratnn | / SO (s)e— =) 4g
0

t
= q(t)+ f I(t — 5)G(s)ds, (6)
0
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where g(t) = Ipe” etV and G(r) = BSOe~(Wtaty)t,
Hence, (6) is a renewal equation. From Lemma 1, together
with [14, Th. 2.6], it follows that equation (6) has the solution
in form of

1(t) = Ipe* (1 + Q(1)), ©)
where
Ip>0 and lim (1) =0.
t—400

The parameter £&* denotes the intrinsic Malthusian param-
eter of the infected population determining the growth or
reduction of the infected population. The following lemma
establishes the relations between £* and G/(B).

Lemma 2: Let £* be defined in (7). The following relation-
ships hold.
(1) &* > 0ifand only if G(0) > I;
(2) £* < Oifandonly if G(0) < 1;
(3) &* = 0 ifand only if G(0) = 1.

Therefore, we can define the basic reproduction number

Ro = G(0). (®)

From Lemma 2, Ry determines whether or not the disease
persists or eradicates. Now, we are going to extend this
method to calculate the basic reproduction number Rg on
complex networks.

Ill. APPLICATIONS

As we mentioned in Section I, there are three kinds of
epidemic models on complex networks: mean-fields mod-
els, pairwise models and edge-compartmental models. Now,
we are in a position to calculate the basic reproduction
number R of the three such models. Epidemic models on
complex networks mainly concern on the relations of the
infected nodes or the variations of the infected edges. In the
following, we pay much efforts on deriving the variation of
infected edges and building the renewal equations associated
to infected edges.

A. R, of MARKOVIAN EPIDEMIC MODELS ON COMPLEX
NETWORKS

A mean-field SIS epidemic model on complex networks
proposed by Wang and Dai [19] takes in the form of

ds,

KD ks )0 + v Ik(0), ©
dl

fh(’) — BKSL(NO() — Y1),

with initial condition

Sk(0) = Sko =0, I (0) =Ixo = 0,

where the total population is divided into two classes: suscep-
tible nodes and infected nodes with degree k, denoted by S (¢)
and I (1), respectively. Here, § and y denote the transmission
rate and recovery rate, respectively, and p(/|k) represents the
probability of some node with degree k connecting a node
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with degree [. The average number of infected individuals
with degree / connecting with susceptible node with degree
with k is formulated in terms of

o) =Y pUloh().

k=1
If we assume that the network i is of degree unrelated, then

pllk) = B2, where ( 2 kp(k). For a mean-field

SIS epidemic model on complex1 networks, ©(t) denotes
the variation of the infected vertexes. Obviously, system (9)
always has a disease-free equilibrium Ey = (S,?, 0) = (1, 0),
for each n € N. From system (9), we can easily derive the
infected edges in the disease invasion phase

dew)  Bk?)
e (k)
Solving (10), we have

O@t) — y0®), O =0y (10)

2yt
o) = ege 7 4+ P / O(s)e 7 "9ds
(kY Jo
2 t
= Ope V" + m/ Ot —s)e "ds. (11)
(kY Jo
Denote
2
M) =Ope™”" and GM(r) = P <<1]§> ) vt
Thus, equation (11) can be rewritten as
t
o) =g+ / O(r — 5)G™(s)ds. (12)
0

Clearly, equation (12) is a renewal equation. From the similar
definition for Ry in (8), the basic reproduction number Rg”
can be defined by

(k) B

k) y
which coincides the definition by Wang and Dai [19].

For the SIS homogeneous pairwise model, the model cou-
ples the nodes and the edges in terms of

RY = Gu(0) =

’

d[S
[ di(t) — BISTI) + Y1),
d[l
[ d]t(” — BISII() — Y U110,
d[SS]1() 1 [ST](z)

= 2y1sn - 2/3[551(’)7 [S](t)

dlIT() n — 1 [SI](z)
o = =2y [II(t) + 2B8[SI](z) ( S10) )
d[SI -1
[ dt](’) — Y1) — yISTI) — BISTI) (1 =
MELG n—1ISTI)
, 13
“I510) ) HASIO= " 5w 1P

where [A](A = S, I) denote the expected values of suscepti-
ble and infected values, [AB](A = S,I; B = S, ) represent
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the expected number of edges in a given status. In model (16),
there are two constraints conditions:

2[ST1(t) + (1) + [SS1(t) =nN, [S1(t)+[I1(t) =N

where N is a positive constant.
Obviously, system (16) has a disease-free equilibrium
= ([S1°,0,[S851°,0,0) = (N,0,nN,O0,0). Since we
focus on the variations of the infected edges on complex
networks, we need to linearize [SI] and [/I] edges around the
disease invasion phase

d[l(;](t) = —2yUI(x) + 2BIST1(0),
d[S;t]([) yUI1(@®) + [B(n —2) — y1[SI](t). (14)

Solving (14), we obtain
() = [H]oe™ 2" + 28 f t[SI](s)e_2V(’_s)ds, (15)
and O
[ST1(1) = [SIoe™"" + /OI(V[H](S) +B(n—2)
X [ST1(s)e 7" ds.  (16)

Substituting (15) into (16), we have

t
[SI](I) = [SI]()E_Vt + V[II]O/ e—y(t+s)ds
0

t
+ f <2ﬁy f [SIT(a)e™ 25~ Ddq
0

+B(n — 2)[ST1(s)) e " ds
t
= [SI]pe V" + y[II]O/ e Vg
0

t t—s
+ / (2;3;/ / [SIN(a)e 2 —5=Dgq
0 0

+B(n — 2SIt — 5)) eV ds. (17)

From equation (18), it is hard to define the last term as a
convolution style. Define

t
qW(f) = [SI]()e_Vt 4 )/[II]O/ e—y(t-{-x)ds.
0

In order to derive the basic reproduction number Rg/ , we take
Laplace transform on both sides of (18) to obtain

- o — o0 t 1—s
[ST1(V) = ¢V (1) + 2By / e / / [ST)(a)
0 0 JO

"“”‘2 S0

— V() + 28y f e~ O / / [ST1(a)

eV 1=D dae™ drds + ﬁ(—[SI 1)
Y

xe == Ddae~ VS dsdt + —

- 00 00
=qg" )+ Zﬁy/ e_()""y)sds/ e~ Qv+t gy
0 0
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x / e ST (a)da + [SI11(%)
0

28y ﬂ(n—2)> —
ST1(A).
Gyt L571(%)

pn—2)
Y

~

Therefore, the basic reproduction number can be defined by
the last term of the above equation provided A = 0

Rgvzﬁ(n—l)zﬁnz—l’
14 y n

which is agreement with the definition by Kiss et al. [17].
For Edge-based compartmental model, Miller [15] propose
a model in terms of

o)
7R =B (1),
DN A GO N

¢1(t) = 0(t) — (1 — p) o ﬁ(l 0(1)),

S(t) = (1 = p)y(6()),

I(t) =1—S@t)— R(1),
dR(t) .
7ale yI1(t), (18)

with initial condition

00)=1, RO =0.
where ¥ (x) = ), p(k)x* is the probability generating func-
tion of the degree distribution, 6 denotes the probability of a
randomly chosen partner v of a randomly chosen individual u
has not transmitted infection to u, ¢y stands the probability
that v is infected and has not transmitted infection to u;
p represents the fraction of an arbitrary initial infection.
Linearizing system (18) at disease free equilibrium
Ey = (1, 0), we have for p =0

o)

7 —Bor(t), (19)
L vy

¢1(t) = (1 ) + /3)9(0- (20)

Solving (19) and (20), we have
V 1 t
6(t) = doe= B 4 p 1) / O(a)e” P9 dq
(ky Jo
t
= M) + / ™M (@)(t — a)da, 1)
0

where ¢EM (1) = Gpe=B+7) and GEM (1) = ﬁ%e*ﬂﬂm
Hence the basic reproduction number for edge-based com-
partmental model is given by

REM v’ B

’ k) B+y’
which is consistent with the value estimated by Miller [15].
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B. Ry OF NON-MARKOVIAN EPIDEMIC MODELS ON
COMPLEX NETWORKS

Since exponentially distributed infectious period with
constant transmission rates are not realistic, infection age
accounting for general transmission and recovery pro-
cesses has been integrated into some epidemic models
describing non-Markovian transmission process on com-
plex networks [9], [17]. An SIS epidemic model with non-
markovian on complex networks proposed by Yang et al. [9]
reads

dSc’l‘t(t) — kS (HO) + / @it a)da,
0
alk;f’a) + GUGL = —y(@ir(t, a),
t da
ir(t,0) = kSp(1)O((t, -)), (22)

where the total population is divided into two classes: the
density of susceptible nodes and the density of the infected
nodes, denoted by Si(#) and i (¢, a), respectively. B(a) and
y(a) denote the transmission rate and recovery rate with
respect to the infection age a.
Integrating the second equation of (22) along the charac-
teristic line, we have for each k € N
br(t — a)m(a), t > a,
ir(t,a) = 23
Kt @) iko(a—l)—n(a) , t=Za, )
w(a—t)
where 7(a) = e J0 YO and bi(r) = Sp(1)O(L, -).
Similarly, ®(i(t, -) denotes the variations of the infected
vertexes. From the expression of ®(i(z, -)), it follows that

1 & t
ot ) = 7 > k2pi) /O B@Si(t — a)O(i(t — a, )
k=1
x w(ayda + ¢"™ (1), (24)
where ¢"M (1) = <71> i kp(k) [ ,B(a—l—t)%da. Lineariz-
k=1

ing at the disease-free equilibrium E{; = (1, 0), we obtain that

1 < !
Ot ) = 7 Y K2tk fo B@)Oi(t — a, ) (a)da
k=1

+¢"™ (1)
t
- / ™ (a)O(i(t — a, )da + +¢"™ (1), (25)
0

n

where GM (1) = (,1—> 3" k?p(k)B(t)7 (t). The next generation
k=1

operator reads as

RYM = G (0) = (71) >y /0 " pom s
=1

(k2>KNM
(ky

where we denote K" = fooo Bla)e™ Iy y)ds g
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For a SIR pairwise network model with non-markovian
recovery, the model proposed by Rost e al. [16] takes in the
form of

d[S
[ di(” — _BISII(0),
d[SS](z) g — 1 [SS1(O)[ST](t)
a - P T
d[l
[](t)—ﬂ[SI](t) B / [ST1(t—a)f (a)da— f Yia—1)
L@
Ea—1
d[SI](t) _ n—1[SS1()[SI](z) _ n—1[SI(z) (ST1(1)
dt n [S1(H) [S1(?)
n—1 [1[SS1¢t — a)[SII(t — a)
—BISI(t) —
pISII0) — B fo S

n—1 [SI](s) o0
e fi-a BT 15 s (a)da —f ]%[5]0
t

xy(a —t)e Jo B sy +A)ds f(a) da,
§(a—1)

where A and [AB] have the same biological meaning as in
system (16). The recovery process is a non-Markovian with
a cumulative distribution function F'(a) and probability func-
tion f'(a). £(a) = 1 — F(a) represents the survival function.

Using the similar approach, we obtain the linearized equa-
tion at the disease-free equilibrium Ey = (N, nN, 0, 0) with
respect to infected edges as follows

(26)

d[S]
[ dt](t) — B(n— DISII®) — BISTIH)
t
—Bn—1) / [ST1(t — @) Pf (@)da. (27)
0
Solving (27) yields

t
[S11(t) = ¢" (1) + /O (B(n — DISII(s) — B(n — 1)
t
X / [SI1(s — a)e—ﬂ“f(a)da> e PU=9ds, (28)
0

where ¢"¥' = [SI1pe™#'. Taking Laplace transformation on
both sides of (28), we arrive at

e [S11(%)
— NP —
(57169 = 4% G + pln = 7=

x <1 - / - f(a)e_()”"'ﬁ)ada).
0

Therefore, the basic reproduction number is defined by

= (£2) e,

where KNP = fooof(a)e_ﬁada. R{)VP coincides with the
definition of R)” by Rést et al. [16].
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TABLE 1. The formulation of R,.

Models Markovian Non-markovian
Mean-field model f (&) KNM <<’€2>
Pairwise model % ( ) (1-KNP) ( )
Edge-compartmental model ﬁ -

IV. CONCLUSION

Roughly speaking, Ry is the spectral radius of a next gener-
ation operator /C. In review of the obtained results, there are
two main pathways to estimate Ry: calculation of the spectral
radius of K = FV !, where F and V are defined in Section [;
direct estimation from the definition of Rg. We have seen that
the calculation process for the former one is tedious, while the
later one is hard to be tractable. In this paper, we proposed
an effectively universal method to compute the explicit for-
mulation of the basic reproduction number Rq of epidemic
models on complex networks. Actually, the epidemic models
based on networks mainly concern with the variations of the
edges (the relationship between nodes). Therefore, the steps
for the calculation of R is as follows:

o Calculate the disease-free equilibrium of the proposed
model;

o Linearize the proposed model in disease related edges
phase;

o Solve the linearizing system and obtain the renewal
equation;

o Take Laplace transformation and obtain the reproduc-
tion number.

Following the mentioned processes, we have calculated
the explicit expressions of R¢ for epidemic models on com-
plex networks including mean-field models, pairwise models
and edge-compartmental models, even if epidemic models
with markovian and non-markovian distribution processes.
Lemma 2 ensures thatif Ry < 1 then the disease-free equilib-
rium Ej is locally asymptotically stable. The formulation Rg
for epidemic models on complex networks takes in Table 1.

Clearly, the proposed method in this paper is more con-
cise than the method by analyzing the positivity of the
endemic equilibrium in [17] and [19], and it is more spe-
cific and tractable than the one by the definition of the next
operator [16], [17]. Furthermore, we clarify that the proposed
method is effective for compartmental models on complex
networks, but it is useless for the individual-based epidemic
models [8]. However, this method is not limited to the simple
structures including SIS and SIR. In fact, some models with
sophisticated structures such as SIRS, vertical transmission,
even if competing models are useful as long as one captures
the variations of the disease related edges and follows the
steps in shadow area.
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