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ABSTRACT Small-world networks are characterized by large clustering coefficients and small characteristic
path lengths. These properties are induced by replacing a small fraction of short-range local scale links of a
geometric/Euclidean graph with long-range global scale links. Advances in wireless networks allow for cost-
efficient addition of secondary long-range wireless interfaces in devices. We derive analytical mean-field
solutions for 1) clustering coefficient and 2) characteristic path length of peer-to-peer D2Dwireless networks
with topologies mimicking small-world networks. In graph-theoretic terms these topologies correspond to
geometric graphs of randomly deployed nodes in two-dimensions with range limited shortcuts. The models
show that in spite of the fact that links used to create shortcuts are range limited, the network still retains the
essential phase difference between characteristic path length and clustering coefficient that is the hallmark
of small-world networks when a small fraction of all nodes, as little as 1%−5%, have range limited shortcut
links. We also demonstrate the utility of these models as design tools for determining deployment parameters
of small-world wireless sensor networks.

INDEX TERMS D2D, small world networks, wireless networks.

I. INTRODUCTION
The limited range of wireless links naturally imposes geo-
metric or Euclidean graph topologies on wireless networks
[1], [2], i.e., only nodes within communication range of
each other are connected and capable of communicating
directly. Device-to-device (D2D) wireless networks are an
application of mesh networks, a class of mobile or stationary
multi-hop ad-hoc networks [3] of power constrained nodes.
D2D networks appear in many IoT applications that sensing,
detection and data gathering applications which impose a
many-to-one and/or one-to-many data flows. On the spectrum
of randomness of graphs, the ends are occupied by lattice
graphs on one end (no randomness) and random graphs on the
other (complete randomness). In between these extremes lie
small-world networks [4]. Lattice graphs are characterized by
strongly connected neighborhoods that imply a high degree of
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local connectivity and resilience, but rather large diameters.
Random graphs [5], on the other hand, are characterized by
small diameters (that imply an ability to retrieve and dissemi-
nate information quickly) but low degree of local connectivity
between nearby nodes. Note that the same topological proper-
ties that enable the fast dissemination of information within a
network also enable fast information retrieval. Clearly, in the
context of D2D wireless networks both, strong connectivity
at the local level and small diameters are desirable. Both these
properties are defining features of small world networks.

In the past, several attempts were made to lever-
age the small-world network effect in WSNs [6]–[9].
Guidoni et al. [10] proposed on-line models using small-
world features to design heterogeneous sensor network
topologies. More recently, Jin et al. [11] added ZigBee inter-
faces to cellphones and laptops to reduce their power con-
sumption. Furthermore, Zhang and Li [12] built a similar
additional ZigBee wireless interface to augment the WiFi
interface of cellphones and laptops with motivations very
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similar to Jin et al. [11]. These models consider the addition
of shortcuts, long-range links, to a central sink node that
collects or disseminates data to optimize communication.
Shortcut links in graphs are agnostic with regards to any sense
of distance between the nodes they connect, i.e., in the current
context, shortcuts are not range limited.

Watts [4] and [13] developed a host of analytical models for
one-dimensional lattice graphs, connected caveman graphs
and Moore graphs. However, to the authors’ best knowledge
there are no analytical models of two-dimensional Euclidean
graphs with range-limited shortcuts that are typical of D2D
wireless networks of devices equipped with short-range and
long-range RF interfaces. This paper is a first attempt at
deriving analytical models for the clustering coefficient and
characteristic path length of D2D wireless networks whose
topologies are augmented by long-range RF interfaces, that
make up a small fraction of the total number of links, and
whose range is restricted by physical limitations due to radio
propagation effects. Results show that in spite of the fact
that shortcuts in D2D networks are range-limited, the phase
difference between drop in clustering coefficient and char-
acteristic path length still occurs with increasing number of
shortcuts, which is the defining characteristic of small world
networks. Only 1 − 5% of nodes need to activate long-
range links at a time in order for the network to become
a small-world network, even when the shortcuts are range-
limited. The model is able to provide guidance as to what
proportion of more capable devices should be introduced
into such a mix in order to achieve the desired small-world
effect.

Paper Organization: The remaining paper is organized
as follows. Section II provides a brief background of small-
world networks, their properties and their relationship with
Euclidean and random graphs. Section III describes different
system models for building D2D wireless networks with
small world topologies and provides a literature review of
prior developed methods. Section IV uses mean field analysis
to derive generalized expressions of clustering coefficient and
characteristic path length that are used to model small-world
networks based on any of the system models in Section III.
Section V evaluates the model for different ranges of param-
eters. Section VI concludes the paper.

II. BACKGROUND: SMALL WORLD NETWORKS
Small-world networks were first discovered by Milgram in
social networks in [14]. Watts [4], [13] analyzed social net-
works, which included a collaboration network of actors and
a collaboration network of mathematicians, to verify Mil-
gram’s idea of six degrees of separation. More recently, Who-
riskey [15] empirically verified the six degrees of separation
in social networks using a much larger data set of instant
messaging traffic of Microsoft’s Windows Live Messenger.
Since Milgram’s original experiment, several other works
have analyzed networks in natural and man-made systems to
discover that their topologies are in fact small-world graphs.

Latora and Marchiori [16] andWatts [13] analyzed the neural
network of the C.elegans worm. Montoya and SolÉ [17]
studied food webs in nature. Moore and Newman [18], [19]
studied the transmission of infectious diseases in populations
with small-world connectivity. Studies of transportation net-
works include Latora and Marchiori [16], [20] on the Boston
subway network and Sen et al. [21] on the Indian railroad
network. Small-world analysis of communication networks
include Adamic’s [22] on the World WideWeb. I Cancho and
Sole [23] studied the lexical networks of human languages
and determined them to be small-worlds. More relevant
to our work are studies on creating small-world topolo-
gies in wireless networks by various means. Wan et al. [8],
Cavalcanti et al. [24] and Costa and Barros [25] showed that
selectively equipping a small fraction of nodes in aWSNwith
two radios (short-range IEEE 802.15.4 and long-range IEEE
802.11b) induces a small-world topology. Hubaux et al. [26]
and Dimitar et al. [27] proposed a small-world application
layer for ad hoc networks similar to logical links in peer-
to-peer networks. Dixit et al. [28] analyzed the topology of
cellular wireless networks. Helmy [29], [30] proposed mobil-
ity assisted wireless networks to create shortcuts that mimic
random links. Sharma and Mazumdar [6] made selected use
of wired links to create shortcuts.

Among prior models of small-world networks are
Watts’ [4] models for the clustering coefficient and char-
acteristic path length of 1-dimensional (circular) lattice
graph, connected caveman graphs and Moore graphs.
Newman et al. [31] found a mean-field solution of the
small-world network model for 1-dimensional lattices.
Amaral et al. [32] studied the statistical properties of classes
of small-world networks using a taxonomy based on the form
of degree distribution of nodes. Inaltekin et al. [33] pre-
sented the octopus model for studying small-world networks.
Advances inwireless networking have enabled the addition of
longer-range wireless links, called shortcuts or global scale
links, to a network by various means (at a cost). In this paper,
we derive analytical expressions for two defining properties
of small-world networks, i.e., the clustering coefficient C
and characteristic path length L of geometric graphs in a
2-dimensional plane with a number of range limited shortcut
links. Let G(V ,E) denote a graph consisting of a set of N
vertexes V = {v1, v2, v3, . . . , vN } and a set E of M edges
consisting of all edges, where ei,j denotes an undirected edge
from vi to vj.

A. CHARACTERISTIC PATH LENGTH
Characteristic path length is defined as the average length of
geodesic paths between all pairs of nodes. For a graph G,
the characteristic path length L is defined as the number of
edges in the geodesic path between two vertexes, averaged
over all pairs of vertexes. If Li,j is the number of edges on the
geodesic path from vi to vj, then,

L =

∑N
i=1

∑N
j=1 Li,j

N (N − 1)
(1)
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B. CLUSTERING COEFFICIENT
The clustering coefficient is a measure of cliquishness,
the degree to which vertexes in a graph coalesce into tight
groups. For a graph G, the clustering coefficient C(G) is
defined as follows: Suppose a vertex v has kv number of
neighbors, then the maximum possible size of the set of
undirected edges between v and all its neighbors is kv(kv+1)

2 .
Then the clustering coefficient Cv is the fraction of these
edges that actually exist in E . The clustering coefficient of
the graph is then defined as the average Cv over all vertexes
V , as in Equ. 2.

C =

∑N
v=1 CvN
N

(2)

The above definitions of characteristic path length and
clustering coefficient are easily extended to directed and
weighted graphs.

C. SMALL-WORLD, GEOMETRIC AND RANDOM GRAPHS
We will be using the terms graph and network and the terms
node and vertex interchangeably. Geometric graphs (see
Fig. 1a), have both large L and C by virtue of their strong
local connectivity. Random graphs (see Fig. 1b) are the other
extreme and are characterized by both small L and C . Small
world networks (see Fig. 1c) have small L but large C .

FIGURE 1. Illustrated examples for three different classes of graphs;
a) Geometric graph, b) random graph, and c) small world graph.

There are several construction methods for small-world
networks. Among the simplest to understand is the β-model
described by Watts [4]. A small-world network can be con-
structed from a lattice or geometric graph by rewiring one end
of every edge to a randomly selected node with probability
β. If β = 0, the graph remains a lattice / geometric graph,
while β = 1 yields a random graph. Watts and Strogatz [34],
Newman and Watts [35], Pandit and Amritkar [36] and Watts
[4] repeatedly demonstrated β = 0.01 − 0.05 ≈ O

(
1
N

)
as a typical range of values for constructing small-world
networks, which means only a very small fraction of links has
to be rewired. Hence, on the scale of randomnesswhere lattice
/ geometric graphs lie on one extreme and random graphs
on the other, small-world graphs fall in between the two, but
closer to the former than the latter.

In the context of D2D networks, the property of random
graphs to propagate information quickly means that nodes
can relay data quickly. The property of Euclidean graphs to
have high C and strong local connectivity produces a stable

network structure difficult to partition. It also enables the
formation of clusters which facilitates collaboration among
groups of nodes. Thus, the D2D applications demands the
best of Euclidean and random graphs.

III. SMALL WORLD TOPOLOGY CONSTRUCTION
METHODS FOR WIRELESS NETWORKS
There are several approaches to realize shortcuts in D2D
wireless networks with the intent of creating a small-world
topology. We conducted a survey of practical techniques.

A. HYBRID SENSOR NETWORK
Sharma and Mazumdar [6] and Chitradurga and Helmy [7]
proposed the judicious use of wired links between a small
subset of nodes in a WSN. The resultant network is not a
pure wireless network and is called a hybrid network. The
graph topology of hybrid networks uses range limited links
for shortcuts instead of truly random links. From a practical
perspective, the wired shortcuts limit the possible deployment
scenarios.

B. MULTI-RADIO NETWORK
Wan et al. [8] was the first to propose the use of multi-radio
nodes as a mean for building small worlds, with the objective
of easing congestion in the primary network consisting of
ubiquitous low-rate links. The multi-radio node architecture
has the disadvantage that it requires a heterogeneous mix of
motes / nodes. The links of the long range radio interface
serve as small world shortcut links. The implementations
used in [8], [11], and [12] use IEEE 802.15.4 [37] in con-
junction with the IEEE 802.11b [38] network interface. The
significantly higher power consumption of IEEE 802.11b is
a disadvantage in power constrained wireless networks.

C. RECEIVER SIDE COOPERATION
The third solution is dubbed the ‘Poor man’s SIMO system’
(PMSS). Ilyas et al. [39] describe the gPMSS and how three
well-known diversity combination techniques are adopted for
use in a network of off-the-shelf IEEE 802.15.4 devices. The
diversity combination techniques are derivatives of diversity
combining methods for analog signals (see [40]). Simply
put, the purposes of diversity combining are twofold; a)
Select an error-free version of a received transmission from
among multiple received versions or, b) if the first goal is
not achievable, obtain another version of the transmission,
with no errors or fewer errors than any of the individual
received versions. It uses receiver side diversity combining
techniques in a network of commercial-off-the-shelf com-
ponents. Its principal strength over hybrid sensor networks
and multi-radio networks is that it circumvents the need for
customized or reconfigured hardware. Instead, it relies on
receiver side cooperation between a group of motes to form
a SIMO system. Ilyas et al. [39] describe an efficient PMSS
protocol through which information sharing between motes
is enabled. This way cooperation reduces losses and retrans-
missions while increasing throughput and channel utilization.
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FIGURE 2. Overlapping communication regions of two communicating
nodes in a WSN.

In conclusion of this survey, it should be understood that
as diverse as these different implementations of small-world
networks in wireless networks may be, the analytical model
proposed here can be parametrized accordingly.

D. MODEL ASSUMPTIONS
The model proposed in this paper is very flexible to
accommodate many kinds of wireless network deploy-
ments. It allows for different node deployment densities,
coverage areas, communication ranges for short and long
range communication links, mixing ratios of short and long
range communication nodes. No assumption is made about
the mechanism used to create long range communication
links or the shape of the hull of the area covered by the
sensors. The model makes the assumption that a network
forms a single connected component.

In addition, we assume nodes to be randomly distributed
according to a Poisson point process, i.e., we do not assume
a regular graph structure for the underlying communication
network as in [41]–[44].

IV. MEAN FIELD ANALYSIS OF SMALL WORLD
WIRELESS NETWORKS
A. CLUSTERING COEFFICIENT
Nodes are distributed according to a 2-dimensional uniform
distribution with mean ρ points (nodes) per unit area. Let
there be two nodes v1 and v2 capable of communicating with
nodes within range R1 and R2, respectively. For simplicity’s
sake we will take R1 = R2 = R. Two nodes will be able to
communicate with each other only if they are separated by a
distance r < R. If the two nodes are separated by a distance
r < R, then communication coverage regions of nodes v1 and
v2 will overlap, as depicted by the crisscross pattern region in
the simplified model’s overlapping region in Fig. 2. Let 1

denote the size of the overlapping communication coverage
regions. Then 1 is computed by adding the areas of sectors
XOX ′ and XO′X ′ and subtracting the areas of triangles XOX ′

and XO′X ′ (because they have been added twice during the
addition of both sectors). The resulting expression for 1 is
shown in Equ. (3).

1(θ,R) = 2 ·
2θ
2π
πR2 − 2 · R sin θ · R cos θ

= 2θR2 − R2 sin 2θ (3)

Here θ is the central angle 6 XOO′(congruent to 6 X ′OO′,
6 XO′O and 6 X ′O′O) in Fig. 2.We can express θ as a function
of r .

θ (r,R) = arccos
r/2
R

(4)

Substituting the expression for θ in Equ. (4) back into Equ. (3)
gives us 1 as a function of r .

1(r,R) = 2R2θ (r,R)− 2R2

√
1−

r2

4R2
·
r
2R

= 2R2 arccos
( r
2R

)
− rR

√
1−

r2

4R2
(5)

As we already described, for the network topology to be a
small world, some nodes have to provide shortcuts or global
scale links to other nodes. These nodes will be referred to as
shortcut nodes or global scale nodes. The number of local
nodes and global nodes are denoted by Nlocal and Nglobal ,
respectively. In literature, the sub-graph formed by global
scale nodes is also referred to as a network’s substrate [4]. The
remaining nodes that are not part of the substrate are called
local scale nodes. The ratio of the maximum communication
range of global scale link to that of a local scale link is called
the scaling factor ξ .

Now, let ρ denote the average node density with which
nodes occupy the covered region. The cooperative communi-
cation model for small world WSNs in Section III-C for the
implementation of shortcuts in a wireless network requires
multiple nodes to function as a single receiver. Depending on
howmany nodes are collapsed into a single node (see [39] for
details), this will reduce the effective node density from ρ to
a lower value ρ′. Let nc denote the average number of nodes
that combine to function as a global scale node. This reduces
the node density in the equivalent small world graph (spread
over area A) to ρ′ which relates to ρ according to Equ. (6).

ρ′ = ρ −
Nglobal(nc − 1)

A
(6)

Note that when shortcut links are implemented in hybrid
networks (Subsection III-A) and multi-radio networks (Sub-
section III-B), the node density in the small world graph
remains unchanged, i.e., nc = 1 which implies ρ′ = ρ.
Then, 1(r,R)ρ′ denotes the number of edges a node (v1) at
a distance r away from a reference node (v2) has with the set
of nodes that can also communicate with the reference node.
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Let 0(v) denote the neighborhood of a vertex v ∈ V , where
V is the set of all vertexes in the graph G of the wireless net-
work’s topology. We treat the entire region covered by nodes
as a continuous, homogeneous ‘‘sea’’ of sensors populated
with a uniform density of ρ′ nodes per unit area. Then the
total number of edges d in the neighborhood of vertex v can
be computed by integrating 1(r,R)ρ′ with respect to r over
the interval [0,R], the radius of the communication range;
Let d(0(v)) denote the number of edges in the neighbor-

hood 0(v) of a node v. The exact derivation of the expression
for d(0(v)) in Equ. (7) is provided as Lemma 1.

d(0(v)) = πρ′2R3(3.574R−
√
3) (7)

Let D(0(v)) denote the number of edges in the completely
connected graph of node v and its neighborhood 0(v).

D(0(v)) = πρ′R2 × πρ′R2

= π2ρ′2R4 (8)

The clustering coefficient is defined as the expected value
of the ratio of the number of links in a node’s neighborhood to
the number of links in a complete graph of its neighborhood.
This can also be defined in terms of previously computed
values as;

C(G) = EV

[
d(0(v))
D(0(v))

]
(9)

For a node that is part of the sea of nodes communicating
over local scale links only, the clustering coefficient Clocal is
defined as,

Clocal =
d(0(v))
D(0(v))

=
3.574R−

√
3

πR
(10)

Hence, Clocal grows O
(
1
R

)
with respect to R. For a global

scale node that is part of the substrate communicating over
local as well as global scale links, we compute the clustering
coefficient Cglobal as,

Cglobal =
d(0(v))+ kglobal

D(0(v))+ kglobal(ρ′πR2)+ (kglobal − 1)!
(11)

Here, kglobal is the average degree of nodes in the substrate
with other nodes in the substrate. The numerator term in
Equ. (11) is the average number of links in the neighborhood
of a global scale node, which equals the number of links
expected for a local scale node in its place plus the global
scale links to other nodes part of the substrate. The denom-
inator term is the average number of links possible between
all nodes in the neighborhood of a global node. Note that in
doing so, we assumed that ξ ≥ 2, i.e., none of the neighboring
global scale nodes is within communication range of any
of the local scale neighbor nodes under consideration. The
function for Cglobal grows as O

(
1

kglobal !

)
. It must be noted

here that in the computation of Clocal and Cglobal we have
ignored border effects. In effect, we have assumed that nodes
are located on a torus. To obtain the clustering coefficient of
the network, Clocal and Cglobal , are combined in the ratios

in which local and global scale nodes appear. If we define
µ =

Nglobal
Nglobal+Nlocal

, then C is obtained by Equ. 12.

C = µCglobal + (1− µ)Clocal (12)

B. CHARACTERISTIC PATH LENGTH
The characteristic path length of a graph is defined as the
average length of all geodesic paths (measured in hops). In
a graph G(V ,E) the characteristic path length L is defined
as the average of geodesic path lengths l(vi, vj) between all
connected pairs of vertexes vi, vj ∈ V and vi 6= vj. Like the
clustering coefficient, the characteristic path length is also a
function of the number of nodes with global scale links. Since
the global scale links are range-limited, and since global scale
nodes have to be placed within communication range of one
another to be useful, the area covered by them is also limited.
The region of the wireless network that is serviced by global
scale nodes may even be fragmented into many different
patches. Fig. 3 shows a model of a D2D wireless network.
For analytical ease, the shape of the region covered by all
nodes of the network is approximated by a circle of radius√

A
π
and center O. The region covered by global scale nodes

is approximated by a circle of radius
√

Ag
π
<

√
A
π
, also with

centerO. The difference between coverage areas of the entire
wireless network and coverage area of global scale nodes
alone is a result of the constraint imposed by a) the limited
range of shortcuts and b) the global vertex degree (the number
of shortcut links incident on a substrate node). Fig. 3 also
shows a node at a distance x from O. For the node in the
figure, x >

√
Ag
π

and the region covered by the nodes can
be divided into three separate regions, numbered 1, 2 and 3

FIGURE 3. Geometry of wireless network deployment and regions within
it with respect to an individual sensor vi .

VOLUME 7, 2019 35665



M. U. Ilyas et al.: Analytical Model of the Small World Effect in D2D Wireless Networks

in Fig. 3. These regions are defined relative to every node
v. Region 1 consists of all nodes that are reachable from v
without having to traverse any global scale links. In Fig. 3,
for node v at distance x from center O, region 1 corresponds
to the unshaded white region. Region 2 is the area of size
Ag occupied by global scale nodes and is colored solid gray.
Region 3 is the region occupied exclusively by sensors with
local scale links but which is reachable (by a shortest path)
only after traversing region 2. In Fig. 3, region 3 is identified
by shading and its area is denoted by S(x). Assuming the
deployment of nodes is sufficiently dense, we approximate
the geodesic path from one node to another by a straight
line between them. To proceed we define three central angles
α = 1

2
6 BOB′, β = 6 BOJ = 6 B′OJ ′ and γ = 6 JOJ ′, where

2(α+β)+ γ = 2π . Since α and γ are functions of x we will
be denoting them by α(x) and γ (x).

α(x) = arccos

√
Ag
π

x
(13)

β = arccos

√
Ag
√
A

(14)

γ (x) = 2π − 2α(x)− 2β

= 2

π − arccos

√
Ag
π

x
− arccos

√
Ag
√
A

 (15)

The area of the region in Fig. 3 labeled region 3 is given in
Equ. (16) (see Lemma 2 in the appendix).

S(x) =
4
√
AAg sinβ + A(π − α(x)− β)− (2β + γ )Ag

2π
(16)

Characteristic path length is denoted by L. It is the average
length (in hops) of all geodesic paths from every node vi ∈ V
to every other node vj ∈ V . Llocal is the average number
of hops contributed to geodesic paths by local scale links,
while Lglobal is the average number of hops contributed to
geodesic paths by global scale links. Then L can be expressed
as Equ. (17).

L = Llocal + Lglobal (17)

Based on the three regions of the wireless network in Fig. 3,
geodesic paths are classified into one of four different types.
• Type 1: Geodesic paths that originate from and termi-
nate at nodes in region 1 (outside the region covered by
the substrate). Type 1 paths consist of local scale links
only.

• Type 2: Geodesic paths that originate from a node in
region 1 and terminate at a node in region 2.

• Type 3: Geodesic paths that originate from a node in
region 1 and terminate at a node in region 3. Such paths
pass through region 2.

• Type 4: Geodesic paths that originate from and termi-
nate at nodes in region 2.

We compute Llocal (Lglobal) in Equ. (18) (Equ. (19)) as the
sum of Llocal(i) (Lglobal(i)), the contributions of local (global)

scale links to type i paths, weighted by the normalized fre-
quency of occurrence of type i paths.

Llocal =
1
R

4∑
i=1

Llocal(i) (18)

Lglobal =
1
ξR

4∑
i=1

Lglobal(i) (19)

For a node v in region 1 at x >
√

Ag
π

distance from O, let

l(1)local(x) denote the average spatial distance on type 1 paths
traversed over local scale links. Then, for a particular node,
the size of region 1 is A − Ag − S(x). Since the deployment
of nodes is in two dimensions, we approximate the size of
the region traversed by these paths by the square root of
its area,

√
A− Ag − S(x). Although region 1 is irregularly

shaped, we approximate the average of all-pairs shortest paths
of nodes in region 1 by an approximation of the ’radius’ of
region 1, i.e. half of the square root of the area. This is denoted
by l(1)local(x) and is approximated as by Equ. (20).

l(1)local(x) =
1
2

√
A− Ag − S(x) (20)

A node v at distance x >
√

Ag
π

from O has shortest paths of

average length ρl(1)local(x) to other nodes in region 1. To obtain
Llocal(1), we integrate l

(1)
local(x) over all nodes in region 1, i.e.

the region of deployment of the wireless network that lies
outside the substrate, which is all nodes for whichx lies in

the range
√

Ag
π
< x <

√
A
π
. The term ρ2πx represents the

number of nodes at a distance x from the center of the sensor
region and is integrated over x. The remaining third term in
Equ. (21) is ρ(A − Ag − S(x)) and represents the number of
nodes to which a node v at distance x can have a path.

Llocal(1) =
1

(ρ′A)2

∫ √
A
π√

Ag
π

ρ2πx · ρ
(
A− Ag − S(x)

)
× l(1)local(x)dx (21)

Since the paths from v to other nodes in region 1 do not
traverse region 2, no global scale links are used. Hence
Lglobal(1), the component of global scale links in paths to
nodes in region 1 is 0, as in Equ. (22).

Lglobal(1) = 0 (22)

For a node v in region 1 at x >
√

Ag
π

distance from O, let

l(2)local(x) denote the average spatial distance on type 2 paths
traversed over local scale links. It is approximated by the

mean of the shortest (x −
√

Ag
π
) and longest distances (from

node v to point B) from v to a node in region 2, i.e. 1
2 (x −√

Ag
π
+ x sinα(x)). To include paths from nodes in region

2 back to node v, wemultiply this term by a factor of 2. This is
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approximated by l(2)local(x) in Equ. (23).

l(2)local(x) =
(x −

√
Ag
π
+ x sinα(x))

2
(23)

Llocal(2) (Equ. (18)) is the component of Llocal contributed by
node v’s type 2 paths, i.e., to other nodes in region 2. A node

v at distance x >
√

Ag
π

from O has ρ′′Ag paths to other nodes
in region 2. To obtain Llocal(2), we integrate this term over all

circumferences of radii x in the range
√

Ag
π
< x <

√
A
π
. This

is shown in Equ. (24).

Llocal(2) =
1

(ρ′A)2

∫ √
A
π√

Ag
π

ρ2πx · ρ′′Agl
(2)
local(x)dx (24)

Here ρ′′ is the node density of nodes in region 2 only, exclud-
ing region 1 and region 3.

ρ′′ = ρ −
Nglobal(nc − 1)

Ag
(25)

The length of global scale paths from v to sensors in region
2 is approximated like in Equ. (26).

l(2)global(x) =

√
Ag
π

(26)

Equ. (27) weighs this by the number of paths from all nodes
v outside of region 2 to all ρ′′Ag sensors inside region 2 (and
vice versa) relative to the number of paths between all pairs
of nodes, i.e. (ρ′A)2.

Lglobal(2) =
1

(ρ′A)2

∫ √
A
π√

Ag
π

ρ2πxρ′′Ag

√
Ag
π
dx

=
ρρ′′A3/2g (A− Ag)
√
π (ρ′A)2

(27)

For a node v in region 1 at x >
√

Ag
π

distance from O, let

l(3)local(x) denote the average spatial distance on type 3 paths
traversed over local scale links. It is approximated by Equ.
(28). The first term l(3)local(x) represents the distance traversed
by a path over local links before entering the region 2 of
the wireless network which is serviced by the substrate, and
the second term represents the distance traversed over local
scale links after exiting region 2.

l(3)local(x) = l(2)local(x)+

√
A
π
−

√
Ag
π

2

=
1
2

(
x +

√
A
π
− 2

√
Ag
π
+ x sinα(x)

)
(28)

A node v at distance x >

√
Ag
π

from O has ρS(x) paths
to other nodes in region 3. To obtain Llocal(3), we inte-
grate l(3)local(x) over all circumferences of radii x in the range√

Ag
π
< x <

√
A
π
. This is shown in Equ. (29).

Llocal(3) =
1

(ρ′A)2

∫ √
A
π√

Ag
π

ρ2πx · ρS(x)l(3)local(x)dx (29)

For Lglobal(3) in Equ. (30), we approximate the length of

global scale links by the diameter of region 2, 2
√

Ag
π
, and

weight it by the total number of paths from all nodes v in
region 3, which is ρSd (x).

Lglobal(3) =
1

(ρ′A)2

∫ √
A
π√

Ag
π

ρ2πx · ρS(x)2

√
Ag
π
dx (30)

Finally, for a node v in region 2 at distance x <
√

Ag
π

from O,

let l(4)local denote the average spatial distance on type 4 paths
traversed over local scale links. We assume that on average,
a node v in region 2 communicating with another node in
region 2 will route (over local links) to a nearby node with
global scale links. Once traffic has reached the vicinity of the
destination node, traffic is routed over local scale links to the
destination. Let hmax denote the maximum distance of a node
in region 2 to its closest global scale node, as expressed in
Equ. (31).

hmax = argmax
h

∑
h=1

ρ′
[
(hR)2 − ((h− 1)R)2

]
≤

πAg
Nglobal

(31)

Since equidistant nodes form concentric bands around global
scale nodes, the probability mass function pH (h) of the hop
distance H is modeled by Equ. (32).

pH (h) =
π (hR)2 − π ((h− 1)R)2

π (hmaxR)2
=

2h− 1
h2max

(32)

Then l(4)local is approximated by the expected value of H as in
Equ. (33).

l(4)local = EH [h] =
hmax∑
h=1

h
2h− 1
h2max

(33)

A node v at distance x <
√

Ag
π

from O, within region 2, has
ρ′′Ag paths to other nodes in region 2. Llocal(4) in Equ. (33)
is the weighted, average contribution of paths from nodes in
region 2 to other nodes in region 2 over local scale links. A
factor of 2 is added in the term because a path may go over
local scale links to i) reach the closest global scale node on the
way to a destination, and ii) from the last global scale node on
the path and to the destination node. Similarly, Lglobal(4) in
Equ. (34) is the weighted, average contribution of paths from
nodes in region 2 to other nodes in region 2 over global scale
links.

Llocal(4) =
2(ρ′′Ag)2

(ρ′A)2
l(4)local (34)

Lglobal(4) =
(ρ′′Ag)2

(ρ′A)2

√
Ag
π

(35)

Now we can back substitute Equ. 21, Equ. 24, Equ. 29 and
Equ. 34 into Equ. (18) to obtain Llocal . Similarly, Equ. 22,
Equ. 27, Equ. 30 and Equ. 35 are put back into Equ. 19
to obtain Lglobal . Equ. 18 and Equ. 19 are substituted into
Equ. 17 to obtain the characteristic path length L.
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FIGURE 4. Clustering coefficient as a function of µ for different values of
R. Network parameters that remain fixed are A = 100, kglobal = 5, ρ = 4,
ξ = 3 and nc = 1.

V. OBSERVATIONS
In this section, we describe the results of the analyticalmodels
of clustering coefficient C and characteristic path length L as
we vary the length of local scale linksR, and the scaling factor
ξ . Both models, analytical and simulated, are evaluated in
this section. Simulations are performed in Matlab, nodes are
distributed according to a two-dimensional uniform random
distribution with area A and density ρ. The Bellman-Ford
algorithm was used for the calculation of shortest path. For
the following evaluations we assumed a network of 400 nodes
in an area of size A = 100 and nc = 1. Unless stated
otherwise, the default parameters of the network are R = 2,
ξ = 3 and kglobal = 5. The communication range of each
node in each direction is modeled as a Gaussian random
variable of mean R and standard deviation 0.2 × R. Fig. 4
plots the clustering coefficient of the network as functions of
µ, for different values of R. The clustering coefficient C for
the analytical model appears as a linearly decreasing function
of µ with identical slopes, whereas in the simulation results
the decrease in C is more sharp. The clustering coefficient
has higher values for longer range R of local scale links for
both, analytical model and simulation.

Moreover, it should be noted that the analytical model
assumes that nodes are deployed in a circular shaped region,
for mathematical tractability. The simulations make no such
assumption. As a matter of fact, the deployment regions in the
simulations are irregularly shaped, but are made to fit within
a square region.

Fig. 5 plots the characteristic path length for various R.
Higher values of R imply that destinations can be reached
in fewer hops, thus reducing the characteristic path length.
This is borne out by the curves of L. Moreover, a comparison
of Fig. 4 and Fig. 5 clearly illustrates the phase difference in
the reduction of C and L. This means the derived analytical
model indeed captures the small world effect in the network.
Unlike in Watts’ β-model [4] of constructing small world
networks, C lacks a sharp drop-off as µ → 1. The reason
for this is the range limitation on shortcuts which imposes a
degree of localization in a shortcut link’s reach which leads

FIGURE 5. Characteristic path length L as a function of µ for different
values of R. Network parameters that remain fixed are A = 100,
kglobal = 5, ρ = 4, ξ = 3 and nc = 1.

FIGURE 6. Clustering coefficient C as a function of µ for different ratios
of global scale link to local scale link communication range ξ . Network
parameters remain fixed at A = 100, kglobal = 5, ρ = 4, nc = 1 and
R = 1.5.

to clustering. In addition, all construction methods of small
world wireless network in section II add shortcuts on top of
the existing geometric graph instead of rewiring existing links
as the β-model does where each global scale link is added at
the cost of removing a local scale link.

Fig. 6 and Fig. 7 plot clustering coefficient C and charac-
teristic path length L as functions of µ for different values of
global scale link scaling factors ξ . Recall that in deriving the
analytical model for the clustering coefficient we made the
assumption that ξ ≥ 2, i.e., shortcut links have a communi-
cation range of at least twice that of local scale links. Note
that in Fig. 6, all plotted function of C overlap, i.e., as long as
as the assumption ξ ≥ 2 holds, the clustering coefficient as
a function of µ is independent of the global scaling factor ξ .
The small world network effect is clearly visible by the large
gap between clustering coefficient and characteristic path
length. As expected, the drop in characteristic path length
L drops off earlier as ξ increases, i.e. fewer shortcuts are
necessary to achieve the same reduction in L as shortcuts get
longer.

However, we observe that the small world effect consis-
tently holds in two-dimensional spatial graphs even with
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FIGURE 7. Characteristic path length L as a function of µ for different
ratios of global scale link to local scale link communication range ξ .
Network parameters remain fixed at A = 100, kglobal = 5, ρ = 4, nc = 1
and R = 1.5.

range limited shortcuts such as those formed by wireless
networks. What is also interesting is the fact that for suffi-
ciently dense wireless networks the number of shortcuts that
is needed to achieve a significant reduction in L is very small.

We concede that there are differences between the simula-
tions and analytical results. We explain these differences by
the following factors:

1) Several approximations that are used in the course of
arriving at the analytical model. We attribute the mis-
match to accumulated errors of approximation.

2) For mathematical tractability, the shape of the wireless
network deployment region was assumed to be circu-
lar. In the simulations on the other hand, we assumed
an approximately rectangular deployment region. This
was done for reasons of simplicity, as well as to test
the applicability of the conclusions drawn from the
analytical model to arbitrarily shaped wireless network
deployment regions.

VI. CONCLUSIONS
We derived analytical models for both clustering coeffi-
cient and characteristic path length of a two-dimensional
spatial graph with range limited shortcuts that models the
topological constraints to which D2D wireless networks are
subject.

1) The model is sufficiently general to accommodate any
small-world network construction methods in wireless
networks previously proposed for wireless networks
and is, to the authors’ best knowledge, the first analyt-
ical model for networks with these constraints.

2) We observed that for sufficiently dense networks, char-
acteristic path length can be reduced significantly by
replacing a fraction µ ≈ 1 − 5% of the local scale
nodes by global scale nodes providing shortcuts in the
network. The order of µ, the fraction of nodes that
are designated shortcut nodes, is about the same as the
value of β, the rewiring probability, in Watts’ small
world network construction method.

FIGURE 8. Graphical representation of integration term of d
(
0(v )

)
.

3) Whichever small world network constructionmethod is
applied carries with it a cost. The model lends itself for
the task of designing wireless networks, e.g., determin-
ing the number of shortcut nodes required to achieve a
certain characteristic path length.

4) Although shortcut links added to a wireless network
are range-limited, their addition to the topology still
produces the small-world effect.

5) While the values of characteristic path length and clus-
tering coefficient predicted by the analytical model
differ significantly from those observed in simulations,
the model remains accurate in predicting the presence
of a small-world effect and the fraction of links µ that
should constitute shortcuts.

Lemma 1: We derive the expression for d(0(v)), the num-
ber of links between the set of nodes consisting of v and all its
neighbors 0(v). The region covered by 0(v) is approximated
by a circular region of radiusR centered at v. Consider another
node v′ at a distance r from node v shown in Fig. 8. Then
the number of links from v′ to other nodes in 0(v) is 1(r)ρ′.
The narrow ring of width dr is inhabited by 2πrρ′ other
nodes at the same distance r from v. The number of links
from all nodes at distance r from v is 2πrρ′1(r)ρ′. Then,
to find d((0(v)), the total number of links between nodes v
and 0(v), we integrate 2πrρ′1(r)ρ′ with respect to r over
[0,R], the radius of communication of v.

d(0(v))

=

∫ R

0
ρ′2πr1(r)ρ′dr

= 4πR2ρ′2
∫ R

0
r arccos

r
2R

dr −
π

2
ρ′2

∫ R

0
r2
√
4R2 − r2dr

= 4πR2ρ′2 ·A(R)−
π

2
ρ′2 · B(R) (A-1)
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whereA(R) andB(R) are evaluated in Equ. A-2 and Equ. A-3.

A(R) =

∣∣∣∣∣∣arcsin
( r
2R

)
R2 −

1
2
r

√
1−

r2

4R2
R

+
1
2
r2 arccos

( r
2R

) ∣∣∣∣∣∣
R

0

=
π

3
R2 −

√
3
4
R (A-2)

B(R) =

∣∣∣∣∣∣
1
3 r

3
√
4R2 − r22F1

(
1.5;−0.5; 2.5; r2

4R2

)
√
1− r2

4R2

∣∣∣∣∣∣
R

0
(A-3)

2F1(a; b, c, z) denotes the hypergeometric function
(Equ. A-4) and is evaluated in Equ. A-5.

2F1(a; b; c; z) =
0(c)

0(b)0(c− b)

∫ 1

0

tb−1(1− t)c−b−1

(1− tz)a
dt

(A-4)

2F1

(
1.5;−0.5; 2.5;

r2

4R2

)
=

0(2.5)
0(−0.5)0(3)

∫ 1

0

t−1.5(1− t)2(
1− r2

4R2
t
)1.5 dt

= −0.1875
∫ 1

0

t−1.5(1− t)2(
1− r2

4R2
t
)1.5 dt (A-5)

Substituting the value of the hypergeometric function from
Equ. A-5 into Equ. A-3 and produces Equ. A-6.

B(R) =
2
3
R4 ·2 F1(1.5;−0.5; 2.5; 0.25)−0 = 0.6142 · R4

(A-6)

Substituting A(R) and B(R) from Equ. (A-2 and A-6) back
into Equ. (A-1) gives Equ. (A-7).

d(0(v)) = 3.574πρ′2R4 −
√
3πρ′2R3 (A-7)

Lemma 2: We compute the area of region 3 in Fig. 3 for a

node x distance from O denoted as S(x), where x >
√

Ag
π
. In

order to proceedwe compute the area of triangleBOJ denoted

by 3(x). For x >
√

Ag
π
, 3(x) can be expressed in previously

defined terms as Equ. A-8.

3 =

√
Ag
π
·

√
A
π
sinβ (A-8)

Similarly, the area of sector JOJ ′ with central angle γ and

radius
√

A
π
is denoted by 3̂(x). For x >

√
Ag
π
, 3̂(x) can be

expressed in previously defined terms as Equ. A-9.

3̂(x) =
γ (x)
2π

π

√
A
π

2

=
A
2π

(π − α(x)− β) (A-9)

The area of sector BOB′ with central angle 2β + γ and

radius
√

Ag
π

is denoted by ̂̂3(x). For x > √
Ag
π
, ̂̂3(x) can be

expressed as Equ. A-10.

̂̂3(x) = 2β + γ (x)
2π

π

√
Ag
π

2

=
2β + γ (x)

2π
Ag (A-10)

We now use3(x), 3̂(x) and ̂̂3(x) to obtain the area of region
3 denoted by S(x).

S(x) = 23(x)+ 3̂(x)− ̂̂3(x)
=

2
π

√
AAg sinβ+

A
2π

(π−α(x)−β)−
2β+γ (x)

2π
Ag

(A-11)
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