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ABSTRACT In-motion alignment of navigation-grade strapdown inertial navigation system (SINS) com-
bined with odometer (OD) is one of the challenging issues for the land vehicle navigation, while most
current in-motion alignment methods still rely on the measurements of the global positioning system or
only aim at improving the attitude alignment, thus neglecting the position alignment. Thus, one of the main
obstacles during the in-motion alignment for SINS/OD is to autonomously and simultaneously obtain the
high-precision attitude and position within specified time. In this paper, an in-motion alignment scheme
based on the backtracking scheme is presented to solve this problem. The proposed method consists of two
steps. First, an improved optimization-based coarse alignment (IOBCA) is employed to obtain the attitude
and position with reasonable precision, and the gravity deflexion error projection in inertial frame caused
by the positioning error is diminished, which contributes to better alignment results for the subsequent
process. Second, initialized with the alignment results provided by IOBCA, a backtracking-scheme-based
fine alignment combined with the Kalman filter is investigated to make a further improvement in the
precision of attitude and position, during which the known initial binding position and zero velocity have
been utilized again. The car-mounted field experimental results illustrate that the proposed method can not
only autonomously improve the precision of attitude within a short time but also simultaneously achieve the
position with high precision.

INDEX TERMS In-motion alignment, strapdown inertial navigation system (SINS), odometer (OD),
backtracking.

I. INTRODUCTION
Strapdown inertial navigation system (SINS) is one of the
most widely used navigation systems for positioning and
attitude determination [1]. Initial alignment that determines
the initial conditions prior to navigational computation is
vitally important for dead-reckoning-based SINS. Due to the
fact that an increasing number of land vehicles are required to
complete the initial alignment in maneuvering environments,
in-motion alignment has become a concern issue. Generally,
external navigation sensors such as Global Positioning Sys-
tem (GPS) and odometer (OD), etc, are designed to pro-
vide auxiliary information for the in-motion alignment of
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SINS [2]–[5]. Whereas the signal of GPS is susceptible to
interference and not available in jamming and masking envi-
ronments especially in urban areas [6]. In contrast, OD can
transform the impulses at equal angle intervals into velocity
or mileage increment by multiplying the OD scale factor.
Moreover, both OD and SINS have fully self-contained char-
acteristics. Thus, OD aided SINS (SINS/OD) is expected
to resist interference from surrounding environment to a
great extent. In this respect, autonomous in-motion alignment
designed for SINS/OD has drawn wide attention.

Normally, the initial alignment is divided into two phases,
i.e., coarse alignment and fine alignment. With the roughly
known initial attitude provided by coarse alignment, fine
alignment can be executed under the guarantee of lin-
ear filtering model [7], [8]. Typically, utilizing the gravity
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observations in inertial reference frame is an effective
approach to coarse alignment [9]–[14]. In [9] and [10],
the TRIAD (TRIaxial Attitude Determination) algorithm
which employed only three out of the four pieces of infor-
mation obtainable from two measured vectors to compute
an attitude solution is developed. To make sufficient uti-
lization of the observations, Wu et al. [11] transformed
the coarse initial alignment into an attitude determination
problem using infinite vector observations over a continuous
time interval, which was recognized as optimization-based
coarse alignment (OBCA) method, and the recursive Dav-
enport’s q-method was developed to solve the attitude deter-
mination problem [15]. With respect to the application
for external velocity aided SINS in GPS-denied scenarios,
Yuan et al. [12] presented a novel OBCA method using the
velocity loci and pressure sensor for autonomous underwa-
ter vehicles (AUV). Since the severe disturbance cannot be
handled adequately by the OBCA method, Chang et al. [13]
designed a low-pass finite impulse response digital filter to
attenuate the severe disturbance inherent in the OD. In order
to better compensate for the dynamic errors of gyroscope
induced by severe maneuvering, Huang et al. [14] proposed
a novel Kalman-filtering-based in-motion coarse alignment
on the basis of a closed-loop approach. However, the pri-
mary concern of aforementioned discussions were to enhance
the performance of attitude alignment. It is worth mention-
ing that position precision and speediness are also vitally
important evaluation indicators during in-motion alignment.
An UnScented QUaternion Estimator (USQUE)-based fine
alignment method from the very start utilizing the large mis-
alignment provided by OBCAmethod was developed in [16],
the scheme can obtain the attitude and position simultane-
ously for marine application. Whereas due to the limited time
determined by aforementioned scheme and marine appli-
cation, the velocity measurement parameters had not been
considered. Yan et al. [17] presented a in-motion attitude
and position alignment algorithm based on inertial reference
frame to diminish the gravity deflexion error for SINS/OD.
On the basis of [17], Guo et al. [18] further excluded the
negative effect of Coriolis item and utilized a optimiza-
tional attitude estimation algorithm. Though the satisfied
attitude was derived, the approximately position need further
improvements.

In recent few years, with the development of navigation
computer technology, the backtracking navigation has been
investigated to improve the navigation performance with cer-
tain length of navigation data [19]–[22]. Significant improve-
ments in attitude performance of in-motion alignment have
been achieved in [19]–[21]. In order to solve the positioning
problem after the accomplishment of in-motion alignment
without the aid of GPS. Li et al. [22] investigated a back-
tracking navigation scheme based on a INS error model to
obtain the attitude and position. However, the speed measure-
ment equipment errors during fine alignment were omitted.
Meanwhile, initial binding position and zero velocity were
only used as the initial information for dead reckoning (DR),

which was considered to be underutilized. Therefore, fur-
ther improvements regarding the attitude and position
alignment performances of in-motion alignment would be
worthwhile.

In this paper, we propose a novel in-motion alignment
method, which not only autonomously improves the preci-
sion of attitude within short time but also simultaneously
achieves the position with high precision. The investigated
in-motion alignment method is composed of coarse align-
ment and fine alignment. During the process of coarse align-
ment, we execute the method proposed in [17] combined
with an optimization-based attitude determination solution to
obtain the attitude and position on the basis of the known
initial information including initial binding position and zero
velocity, which is defined as improved optimization-based
coarse alignment (IOBCA). Then initialized with the align-
ment results provided by IOBCA, a backtracking-scheme-
based fine alignment (BSFA) combined with Kalman filter
is proposed to make a further improvement in the preci-
sion of attitude and position, during which the known initial
information is utilized again. Finally, three car-mounted field
tests are carried out to verify the validity and applicability of
investigated method.

The remainder of this paper is organized as follows.
Section II presents the reference frame definitions. Section III
is devoted to the implementation of the IOBCA. In Section IV,
the BSFA including backtracking SINS algorithm, backtrack-
ing dead reckoning algorithm and backtracking SINS algo-
rithm is derived. In Section V, the proposed method and
existing in-motion alignment methods are compared through
three car-mounted field tests. Finally, the conclusion is drawn
in Section VI.

II. THE REFERENCE FRAME DEFINITIONS
The reference coordinate frames involved in this paper are
defined as follows:
i frame: Earth-Centred Initially Fixed (ECIF) orthogonal

reference frame.
e frame: Earth-Centred Earth Fixed (ECEF) orthogonal

reference frame.
b frame: Orthogonal reference frame aligned with Right-

Forth-Up (RFU) axes.
n frame: Orthogonal reference frame aligned with actual

East-North-Up (ENU) geodetic axes.
n′ frame: Orthogonal reference frame aligned with compu-

tational East-North-Up (ENU) geodetic axes.
n0 frame: Orthogonal reference frame nonrotating relative

to the e frame. It’s formed by fixing the n frame at the
beginning of the in-motion alignment.
i0 frame: Orthogonal reference frame nonrotating relative

to the i frame. It’s formed by fixing the i frame at the begin-
ning of the in-motion alignment.
ib0 frame: Orthogonal reference frame nonrotating relative

to the i frame. It’s formed by fixing the b frame at the
beginning of the in-motion alignment.
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III. IMPROVED OPTIMIZATION-BASED COARSE
ALIGNMENT
A. DECOMPOSITION OF THE ATTITUDE MATRIX
IOBCA starts from time t0, the attitude matrix Cn

b(t) denotes
the attitude matrix from b frame to n frame at time t , which
can be decomposed into four parts as

Cn
b(t) = Cn

n0 (t)C
n0
i0 (t)C

i0
ib0
C
ib0
b (t) (1)

where Cn
n0 (t) that encodes the attitude change of n frame is

the attitude matrix from n0 frame to n frame at time t , Cn0
i0
(t)

that encodes the attitude change of n0 frame is the attitude
matrix from i0 frame to n0 frame at time t .C

ib0
b (t) that encodes

the attitude change of ib0 frame is the attitude matrix from b
frame to ib0 frame at time t . And C i0

ib0
is a constant attitude

matrix from ib0 frame to i0 frame.
At the beginning of the coarse alignment, C

ib0
b (t) is firstly

initialized as

C
ib0
b (t0) = I3 (2)

where I3 denotes the 3× 3 identity matrix.
Subsequent orientation of C

ib0
b (t) is updated by the gyro-

scope output ωbib = ω
b
ib0b

Ċ
ib0
b (t) = C

ib0
b (t)

(
ωbib(t)×

)
(3)

where (·×) denotes the skew symmetric matrix of (·).
The time-varying attitude matrix Cn0

i0
(t) can be further

decomposed into a constant matrix Cn0
e and a time-varying

matrix Ce
i0 (t). That is

Cn0
i0
(t) = Cn0

e C
e
i0 (t) (4)

where

Cn0
e =

 0 1 0
− sinL0 0 cos L0
cosL0 0 sin L0


Ce
i0 (t) =

 cos (ωiet) sin (ωiet) 0
− sin (ωiet) cos (ωiet) 0

0 0 1


Cn
n0 (t) is changingwith themovement of the vehicle, which

can be obtained by

Cn
n0 (t) = Cn

e(t)C
e
n0 (5)

where

Cn
e(t) =

 − sin λ cos λ 0
− sinL cos λ − sinL sin λ cosL
cosL cos λ cosL sin λ sinL

,
Ce
n0 =

− sin λ0 − sinL0 cos λ0 cosL0 cos λ0
cos λ0 − sinL0 sin λ0 cosL0 sin λ0
0 cosL0 sinL0

,
L0 and λ0 denote the initial binding geographic latitude and
longitude, respectively. L and λ are calculated on the basis of
L0 and λ0, as well as the measurements provided by SINS and

OD at time t . And the explicit algorithm for L and λ will be
presented in next subsection.

During the in-motion alignment, the change of latitude
4L = L − L0 and longitude 4λ = λ− λ0 can be recognized
as small angles. we can further derive

Cn
n0 (t) ≈ I3 −

 0 −4λ sinL0 4λ cosL0
4λ sinL0 0 4L
−4λ cosL0 −4L 0

 (6)

Therefore, when the constant matrix C i0
ib0

is determined,
the attitude transformation Cn

b(t) can be obtained subse-
quently. Typically, L and λ are replaced with L0 and λ0
respectively in marine application because of the short sailing
distance during in-motion alignment [20]. While the travel-
ling distance is much longer for land used application. And
the omission of displacement will produce a larger error in
calculating the Cn

n0 (t), which results in the precision loss
of attitude alignment. In this respect, position alignment is
equally important for coarse alignment.

B. ATTITUDE AND POSITION COARSE ALIGNMENT
The specific force equation expressed in the n frame is known
as [1]

v̇n(t) = Cn
b(t)f

b(t)− [2ωnie(t)+ ω
n
en(t)]× v

n(t)+ gn (7)

where vn =
[
vnE vnN vnU

]T is the velocity projected
in the n frame, f b is the specific force measured by
accelerometers in the b frame, gn =

[
0 0 −g

]T is the
gravity in the n frame, ωnie =

[
0 ωnie cosL ω

n
ie sinL

]T
denotes the earth rotation rate projected in the n frame,
ωnen =

[
−vnN /(RM + h) v

n
E (RN + h) v

n
E tanL(RN + h)

]T
denotes the angular rate of the n frame with respect to the e
frame, RM and RN calculated by SINS latitude are the radius
of curvature in meridian and prime vertical, respectively.

Defining vib0 as the velocity projected in the ib0 frame. The
relationship between vn(t) and vib0 (t) can be expressed as

v̇n(t) =
d[Cn

ib0
(t)vib0 (t)]

dt

= Cn
ib0
(t)[v̇ib0 (t)+ ω

ib0
nib0

(t)× vib0 (t)] (8)

whereC
ib0
n (t) that encodes the attitude change of the ib0 frame

is the attitude matrix from the n frame to the ib0 frame at
time t , ω

ib0
nib0

(t) encodes the angular rate of the ib0 frame with
respect to the n frame expressed in the n frame.
Substituting (8) into (7) and multiplying C

ib0
n (t) on both

side of (7), the specific force equation expressed in the ib0
frame is given by

v̇ib0 (t)+ ω
ib0
nib0

(t)× vib0 (t)

= C
ib0
n (t){Cn

b(t)f
b
− [2ωnie(t)+ ω

n
en(t)]× v

n(t)+ gn} (9)

For any time instant t , we have

ω
ib0
nib0

(t) = −ω
ib0
in (t) (10)
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FIGURE 1. Diagram of the IOBCA for OD-aided SINS.

whereω
ib0
in (t) encodes angular rate of the n frame with respect

to the i frame expressed in the ib0 frame.
Substituting (6) and (10) into (9), and then reorganizing the

equation yields

v̇ib0 (t)− C
ib0
b (t)f b(t)+ C

ib0
i0
(t)ωi0ie(t)× v

ib0 (t)

= C
ib0
n (t)gn

= C
ib0
i0
C i0
n0 (t)C

n0
n (t)gn (11)

According to (6),Cn0
n (t)gn can be approximately expressed

as

Cn0
n (t)gn ≈ gn − g ·

[
4λ cosL0 4L 0

]T (12)

The eastward and northward displacement of the vehicle
can be approximated as

pn0E (t) ≈ Re4λ cosL0, p
n0
N (t) ≈ Re4L (13)

where Re denotes the radius of earth approximately.
Defining pn0 (t) =

[
pn0E (t) pn0N (t) pn0U (t)

]T as the displace-
ment of the vehicle. Because the height displacement is
relatively small in land used application, substituting (13)
into (12) we can derive that

Cn0
n (t)gn=gn−

g
Re

[
pn0E (t) pn0N (t) 0

]T
≈gn−

g
Re
pn0 (t) (14)

Substituting (14) into (11), and then reorganizing the equa-
tion yields

v̇ib0 (t)− C
ib0
b (t)f b(t)+ C

ib0
i0
(t)ωi0ie(t)

× vib0 (t)+
g
Re

· pib0 (t) = C
ib0
i0
C i0
n0 (t)g

n (15)

where the third part on the left side of (15) is recognized as
the coriolis force produced by vehicle movement and earth
rotation, the forth part on the left side of (15) is recognized
as the gravity deflexion produced by vehicle movement.
For severe maneuvering land vehicles, the compensations of

coriolis force and gravity deflexion are essential to enhance
the performance of coarse alignment.

In order to attenuate the disturbance inherent in OD and
improve the calculation accuracy of C

ib0
i0
, double integrat-

ing (15) on both sides over the time interval of interest. The
initial value of integral and quadratic integral are zero

βv = C
ib0
i0
αv (16)

αv =

∫ t

0

∫ v

0
C i0
n0 (u)g

ndudv (17)

βv = pib0 (t)−
∫ t

0

∫ v

0
C
ib0
b (u)f b(u)dudv

+C
ib0
i0
ω
i0
ie × p

ib0∫ (t)+
g
Re
· p

ib0∫∫ (t) (18)

where

pib0 (t) =
∫ t

0
vib0 (τ )dτ =

∫ t

0
C

ib0
b (τ )vb(τ )dτ,

p
ib0∫ (t) =

∫ t

0
pib0 (τ )dτ,

p
ib0∫∫ (t) = ∫ t

0
p
ib0∫ (τ )dτ.

In this respect, the determination of C
ib0
i0

has been trans-
formed into a Wahba’s problem [23] with the corresponding
infinite vector observations (17) and (18). Many effective
approachs have been proposed for such problem. In this
paper, Davenport’s q method is conducted as the solution and
the explicit determination procedure is presented in [15].

It should be note that the third part of βv in (18) which
includes the attitude matrix C

ib0
i0

is unknown when IOBCA
begins. So this part is omitted to calculate the attitude matrix
C
ib0
i0

approximately during short initial period. And then the

attitude matrix C
ib0
i0

can be obtain with no omition in αv by

utilizing the approximate C
ib0
i0
. In addition, since the (17)
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and (18) have declared that the initial value of integral is zero,
the vb(t) in pib0 (t) should be initialized with zero. That is,
the car is expect to remain stationary when IOBCA begins
execution.

In order to obtain the attitude matrix Cn
n0 (t) with rational

precision, the calculation of the pn0 (t), which determines the
4L and4λ, is considered to be an essential issue. According
to the integration by parts, we can derive that

pn0 (t) =
∫ t

0
v̇n0 (τ )dτ

=

∫ t

0
Cn0
ib0
(τ )ṗib0 (τ )dτ

= Cn0
ib0
(t)pib0 (t)−

∫ t

0
ω
n0
n0ib0

(τ )× [Cn0
ib0
(τ )pib0 (τ )]dτ

(19)

where Cn0
ib0
(t) = Cn0

i0
(t)C i0

ib0
that encodes the attitude change

of the n0 frame is the attitude matrix from the ib0 frame to the
n0 frame at time t , ωn0n0ib0

(t) encodes the angular rate from ib0
frame with respect to n0 frame expressed in the n0 frame.
As the earth rotation is relatively small and coarse align-

ment time is short, thus ωiet in C
e0
i0
(t) is a small angle, i.e.

Ce0
i0
(t) ≈ I3. In this respect, Cn0

ib0
(t) is recognized as a

constant attitude matrix approximately at time t0, Thus we
can derive that

Cn0
ib0
(t) = Cn0

e0C
e0
i0
(t)C i0

ib0
≈ Cn0

ib0
(t0) (20)

For any time instant t , we have

ω
n0
n0ib0

(t) = −ωn0ie (21)

Substituting (20) and (21) into (19), pn0 (t) can be calcu-
lated by

pn0 (t) = Cn0
ib0
(t)pib0 (t)+ ωn0ie × [Cn0

ib0
(t0)p

ib0∫ (t)] (22)

And then the λ and L can be calculated by

λ = λ0 +
pn0E (t)

(RN + h0) cosL0
(23a)

L = L0 +
pn0N (t)

RM + h0
(23b)

Therefore, the real-time attitude which determined by the
attitude matrix Cn

b and the real-time horizontal position L
and λ can be obtained during the coarse alignment. In the
meantime, the real-time velocity vn can be obtained by

vn = Cn
bv
b (24)

where vb is the velocity measured by OD expressed in the b
frame. The diagram of IOBCA for OD-aided SINS is shown
in Fig. 1, which illustrates the essential inputs, algorithms
process and real-time outputs of IOBCA. In this respect,
the attitude, velocity and position provided by IOBCA at
the end of coarse alignment can be set as the initialization
parameters of fine alignment. And the explicit process of fine
alignment is presented in next section.

IV. BACKTRACKING-SCHEME-BASED FINE ALIGNMENT
A. BACKTRACKING SINS ALGORITHM
The backtracking SINS algorithm is based on the forward
SINS algorithm, so the latter is introduced firstly. The forward
SINS algorithm is consisted of three parts: attitude navigation
algorithm, velocity navigation algorithm and position nav-
igation algorithm, which can be written as three first-order
differential equations

Ċ
n
b = Cn

b�
b
nb (25a)

v̇n(t) = Cn
b(t)f

b(t)− [2ωnie(t)+ω
n
en(t)]×v

n(t)+gn (25b)

L̇ = vnN (RM+h), λ̇ = vnE secL/(RN+h), ḣ = vnU

(25c)

where

�b
nb = (ωbnb×), ωbnb = ω

b
ib − (Cn

b)
T (ωnie + ω

n
en).

In practice, in order to perform the recursion calculation
in a computer, the forward SINS algorithm in (24) should be
discretized

Cn
bk = Cn

bk−1(I3 + Ts�
b
nbk ) (26a)

vnk = vnk−1 + Ts[C
n
bk−1f

b
k

− (2ωniek−1 + ω
n
enk−1)× v

n
k−1 + g

n] (26b)

Lk = Lk−1 + TsvnNk−1/(RN + hk−1)

λk = λk−1 + TsvnEk−1 secLk−1/(RN + hk−1)

hk = hk−1 + TsvnUk−1 (26c)

where

�b
nbk = (ωbnbk×), ωbnbk

= ωbibk − (Cn
bk−1)

T (ωniek−1 + ω
n
enk−1),

ωniek = [0 ωnie cosLk ω
n
ie sinLk ]

T ,

ωnenk =

 −vnNk/(RM + hk )vnEk/(RN + hk )
vnEk tanLk/(RN + hk )

.
Ts is the sampling time of gyroscopes and accelerometers

in SINS, k is each discretized time point of the navigation
process (k = 1,2,3,. . .).
Assuming that SINS navigates from position A to position

B from time t0 to t , the backtracking discreted SINS algorithm
from position B back to position A is that [24]

Cn
bk−1 = Cn

bk (I3 + Ts�
b
nbk )
−1

≈ Cn
bk (I3 − Ts�

b
nbk )

≈ Cn
bk (I3 + Ts�̃

b
nbk−1) (27a)

vnk−1 = vnk − Ts[C
n
bk−1f

b
k

− (2ωniek−1 + ω
n
enk−1)× v

n
k−1 + g

n]

≈ vnk − Ts[C
n
bk f

b
k−1

− (2ωniek + ω
n
enk )× v

n
k + g

n] (27b)
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Lk−1 = Lk − TsvnNk−1/(RM + hk−1)

≈ Lk − TsvnNk/(RM + hk )

λk−1 = λk − TsvnEk−1 secLk−1/(RN + hk−1)

≈ λk − TsvnEk secLk/(RN + hk )

hk−1 = hk − TsvnUk−1 ≈ hk − TsvnUk (27c)

where

�̃
b
nbk−1 = (ω̃bnbk−1×), ω̃bnbk−1

= −[ωbibk−1 − (Cn
bk )

T (ωniek + ω
n
enk )].

It can be seen that the backtracking discreted SINS algo-
rithm is similar to the forward discreted SINS algorithm
except that the sign of initial velocity, gyroscope measure-
ments and earth rotation are opposite. Defining the vnBk =
−vnk as the backtracking SINS velocity, the backtracking
SINS algorithm can be rewritten as

Cn
bk−1 ≈ Cn

bk (I3 + Ts�̃
b
nbBk−1) (28a)

vnBk−1 ≈ vnBk + Ts[C
n
bk f

b
k−1

− (−2ωniek + ω
n
enBk )× v

n
Bk + g

n] (28b)

Lk−1 ≈ Lk + TsvnNBk/(RM + hk )

λk−1 ≈ λk + TsvnEBk secLk/(RN + hk )

hk−1 ≈ hk + TsvnUBk (28c)

where

�̃
b
nbBk−1 = (ω̃bnbBk−1×),

ω̃bnbBk−1 = −ω
b
ibk−1 − (Cn

bk )
T (ωniek + ω

n
enBk ),

ωnenBk =

 −vnNBk/(RM + hk )vnEBk/(RN + hk )
vnEBk tanLk/(RN + hk )

.
B. BACKTRACKING DEAD RECKONING ALGORITHM
SINS/OD can be recognized as a DR system, assuming that
the sampling time ofOD is Ts aswell. Thus vbsk which encodes
the velocity measured by OD expressed in the b frame at time
tk can be calculated by

vbsk = 4s
b
k/Ts (29)

where4sbk encodes the mileage increment expressed in the b
frame at time tk .
With the auxiliary velocity measurements provided by OD,

the discreted forward DR algorithm can be derived that

Cn
bk = Cn

bk−1(I3 + Ts�
b
nbk ) (30a)

vnsk = Cn
bk−1v

b
sk

LDk = LDk−1 + TsvnsNk−1/(RDM + hDk−1) (30b)

λDk = λDk−1 + TsvnsEk−1 secLDk−1/(RDN + hDk−1)

hDk = hDk−1 + TsvnsUk−1 (30c)

where the velocity in�b
nbk is required to be replaced with v

b
sk ,

LDk , λDk and hDk denote the latitude, longitude and height
calculated by DR at time tk , respectively, RMD and RND cal-
culated by DR latitude are the radius of curvature in meridian
and prime vertical, respectively.

Similarly, defining the vnsBk = −v
n
sk as the backtrack-

ing DR velocity, the sign of OD measurements, gyroscope
measurements and earth rotation are opposite in discreted
backtracking DR algorithm. The discreted backtracking DR
algorithm can be written as

Cn
bk−1 ≈ Cn

bk (I3 + Ts�̃
b
nbBk−1) (31a)

vnsBk−1 = Cn
bkv

b
sBk−1

LDk−1 ≈ LDk + TsvnsNBk/(RDM + hDk ) (31b)

λDk−1 ≈ λDk + TsvnsEBk secLDk/(RDN + hDk )

hDk−1 ≈ hDk + TsvnsUBk (31c)

C. KALMAN-FITERING-BASED FINE ALIGNMENT
According to the forward SINS algorithm and forward DR
algorithm, the error model of the SINS/OD can be written
as [25], [26]

φ̇ = −ωnin × φ +Mavδv+Mapδp− Cn
bε

b (32a)

δv̇n = f n × φ +Mvvδv+Mvpδp+ Cn
b∇

b (32b)

δṗ = Mpvδvn +Mppδp (32c)

δṗD = Mpvvn × φ +MppδpD +Mββ +MK δKD (32d)

ε̇b = [0 0 0]T (32e)

∇̇
b
= [0 0 0]T (32f)

δK̇d = 0 (32g)

δβ̇ = [0 0]T (32h)

where

M1 =

 0 0 0
−ωie sinL 0 0
ωie cosL 0 0

, M2=


0 −

1
RM+h

0

1
RN+h

0 0

tanL
RN + h

0 0

,

M3 =


0 0

vN
(RN + h)2

0 0 −
vE

(RN + h)2

vE sec2 L
RN + h

0 −
vE tanL

(RN + h)2

,
Mav = M2, Map = M1 +M3,

Mvv = −
[(
vn×

)
Mav +

(
2ωnie + ω

n
en
)
×
]
,

Mvp =
(
vn×

)
(2M1 +M3) ,

Mpv =


0

1
RM + h

0

secL
RN + h

0 0

0 0 1

 ,

Mpp =


0 0 −

vN
(RN + h)2

vE secL tanL
RN + h

0 −
vE secL

(RN + h)2
0 0 0

,
Mα =

[
−Cn

b (:, 3) C
n
b (:, 1)

]
vD,
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Mβ = MpvMα,

MK = Mpvvn.

φ =
[
φE φN φU

]T , δvn = [
δvE δvN δvU

]T , δp =[
δL δλ δh

]T and δpD =
[
δLD δλD δhD

]T are the misalign-
ment angle vector, SINS velocity error vector, SINS position
error vector and DR position error vector, respectively; εb =[
εbx ε

b
y ε

b
z
]T

and ∇b =
[
∇
b
x ∇

b
y ∇

b
z
]T

are the gyroscope
drift vector and accelerometer bias vector in the b frame,
respectively; β =

[
δαθ δαϕ

]T is the OD installation angle
error vector, in which δαθ denotes as the pitch installation
error of OD and δαϕ denotes the heading installation error of
OD; δKD denotes the OD scale factor error; vD denotes the
forward velocity measured by OD.

Based on the linear state-space model given by (32),
Kalman-filtering-based fine alignment is employed to esti-
mate attitude errors and position errors. Thus, the fine align-
ment filter should be designed first. It should be noted that
δαθ mainly induces the altitude error and has marginal impact
on the horizontal position. Meanwhile, the altitude error
and vertical velocity can be restrained by barometer altime-
ter. Therefore, in order to reduce the computational load,
we establish the state vector X without regard to the δvnU , δh,
∇
b
z , δhD and δαθ , that is

X = [δφE δφN δφU δvE δvN δL δλ εbxε
b
y

εbz ∇
b
x ∇

b
y δLD δλD δαϕ δKD]

T (33)

During fine alignment process, attitude errors could not
be acquired without external attitude reference. While under
moving base, the position errors can be acquired by deducting
the DR position p̃D from the SINS position p̃. Thus, the
measurement variables are chosen as position errors

Z = p̃− p̃D = (preal + δp)− (preal + δpD)

= δp− δpD (34)

where preal is the actual position.
Therefore, based on the (32)–(34), which denotes as the

dynamic model, statement vector and measurement, respec-
tively, the continuous 16-dimensional (16D) forward Kalman
filter of fine alignment is designed as follows

Ẋ = FX + Gw (35a)

Z = HX + v (35b)

where F is the state matrix; G is the noise matrix; w is the
white system process noise with the power spectral density
Q. H is the measurement matrix. According to the (32),
the expression of state matrix F is shown at the top of this
page. The noise matrix G and the measurement matrixH can
be expressed as follows

G =

−Cn
b 03×2

02×3 Cn
b (1 : 2, 1 : 2)

011×3 011×2

,
H =

[
02×5 I2×2 02×5 −I2×2 02×2

]
.

Based on the continuous 16D forward Kalman filter,
the discretization form of 16D forward Kalman filter is given
as follows

Xk = 8k−1,kXk−1 + 0k−1W k−1 (36a)

Zk = HkXk + V k (36b)

where Xk is the state vector at time tk ; 8k−1,k = I +
Tkf F(tk−1) is the state transition matrix from time tk−1 to tk ;
Tkf is the Kalman filter period; F(tk−1) is the expression of
F at time tk−1; 0k−1 is the system noise drive matrix at time
tk−1; W k−1 is the system excitation noise at time tk−1, and
these conditions are satisfied: E[W k ] = 0, Cov[W k ,W j] =
E[W kWT

j ] = Qkδk,j;Qk is the non-negative definite variance
matrix of W k ; E[V k ] = 0, Cov[V k ,V j] = E[V kVT

j ] =
Rkδk,j; Rk is the non-negative definite variance matrix of V k .
Forward Kalman filter process is organized as follows One

step prediction of state

X̂k,k−1 = 8k,k−1X̂k−1 (37)

State estimation

X̂k = X̂k,k−1 + Kk (Zk −Hk X̂k,k−1) (38)

Gain matrix

Kk = Pk,k−1HT
k

(
HkPk,k−1HT

k + Rk
)−1

(39)

One step prediction of mean square error

Pk,k−1 = 8k,k−1Pk−18T
k,k−1 + 0k−1Qk−10

T
k−1 (40)

Mean square error estimation

Pk = (I − KkHk )Pk,k−1 (41)

The backtracking Kalman filter process can be obtained
by modifying the forward Kalman filter process. The state-
ment vector and measurement of backtracking Kalman filter
are same with forward Kalman filter, which are set as (33)
and (34), respectively. The dynamic model of backtracking
Kalman filter is much the same as the forward one except that
the sign of the gyroscopemeasurements, the gyroscope biases
and the earth rotation angular velocity in the (32) are opposite.
As for the time backtracking management, it requires that
the system state update to be performed in the reverse order.
In one step prediction equation and state estimation, the back-
tracking update process is performed from X̂k to X̂k−1,
transfer matrix 8k,k−1 changes to 8k−1,k . In the one-step
prediction of the mean square error equation, the prediction
process is from Pk to Pk−1. So the 16D backtracking Kalman
filter process is organized as follows One step prediction of
state

X̂k−1,k = 8k−1,k X̂k (42)

State estimation

X̂k−1 = X̂k−1,k + Kk−1(Zk−1 −Hk−1X̂k−1,k ) (43)
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FIGURE 2. Diagram of the BSFA for OD-aided SINS.

Gain matrix

Kk−1 = Pk−1,kHT
k−1

(
Hk−1Pk−1,kHT

k−1 + Rk−1
)−1

(44)

One step prediction of mean square error

Pk−1,k = 8k−1,kPk8T
k−1,k + 0kQk0

T
k (45)

Mean square error estimation

Pk−1 = (I − Kk−1Hk−1)Pk−1,k (46)

According to (37)–(46), we can estimate the attitude error
and position error by employing backtracking Kalman fil-
ter and forward Kalman filter within a certain time period.
It should be noted that no matter how powerful the navigation
computer is, the backward process and the forward process
still need time to carry out. In this respect, inevitable time
delay tD will exist during the implementation of forward
process at tcoarse. So extra memory is essential to record the
measurement information. Then the forward process will be
end at tfine and follow by the navigation process. It should
be pointed out that the delay time tD is very short due to the
enormous computing power of modern navigation computer.
Therefore, the investigated in-motion alignment method can
provide high-precision attitude and position within short time
all the same.

Given the above, the diagram of BSFA for OD-aided SINS
is shown in Fig. 2, and the specific algorithm procedure of
BSFA are summarized in the following.

1) First, IOBCA is developed to derive the attitude, veloc-
ity and position with rational precision. In the mean-
time, the gyro data, the accelerometer data and the OD
data are recorded during IOBCA.

2) Second, the backward process of BSFA is executed.
The navigational initialization parameters including the
attitude, velocity (the sign is opposite) and position are
provided by IOBCA at the end of coarse alignment.
The specific initial backward Kalman filter parame-
ters are introduced in Table 2. Meanwhile, the signs
of gyroscope measurements, gyroscope biases, earth
rotation angular velocity are opposite according to the
backtracking algorithm.

3) Third, the forward process of BSFA is carried out
subsequently, during which the signs of gyroscope
measurements, gyroscope biases, earth rotation angular
velocity return to normal. And the known initial bind-
ing position and the velocity which is zero are utilized
again at the start of forward process, aiming to further
refine the velocity and position estimation. In addition,
all the forward Kalman filter parameters are initialized
with the parameters provided by backward Kalman
filter at the end of backward process. Furthermore,
the convergent OD errors estimated by Kalman filter
are compensated to obtain the velocity and position
with higher precision.

4) Finally, initialized with the attitude, velocity and posi-
tion provided by forward process, the navigation pro-
cess of SINS/OD can be conducted consecutively.

F=



−
(
ωnin×

)
Mav(:, 1 : 2) Map(:, 1 :2) −Cn

b 03×2 03×2 03×1 03×1(
f nin×

)
(1 :2, :) Mvv(1 :2, 1 :2) Mvp(1 :2, 1 :2) 02×3 Cn

b(1 :2, 1 :2) 02×2 02×1 02×1
02×3 Mpv(1 :2, 1 :2) Mpp(1 :2, 1 :2) 02×3 02×2 02×2 02×1 02×1
03×3 03×2 03×2 03×3 03×2 03×2 03×1 03×1
02×3 02×2 02×2 02×3 02×2 03×2 03×1 03×1[

Mpp(vnD×)
]
(1 :2, :) 02×2 02×2 02×3 02×2 Mpp(1 :2, 1 :2) Mβ (1 :2, :) MK (1 :2, :)

01×3 01×2 01×2 01×3 01×2 01×2 0 0
01×3 01×2 01×2 01×3 01×2 01×2 0 0


,
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TABLE 1. The descriptions of three field tests.

TABLE 2. The descriptions of four in-motion alignment schemes.

FIGURE 3. Experiment platform and equipments.

V. CAR-MOUNTED FIELD TEST
A. EXPERIMENTAL SETUP AND DESCRIPTION
The car-mounted experimental data was collected to eval-
uate the performance of proposed in-motion alignment
method. The experimental platform is composed of the
navigation-grade ring laser SINS, OD, barometric altimeter,
Differential GPS (DGPS) and test car, as shown in Fig. 3.
The navigation-grade ring laser SINS consists of three Ring
Laser Gyroscopes (RLG) with a drift rate of 0.01◦/h (1σ ) and
three quartz accelerometers with a bias of 100 µg (1σ ). The
update rate of body angular rate, specific force and mileage
increment, which are measured by RLG, accelerometer and
OD, respectively, are equally 100 Hz. The scale factor and

installations of OD are accurately calibrated before the field
test. The DGPS provides the position with an accuracy of 3cm
(1σ ) at 1Hz, and lever arm of the DGPS has been estimated
and compensated.

Three car-mounted field tests were carried out to verify the
proposedmethod sufficiently, and the corresponding trajecto-
ries are shown in Fig. 4. The descriptions of three field tests
are summarized in Table 1. We can see that the car firstly
stayed static for about 305s and then ran in maneuvering
environments for about 295s during each field test, and the
corresponding total distance and maximum speed are differ-
ent. It should be noted that the car was moving in open area
so that DGPS was able to work normally all the time. In this
respect, the SINS/DGPS integrated navigation system intro-
duced in [26] can provide consecutive attitude, velocity and
position reference. That is to say, the attitude, velocity and
position reference can be provided by 300s stationary-base
alignment [27] and 300s SINS/DGPS integrated navigation
system.

B. COMPARISONS OF DIFFERENT IN-MOTION
ALIGNMENT ALGORITHMS
For comparison, four in-motion alignment schemes are car-
ried out using car-mounted data. The descriptions including
Scheme number, alignment method, algorithm organization
and alignment result parameters are summarized in Table 2.
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FIGURE 4. Car-mounted field test trajectories.

FIGURE 5. Attitude errors estimated by Scheme 1 and Scheme 2 in
trajectory 1.

It should be noted that the four schemes can be executed
without the aid of GPS. And all the schemes are coded with
MATLAB on a computer with Intel Core i7-6700HQ CPU,
8G memory and the Windows 10 operating system.

First, Scheme 1 is implemented to provide the initial navi-
gation parameters for BSFA. In the meantime, Scheme 2 is
carried out utilizing the same test segment data to make
comparison. The attitude comparison curves including pitch
error, roll error and heading error between Scheme 1 and
Scheme 2 are presented in Figs. 5–7. The horizontal velocity
error curves including east velocity and north velocity esti-
mated by Scheme 1 and Scheme 2 are shown in Fig. 8. The
horizontal position error curves estimated by Scheme 1 are
shown in Fig. 9. Meanwhile, the final attitude errors and
the root mean-square (RMS) of horizontal velocity errors
estimated by Scheme 1 and Scheme 2, as well as the final
horizontal position errors estimated by Scheme 1 are sum-
marized in Table 3.

FIGURE 6. Attitude errors estimated by Scheme 1 and Scheme 2 in
trajectory 2.

FIGURE 7. Attitude errors estimated by Scheme 1 and Scheme 2 in
trajectory 3.

According to the attitude results of three trajectories esti-
mated by Scheme 1 and Scheme 2, we can see that both two
schemes have showed comparable level in horizontal attitude
estimation. While the heading estimated by Scheme 1 has
superiority over Scheme 2. The reason is that the gravity
deflexion error projection in inertial frame caused by the
displacement of carrier is diminished in Scheme 1, which
contributes to better estimations of the heading. In contrast,
since Scheme 2 cannot derive position, the position should
be approximated by the known initial binding position thus
degrading the precision of heading estimation. As for the hor-
izontal velocity results of Scheme 1 and Scheme 2, the root
mean-square (RMS) results of horizontal velocity error esti-
mated by Scheme 1 is all smaller than Scheme 2. The reason is
that the attitude estimation fluctuation of Scheme 1 is smaller
than Scheme 2 at the beginning of coarse alignment. With the
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FIGURE 8. Horizontal velocity errors estimated by Scheme 1 and
Scheme 2 in three trajectories.

FIGURE 9. Horizontal position errors estimated by Scheme 1 in three
trajectories.

improvements of attitude estimations, the horizontal velocity
errors of two schemes have both decreased and the preci-
sion of velocity is mainly determined by the OD measure-
ments. As for the horizontal position results of Scheme 1 and
Scheme 2, as previously mentioned, only Scheme 1 is able to
achieve the position with rational precision. And the rational
position provided for BSFA is vitally important to overcome
the filter divergence caused by measurement mutation when
the initial binding position is introduced at the start of forward
process. Therefore, the final coarse alignment results includ-
ing attitude, velocity and position estimated by Scheme 1 are
considered to better guarantee the smooth implementation of
BSFA.

Then, to further improve the precision of in-motion align-
ment, the BSFA initialized with the coarse alignment results
provided by Scheme 1 is carried out. And Scheme 4 including
120s stationary-base coarse alignment and 300s in-motion
fine alignment is executed for comparison. For the conve-
nience of comparison, the delay time tD which is very short in

FIGURE 10. Attitude errors estimated by Scheme 3 and Scheme 4 in
trajectory 1.

FIGURE 11. Attitude errors estimated by Scheme 3 and Scheme 4 in
trajectory 2.

FIGURE 12. Attitude errors estimated by Scheme 3 and Scheme 4 in
trajectory 3.

Scheme 3 is omitted. The attitude comparison curves includ-
ing pitch error, roll error and heading error during in-motion
fine alignment process between Scheme 3 and Scheme 4 in
three trajectories are presented in Figs. 10–12. The horizontal
velocity error curves including east velocity and north veloc-
ity estimated by the forward process of Scheme 3 and the
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TABLE 3. The alignment results from different in-motion alignment methods.

FIGURE 13. Horizontal velocity errors estimated by Scheme 3 and
Scheme 4 in three trajectories.

fine alignment of Scheme 4 are shown in Fig. 13. The OD
errors including δKD and δαϕ estimated by Scheme 3 in three
trajectories are shown in Fig. 14. The δKD estimation results
in three trajectories are −0.00084, −0.00801 and −0.0039,
respectively. The δαϕ estimation results in three trajectories
are 1.198′, 0.581′ and −1.759′, respectively. The horizontal
position error curves estimated by Scheme 3 and Scheme 4 in
three trajectories are shown in Figs. 15–17. In the Scheme 3,
the initial binding position is introduced to compensate the
position estimation error of at the start of forward process,
the position compensations in three trajectories are 0.73m,
0.77m and 0.64m, respectively. Meanwhile, the final atti-
tude errors, the RMS of horizontal velocity errors and the
final horizontal position errors estimated by Scheme 3 and
Scheme 4 are summarized in Table 3.

FIGURE 14. OD scale factor errors and heading installation errors
estimated by Scheme 3 in three trajectories.

According to the attitude results of Scheme 3 and
Scheme 4, there are slight changes existing in pitch and
roll error during the 290s to 300s of trajectory 2 and the
280s to 290s of trajectory 3. The reason is that the car had
made a turn during the aforementioned segment, and turning
motion will change attitude, which contributes to the sep-
aration of horizontal accelerometer biases. In this respect,
the error estimations of pitch and roll will change slightly.
Despite the existence of slight changes in pitch and roll
errors, both Scheme 3 and Scheme 4 have achieved higher
precision in attitude than Scheme 1 and Scheme 2. The perfor-
mances of the horizontal attitudes estimated by Scheme 3 and
Scheme 4 are comparable, while the heading angles in three
trajectories estimated by Scheme 3 are better than Scheme 4.
The main reason is that the alignment time of Scheme 3 has
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FIGURE 15. Horizontal position errors estimated by Scheme 3 and
Scheme 4 in trajectory 1.

FIGURE 16. Horizontal position errors estimated by Scheme 3 and
Scheme 4 in trajectory 2.

been equivalently lengthened due to the backtracking scheme,
which contributes to better estimations of heading angle. As
for the comparison results of velocity and position, the perfor-
mances of Scheme 3 and Scheme 4 are comparable, which are
better than that of Scheme 1 and Scheme 2. The first reason
is that Kalman filter is an well-known method to drop the
influence of measurement noise, which helps to smooth the
velocity and position estimations. The second reason is that
the OD heading installation error and OD scale factor error
are included in SINS/ODmodel, which are observable during
the accelerating and decelerating process of the car, thus
contributing to the velocity and position estimations. Further-
more, similar to Scheme 1 and Scheme 2, Scheme 3 has no
use for long-term stationary preparation at start time, thus
the time cost of Scheme 3 is lower than Scheme 4. That
is to say, Scheme 3 also has the significant advantage of
rapid-reaction capability. Consequently, the proposedmethod

FIGURE 17. Horizontal position errors estimated by Scheme 3 and
Scheme 4 in trajectory 3.

can autonomously and simultaneously achieve better attitude
and position alignment results within short time than other
compared schemes.

VI. CONCLUSION
In this paper, the authors focused on improving the per-
formances of attitude and position alignment for SINS/OD
under maneuvering conditions, only when the initial infor-
mation including initial binding position and zero velocity are
known. First, IOBCA which aims at diminishing the gravity
deflexion error is executed to obtain the attitude, velocity and
position with rational precision. Second, initialized with the
final alignment results provided by IOBCA, BSFA combined
with Kalman filter is carried out. In BSFA, the in-motion
alignment time has been equivalently lengthened and the
known initial information has been utilized sufficiently to
suppress the velocity and position errors. Due to the rational
alignment results provided by IOBCA, Kalman filter will
overcome the divergency caused by position measurement
mutation at the start of forward process. Moreover, the OD
errors have been compensated to contribute better estimation
results. The experimental results illustrated that the proposed
method can not only autonomously improve the precision of
attitude within short time, but also simultaneously achieve the
position with high precision.

It should be noted that the investigated method is
only suitable for navigation-grade SINS combined with
high-precision OD. When it comes to the low-cost SINS or
the low-resolution OD, the performances of the investigated
methodwill be severely degraded. Because the inherent errors
existing in low-cost sensors will lead to a weak IOBCA
performance. Even if the IOBCA alignment results satisfy the
linearization requirements of subsequent BSFA, the increased
sensor observation noises will also cause the nonlinearization
of SINS/OD model. As a result, the ideal attitude and posi-
tion precision cannot be obtained. Therefore, future work is
needed to extend the application of the investigated method
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and make it more accessible to the low-cost SINS with
low-resolution OD.
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