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ABSTRACT This review paper describes a design process toward fully analog realizations of chaotic
dynamics that can be considered canonical (minimum number of the circuit elements), robust (exhibit
structurally stable strange attractors), and novel. Each autonomous chaotic lumped circuit proposed in this
paper can be understood as a looped system, where linear trans-immittance frequency filter interacts with an
active nonlinear two-port. The existence of chaos is demonstrated via well-established numerical algorithms
that represent the current standard in the field of nonlinear dynamics, i.e., by calculation of the largest
Lyapunov exponent and high-resolution 1-D bifurcation diagrams. The achieved numerical results are put
into the context of experimental measurement; observed state trajectories prove a one-to-one correspondence
between theoretical expectations and practical outputs, i.e., prescribed strange attractors do not represent the
chaotic transients. Finally, short term unpredictability of the chaotic flow is demonstrated via calculation
of Kaplan—Yorke dimension that is high, i.e., generated waveforms can find interesting applications in the
fields of chaotic masking, modulation, or chaos-based cryptography.

INDEX TERMS Analog oscillator, filtering two-port, chaos, immittance function, Lyapunov exponents,

nonlinear dynamics, strange attractors.

I. INTRODUCTION

It is well known that chaos belongs to universal phenomena
that can be observed in integer-order autonomous (isolated
system, no driving forces) deterministic (without stochastic
term) dynamical systems under two basic conditions: at least
three degrees of freedom and an intrinsic nonlinearity. At the
first sight, chaos seems to be noise-like dynamical behavior
that can be predicted neither for long nor toward short future.
It is also a kind of motion that is extremely sensitive to
the changes of the initial conditions, produce dense state
space attractors with fractal (non-integer) metric dimension
and the generated waveforms have broad-band continuous
frequency spectrum typically in the shape of a Gaussian-like
distribution. Non-existence of a closed-form analytic solu-
tion, the so-called long-term unpredictability, is caused due
to the exponential divergence of the neighboring state tra-
jectories. On the other hand, formed strange attractors are
bounded into a finite state space volume and prevent certain
degree of structural stability. It means that chaotic systems are
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implementable as the lumped electronic circuits and chaotic
attractors are observable using oscilloscope and real-time
measurement. Unique properties of continuous-time chaotic
signals mentioned above suggest possibilities for practical
applications; see [1]-[3] for few examples.

Coming from pure numerical analysis of dimension-less
state equations chaos can be observed in terms of dynamics
of mathematical models that represents completely different
physical, natural or artificial subject. Hence, factual meaning
of individual state variables and internal system parameters is
no longer relevant. Thanks to the arbitrary scaling factor also
time (frequency) context is no longer important; both slow
and fast chaotic transients can exhibit the same fingerprints.

Chaos has been firstly noticed and officially reported by
Lorenz [4] during numerical study of a simplified mathe-
matical model of wind circulation and, after publication of
this break-through discovery in famous paper, researchers
along the world started intensively look after algebraically
simplest chaotic flows. Consequently, examples of chaotic
dynamics were reported in chemistry as motion associated
with simple chemical reactions [5]-[7]. Another example is
deterministic chaos coming as the result of coupling chemical
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oscillators [8], [9]. Papers mentioned above are focused on
analysis of the mathematical models that eventually turns to
be aperiodic and/or chaotic. However, a real situation some-
times requires chaos to be stabilized. Example of the chaos
control is provided in [10]. Turbulent dynamics in chemical
reaction is described in [11] and turbulence in general is con-
sidered in [12]. Non-equilibrium thermodynamics with foot-
prints of chaos is a topic of the paper [13]. Excellent examples
of potentially chaotic systems are mechanical oscillators.
Early manuscripts were aimed on simple models describing
Newtonian dynamics [14]-[17], object movement [18], etc.
Unpredictable time evolutions were confirmed also in the
case of simple mathematical models that describe biolog-
ical populations [19], [20]. List of chaotic dynamical sys-
tems continues with papers covering complex behavior of
fluids [21], models describing fluid elastic vibrations [22],
hydrodynamics [23], etc. Interestingly chaos was recognized
within dynamics of mathematical models dedicated to model
specific traffic situations, namely passing [24], jams [25] and
flows [26], [27]. Many analog signals measured in clinical
medicine can be marked as chaotic if treated using advanced
signal processing algorithms; such as the brain activity [28],
heart activity [29], EEG [30] and others.

Of course, chaotic oscillators can be intentionally built as
a lumped electronic network by following circuit synthesis
methods. One approach utilize concept known as the analog
computer; useful cookbook is [31] where this design process
is explained in step-by-step manner. Nice examples of analog
chaotic oscillators implemented as the analog computers can
be found in [32]-[34]. This method is straightforward, but
drawback of designed circuitries is evident: huge number
of active elements. Conventional circuit synthesis combines
nonlinear passive device with active linear sub-circuit; check
composites provided in [35]-[40]. Long time these kinds of
realizations were supposed to be the simplest one; i.e. contain
minimum number of the circuit components. Design process
leading to fully integrated chaotic oscillators also belongs to
the well-established knowledge, see [41]-[43]. Intentionally
created electronic chaotic systems can be used as the core
engines in various applications such as the random number
generators [44], [45], chaos-based modulation [44], [46] and
masking techniques [47], control systems [48], etc.

However, sometimes chaos represents unwanted oper-
ation regime of radio-frequency functional blocks. Quite
logically chaos was noticed in RC feedback [49]-[51],
Colpitts [52] and Hartley [53] oscillators. If we are speak-
ing about driven systems high-Q active frequency filters
with common KHN structure belong to the classical sources
of chaotic signals [54]-[56]. Next, chaos as robust behav-
ior has been detected in buck [57] and cuk [58] topologies
or DC-DC converters in general [59]-[62], switching-mode
power supplies [63], motor drives [64], switched capacitor
networks [65] and regulators [66] can exhibit a random-like
behavior under specific working conditions close to the com-
mon operation. Multi-stability and hidden attractors were
localized within dynamics of relay system [67]. Unexpected
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chaotic response was reported in fundamental configura-
tion of a phase-locked loop [68], [69] which is standard
radio-frequency functional block. Traces of chaos were dis-
covered in the logic gates [70] as well as in the different
conceptions of the multiple-valued static memory cell; both
with piecewise-linear [71] and polynomial [72] approxima-
tion of the resonant tunneling diodes. Here, we can find
direct connection between number of the stable states and
complexity of the chaotic attractors.

Existence of a robust chaos in a variety of algebraically
non-conjugate third-order mathematical models launched a
bit different research: find chaotic dynamics having equi-
librium point-like, located on plane structure and three-
dimensional. First class, i.e. systems with unstable fixed
points, has been long time adopted as common standard
for the chaotic flows. These equilibrium points were origi-
nally saddle-focuses but, as shown in [73], it is not manda-
tory. Also, the number of the fixed points is not restricted;
chaotic flows with single unstable [74], single [75], [76],
two [77], [78] stable fixed points were coined. In the context
of these discoveries, it is not such a surprise that chaotic solu-
tions can evolve in the vector fields where combination of sta-
ble and unstable fixed points creates its dynamics [79], [80].
A much bigger surprise is existence of chaos in dynamical
system without equilibria [§1]. Research studies involving
the point-type equilibriums have been generalized to any
number of the fixed points [82] including infinite many fixed
points [83]. Equilibriums are all geometrical structures that
satisfy a system of nonlinear algebraic equations dx/dt = 0.
Solution of this problem can degenerate to the higher-order
(from the topological sense) geometrical structures but still
preserving chaotic behavior. Gallery of the selected con-
tributions to this kind of research can be briefly summa-
rized as follows. Firstly, reader can recognize autonomous
chaotic dynamical systems with line-type [84], [85], conic-
shaped [86], circular [87] and square [88] equilibrium. Some
papers were devoted to sum-up chaotic dynamics with the
equilibrium structure of the same type, see [89] dealing
with curve equilibrium, [90] bringing plane-type equilibrium
and [91] where different equilibrium surfaces are discussed.
Thus, chaotic dynamical system having variable equilibrium
with parameter change [92] is nothing less but one logical
step further. Despite many publications, research in this area
is by no way closed.

After years of intensive searching for the algebraically sim-
plest chaotic systems launched by H.P.W. Gottlieb J.C. Sprott
seems to be the most successful scientist in this field. Few
examples of the trivial continuous chaotic flows can be found
in the papers of fundamental importance [93]-[97] or ref-
erences given therein. The essence of chaos implies that
probability of the chaotic solution, at least its existence for
the specific sets of the initial conditions and values of the
system parameters, raises with dimensionality of system.
Because dynamical system describing real events is always
nonlinear (at least if a general model close to the reality is
considered) chaos still attracts increasing attention among
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physicists, mathematicians and electrical engineers. Despite
many years of a successive research focused on the lumped
chaotic oscillators, the authors still believe that individual
circuit structures proposed in the upcoming paper sections
represent the simplest possible topologies suitable for both
educational and technical application purposes.

This paper is organized as follows. Upcoming section
introduces general concept utilized for fully analog chaotic
oscillators based on the trans-resistance linear filters.
Third part describes individual circuit realizations and pro-
vides computer-aided verification. Fourth section deals with
numerical analysis closely bounded to the designed circuits.
Fifth and sixth sections come with two modifications of the
presented circuits: toward conservative chaotic oscillator [98]
and inductor-free circuitry realizations. Finally, some con-
cluding remarks are proposed in the seventh section.

Il. DESCRIPTION OF SUB-CIRCUITS
Due to the fundamental properties of the chaotic signals each
chaotic oscillator contains at least one energy source and one
nonlinear element. Thus, with a view to achieving simplicity,
it could be a good idea to combine both requirements and
implement it as a single active two-port device [99], [100].
Assume a simple feedback connection of a general third-
order low-pass filter and a nonlinear two-port as provided in
Fig. 1. Suppose that third-order linear sub-circuit works in a
trans-resistance operational mode while the nonlinear active
two-port operates in a complementary trans-admittance
regime. Such a situation can be described by the third-
order ordinary differential equation. Here, we can distinguish
between two situations. In the case of a trans-resistance filter
with low-quality factor, namely if Q <1/2, we get
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FIGURE 1. Fundamental concept of the proposed chaotic oscillators, with
trans-impedance filter (left) and trans-admittance filter (right).

where wy is the angular frequency of k-th pole, Ky is the
transfer value of the filter in the pass-band and quantity vy
stands for the input voltage of nonlinear two-port element.
For the filtering circuit having high-quality factor, namely if
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FIGURE 2. Circuit realizations of the flow-equivalent chaotic systems,
with trans-impedance (upper) and trans-admittance (lower) two-port.

0 > 1/2, we obtain

where wq is angular frequency of pair of complex conjugated
poles, w, is angular frequency of real pole and f (vy) is scalar
polynomial (quadratic) function. Note that both differential
equations (1) and (2) represent the so-called jerk function
that is known for its capability to exhibit strange attractors
for many different choices of the nonlinear functions.

Of course, the low-pass immittance filters can be active.
Such structures will not be members of the family of the
canonical realizations (the simplest possible realization of a
predefined mathematical model). On the other hand, all poles
of trans-immittance function can be placed arbitrarily in the
complex plane; i.e. all coefficients of the jerk function can
have arbitrary values. Therefore, eigenvalues as the roots of
a characteristic polynomial calculated at fixed points can be
real or with the complex conjugated pair having positive or
negative real parts. Thus, we can choose the stability index
and local geometry near equilibrium points. Note that the
maximal value of Ky is unity for fully passive RC or RL
realizations of the low-pass filtering section.

The proposed low-pass filtering concept and nonlinear
feedback is, de facto, utilized in the fundamental memristor-
based chaotic oscillator [101]. This circuit can be understood
as a parallel connection of a biquadratic passive filter with
admittance-type transfer function described by the Laplace
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FIGURE 3. Orcad Pspice simulation: i;; - v and vq - vp, plane projection
of the strange attractor (upper two plots), frequency spectrum of signal
Vg (blue) and vy, (red), signal vq (blue) and v, (red) in the time-domain.

transform and single nonlinear memristive two-port element
. 2
lin (5) _ wg - Ko dviy

K S) = =
® Vin () s2+wp-s/Q+ ) dt

=fGn), )

where O and w are the parameters of biquadratic circuit and
s stands for complex frequency. Generally, memristors [102]
as well as other mem-elements [103] are suitable components
for design of analog chaotic oscillators because are described
by promising pairs of the differential equations.

Although any kind of the nonlinear element can be used
in design process of chaotic oscillator integrated circuit
AD633 was finally chosen. Reason for this choice is versatile
voltage transfer function of AD633, ie. Viy = K(Vx1—
Vx2)(Vy1—Vy2)+Vz where K = 0.1 is an internally trimmed
constant. Such formula allows to create additional degree
of freedom; possibility to adjust bifurcation parameter via
external DC voltage to control chaos. All five input nodes
of AD633 have a very large input resistance if compared to
the working resistors. Thus, there are no leakage currents that
can be expressed as error terms in the describing ordinary
differential equations. Moreover, if it is connected properly,
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FIGURE 4. Circuit realizations of the flow-equivalent chaotic systems,
with trans-impedance (upper) and trans-admittance (lower) two-port.

AD633 can work in different operational regimes as two-
port voltage-to-voltage, two-port voltage-to-current or two-
terminal, i.e. nonlinear resistor [104]. Suitable configuration
can also compensate terms in the linear filtering two-port or
make other benefits.

Ill. DESIGN EXAMPLES, CIRCUIT DESCRIPTION AND
COMPUTER-AIDED VERIFICATION

Suppose two-port trans-resistance filter composed by two
capacitors, one inductor and one resistor as demonstrated
in Fig. 2 (upper schematic). Note that final chaotic system
is very simple because contains single active and five passive
elements. Its behavior is uniquely determined by following
mathematical model

dv, Va K /5
S K v
1 d1 R L1 R b 3°Vb
dvp diry
— =1L = V4 — Vp, 4
2 Ll —= a — Vb 4)
where the state vector is x = (vq4, Vp, iLl)T. Dynamical

motion of this system is invariant under linear transformation
of the coordinates x —-x, y —-y and z ——z. Described
system can be expressed accordingly to the equation with the
filter-type parameters (2), namely

d? 1 d? Ci+C d
a3 T oRr, a2 T aGL di”
Vb K
- e & 1] ©

Numerical optimization algorithm roughly discussed in [105]
and [106] was utilized to find chaotic solution associated with
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FIGURE 5. Orcad Pspice simulation: i 4 - ve and v4 - ve plane projection
of the strange attractor (upper two plots), frequency spectrum of signal
vg (blue) and ve (red), signal v4 (blue) and ve (red) in the time-domain.

mathematical model (4). As starting guesses, numerical val-
ues of the circuit components were picked with respect to the
overall system dissipation and existence of equilibrium with
saddle-focus type of vector field geometry. Since gradient
method cannot be used in this case, full five-dimensional grid
(table of values) is computed. Assuming numerical values of
elements L} = 1.8 - & mH, C; = 2.43 - £€nF, C, = 486 - £pF,
Ry = 150 Q,R, = 560 and V3 = 3.32 V, we can
notice evolution of strange attractor with the locally maximal
largest Lyapunov exponent (LLE); details will be specified
in the next paper section. The proposed chaotic circuit allows
easy frequency rescaling via the real positive constant £. This
number can be used to shift a broad-band frequency spectrum
into the audio range, toward high frequencies or to fit the true
(measured) value of inductor. With & = 1 the fundamental
frequency components of the generated chaotic signals fall
within the frequency range from DC up to 750 kHz. For this
case, parameters of a third-order trans-resistance filter in the
sense of formula (2) are w, = 6406 krad/s, wy = 1145
krad/s and Q = 12.144. Of course, frequency limitations are
given by the roll-off effect of AD633. Analyzed dynamical
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FIGURE 6. Circuit realizations of the flow-equivalent chaotic systems,
with trans-impedance (upper picture), trans-admittance (middle image)
and voltage-mode (lower schematic) filtering two-port block.

flow has two fixed points located in state space position
Xe1 = [V3 + Ri/(R2K), V3 + R1/(R2K),01" x,o = [0, 0, 0]T.
Both equilibrium points are unstable providing saddle-focus
local vector field geometry. Eigenvalues associated with X,
are Ajo = (—7.445 4 j13.93) - 10° and A3 = 7.541 - 10
while x,, repels state trajectory accordingly to eigenvalues
Ao = (1.721 £j13.09) - 10° and A3 = —10.79 - 10°.
Figure 2 also contains network that is dual to a designed
chaotic oscillator; i.e. state vector becomes x= (ir2, i3, ve)T.
Describing mathematical model can be written as follows

dirs . . .
27 = —i2- Ry —ve+hyi-hy-ity —hy-ip
dirs dv, . .

= C—: — s 6
35 veC3—m =12 — i3 (6)

where h; stands for a trans-resistance of k-th ideal current-
controlled voltage source. This kind of circuit realization is
not suitable for immediate design because it requires two

17565



IEEE Access

J. Petrzela, L. Polak: Minimal Realizations of Autonomous Chaotic Oscillators

FIGURE 7. Orcad Pspice simulation: i;; - vg and vj, - vg plane projection
of the strange attractor (upper two plots), frequency spectrum of signal
vg (blue) and v, (red), signal vg (blue) and v}, (red) in the time-domain.

floating inductors and several hypothetic active elements.
Nonlinear two-port (yellow section in Fig. 2) also contains
a block for voltage multiplication (MULT) and difference of
signals (DIFF). Circuitry implementations ready for Orcad
Pspice simulation are provided in Fig. 2 while the achieved
results can be judged by means of Fig. 3.

The second example of a chaotic oscillator consists of a
trans-resistance filter, similar to the previous one, and active
two-port where the output current is nonlinearly (quadratic
polynomial) controlled by the input voltage. For details see
Fig. 4 where dual circuitry implementation is demonstrated
as well. In this case, state vector changes into x= (vg,
Ve, ir4)Y. The mentioned concept can be mathematically
described by a set of the following ordinary differential
equations

dvg . K, W

4dt = 1L4+R4Ve Rs

dv, dirg
C = ir4L = — Ve —Rs5 - ip4, 7
s, = iala— Vd — Ve —Rs -ip4 @)
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FIGURE 8. Numerical calculations and graphical visualization of
time-domain sensitivities associated with dynamical system (4) (upper
plots) and system (10) (lower plots), magnified cubes and planes showing
uniform distribution of the initial conditions, see text for details.

which can be expressed in the filter-like fashion

d? Rs d? Cs+Cs d
— Vet — Vet —— - —vV
de3’ ¢ Ly dit? ¢ CyCsLy dt ¢
1 2
= — (K -vi = V. ) . 8
C4CsL4R4 ( Ve 4 ®)

To observe robust strange attractor, network components can
be fixed on the numerical values Ly =1.8-§ mH, C4 = 12.7 -
&nF, C5 = 12.7 - £€nF, Ry = 35 @, Rs = 193 Q and voltage
V4 =140 mV. Real-valued constant £ can be used to convert
the frequency components of the generated chaotic wave-
forms into more convenient frequency band. Orcad Pspice
aided simulation results are provided in Fig. 5. Dual circuit
with the state vector x=(irs, ir6, vf)T is described by
following expression

dirs )
Sy =—Vf-|-h4-h5~l%6—V7
dire .o dv - vf
=y — Ry 07 Ce—L = — — . 9
61, vi = Ry ineCo—r - =iLs — iLe Re 9

Nonlinear trans-admittance type sub-circuit (see yellow
region in Fig. 4) is created using MULT and DIFF func-
tional blocks. Linear part of the vector field (trans-impedance
two-port) of this dynamical system has a single zero pole
and pair of complex conjugated leading to quality factor
0 =2.759 and pole frequency w, =296 krad/s. Once again,
frequency limits are defined by the parasitic filtering effect
of AD633 device. Dynamical system (7) contains a pair of
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FIGURE 9. Bifurcation scenario visualized as plane projection vy vs i 4
(upper row) and v4 - ve with respect to the external voltage V, (see text).

the fixed points, namely X,; = (y/Va/R4, /Va/R4, 0)T X2 =
(—+/Va/Ry, —/V4/R4,0)T. Both points represent unstable
equilibrium having saddle-focus local vector field geometry.
Eigenvalues associated with x,; are A2 = (—1.396 £
j3.406) - 10° and A3 = 1.719 - 10° while fixed point X.»
spirals away state trajectory accordingly to the eigenvalues
Ao = (0.525£;3.271) - 10° and A3 = —2.122 - 10°.
Finally, the third example of a canonical chaotic oscillator
(see Fig. 6), can be described by the mathematical model

dvg . K

C7W = —ip7+ R (vh — V) - (v + Vo)

dvp v dipy

- p—— 10
8 =7 R d Vg — Vi (10)

where the state vector is X= (vg, v, ir7)T. Dynamical motion
of this circuit can be described by single third-order differen-
tial equation, i.e. formula directly comparable to (2), namely

a3 N 1 d? C+Cs d
_v — _v — —V
A3 " T CeRy d2 " T CiCeLy di "

1
= —Vg) - Vo).

+C7C8L7R9vh C>CsLRs (vh — V) - (v + Vo)

(11)

Typical strange attractor can be generated by this network
for the following numerical values of the circuit components
L7 =320-¢ mH, C; =370-£pF, Cs =3-&nF, Rz =87 Q,
Rg =6 k2 and voltages Vg =200 mV, Vo =500 mV; &
being real constant. Chaotic oscillator that is dual to discussed
topology is given in Fig. 6 with two-port nonlinearity marked
by yellow color. Covering set of the ordinary differential
equations is

dirg . .
Lg TR +ey (he -iLg — Vi2) - (h7 - irg + V13)
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FIGURE 10. Different solutions of dynamical system (10) with respect to
values of the external DC voltages Vg and Vqy: fixed point (dark blue), limit
cycle (light blue), chaos (green) and unbounded solution (red).

di d
;?:W—&ym@g¥=m—h% (12)

9

where e is the gain of an ideal voltage-controlled voltage-
source, blocks hg and h7 convert input current of nonlinear
two-port to pair of voltages. In practice, this operation could
be done by the so-called Norton amplifiers. Few types are cur-
rently commercially available now; for example, LM3900 or
LM359. However, final circuit complexity is significantly
raised and state vector changes into x= (iLg, ir9, vioT.
We can also replace concept of immittance filter by common
voltage-mode filter, see chaotic oscillator in Fig. 6. This
structure can be either passive or active; its transfer properties
are defined by block LAPLACE. Note that this oscillator is
normalized with respect to time. Real filter parameters can
be obtained after substitution t-s—s where 7 is time constant
in seconds. Module (60 dB down to -40dB) and phase (scale
200° down to -200°) frequency response of the black-box
filter as well as locations of transfer poles are provided via
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FIGURE 11. High-resolution bifurcation diagram calculated with respect to the external voltage V3, numerical integration process vs experimental
measurement for (from the left to right): V3 =2.3 V, V3 =2.36 V, V5 =2.3 V, V3 =2.67 V, V5 =2.72 V, V3 =2.92 V and V5 =3.32 V, plane projection v; vs v,
(black curve) and i;; vs v, (orange trajectory), corresponding v, vs v, Monge projections captured by oscilloscope.

Fig. 6. Note that poles have negative real part; i.e. filter
operates in stable area.

Existence and number of the fixed points depends on
the values of the external voltages Vg and Vg. The loca-
tion of equilibrium can be expressed as X, = (Vy, Vy,
ve/Ro)T, where v, are the real solutions for voltage of the
quadratic polynomial v)% + ve[Vo-Vg-R3/(R9K)]-VgV9 =
0. Therefore, the equilibrium points exist only under ful-
filling [Vo-Vs-R3/(RoK))?> > 4 - Vg - Vo. For numerical
values of the circuit parameters provided above we get a
pair of the fixed points; the first one is in position X, =
(—0.403, —0.403, —67.2 - 107%)T while the second one is
located at x,, = (0.248,0.248, 41.3 - 10~%)T. Simulation
results obtained by using Orcad Pspice are depicted in Fig. 7.

IV. NUMERICAL ANALYSIS OF CHAOTIC CIRCUITS,
EXPERIMENTAL MEASUREMENT

Since the main topic of this paper is a presentation of new
chaotic oscillators all results coming from numerical analysis
are directly bounded to designed electronic system and local
circuit parameters. Numerical integration processes were per-
formed in Mathcad using build-in fourth-order Runge-Kutta
method with fixed step size. The same program was utilized
for graphical visualization of all results. Program MATLAB
was adopted for LLE routine where ode45 solver and Gram-
Smith orthogonalization have been used.

As already mentioned, behavior of the chaotic systems is
sensitive to the changes of the initial conditions. This fact is
proved by means of Fig. 8 where many state trajectories (10%)
with negligible initial separation (in the vicinity of zero) were
numerically integrated and final states were visualized. In the
case of first chaotic system (upper plots), initial conditions
were randomly generated inside the cube with side length
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0.1 (red dots) and 0.01 (black dots). Left graph shows long-
term evolution with final #,,, = 100 s (green points) while
right plot offers short-time separation after #,,,, = 10 s (blue
final states). Lower plots demonstrate extreme sensitivity to
the initial conditions of dynamical system (10). However,
because of thin basins of attraction in z-dimension, initial
conditions are randomly swept over the plane z = 0, with
side size 0.05 (red points) and 0.001 (black points). Both
plots show a long-term evolution with final time #,,,, = 1000
but for the differently rotated state space. Deep numerical
investigations show that system (10) has higher level of pre-
dictability than system (4).

Typical route-to-chaos scenario in the second discovered
chaotic system (7) is shown by means of Fig. 9. It represents
numerically integrated period-doubling bifurcation scenario
plotted using rainbow color scale. This sequence is provided
with respect to the change of the external DC voltage Vy;
numerical values and corresponding state attractors from left
to right: 76 mV, 88 mV, 92 mV, 94 mV, 96 mV, 100 mV,
105 mV and 112 mV. Note that small variation of this external
parameter can burn or bury desired strange attractor. Cross
section for visualization of Poincare return maps (black dots)
is a plane defined by zero current through the inductor.
Increasing voltage above value 112 mV leads to a dynamical
solution which is unbounded for almost all configurations of
the initial conditions.

The concept of LLE, that is calculation of LLE with
respect to some circuit parameters, was used for a dynamical
flow quantification associated with the third proposed chaotic
system. Since both voltages Vg and Vg can seriously affect
parameters of the linear filter, namely value of product w(z)a),,,
precise combination of these voltages should be achieved
and kept precisely during experimental verification. This is
documented by means of Fig. 10 where four different types
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FIGURE 12. Topographically-scaled surface-contour plots of LLE calculated in a 4D cube of circuit parameters and for external DC voltage Vp, =2.9 V:
horizontal axis represents six different numerical values of floating inductor while vertical axis shows five different numerical values of resistor R;.
Color scale: fixed points (blue), limit cycles (green), chaos (yellow) and unbounded solution (white).

of solution visualized in the two-dimensional plane Vg €
(0,1) and V9 € (0, 1) are given. Here, voltage step 0.01
for basic (upper plot) and 0.0001 (middle right plot) and
0.001 (all other images) for zoomed sub-planes are provided.
This calculation was performed for sets of initial conditions
taken from close neighborhood of zero. Note that only a few
combinations of the voltages result into steady state strange
attractor. Investigated parameter space is filled by unbounded
solution, i.e. a state trajectory exhibits chaotic transient and
quickly escapes to infinity. Extreme sensitivity of behavior to
voltages can find its place in the sensor applications.
One-dimensional bifurcation diagram associated with the
dynamical system (4) and calculated with respect to external
voltage V3 is provided by means of Fig. 11. Each colored
slice represents a plane given as z-1, state variable x (blue)
and y (green), final integration time 10* with time step 1073
and voltage step 0.0001. This graph is completed by showing
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theoretically expected shapes of strange attractors, obtained
using the normalized mathematical model of a chaotic oscil-
lator, as well as practically measured Monge-projections of
the same attractors using oscilloscope. Note that chaotic oper-
ation of designed oscillator alternates with windows, where
this circuit exhibits variety of the periodic solutions. Standard
period-doubling route to chaos scenario has been confirmed
both by numerical analysis and practical survey.

The robustness of the strange attractors, i.e. structural
vulnerability against tolerances of the network components,
is a well-established measure that commonly defines prac-
tical applicability of the continuous-time chaotic system.
Since values of circuit elements are not analytically (that
is by closed-form formula) coupled with the existence of
chaos (this holds for both weak and strong chaos) some
precise, trustworthy and easy-to-be-calculated dynamical
flow-quantifier needs to be adopted. Sensitivities expressed
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FIGURE 13. Topographically-scaled surface-contour plots of LLE calculated in a 4D cube of circuit parameters and for external DC voltage Vj, =3.32 V:
horizontal axis represents six different numerical values of floating inductor while vertical axis shows five different numerical values of resistor R;. Color
scale: fixed points (blue), limit cycles (green), chaos (yellow) and unbounded solution (white).

in the terms of LLE have been established and provided
in topographically-scaled colored fashion in Fig. 12 and
Fig. 13 for two different external voltages. These repre-
sent high-resolution plots having total number 101 - 101 =
10201 points. Obviously, area with a positive LLE is not cen-
tered and, as consequence, numerical values of the oscillator
components can be updated to reach higher structural stabil-
ity. However, in the actual situation, this area is wide enough
such that the anticipated geometry of the strange attractor
is structurally stable and easily experimentally observable
even for real circuit components with tolerances and time
fluctuations.

Calculation of basins of attraction for individual chaotic
systems is another useful kind of the numerical investigation,
important especially from the viewpoint of upcoming circuit
realization. Based on the achieved results, it seems that there
is no need to impose initial conditions to nodes (voltages) or
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branches (currents) of designed chaotic oscillators. However,
in general, narrow basins not including surroundings of zero,
leading to evolution of desired strange attractor, can represent
serious problems in the case of practical experiments.

V. CONSERVATIVE CASES OF CHAOTIC CIRCUITS
Proposed topologies of the chaotic oscillators can be easily
modified to exhibit the so-called conservative dynamics; that
is volume-conserving strange attractor. Principal differences
between robust dissipative and conservative dynamics can be
understood by using appropriate visualization of state space,
see Fig. 15. Here, both static and dynamic energy profiles are
put into the context of time. These quantities are defined for
time instances k € (0, 200) as measure Eggic(k) = / [x,g +
i + 2] and Eqynamic(k) = [0k = xe—1)* + Gk = yk—1)* +
(zk — zk—1)*] respectively. Maximal energy levels are marked
by numerical values.
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FIGURE 14. One-dimensional bifurcation diagram with respect to the external DC voltage V, in the range from 85 mV to 100 mV,
corresponding graph of LLE focused on the range 92 mV to 100 mV, photograph of the bread-board with chaotic oscillator during
measurement, selected plane projections of period-one, period-two and chaotic motion of constructed circuit ready for comparison

between theoretical expectations and real observations.

FIGURE 15. Rainbow-scaled (in z-axis direction) Poincaré sections of
dissipative (upper two plots) and conservative (lower pair of images)
typical strange attractors, static energy distribution of dissipative (light
blue) and conservative (orange) system vs time, dynamic energy
distribution of dissipative (light blue) and conservative (orange) system.

Note that by considering resistor R, removed dynamical
system (4) turns to be conservative [107], [108]; that is with
the volume preserving state attractor. Thus, one example of
conservative chaos can be modeled by the network shown
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FIGURE 16. Comparison between numerically calculated (left column)
and experimentally observed (right column) state attractors observed
within dynamics of conservative system.

in Fig. 2 (upper schematic) by considering choice Ry —
oco,L = 1.8mH, C; = 1 nF, C; = 12nF and R; =
220 2. By variation of the external voltage V3 from 900 mV
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FIGURE 17. Brief comparison between waveforms in the time-domain:
numerically integrated mathematical model having normalized time and
impedances of dissipative (upper left plot) and volume-conserving (upper
right plot) dynamics, measured waveforms generated by designed
dissipative (lower left) vs conservative (lower right) chaotic oscillator and
visualized in the time domain using oscilloscope.

up to approximately 1.1 V we can observe different state
attractors; beginning with periodic and resulting into dense
strange attractor. Boosting this voltage further leads to the
unbounded behavior where AD633 saturates and do not work
properly. Corresponding plane projection is singular point in
position given by supply voltages. Measured plane projec-
tions are captured in Fig. 16 together with the state trajectories
obtained by numerical integration process considering math-
ematical model with the real-valued circuit parameters. Note
that there are differences caused by dissipation introduced
into the chaotic oscillator by parasitic properties of the active
element and common cheap inductor. Waveforms in time gen-
erated by both dissipative and conservative chaotic systems
are shown in Fig. 17. Importance of practical experiments
with chaos, except of proof of the structural stability, is that
analog circuitry allows smooth change of the individual sys-
tem parameters. This feature can cause that some interesting
attractors are revealed during experimental measurement but
not in the process of numerical analysis, see few examples
provided in Fig. 18.

VI. INDUCTOR-LESS TOPOLOGIES OF CANONICAL
CHAOTIC OSCILLATORS

From the viewpoint of experimental-oriented design the most
promising structures of chaotic oscillators will be composed
by resistors, capacitors and single nonlinear active device.
This nonlinear circuit element can be piecewise-linear [109]
as well as polynomial [110], connected as two-terminal or
two-port. Since filtering network based on RC elements
exhibits very low intrinsic quality factor this concept can
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FIGURE 18. Interesting geometrical structures of the state attractors
captured on oscilloscope during experimental measurement but not
localized within numerical analysis of the differential equations.
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FIGURE 19. Potentially chaotic fully analog oscillators with lumped
parameters based on the passive RC ladder network and simple
polynomial active feedback of the trans-impedance type.

Ay
4 J/
/

FIGURE 20. Basin of attraction (black dots) toward global chaotic
attractor established for conservative dynamical system, see text.

be used for synthesis of dynamical systems with significant
dissipation or in cooperation with nonlinear element having
advantageous transfer function. Thus, this section will intro-
duce several lumped networks that can be potentially chaotic.
However, numerical values of the circuit elements need to
be discovered using some optimization algorithm based on
the describing mathematical model [111] or generated time
sequence [112]. In the case of tabularized calculations paral-
lel processing is highly recommended.

Let’s consider first circuitry implementation provided
in Fig. 19. This oscillator can be described by the following
third-order ordinary differential equation

a3 R, + Ry 1 1 d?

as™ <q&& cm@+q&>ﬁﬁm
Ca"‘cb‘l'cc.iv =K'Vm(Vm_Vm) (13)
C.CpoCeRRy, dt " CuChCeR4RyR.

and represents alternative to dynamical system (4). By a slight
modification of the network, second schematic in Fig. 19,
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FIGURE 21. Basin of attraction (black area) toward global chaotic
attractor calculated for dissipative dynamical system, see text.

we can obtain dynamics closely related to (7), namely

a3 Ry + R, 1 1 d?

~3Vn + S aVn

dt C.R4R, CrR.  CyRy dt
Ca+Ce+Cr d K -v:-V,

CaCeCiRqR. d1 " CqCoCrRaR.R;
(14)

VII. BASINS OF ATTRACTION

All strange attractors presented in this paper that are either
numerically integrated or experimentally observed belong to
the class of self-excited. It means that close neighborhood of
equilibria is a part of basin of attraction. However, searching
for hidden attractors was not a subject of this paper. Thus,
their existence is not entirely excluded from dynamics of
analyzed mathematical models and can be revealed in future;
more likely by application of apropos numerical algorithms
rather than during experimental measurement.

Basins of the attraction were calculated for mathematical
model (4) with and without resistor R,. For the conservative
case, achieved numerical results are provided by means of
Fig. 20. Individual sub-spaces are slices defined by intervals
x € (—0.1,0.1) and y =€ (0.1, 0.1) in vertical direction;
namely z = —0.02, z = —0.01,z = 0, z = 0.01, z = 0.02
and z = 0.03. Horizontal resolution is 10™#. Note that basin
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occupy very small state space volume while all other initial
conditions pushes system toward infinity. However, close
neighborhood of state space origin belongs to this object.
On the other hand, dissipative system (4) exhibit large basin
of the attraction for strange attractor as it is demonstrated
in Fig. 21. Individual images are slices defined by intervals
x € (—5,5) and y =€ (-5, 5) in vertical direction; namely
beginning with z = —2.2 and ending with z = 2.5 with z-step
0.1 (that is total 48 planes). Horizontal resolution of these
slices is 10~2. For basin calculations, variable-step fourth-
order integration method was utilized.

VIIl. CONCLUSION AND DISCUSSION

This paper provides numerical analysis, circuit simulations
and true experimental verification of the simplest possi-
ble configurations of fully analog chaotic oscillators with
lumped parameters. Statement “‘simplest possible” seems
to be strong proposition but it acts together with ‘“‘easy-to-
be-constructed” circuit feature simultaneously. By referring
to fundamental structures of proposed chaotic oscillators,
one resistor always serves for a voltage-to-current conver-
sion. Thus, this element can be removed in the case of
voltage-input current-output fourth-quadrant multiplier with
the same transfer function. Such kind of device is not part of
the market stocks currently. Considering this fact, third-order
dissipative chaotic system cannot be constructed using less
than three accumulation elements. Remaining resistor serves
to set system dissipation in the case of non-conservative
dynamics. Reduced amount of the circuit elements can result
into non-solvable relations between mathematical model
parameters (coefficients of the differential equation) and real-
valued passive circuit elements (positive, non-extremal differ-
ences of the same kind).

Before starting design process, there were two preliminary
design requirements only: utilization of one cheap and off-
the-shelf active element and bifurcation scenario that can
be controlled via change of the external DC voltage. Up to
three circuit realizations were found which are different in
the sense that there is no linear transformation of coordinates
that transform one system to the other.

It is demonstrated that each designed chaotic oscillator
represents jerky dynamics [113], [114]. Therefore, in these
cases, algebraic simplicity turns also into circuit rusticity.
Moreover, design method utilized in this work can be used
for practical realization of the hyper-jerk dynamical systems.
This approach can be adopted without modifications because
in [115] some interesting quadratic cases were identified. The
only difference is that a linear part of vector field will be
constructed by using two biquadratic filters (can be passive)
connected in cascade. Last but not least, some specific cases
of hyper-chaotic systems can be considered as looped passive
ladder filter and nonlinear active two-port as well. However,
majority of 4D mathematical models can not be decomposed
in such a way [116].

Each chaotic oscillator proposed in this paper is suitable
for immediate design; both for educational purposes and
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as a core analog sub-circuit for the chaos-based commu-
nication platforms. It is because these provide structurally
stable strange attractor having significantly large values of
Kaplan-Yorke dimension Dxy =~ 2.386 comparable to
the complex multi-wing attractors or the so-called labyrinth
chaos with small dissipation [117], [118]. Next, our designed
oscillators generate time domain waveforms with very good
entropic properties. It means that segments of the output
signals do not exhibit similar patterns. This feature can be
tested by using several numerical approaches; for details and
algorithms consult papers [119] and [120].

Despite of the strong effort chaotic behavior in circuit with
RC ladder trans-impedance filter, i.e. parameter set leading to
positive value of LLE, has not been detected so far. Probably,
here we can find a place for future research.

Besides novel and very simple circuit topologies of the
chaotic oscillators, where only one cheap four-quadrant
analog multiplier is employed, this paper also brings rich
overview of the research papers published in past twenty
years. This work provides topics from the area of chaotic
systems: shows multidisciplinary nature of chaos, describes
design approach toward chaotic oscillators and mentions
quantification methods of the chaotic dynamics.
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