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ABSTRACT This paper presents the control design method for the transmission projective synchroniza-
tion (TPS) of the Multiple Non-identical Coupled Chaotic systems using sliding mode. A total of four
different cases of chaotic systems are studied which are: 1) systems with known parameters without fault;
2) systems with known parameters with a fault; 3) systems with unknown parameters without fault; and
4) systems with unknown parameters and fault occurrence. In first and third cases, the controllers are
designed using sliding mode, and adaptive integral sliding mode (AISM) is used to design controllers for
the second and fourth cases. To employ AISM, the error dynamics is broken into a structure comprising
a nominal and some unknown part, which are adaptively computed. The error dynamics are stabilized by
AISM control which consists of a nominal and a compensator control. To avoid the chattering phenomenon,
smooth continuous compensator control is used instead of the traditional discontinuous control. The stability
of adaptive law and compensator is derived using a Lyapunov function which becomes strictly negative.
Finally, the simulations of a numerical example verify the TPS behavior.

INDEX TERMS Multiple coupled chaotic system, transmission projective synchronization, adaptive integral

sliding mode control, and Lyapunov function.

I. INTRODUCTION

There is a growing interest of scientists from various
fields in chaos synchronization since the seminal work of
Pecora and Carroll [1]. Due to broad range of applica-
tions, chaos synchronizing of multiple coupled chaotic sys-
tems (MCCS) has attracted interest in nonlinear research.
Presently, two kinds of synchronization modes are being
used. One, the conventional mode, in which multiple systems
connect with one drive system, and two, the ring transmission
synchronization—both have successful but complex appli-
cations in mathematics, physics, engineering sciences, etc.
Some new schemes for MCCS have also been exten-
sively investigated [2]-[6]. They have advantages over
previous synchronization schemes in application domains
such as communication, information science, etc. Therefore,
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an effective synchronization of MCCS is now an interesting
area of research.

An improvement over conventional schemes in MCCS has
been proposed in a scheme named transmission synchroniza-
tion [7]. In this scheme, each system acts both as a drive
system and a response system, while synchronization among
MCCS is completed through a stepwise process. An occur-
rence of a synchronizing fault between two such systems in
real world problems is unavoidable. With previous models,
a fault can disrupt the synchronization process. This short-
coming hinders the efficacy of the system, hence needs to
be addressed. To this end, we introduce a synchronization
model that can avoid performance degradation of remaining
systems. The aim of this work is to design an effective con-
troller that increases the synchronization reliability in MCCS
in the presence of faults to realize a transmission projective
synchronization (TPS).

Recently, the synchronization of MCCS has attained a
considerable attention from research community due to its
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wide range of potential applications such as multilateral
communications, secret signaling etc. An adaptive synchro-
nization of MCCS is studied using integral sliding surfaces,
which can successfully stabilize the error systems against
different disturbances and parameter variations [§]. However,
the adaptive laws may suffer from parameter drift problem.
Hybrid synchronization is investigated for coupled chaotic
systems with a ring connection [9], [10]. The control strategy
is based on adaptive integral sliding mode to achieve anti-
synchronization and complete synchronization. The role of
restorative coupling on synchronization of coupled identical
systems in electrical networks is identified [11]. A class of
impulsive synchronization problems can be addressed using
(non)delayed couplings [12]. The controller is designed to
synchronize a complex network to an isolate chaotic system.
The synchronization problems of identical coupled chaotic
systems is also analyzed and based on stability conditions,
the appropriate control laws were designed to realize the
TPS [13]. This paper extends the work [12], [13] in two
aspects by proposing a technique. First, a proper TPS prob-
lem is discussed for Multiple Non-identical Coupled Chaotic
(MNCC) systems, and then its error system is transformed
into a nonlinear system with a special anti-symmetric struc-
ture. Second, sufficient asymptotic stability conditions are
derived so that TPS behavior of multiple chaotic systems
is realized. The results confirm the effectiveness of our
proposed technique.

Consider a multiple coupled chaotic dynamic system for
chaos synchronization. Such a system has been studied for
a known parameter [13]. We extend this work under the
assumption that all systems in the network have all param-
eters unknown. To reach TPS in this system, an adaptive
integral sliding mode is used.

Sliding mode control (SMC) is a nonlinear control
method [14]-[19]. It aims to drive the system states to a
certain surface, known as the sliding manifold. Once the
surface is reached, the system is forced to stay there. The
closed loop dynamics of the system in SMC depends only on
the design parameters of the switching sliding manifold. The
main disadvantage of SMC is discontinuity across the sliding
manifolds, which results in chattering and may cause harmful
effects in real life systems. On the advantages side, it offers
real time response, simplicity, and robustness against param-
eter variations and external disturbances. A variant of SMC,
integral SMC (ISMC), guarantees the robustness in the whole
state space because of elimination of the reaching phase [20].
The ISMC combines the nominal and discontinuous controls
to stabilize the nominal system and reject the uncertainty,
respectively.

Remaining paper is arranged as follows. System descrip-
tion and some preliminaries are introduced in section 2. The
proposed control strategies for the general case of hybrid syn-
chronization are discussed in Section 3. Application exam-
ples are presented in Section 4. In Section 5, simulation
results are discussed. Finally, concluding remarks are made
in Section 6.
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Il. SYSTEM DESCRIPTION AND PRELIMINARIES
The MCCS are generally expressed as

X1 =f1 &) + F1 (x1) 01 + Dy (xy — x1)
X2 = (x2) + F2 (x2) 62 + Dy (x1 — x2)

AN =fn (en) + Fn (xy) Ov + Dy(xv—1 — xn),

where xi,x2,...,xy are the state vectors and x; =
(xi1, X2, - - - ,xm)T JiRY — R" i = 1,2,...,N are the
continuous nonlinear functions and 6; € R” are real vectors
of parameters. F;(x;) € R™Pi are real matrices, D; =
diag{dy1,dpn, ..., din}, i = 1,2,..., N are n dimensional
diagonal matrices and d;; > O represent the coupled param-
eters of the diagonal matrices. If f; () # f;(1),i,j] ==
1,2,...,Nor F; (") # Fj(-),i,j = 1,2,...,N, then (1)
is an array of non-identical chaotic dynamic systems.

Applying the above coupling mode, the following TPS
control problem is formulated:

x1 =f1 (1) + F1 (x1) 61 + Dy (xy — x1) + uy

X =H0x2)+F2(x2) 02+ Dy (x1 —x2) + un )

iv =fv (en) + Fy (x§) Ov + Dy (xv—1 — xn) + un,

The TPS can be defined as follows.

Definition: If there is no fault in N coupled chaotic non-
identical systems, given in (2), we say they are in TPS if
the controllers u; (t),i = 1,2,...,N exist with trajec-
tories x1 () ,x2(¢), ..., xy (¢) in (2) and initial conditions
x1(0),x2(0), ..., xn (0)) satisfy

lim [le;| = lim [lx;11 (1) — gix; ()] = 0, 3
—>0o0 1—>00
where i = 1,2,.....,N,e; = (ei1,en, ..... ,e,-,,)T and the
scaling parameters ¢;,i = 1,2, ...., N are chosen such that

]_[?;1 q; # 1. If there is a fault then the scaling parameters
gi,i=1,2,...., N are chosen such that ]_[fvzl gi = 1.

Ill. TRANSMISSION PROJECTIVE SYNCHRONIZATION

OF MNCC SYSTEMS

The TPS control problem is now selection of a proper con-
troller, u; to converge error vector e; = (ej1, €2, ..., e,-,,)T,
i=1,2,...,N to zero asymptotically. For the TPS without
fault, the errors are defined as

€] = X2 — {q1Xx1
€2 = X3 — (q2X2

eN—1 = XN — gXN-1
EN = X1 — {4nXn,
where []/_; ¢i # 1. Therefore the error dynamics are (4), as

shown at the top of the next page and can be written as (5),
shown at the top of the next page.
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é1 = X2 —q1x1 = (x2) + F2 (x2) 02 + D2 (x1 — x2) + u2 — q1 {f1 (x1) + F1 (x1) 61 + D1 (xy — x1)} — q1u1
e = X3 —qax2 =f3(x3) + F3(x3) 03 + D3 (x2 — x3) +u3 — @2 {2 (x2) + F2 (x2) 62 + D2 (x1 — x2)} — qou2

eN—1 = XN — gN—1XN -1
=fn Gn) + Fy n) On + Dy (-1 — xn) + uy — gv—1 {fv—10v-1) + Fn—1 (ey—1) On—1 + Dn—1(xy—2 — xny—1)}
—gN-1UN-1
= fn (xn) + Fn (xn) On + Dy (in—1 — xn) +un — gy—1 {fv—1Gev—1) + Fn—1 (onv—1) On—1 + Dy—1(xy—2 — xn-1)}

—gN—-1UN-1
ey = X1 —gnin—1 =f1 (x1) + F1 (x1) 01 + D1 (xy — x1) +u1 — gy {fy en) + Fy (en) Oy + Dy (xv—1 — xn)} — gnun
4)
e f2 (x2) + F2(x2)02 + D2 (x1 — x2) — q1 {f1 (x1) + F1(x1)01 + D1 (xny — x1)}
1) 3 (x3) + F3(x3)03 + D3 (x2 — x3) — g2 {2 (x2) + F2(x2)02 + D2 (x1 — x2)}
en—1 INGN) + FnGen)On + DvOov—1 —xn) —gnv—1 {fv—1 Gv—1) + FN1Gov—1)0n—1 + Dy —1(xy—2 — xn—1)}
en S1 () + Fi(x)01 + Dy (xy — x1) — gn {fv (ev) + Fn(en)oy + Dy (xin—1 — xn)}
—q1 1 0 - 0 ui
0 —q2 1 . 0 u
+1 : : : : : ©)
0 1 —gN—1 1 UN—1
1 0 0 —4N UN
. 1
el —(q1 1 0 . 0
éz 0 —q2 1 . 0
éN—l 0 1 —gN-—1 e 1
éN 1 0 . 0 —gN
£(x2) + F2(x2)02 + D3 (x1 — x2) — g1 {fi(x1) + F1(x1)01 + D1 (xy — x1)} ] cer
f3(3) + F3(x3)03 + D3 (x2 — x3) — q2 {f2(x2) + F2(x2)602 + D2 (x1 — x2)} cer
X § — + :
SnGn) + Fn(xn)On + Dy (xy—1 — xn) ceni
=N N1 N1+ Fn_1 Gen—1) Ov—1 +Dn—1 (Ginv—2 — xn—1)} ee};
| fitx1) + Fi(xn8 + Dy (xy — x1) — gn {fv(en) + FNGv)On + Dy (xy—1 — xn)} |
(6)
Case 1 (Known System Parameters): Choosing (6), as Define Hurwitz sliding surface as
shown at the top of this page, whereee = [ ez e3 ... ey v | Nl
andv=_[viv ...V ]T is a new input vector, we have S = (1 + —) e1 = Ce,
t

S =e+Ciext, ..., +Cy_2en—_1 +en,

e1=ep

. where C = diag{l,, Ci, ..., Cn-2,1,}, I, is n x n identity

©2=e matrix, C; = diag{lc;i ... cipnl},i = 1,2,...,N —
(7 2,e = [erer...en]T and S = [s152 ... sy]’. Now

) §i = ep + cire3 + c2eip + -+ + cy—2eip + vi. Choosing

EN—-1 = €N v = —e — Cie3 — Creqg — -+ — Cy_pey — kS, k > 0,

ey = v. we have § = —kS = er,e, ....ey — 0.
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f2 () + F2 (x2) 63 + F> (x2) D3 (x1 — x2) — q1 {fl (1) + Fi (x1) 01 + F1 (x1) 01 + Dy (xy —X1)}
%1 f3 (x3) + F3 (x3) 03 + F3 (x3) 634.D3 (x2 — x3) — @2 {fz (2) + F> (x2) 02 + F (x2) 63 + D3 (x1 — XQ)}
(%)
P I (v) + Fy (i) Oy + Fy (xw) Oy + Dy (xy—1 — xn)
én —gN-1 {fol (n—1) + Fn—1 (xn—1) On—1 + Fn—1 (xN—1) ON—1 + Dn—1 (Xn—2 — fol)}
fitx) + Fi(x)d1 + Fi(x)f + Di(xy — x1) — g {fN(xN) + Fx(ew)y + Fy(Gov)0y + Dy (en—1 — XN)} ]
—q1 1 0 - 0 Uy
0 —q2 1 N 0 uy
S R R z ®)
0 1 —gN-1 1 UN-—1
1 0 0 —gn uy
~1
uj —q1 1 0 ... 0
u 0 —q2 1 . 0
UN_1 1 —gN-1 1
unN 1 0 . 0 —gN
fo () + F2 (x2) 62 + Da (x1 — x2) — q1 {fi (x1) + F1 (x1) 01 + Dy (xw — x1)
f3(3) + F3 (13) 03 + D3 (x2 — x3) — q2 {2 (x2) + F2 (x2) 62 + D3 (x) — x2) €2
e3
x {— R +
N Gen) + Fy (xn) O + Dy (xy—1 — xN) — gn—1 en
{fN—l (en—1) + Fn—1 (xy—1) ON—1 + Dn—1 (XN -2 —XN—l)} v
fi &x1) + Fi (x1) 01 + Dy (xy — x1) — gy {fN (v) + Fy () Oy + Dy (xw—1 — XN)}
L i 9)
Case 2 ( Un]cnown System Parameters): For i = or
1,2,...,N,]let6; be the estimate vector of 6; and 6;, = 0; — 6; ) B B
be the estimation errors in 6;, then error system (5) can be €1 =e+ Fr(x) 9~2 —q1F1 (x1) 9~1
written as (8), shown at the top of this page, where v is new er =e3+ F3(x3)03 — qaF2 (x2) 6
input vector. Choosing (9), as shown at the top of this page, €3 = e4 + Fu (x4) 04 — q3F3 (x3) 03
we have )
~ _ en—2=en 14+ Fn_1(Gn-1) 01— N2
el ey ] X Fy—2 (xy—2) ON—2
e o en—1=enN +Fy (xn) Oy —gv-1Fn—1 (Gnv—1) On—1
en =Vv+F1(x1)01 —gnFy (xn) Oy
= (1)
eN—1 .
) eN To employ the ISMC, choose nominal system for (11) as
EéN L v i
L - ~ . €l =e
F2 (x2) 02 — q1F1 (x1) 61 6 — o
F3(x3) 03 — q2F2 (x2) 02 2=
) €3 =e4
+ : (12)
Fy (n) 0N — gn—1FN—1 (in—1) On -1 ‘
F1 (x1)01 —qNFN (XN)ON eéN—-1 = €eN
(10) ey =v.

17850 VOLUME 7, 2019



M. R. Mufti et al.: TPS of MNCC Systems using SMC

IEEE Access

Define Hurwitz surface vector for nominal

systems (12) as:

d N-—1
SO:<1+E> e1 or

So=e+Ciez+---+Cy_seny_1 +ey = Ce,

sliding

then

S() =Cé=ey+ Ciezs+ Creq + -+ Cy_nen + vo.

By choosing
vo=—ey+ Cre3 + Cres + -+ + Cy_peny —ksg, k >0,
we have S'o = —kSp, therefore Sy — 0, and (12) is stable

asymptotically. Sliding surface vector for the (11) is chosen
as S = So+Z = Ce+Z, where Z is an integral term computed
later. Reaching phase is avoided by choosing Z (0) such that
S (0) = 0. Choose v = vg + vy, where vq is nominal input and
vy is compensator term computed later, to get
S=8+Z=é1+Ciéea+---Cy_sén—1+eén,
§ =ex+F2 ()0 —qiF) (x) 61 + Cre3 + C1F3 (x3) 03
— 2C1F2(x2)02 + Caes + C2F4(xa)04 — q3C2F3(x3)03
+- - +Cn-3en—1 + Cy—3Fn_1 (xn—1) Oy -1
— qn-2CN—3FN—2 (xy—2) On—2+Cn_zen
+ CN—2FN (xn) Oy — gn-1CN—2FN—1 (iv—1) Oy 1
+v0 +vs + F1 (x1) 01 — gnFy (n) Oy + Z,
S =er+Cres+ Coeq+ -+ Cy_3en_1 + Cy_2en + o
+ vy +Z +{F1 (x1) — qiF1 (x1)} 0y
+{F2 () = 2C1F2 (x2)} 62
+{C1F3 (x3) — ¢3C2F3 (x3)} 3 + - - - + {Cy_3F y _,
x (xn—1) — qn—1CN—2FN—1 Gv—1) } On—1
+{Cn2Fy (n) — gnFy (n)} O - (13)
By choosing a Lyapunov function (14), adaptive laws are

Qesigned for éi, éi, i=1,2,...., N and vy computed such that
V <0,

v:%p%+§%+@@+@%+m+%%}(m
Theorem: Consider a Lyapunov function
V= %{STSJF@]Tél +670,+05 03+ + Oy 0N},
then V < 0 if the adaptive laws for 6;, éi, i=1,2,...,Nand
the value of v, are chosen as

7 = —ey —Cre3 — Creg — ... — Cy_sen — Vo,

vy = —kS,

b= — (=g F] @S —kifr. 6 = —b1,

br = —{F2 (x2) — 2C1F2 (x2)} S—k26, 52 = —6,
b3 = —{C1F3(x3)—q3C2F3(x3)} S—k363, 53 = —6,

VOLUME 7, 2019

N {CN_3Fy_1(v—1) — CIN71CN72FN71(XN71)}T
X S—kn_16N—1,
éN‘—l = —fy_1,
Oy = —{Cn—2F 5 (xn) — anCn—1Fn (cn)} S—kn 6y,
by = —by. (15)

Proof: Since

Vo= {STS+ 870, + 876, + 076 + - + 856y,

V =5T{ey+Cres+ Caeg+ -+ Cy_sey +vo+vs + Z
+{Fi(x) = i F 1)} 01 + {F202) — ¢2C1F2(x2)}0
+{C1F3 (x3) — ¢3C2F3 (x3)}03 + - - - + {Cy_3F _,
x (xn—1) — qn—1CN—2FN—1 (xn—1)}0n_1 ‘
+{CNn_2F y (xn) — qnCn—1FN (x3)}On} + 6] 6,
076 + 07 @+ -+ 87 Ay 1 + 0T,

V =8T{es+ Cres + Caeq + - -+ Cy_3en_1 + Cy_2en
o+ v +Z+07 {61+ — g F] (s}

+07 |+ 12 () — pCiFa ()] )

+65 {53 + {F3 (x3) — 3C2F3 (X3)}}T N

ot Oy {éN—l +{Cn-3Fy_1 (Gn—1) —gn—1
x Cy-aFy1 Gv-0l] )

1 [ * T
+ 0 (B +{Cv—2Fy () — awFy G)}} ).

By choosing
Z = —ey— Cre3 — Cres — -+~ — Cy_aen — V0,
vy = —kS,
b= — (1 —gq F] (1) S — ki,
b = -4,
by = —F> (x2) — 02C1Fy (x)}' S—ka,
by = —bs,
by = — {C1F3 (x3) — q3C2F3 (x3)}" S—k363,
by = —bs,
Byt = — {Cn3Fy_(an—1) — CINfICN72FN7](xN71)}T
X S—kn_10N—1,
By 1 = —bn_1,
iy = — {Cn-2Fy (xn) — gnCn—1FN (XN)}T S—knO,
Oy = —by.
We have

N
V=—kS"S - kb0,

i=1
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From this we conclude that S, 5i —-0,i=1,...,N.
Since § — 0, thereforee; — 0,i =1, ..... ,N.

IV. NUMERICAL EXAMPLE

As an application of the derived behavior, numerical exam-
ples of three non-identical coupled chaotic systems show
the effectiveness of method. These are Chen system, Lorenz
system and Lu system and described as follows:

X11 = a1x11 + axx12 +di (x31 — x11) + U1
X12 = azxyy + asxi2 + x11x13 + di2 (x32 — x12) + U2
X13 = asx13 +x11x12 + d13 (X33 — x13) + U13,

(16)

where alp = —35, ap) = 35, a3 = —7, a4 = 28, as = -3.
X21 = bixo1 + baxoo 4 doy (x11 — x21) + u21

X2 = b3xpp — x21x23 + doo (x12 — x22) + U2 (17
X23 = baxpz + x21x22 + do3z (X13 — X23) + U23,

where b1 = —36, by = 36, b3 = 20, by = —3.
X31 = c1x31 + c2x32 + d31 (x21 — Xx31) + u3g

X320 = 3X31 — X32 — X31X%33 + d32(x22 — x32) +uz2  (18)
X33 = c4x33 + X31x32 + d33 (023 — Xx33) + u33,

where c; = —10, ¢ = 10, c3 =28, ¢4 = —%.
Define
X11 X21 X31
X1 = X12 | X2 = | X22 |, X3 = | X32 |,
_)C13 | X23 X33
Uil uz1 usl
uy = ui2 |, uy = ux |, Uz = usz |,
| 113 | u23 u33
m ]
! by c1
ap
by [o)
o=\ a3 |, b= , 03 =
b3 c3
4 b c
as 4 4

The equations (16) — (18) are written as a vector

X1 = (1) +Fr(x1) 01 + uy
X2 =fr(x2) +F2(x2) 02 +up (19)
X3 =f3(x3) + F3 (x3) 63 + u3,

where

di1 (x31-x11)
—x11x13 +d12 (x32-x12) |,
L XXz + di3 (x33-x13)
ESTRESE 0 0 0
Fiaxp)=| 0 0 xi1 x2 0 |,
0 0 0 0 X13
dr1 (x11-x21)

—x21x23 + do2 (x12-X22) |,
| x21x22 + d23 (x13-X23)

filx) =

H ) =

17852

x1 x2 0 0
Fa(x2)=1| 0 0 x» 0],
0 0 0 Xx23

d31 (x21-x31)
—Xx32 — X31X33 + d32 (x22-X32) |,
x31x32 + d33 (x23-x33)
[x31 x2 0 0
F3(x3) =| 0 0 x33 O
L 0 0 0 X33

Case I (Known System Parameters With No Fault): For
TPS, the errors

() =

ell €21 €31
er=|enn |, ex=|exn | andez = | exn
e13 | €23 €33
aré e = X —(qi1X1, €2 = X3 —{2XxX2 and €3 = X1 —(q3Xx3, where
919293 # 1.
Therefore

el = X2 — q1x1
e = X3 — QX2
el = X1 — q3xs,

which can also be written as (20), shown at the top of the next
page. By choosing (21), as shown at the top of the next page,
with v =[ v v2 v3| as the new input vector, we write

é] =e)
éz =ée3 (22)
é3 = V.

Define the Hurwitz sliding surface as

S =e1 +2e + e3,

S e11 + 2ez1 +e31
where S = | 5o | = | e1p + 2e2n + €32
53 e13 +2ex +e33
Now § = é1 +2¢2 + &3 = es + 2e3 + .
By choosing
yv=—ey—2e3—ks, k>0,

we have § =
er,er,e3 —> 0.

Case Il (Known System Parameters With a Fault): Assume
that there exists a fault between the systems (16) and (18),
then the TPS errors

—kS, therefore S — 0 which gives

€11 €21 €3]
er=|en |, ex=|ex | ande3=| exn
€13 €23 €33

are e = X2 —q1Xx1, €2 = X3 —qoxp and e3 = x| — g3x3, where
q19293 = 1. We set u; = 0 in e3 so that

el =X — q1x
ey = X3 — qaX2 (23)
e3 = X1 — q3x3.
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e f2 (x2) + F2 (x2) 62 — q1{fi (x1) + F1 (x1) 01} —q1 1 0 ui
e |=|Hm®)+F3(x3)0 —qifa(x2) +F2(x2) 02} |+ O —q2 1 up (20
3 Ji @) + Fi (1) 61 — g3{f3 (x3) + F3 (x3) 63} 1 0 —g3 ] |u3
ui —q1 1 o] £ (x2) + Fa (x2) 02 — qi{fi (x1) + F1 (x1) 61} ] e
up | =1 0 —q2 1 — [ 3 (x3) + F3(x3) 03 — g2{f2 (x2) + F2 (x2) 02} | + | e3 21
u3 1 0 —g i)+ Fi () 01 — g3{f3 (x3) + F3 (x3) 63} v
ey fo (x2) + F2 (x2) 62 — q1 {fi (x1) + F1 (x1) 01} —q1 1 0 u
e =10 +F303)03—q{fa(x2) +F202)60) |+ | O - 1 173 (24
3 S1 (1) + F1(x1) 01 — g3 {f3 (x3) + F3 (x3) 63} 1 0 —g u3
uy —q 1 0 77 TARG)+Fm)6—aqilfi )+ Fi (1) 61) e
u |=1] 0 —q 1 — [ 3 (x3) + F3(x3) 03 — q2{f2 (x2) + F2 (x2) 02} | + | e3 (25)
u3 1 0 —q3 J1 () + F1(x1) 61 — g3{f3 (x3) + F3 (x3) 03} v

It can be represented as (24), shown at the top of this page.
By choosing (25), as shown at the top of this page, with
= [v1 Vo V3 ]T as the new input vector, we write

él = e
e =e3 (26)
e3 = V.

Define the Hurwitz sliding surface as
S =e1+2e +e3,

el +2ex +e31

where S = | s, | = | e12+2ex+en | then S = &) +
53 e13 + 2ex3 + e33

2¢) + 3 = ey +2e3 + V.

By choosing v = —e» —2e3—ks, k > 0, we have S = —kS,
therefore S — 0, which gives ey, €3, e3 — 0.

Case IIl (Unknown System Parameters With No Fault): For
i =1,2,3, let él- be the estimates and 5,- = 6; — él- be the
estimation error of 8; Vector form of (16) — (18) can now be
written as

i1 =f1 (x1) + F1 (x1) 01 + F1 (x1) 01 + ug
B =)+ Fa(x2) 02+ F2 (12) 0 + 27
i3 = f3 (x3) + F3 (x3) 03 + F3 (x3) 03 + u3,

where
a a A =
ol ol b by
ap ap » 7
A « ~ ~ A by ~ by
Oh=|az |, O1=]|as |, b= 13 , b= 5 |
&4 &4 133 53
as as 4 4
C1 1
A N ~ ¢
h =¢ 2| and 03 = 2
c C3
C4 C4
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For TPS, errors are e; = xp — q1x1, 2 = x3 — qaxp and
e3 = x1 — q3x3, where q1q2q3 # 1.
Therefore
€] = X2 — q1X
€ = X3 — @22 (28)
€] = X1 — q3X3,
which can be written as (29), shown at the bottom of the next
page. By choosing (30), as shown at the bottom of the next
page, with v as the new input vector, we write
é1=er+ Fy (x2) 0y — q1F1 (x1) 6y
er =e3+ F3(x3) 03 — q2F2 (x2) 62 (€29
e3 =v+Fy (x1) 01 — q3F3 (x3) 63,
To employ the integral sliding mode, choose the nominal
system for (31) as

él =e
er=e3 (32)
€3 = Vo,

where v is the nominal input vector.
Define the Hurwitz sliding surface for nominal system (32)
as

So = e1 +2ex + e3,

501 e+ 2ex1 +e31 )
where So = | so2 | = | e12 + 2e22 + €32 |, then S = é1 +
503 e13 +2ex; +e33
2¢) +é3 =ey + 2e3 +v.
By choosing
v=—ey —2e3—kSy, k>0,
we have So = —kSp, therefore Sy — 0, which shows that

(32) is asymptotically stable. The sliding manifold for (31) is
chosen as

S=8S+Z=e+2e+e3+7Z,
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FIGURE 1. Time history of errors when there is no fault, where (a) shows error between the systems (1) and
(2), (b) shows error between the systems (2) and (3) and (c) shows error between the systems (1) and (3).

where Z = [zl 73 23 ]T is an integral term. To eliminate S = e+ Fz()Cz)éz —q1F (xl)él + 2e3 + 2F3(X3)§3

the reaching phase, choose Z (0) such thz;g S(0) = 0. Set — 22F>(x2)0 + vo+vs + F1(x1)01 —q3F3(x3)03 + Z,
v = v + v, where vo = [vo1 vo2 vo3 | is an input and

vy = [vs1 ve2 Vi3 ]T is a compensator which is computed S=ert2e +1)0 Tvst+Z+ {Fl 1) 01 — q1F1 (x1)}0
later, so that + {Fz (x2) 02 — q22F> (Xz)} 7))
S =80+Z =042 +6342, +{2F3 (x3) 03 — q3F3 (x3)}63. (33)
el fr(2) + F2(x2) 2 = q1 {fi (x1) + F1 (x1) 01} -1 10 ][ F(x2)0> — q1F1(x1)0;
o |l=|Hm®+F@)0—qpih(e)+F20)6} |+] 0 —q 1 ur |+ | F3(x3)63 — q2F2(x2)62
e Sfi 1) + Fy (x1) 01 — g3 {f3 (x3) + F3 (x3) 03} 1 0 —g3 || us Fi1(x)01 — ¢3F3(x3)03
(29)
i —q 1 07 [AE+F@ 60— alh <)+ Fi a6 e
u | = 0 —q2 1 — | f33) + F3(x3) 03 — qaifa (x2) + F2 (x2) 62} | + | €3 (30
u3 1 0 —g fi (1) + F1 (x1) 61 — g3{f3 (x3) + F3 (x3) 03} v
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FIGURE 2. Time history of errors when there is a fault, where (a) shows error between the systems (1)
and (2), (b) shows error between the systems (2) and (3) and (c) shows error between the

systems (1) and (3).
By choosing a Lyapunov function
1 e ama ama
V=5m6+ﬂ&+£®+@@

the following adaptive laws for é,', é,;i = 1,2, 3 and v, gives
V <0:

7= —ey — 2e3 — vy, Vs —kS
él = —(F) (x1) — 1 F1 (0)T'S — ki1, él = —él
9} = —(F2 (x2) — q22F2 (22))"'S — k203, éz = —6?2
03 = —(2F3 (x3) — q3F3 (x3))7 S — k33, 63 = —3.
(34)
Since

V =TS +676, + 67, + 676,

VOLUME 7, 2019

V = ST[er +2e3 4+ vo +vs + Z + {F1 (x1) — q1F1 (x1)} 6,
+{F> (x2) — 22F> (x2)} 6>
+{2F3 (x3) — q3F3 (x3)} 03] + 51T§1 + 5552 + §3T§3,
V =58T[es +2e3+vo+vs+ Z]
67161 + (F1 (1) — 1F) (1) S)
+0 {6y + (F2 (x2) — 22F2 (x2)) S)
+07 (65 + 2F3 (13) — g3F3 (3)) S},

Using (34)
0 = — (F1 (x1) — qiF1 )T S — K161, 6 =6
=0, = (1 —DF S —Kib, 6 =6,
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FIGURE 3. Time history of errors and identification of parameters when there is no fault, where (a) shows
error between the systems (1) and (2), (b) shows error between the systems (2) and (3), (c) shows error

between the systems (1) and (3) and (d)-(f) show estimated parameters.
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FIGURE 3. (Continued) Time history of errors and identification of parameters when there is no fault,
where (a) shows error between the systems (1) and (2), (b) shows error between the systems (2) and (3), (c)
shows error between the systems (1) and (3) and (d)-(f) show estimated parameters.

gives gives
_éll ] (si(gi—Dxir | [ kiar ] 9'1 . 1?1 (26]2 — l)x21s1 koay
2 - A a = ~
a s1(q1—Dxi2 kyay 62 Zz; by (22 — 1) x2281 kaay
a |=| g —Dxn || ks |, | 6y |=—| & |. by | | (24— 1)x2s2 kyaz |’
Ga s2(q1—1Dx12 kiay 54 as by (292 — 1) x2353 kaay
as $3(q1—Dx13 kias % a5 . .
- - - - T 0s b by
b b
Further ;2 = - ;2
. o b bs
:>9~2 = (2q2— 1)F2T (xz)S—Kzéz,Qz =9~2, _134_ by
& f2(2) + F2 (02) 02 — qi{fy (x1) + F1 (1) 61} -~ 1 0 [m Fa(x2)02 — g1 F1(x1)0;
e | =)+ F3)0— @i +F200)6) [+ 0 —¢ 1 uz |+ | F3(x3)63 — q2F2(x2)62
€3 JS1(x1) + Fi (x1) 61 — g3{f3 (x3) + F3 (x3) 03} 0 0 -4 us Fi1(x1)01 — q3F3(x3)03
(36)
i —q 1 07 [AE+F@ 60— alf k) +Fi D6 e
u | =1 0 =) 1 — [ f33) + F3(x3) 03 — qaifa (x2) + F2 (x2) 62} | + | €3 37
us 1 0 —g Ji @) + Fi (1) 61 — q3{f3 (x3) + F3 (x3) 63} v
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FIGURE 4. Time history of errors and identification of parameters when there is a fault, where (a) shows
error between the systems (1) and (2), (b) shows error between the systems (2) and (3), (c) shows error
between the systems (1) and (3) and (d)-(f) show estimated parameters.
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253

03 = — (2F3 (3) — g3F3 (13)) S — Kafs, 63
253 = (q3—2)F3T (X3)S—K3é3, é3=§3,

gives

Ci (g3 —2) x3181 ksci

| _ | (@3—2xs | _ | ka2

3 (g3 — 2) x3152 kscs |’
| ¢4 | (g3 —2) x3353 kscyq
[¢1 ] C1

|l |a

& &
L ¢q | C4

Case 1V (Unknown System Parameters With a Fault):
Assume, there is a fault occurring between systems (16) and
(18), then TPS errors are

el = X2 — q1X1, €2 = x3 — qax3 and e3 = x| — g3x3, where
q19293 = 1 and u; = 0 in e3. Therefore

e =X — qi1x1
e = X3 — qaxo
€3 = X| — q3x3,

(35)

which can also be represented as (36), shown at the bottom
of the 11 page. Setting (37), as shown at the bottom of

VOLUME 7, 2019

the 11 page, with v as the new input vector, we have (38).
Remaining procedure is similar to Case III.

é1 = e+ Fa(x2) 62 — qiFy (x1) 0y

ey = e3 + F3 (x3) 9~3 — quz (x2) éz
&3 =v+Fy (x1) 0 — q3F3 (x3) 3.

(38)

V. NUMERICAL SIMULATIONS
Initial conditions for simulation are chosen as

(x11 (0), x12 (0) , x13 (0)) = (10, 20, 30),
(.X21 (0) » X22 (0) » X23 (O)) = (_587 8’ 30)
(231 (0), x32 (0) , x33 (0)) = (11, 25, 26).

and

We choose di1 = dy1 = di3 = dy3 = d31 = dy3 = 0,
d12 = 10,d22 =11 and d32 =1.

For Case I, when systems parameters are known and there
is no fault, we choose g1 = 2,92 = 3,¢3 2. The
synchronization errors between the systems (1) and (2), sys-
tems (2) and (3), and systems (1) and (3) are shown in
Figures 1(a), 1(b) and 1(c), respectively.

For Case II, when system parameters are known and there
is a fault, we choose q1 = 2,q2 = 3,q3 %. The
synchronization errors between the systems (1) and (2), sys-
tems (2) and (3), and systems (1) and (3) are shown in
Figures 2(a), 2(b) and 2(c), respectively.
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From Figures 1 and 2, itis quite clear that the error state tra-
jectories converge to zero asymptotically for controllers (21)
and (25).

For Case III, when system parameters are unknown and
there is no fault, we choose q; = 2, q» = 3, q3 = 4 and true
values of the parameters are chosen as

ay = =35, a» =35, a3=-7, as =28, as = -3,
by = —35, by =36, b3 =20, by =—-3, and

8
Ccl = —10, Cc) = 10, c3 = 28, C4 = —g.

The synchronization errors are depicted in Figure 3.

For Case IV, when system parameters are unknown with
a fault, we choose ¢ = 2,90 = 2,93 = 0.25. The
synchronization errors between the systems (1) and (2), sys-
tems (2) and (3) and systems (1) and (3) are shown in
Figures 4(a), 4(b) and 4(c), respectively.

Itis clear from Figures 3 and 4, that the error state trajectory
reaches to zero asymptotically and the estimates reach their
true values, i.e.,
ay =ai, ay=ay, a3 =a3, a4 = a4, ds = as,
by, by=by, by =b3, by= by,

cl, €2 =1C2, C3=C3, C4 = C4.

=
|

A
Il

Hence, the TPS is realized.

VI. CONCLUSION

In this work, the behavior of transmission projective syn-
chronization is investigated for multiple coupled chaotic sys-
tems. Based on sliding mode approach, the controllers are
developed. Four cases of chaotic systems are considered.
Case I: Known system parameters with no fault, Case II:
Known system parameters with a fault, Case III: Unknown
system parameters with no fault, and Case IV: Unknown
system parameters with a fault. In Cases I and III, controllers
are designed using sliding mode control, and in Cases II
and IV, controllers are proposed using an adaptive integral
sliding mode. The control laws for anti-synchronization and
complete synchronization are also designed based on stability
theory such that the uncertain parameters can effectively be
identified. Numerical simulations results verify the theoreti-
cal analysis.
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