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ABSTRACT Visible light communication (VLC) is an evolving green communication technology for indoor
wireless communication networks. VLC utilizes light-emitting diodes (LEDs) for both illumination and
communication. To achieve economic and energy-efficient communications, non-orthogonal multiple access
(NOMA) improves the system throughput by enhancing spectral efficiency. In indoorVLCnetworks, the gain
ratio power allocation (GRPA) of NOMA allocates greater signal power to the users of poor channels to
achieve both fairness and high data rate. However, current GRPA strategies developed for radio frequency
channels are not necessarily effective in all VLC channel and illumination cases. This study makes the
following contributions. First, a GRPA strategy based on VLC channels is proposed that modifies the power
counting and channel proportions enhance the NOMA-VLC throughput. Second, owing to difficulties of
directly analyzing NOMA-VLC throughput, an alternative lower bound based on a VLC channel model
to facilitate throughput comparisons is proposed. It is proved that the proposed alternative lower bound
is asymptotic and compact with respect to NOMA-VLC throughput. Third, for the case of LED heights
greater than 1 m, a local extremum solution using the proposed strategy is analytically demonstrated based
on the alternative bound of VLC network throughput. Then, for the case of LED heights smaller than 1 m,
the necessary but not sufficient condition under which the proposed strategy outperforms previous strategies
is provided in VLC scenarios. Finally, the experimental results demonstrate the compactness of the proposed
alternate lower bound and the advantages of the proposed strategy.

INDEX TERMS Visible light communication, non-orthogonal multiple access, gain ratio power allocation,
illumination scenario.

I. INTRODUCTION
According to the Cisco Visual Networking Index [1], 80%
of Internet traffic will become video, requiring high-speed
wireless communication at an average speed of 20 megabits
per second (Mbps). If demand increases as expected and
the Internet of Things (IoT) becomes a reality, the num-
ber of connected devices will grow from 5 billion to over
20 billion by 2020. Because billions of new wireless devices
are expected to be added to the Internet in the coming decade,
wireless devices including smartphones and IoT equipment
will consume a significant amount of power and substantial
global greenhouse gas emissions will be produced by new
infrastructure. However, in the next generation of wireless
communication, visible light communication (VLC) [2] is
a promising technology for advanced green-oriented net-
works [3]. VLC utilizes light emitting diodes (LEDs) to offer
the wireless transmission of data in the license-free radio

spectrum. Common LED bulbs consume 85% less energy
than their incandescent counterparts, and their deployment
is poised to have a massive impact on the energy mix, with
lighting currently accounting for as much as 15% of global
electricity consumption and 5% of worldwide greenhouse gas
emissions [4]. Furthermore, the LEDs that could be consid-
ered as access points (APs) for serving mobile users are ubiq-
uitous in daily lives and applicable to both general lighting
and wireless communication. Massive numbers of energy-
efficient VLCs and low-cost LEDs are deployed indoors
for illumination, realizing the novel concept of light fidelity
(LiFi) networking [2], [5]. Consequently, green technologies
based on VLC networks for next generation technologies are
being developed.

VLC networks exhibit some challenges. For example,
an optical AP does not provide broad spectrum communica-
tion because of the limitations of hardware technologies [7].
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An indoor ultra-dense network (UDN) based on VLC, which
is a novel form of network management to address network
density requirements, has high requirements that must be
met [8]. The coverage of an optical AP is confined because
of the line-of-sight propagation of visible light [9]. These
challenges demand spectrum-efficient utilization to achieve
high rates of traffic in local hotspot areas and meet the
density requirements (such as high traffic density, high user
equipment (UE) density, and high AP deployment) of UDNs
in next-generation wireless communication [8]. To achieve
spectrum-efficient utilization, we consider a user access
scheme based on non-orthogonal multiple access (NOMA).
Compared with orthogonal multiple access (OMA), NOMA
can increase spectral efficiency by serving multiple users
from the same resource block, such as a time slot, sub-
carrier, or spreading code [10]. The NOMA principle is a
general framework and some proposed OMA schemes can
be combined with NOMA. NOMA-VLC can continuously
exploit the entire bandwidth for the time-frequency utiliza-
tion with complete freedom to increase spectral efficiency.
For UDN scenarios, the area throughput requirement may
be as high as 20 Mbps/m2. A public-private partnership
for next-generation communication provides the performance
evaluation models of use cases [11] and believes that UE
deployment density in an indoor high-speed environment
will be around five UEs per cell, and the deployment in
a room of VLC system LEDs, whose coverage range is
around 1–5 m, can be dense and arbitrary. When the num-
ber of users increases, the NOMA complexity problem may
appear, but this is not the focus of this paper. The com-
plexity of the power-domain and successive interference
cancellation can be reduced when power-domain and other
schemes are combined in NOMA [12], [13]. Reference [14]
concluded that power-domain NOMA had the lowest com-
plexity of all NOMA schemes in the power domain, code
domain, and combined power-code domain. On the other
hand, when using current and upcoming generations of pro-
cessors for ubiquitous wireless sensor networks, the com-
putational time complexity for NOMA message decoding
is within acceptable limits [15]; it means that scalable low
complexity resource allocation can be obtained using power-
domain NOMA, which is highly desirable for machine–
machine communication in 5G networks [16]. Therefore,
in this paper, we focus on the power allocation strategy
rationality of NOMA in a typical VLC scenario, and analyze
the data rate performance of power allocation strategies with
respect to VLC deployment.

There are two main approaches to optimizing NOMA
power allocation: numerical search and strategic design.
It is difficult to determine the optimal solution with either
approach because this optimization problem is NP-hard [17].
The numerical search approach is expensive to compute,
whereas using strategies is convenient for real-time process-
ing. For strategic design, recent methods include the power
law strategy (PLS) [18] and fractional transmit power alloca-
tion (FTPA) [19], [20], in which the assigned power decreases

as the ratio of channel gains increases. In power-domain
NOMA, the gain ratio power allocation (GRPA) scheme [18],
which considers user channel conditions to ensure efficient
and fair power allocation, was proposed to maximize the
system throughput. In [18], a GRPA strategy based on a power
law strategy that considers the VLC user channel conditions
to ensure efficient and fair power allocation was presented.
In [21], a normalized gain difference power allocationmethod
based on PLS was proposed that exploits channel conditions
in a multiple-input multiple-output (MIMO) VLC system.
In [22], the PLS method of GRPA was improved to solve
the problem of users with similar channels and accommo-
date a varying number of users in a MIMO-VLC system.
In [23]–[25], various approaches including PLS and FTPA
were compared, leading to a re-design of the power allocation
strategy in NOMA-VLC networks.

However, the original PLS and FTPA approaches for
NOMA GRPA that were first proposed for traditional radio
frequency (RF) channels [26]–[28] may not be suitable for
NOMA-VLC networks. When FTPA [19], [20] was first
developed for radio frequency channels, the authors did not
provide a rationale for this approach in closed-form solutions.
Later, PLS [7] was proposed for VLC, but the authors did
not provide a rationale for its use in VLC channels. When
both FTPA and PLS were introduced into VLC, several stud-
ies [7], [21]–[24] did not present analytic evidence for the
optimization of VLC power allocation. Until now, the per-
formances attained by power allocation strategies have not
been analyzed using closed-form solutions. Current VLC
studies that introduce traditional PLS and FTPAmay not fully
consider the characteristics of VLC systems. Because indoor
lighting is ubiquitous, both the purposes of illumination and
communication (e.g., the height of an LED) in VLC net-
works must be considered. Therefore, this study addresses
an important challenge: that GRPA should be designed in
accordance with the characteristics of VLC channels so that
power allocation coefficients are suitable for enhancing VLC
system throughput in typical light source scenarios.

In this paper, a GRPA strategy that is suitable for VLC
channels is designed. The contributions of this paper are listed
as follows.
• Because of the difficulties involved in the direct analysis
of complicated mathematical NOMA-VLC throughput
forms, an alternative bound based on VLC channels
is proposed for comparing candidate GRPA strategies.
In addition, an improved FTPA strategy is designed
by revising the power-counting coefficients within
GRPA.

• For LED heights greater than 1 m, the proposed GRPA
strategy yields a local extremum solution based on
our proposed alternative bound, which is proved using
the maximum-minimum criterion and Karush–Kuhn–
Tucker conditions.

• For LED heights smaller than 1 m, the proposed GRPA
strategy cannot maintain the system throughput based
on visible light channels. However, a necessary but not

VOLUME 7, 2019 15251



S. Tao et al.: Strategy-Based GRPA in Non-Orthogonal Multiple Access for Indoor VLC networks

sufficient condition under which the proposed GRPA
outperforms a previous method is derived.

• To analyze the throughput performance of the GRPA
strategy, the experiments verify the compactness of the
alternative bound for fitting the original NOMA-VLC
GRPA target asymptotically. Furthermore, the relation-
ship between GRPA and indoor VLC deployment is
revealed by the experimental results, which are consis-
tent with the theoretical derivations.

II. SYSTEM MODEL
A. INDOOR VLC SCENARIO
There are several indoor VLC scenarios, including ceiling-
illumination, workbench-illumination, and display-
illumination scenarios. We discuss these scenarios using
examples in the following.

• Ceiling-illumination scenario: an optical AP or LED is
fixed on the ceiling of a room or compartment. This sce-
nario commonly exists in offices, apartments, airports,
and subways. To ensure the minimum lighting require-
ments for a large number of users, this case is widely
used in crowded or brightly lit places. Hence, the height
of the installed LED is commonly increased to widen the
coverage of illumination.

• Workbench-illumination scenario: an optical AP or LED
could be deployed on a table or between the ceiling and
users. This scenario commonly exists on workbenches
and platforms for intelligent devices. In the workbench
illumination scenario, the concept of a user may not be
limited to a human user. Moreover, intelligent devices
such as intelligent sound boxes and virtual reality equip-
ment could become VLC receivers. Hence, users in
this VLC scenario are generalized to include intel-
ligent networking UEs involved in machine–machine
communication.

• Display-illumination scenario: an optical AP or visible-
light transmitter could be a display screen. With the
popularization of smartphones equipped with high def-
inition cameras and displays with high resolution, VLC
can provide optical camera communication, which is
performed between the display and a camera. The most
common application of a display–camera communica-
tion link is the use of a mobile phone to scan visible-
light frames for extracting codes or other information.
Moreover, unobtrusive communication between a dis-
play and camera that is imperceptible to human eyes is
a good opportunity for covert advertising.

Previous researchers have explored 81/2 (the semi-angle
of the LED) and9FOV (the width of the field of vision (FOV)
angle at the PD receiver), which are important factors in VLC
scenarios. However, LED deployment includes the height of
the LED,whichmay also affect the power allocation of indoor
NOMA-VLC users. It has been noted that various VLC
cell formations have remained to a large extent unexplored
[9]. Furthermore, the effect of one important parameter in

VLC cell deployment, LED height, on NOMA-VLC power
allocation has not been yet discussed.

Let the distance between the LED and received plane be
denoted by L [m]. In this study, we consider two cases based
on height that occur in the above scenarios and that have
different mathematical power allocation characteristics for
NOMA-VLC networks.
• Case 1 (L > 1): this case commonly exists in crowded
lighting areas. For example, in the ceiling-illumination
scenario of a railway station or airport, the illuminants
are deployed on the ceiling or hanging over the heads
of the people. Without loss of generality, to guarantee
both sufficient and economical illumination, the height
of the LED between the transmitted and received planes
is commonly greater than 1 m.

• Case 2 (L ≤ 1): this case commonly exists in
slanted and horizontal lighting areas. For example, in the
workbench-illumination scenario, there could be sev-
eral intelligent devices on the workbench that perform
the machine–machine communication. In the display-
illumination scenario, the customers use optical camera
communication to scan information about the display or
advertising wall at close range. Without loss of gener-
ality, to meet the requirements for special functionality,
the distance between the transmitted and received planes
may be less than 1 m.

Sometimes, an illumination scenario might not just be one
of the two cases, because both may synchronously exist.
For example, in the illumination scenario of a living room,
the ceiling illumination belongs to the first case of and the bed
lamp illumination belongs to the second case. In contrast, it is
possible that the case of L ≤ 1may be used bymultiple users,
such as multiple devices held by multiple users standing in a
semicircle and scanning a quick response code from a display.

In the following sections, we reveal the relationship
between these cases and power allocation strategies for
NOMA-VLC.

B. VLC CHANNELS
The entire coverage of a single AP, such as an LED, is defined
as a cell of a VLC network. The users within a VLC cell use a
photo diode (PD) as the VLC signal receiver. The indoor VLC
signal model can be modelled using a Lambertian radiation
model [29]. Considering that the VLC signal in the line-of-
sight path is the main energy component, as shown in Fig. 1,
we denote the VLC channel gain for the k-th user follows.

hk =
A(M + 1)T

2πd2k
cosm (φk) cos (ψk) g (ψk) (1)

In (1), M is the order of Lambertian emission, A is the
physical area of the PD detector, dk is the distance between
an LED transmitter and the PD receiver of the k-th user, φk
is the angle of irradiance of the k-th user, ψk is the angle of
incidence of the k-th user, T is a constant for the optical filter
gain, and g (ψk) is the gain of the optical concentrator of the
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FIGURE 1. VLC channel model.

k-th user. In addition, m and g (ψk) are respectively given by

M = −
1

log2
(
cos

(
81/2

)) (2)

and

g (ψk) =


n2

sin2 (9FOV )
, 0 ≤ ψk ≤ 9FOV

0, ψk > 9FOV .

(3)

Further, 81/2 is the semi-angle of the LED, 9FOV is the
width of the FOV angle at the PD receiver, and n is a constant
for the refractive index. In summary, (1) indicates that a
decrease in FOV leads to a decrease in user coverage [9], [25].

According to [30], if ρ = Ag(ψk )T
2π and dk =

√
r2k + L

2, (3)
can be transformed into

hk =
ρ (M + 1)LM+1(
r2k + L

2
)M+3

2

, (4)

where L is the height of the LED. When the indoor user sce-
nario is given, the LED lighting parameters are determined,
for example, the lighting angles 81/2 and 9FOV are certain,
leading to a constant ρ. If the height of the LED and ρ are
fixed, it is clear that the VLC channel gain is only dependent
on user distance.

C. GRPA OF NOMA-VLC
When on-off keying and intensity modulation with direct
detection are used in the transmitter and receiver, the received
signal yk transmitted from the LED to the k−th NOMA-VLC
user is indicated by

yk = γoePthk
K∑
i=1

aixi + Nk , (5)

where γoe is an optical-electrical conversion efficiency con-
stant, Pt is the transmitted optical signal power, hk is the
VLC channel gain of the k-th user, ai is the power allocation
factor, xi is the on-off keying signal, K is the number of

total users, and Nk denotes the zero-mean Gaussian noise.
Note that [31] considers that noise is caused by different
independent sources and hence an intensity-modulation with
direct-detection channel can be regarded as an additive white
Gaussian noise channel.

Assume thatPr = γoePt denotes the received signal power,
which can be normalized. In GRPA for NOMA, the channel
gains of the users can be listed in increasing order, e.g.,
h1 < h2 < · · · < hk < · · · < hK , whereas a1 > a2 > · · · >
ak > · · · > aK . When successive interference cancellation
is used, the signal to interference plus noise ratio (SINR) for
the k-th NOMA-VLC user is calculated as follows, where N0
is a constant noise power spectral density and B is a constant
VLC bandwidth.

SINRk =
(hkak)2

K∑
i=k+1

(hkai)2 + N0B

(6)

However, no exact closed-form expression for the VLC
channel capacity has yet been established because of the
different constraints of the input VLC signals [31]. In other
words, the achievable data rate or capacity of a VLC channel
remains controversial.

In this paper, we consider that

Rk (hk , ak) = log2

1+
(hkak)2

K∑
i=k+1

(hkai)2 + N0B

 (7)

can be used to measure the equivalent VLC user data rate [9],
[25], [30]. We provide several reasons for this assertion as
follows.
• Reference [32] notes that the research modelling com-
monly includes Gaussian channels, which are suitable
for modelling short-range VLC. Hence, an additive
white Gaussian channel can be adopted in VLC channel
models. Because there is no exact closed-form expres-
sion for VLC channel capacity, several tight capacity
bounds are a more practical approach to determine the
channel capacity in VLC performance analysis. Hence,
it is better to derive the upper and lower bounds of a VLC
system capacity because of the difficulty of accurate
analytic expression [31], [32].

• Reference [33] noted that the maximizing input distribu-
tion is Gaussian for the Gaussian channel, which results
in a channel capacity that is given by Shannon’s theorem.
Although Shannon’s theorem is not appropriate for mea-
suring the capacity, it can be considered for measuring
the user data rate as a lower bound. As long as it is
an accessible bound, proving that our strategy reaches a
bound that the previous strategy does not reach, the com-
parison can still be taken into account.

• Two situations for VLC capacity are derived: one with
inter-symbol interference (ISI) and one without ISI
(ISI-free). If the average power constraint is commonly
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assumed, the lower bound formulas of user data rate
in ISI [34], [35] and ISI-free [31], [32], [36], [37] are
respectively

R ≥
B
2
log2

(
1+

1
2πe

SINR
)

(8)

and

R ≥
B
2
log2

(
1+

e
2π

SNR
)
. (9)

We note that e and π are constants, and SNR is the
signal-to-noise ratio. Although (8) and (9) have different
physical meanings, the consistency of these mathemat-
ical forms to a certain extent reflects that both have
some common laws in their derivation. For example,
both (8) and (9) can be regarded as having the uniform
mathematical form of

R ≥
B
2
log2 (1+ ηSINR), (10)

where η is a determined value.
NOMA utilizes the whole available bandwidth and its

efficiency can be normalized. We can regard the bandwidth
as a common factor that can be extracted, and a constant η
ensures that the power allocation strategy applies to other
expressions of VLC channel capacity. Hence, we can use
Shannon’s theorem for convenience when establishing math-
ematical equivalence.

Finally, under the constraint of
∑

k∈[1,K ]
ak = 1, the

optimization target of GRPA, which achieves the maximum
system throughput, is given as

argmax
a1,··· ,ak ,··· ,aK

K∑
k=1

Rk (hk , ak). (11)

D. GRPA STRATEGY
Because of the NP-hardness of power allocation in
NOMA [17], the mathematical form of the optimization
target does not yield an analytical solution. Hence, a strategic
design is a convenient approach for centralized control. This
approach can flexibly handle the channel status information
of all users.

Two GRPA strategies have been developed: PLS and
FTPA.
• PLS: If aPLSk denotes the k-th user using PLS, the power
allocation scheme based on PLS is expressed using the
following two expressions:

aPLSk =

(
h1
hk

)k
aPLSk−1 (12)

and

aPLSk =

k∏
i=1

(
h1
hi

)k
K∑
k=1

(
k∏
i=1

(
h1
hi

)k) . (13)

Note that the power counting of ( h1hi ) is involved in the
order of the user, which varies exponentially.

• FTPA: If aFTPAk denotes the k-th user using FTPA,
the power allocation scheme based on FTPA can be
expressed as

aFTPAk =

(
h2k
)−α

K∑
i=1

(
h2k
)−α , (14)

where 0 ≤ α ≤ 1.
In this paper, we revise the FTPA and propose the improved

fractional strategy (IFS). We reframe the channel proportions
and eliminate the limitation of 0 ≤ α ≤ 1, as follows:

aIFSk =

(
h1
hk

)β
K∑
i=1

(
h1
hi

)β . (15)

Here, β is not limited in the range [0, 1] and not only
relevant to the order of the user. In the following section,
we prove that (15) with a certain β > 0 can reach a locally
optimum solution for the NOMA-VLC system throughput.

III. ALTERNATIVE LOWER BOUND FOR NOMA-VLC
THROUGHPUT
The system throughput of a NOMA-VLC network includes
the sum of all user data rates. If the bandwidth utilization is
normalized in NOMA andRk

1
= log2 (SK ) , the original target

of the throughput can be denoted as log2 (SK ), where SK is
calculated as follows.

SK =


(
1+

(hKaK )2

N0B

)
K−1∏
k=1

1+ (hkak)2

N0B+
K∑

i=k+1
(hkai)2




(16)

However, because of the NP-hard nature of NOMA power
allocation, the mathematical forms of NOMA-VLC through-
put are too complicated for direct analysis. To evaluate the
performance of the VLC user data rate for NOMA, for math-
ematical convenience, we present an alternative lower bound,
which is the asymptotic lower bound of (16) based on VLC
channels and is

S ′K =

1+

K∑
k=1

(hkak)2

N0B

. (17)

The asymptotic properties of (17) were proved in our pre-
vious study [25]. In this paper, we prove the compactness
between (16) and (17) for VLC channels. If the LED location
is given, the channel gain order of the users (i.e., h1 < · · · <
hk < · · · < hK ) is based on the order of their radii (i.e.,
r1 > · · · > rk > · · · > rK ).
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• For the two-user case: if (2) denotes the order of
Lambertian emission M , we define θ = M + 3.
Because of the positive nature of (2), it is clear that
θ > 1. The upper difference between the capacity and
alternative bound is given in the following equation,
which is bounded and asymptotic to zero.

S2 − S ′2
S2 − 1

=
(h1a1a2)2

(
h22 − h

2
1

)(
h21a

2
1 + h

2
1a

2
2

)
(h2a2)2 +

(
h21a

2
1 + h

2
2a

2
2

)
N0B

≤
(h1a1a2)2

(
h22 − h

2
1

)[
(h1a1)2 + (h1a2)2

] [
(h2a2)2 + N0B

]
≤

a21
a21 + a

2
2

[
1−

(
h1
h2

)2
]
≤

1− ( r22 + L2
r21 + L

2

)θ
(18)

• Three-user case: If 21
1
= (h1a2)2 + (h1a3)2 + N0B

and 22
1
= (h2a2)2 + (h2a3)2 + N0B, it is clear that

N0B < 21 ≤ 22. If 23
1
= N0B+ (h2a3)2 and

24
1
= N0B+ (h3a3)2, then N0B < 23 ≤ 24 is given.

When 25
1
= (h1a1)2 + (h2a2)2 + (h3a3)2, a similar

mathematical form indicating the bounded difference is
obtained as follows.

S3 − S ′3
S3 − 1

= 1−
212325

(h3a3)22123 +
[
(h1a1)222 + (h2a2)221

]
24

≤ 1−
212325

222425
≤

(19a)
1−

(h2a3)2
[
(h1a2)2 + (h1a3)2

]
(h3a3)2

[
(h2a2)2 + (h2a3)2

]
≤ 1−

(
h1
h3

)2

=

1− ( r23 + L2
r21 + L

2

)θ (19)

Note that the demonstration of (19a) is equal to the
demonstration of (20), where (20a) is supported by
N0B < 21 ≤ 22 and N0B < 23 ≤ 24. Hence,
(21) proves (19a).

1−
212325

222425

≤ 1−
(h2a3)2

[
(h1a2)2 + (h1a3)2

]
(h3a3)2

[
(h2a2)2 + (h2a3)2

]
⇔

2123

2224
−
(21 − N0B) (23 − N0B)
(22 − N0B) (24 − N0B)

≥ 0

⇔
(20a)

2123 (22 − N0B) (24 − N0B)

−2224 (21 − N0B) (23 − N0B) ≥ 0 (20)

(20a)

=

(
h22 − h

2
1

) (
h2h3a23

)2 (
a22 + a

2
3

)
+

(
h23 − h

2
2

)
(h1h2a3)2

(
a22 + a

2
3

)2

+N0B
(
h23 − h

2
1

)
(h2a3)2

(
a22 + a

2
3

)
≥ 0 (21)

• Multi-user case: We obtain

Sk − S ′k
Sk − 1

≤ 1−
(
h1
hk

)2

=

1− ( r2k + L2
r21 + L

2

)θ (22)

based on a relaxed upper bound difference in the N -user
case, which indicates that our alternative bound retains
its fitting behavior.
References [13] and [25] reflect the conclusion that the
system throughput encounters an improvement bottle-
neck in the cell deployment when the number of users
tends to saturation. When the number of users is suf-
ficiently high, all the users in a single cell performing
NOMA jointly cause strong signal interference in Sk .
Hence, when the number of users is sufficiently high,
we have Sk+1 ≈ Sk and S ′k+1 ≥ S ′k . To prove that (22)
with Sk is applicable to the N -user case, we use math-
ematical induction, which yields (23) to prove the Sk+1
case.

Sk+1 − S ′k+1
Sk+1 − 1

≤
Sk − S ′k
Sk − 1

≤ 1−
(
h1
hk

)2

≤ 1−

(
h1
hk+1

)2

(23)

As the introduction indicates, the coverage of indoor
VLC AP is more limited than that of RF. When the num-
ber of users increases, the difference in the radii among
the VLC users may also decrease, which causes (22) to
be bounded by zero.

IV. GRPA STRATEGY ANALYSIS FOR TWO CASES
The previous section indicates that the alternative bound can
be used as an approximate target to evaluate the performance
of the NOMA-VLC throughput. In the following section,
we analyze the power allocation strategy based on this alter-
native bound in NOMA-VLC networks. We note that the
constants 1 and N0B are certain. Hence, the analysis based
on (17) is equal to

S ′K =
(
1+

CK
N0B

)
,CK =

K∑
k=1

(hkak)2. (24)

The PLS of (13) and IFS of (15) are substituted into the
CK of the alternative bound as follows. Let us assume the

order of users vk = k and the symbol uk =
k∑
i=2

vi,K ≥

k ≥ 2. Note that the initialization of vk and uk with k = 1
is denoted as v1 = u1 = 1. When dk =

√
r2k + L

2 and

Dk =
(√

r2k + L
2

)θ
= dθk , the main component CK of

the system throughput in PLS and IFS can be respectively
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∂
(
C IFS
K

)−1
∂Di

=

2D2β−3
i

(
K∑
i=1

Dβi

)
+ 2β

[
j∈[1,K ]∑
j 6=i

Dβj D
β−1
i

(
Dβ−2j − Dβ−2i

)]
(

K∑
i=1

D2β−2
i

)2( K∑
i=1

Dβi

)−1 (32)

calculated using

CPLS
K =

D2uK−2u1
1 +

K∑
k=2

[
D2uK−2uk
1

(
k−1∏
i=2

D2vk
i

)
D2vk−2
k

]
(
DuK1 +

K∑
k=2

[
DuK−uk1

(
k∏
i=2

Dvki

)])2

(25)

and

C IFS
K =

K∑
k=1

D2β−2
k(

K∑
k=1

Dβk

)2 . (26)

It is clear that max
a
S ′K ⇔ max

a
CK .

A. CASE OF L > 1
Without loss of generality, dk > 1 in this case. For this case,
[25] proved that the average user data rate in IFS is better than
that in PLS, and compared the two strategies alone. However,
this study did not determine the conditions for optimality nor
the optimal degree of IFS.

Due to the variety of possible LED deployments and
power allocation factors that affect system throughput,
the maximum-minimum criterion is used for the quality of
service (QoS) guarantee in NOMA-VLC networks [38]–[40].
When the alternative lower bound of (17) is used, the power
allocation optimization of system throughput for the QoS
guarantee can be transformed into

max
ak

min
dk

(
S ′K

)
= max

ak
min
dk

1+

K∑
k=1

(hkak)2

N0B

,
s.t.

K∑
k=1

ak = Pt , 0 < ak < δk , ∀k ≤ K . (27)

Note that the constant term and N0B are fixed, so that

max
ak

min
dk
(CK ) ≤ min

dk
max
ak

K∑
k=1

(hkak)2 (28)

can be the equivalent target of (27), for which the constraints
are unchanged.

Commonly, indoor VLC networks are deployed in a pre-
defined scenario, where h is known. If the cell deployment

is given, (28) can ignore the variation of hk and we can ana-

lyze the local optimum of max
ak

K∑
k=1

(hkak)2. If we obtain the

minimum optimum of max
ak

K∑
k=1

(hkak)2, this extremum still

approximates our target max
ak

min
dk

K∑
k=1

(hkak)2, which math-

ematically and practically guarantees the validity of our
demonstrations. Hence, a Lagrangian formulation can be
expressed as follows:

Lag =
K∑
k=1

(hkak)2 + λ

(
K∑
k=1

ak − Pt

)

+

K∑
k=1

[µk (ak − δk)]−
K∑
k=1

εkak (29)

and the partial derivative is derived as

∂Lag
∂ak

= 2h2kak + λ+ µk − εk ,

∂Lag
∂λ
=

K∑
k=1

ak − Pt , (30)

where µk (ak − δk) = 0 and εkak = 0. Finally, we obtain

λ =
−Pt
K∑
k=1

1
2h2k

ak =
−λ

2h2k
= Pt

1
h2k

K∑
k=1

1
h2k

= Pta
IFS(β=2)
k (31)

to indicate that aIFS(β=2)k is the approximate solution for a
local extremum. It is clear that (31) satisfies the Karush–
Kuhn–Tucker conditions.

In this case, IFSwith β = 2 is a locally optimal solution for
indoor NOMA-VLC networks. If the monotonicity analysis
of
(
C IFS
K

)
in (32), as shown at the top of this page, is per-

formed, when β = 2, (32) yields (33), which indicates that
an increase of di ∈ [1,+∞) cause an increase in

(
C IFS
K

)−1
(i.e., a decrease of C IFS

K ). Therefore, the system throughput
performance of IFS degrades as di increases.

∂
(
C IFS
K

)−1
∂Di

=
2Di
K∑
i=1

D2
i

(33)
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B. CASE OF L ≤ 1
Without loss of generality 0 < dk < 1 in this case, so the
data rate of IFS may not be greater than that of PLS. Hence,
the pre-conditions that make the system throughput of IFS
better than that of PLS are discussed.

Because the domain of β has been extended, the critical
value is β = 1 for PLS, FTPA, and IFS. When di ∈ (0, 1] and
β = 1, if it is desired to have a higher data rate for IFS than
for PLS, the target can be described as (C IFS

K − CPLS
K ) > 0.

Let us assume that CPLS
K

1
=

Q1(D)
Q2(D)

and C IFS
K

1
=

Q3(D)
Q4(D)

,
where the numerators and denominators are indicated in

Q1 (D) = D2uK−2u1
1 +

K∑
k=2

[
D2uK−2uk
1

(
k−1∏
i=2

D2vk
i

)
D2vk−2
k

]

Q2 (D) =

(
DuK1 +

K∑
k=2

[
DuK−uk1

(
k∏
i=2

Dvki

)])2

Q3 (D) =
K∑
k=1

D2β−2
k

Q4 (D) =

(
K∑
k=1

Dβk

)2

. (34)

For example, Q1 denotes Q1 (D)
1
= Q1(D1, · · · ,Dk , · · · ,

DK ). Hence, the target of (C IFS
K − CPLS

K ) > 0 requires
(Q3Q2 − Q4Q1) > 0 under the constraints of di ∈ (0, 1]
and β = 1.

If β = 1, Q3 is equal to K and the target of
(Q3Q2 − Q4Q1) > 0 can be derived as

0 < Q3Q2 − Q4Q1 = KQ2 − Q4Q1

≤ KQ2 (‖D‖max)− Q4 (‖D‖min)Q1 (‖D‖max) , (35)

where ‖D‖min means ∀Di = min
(
dθ1 , d

θ
2 , · · · , d

θ
K

)
, i ∈

[1,K ].

In Q1 (D) of (34), uk =
k∑
i=2

vi,K ≥ k ≥ 2. If we

re-define u†K
1
= uK − uK−1 = vK , a novel Q†

1 (‖D‖max) can

be obtained, where Q†
1 (‖D‖max)

1
= Q1 (‖D‖max)|u†K

1
=vK

.

If we can prove

Q†
1 (‖D‖max) ≥

√
Q2 (‖D‖max) ≥ Q1 (‖D‖max) (36)

and

Q2 (‖D‖max) ≥ Q
†
1 (‖D‖max)Q1 (‖D‖max) , (37)

we can transform (35) into

KQ2 (‖D‖max)− Q4 (‖D‖min)Q1 (‖D‖max)

≥

[
KQ†

1 (‖D‖max)− Q4(‖D‖min)
]
Q1(‖D‖max) ≥ 0. (38)

If (38) is satisfied, (35) is true. Hence, the necessary but not
sufficient condition that indicates that IFS performs better can
be given by

K >
ln ‖D‖max

ln ‖D‖min
+ 1. (39)

The proofs of (36) and (37) are as follows.

• Proof of (36): An indoor NOMA-VLC network serves
at least two users, which means uk ≥ 2 with k ≥ 2.
Because θ > 1, di ∈ (0, 1], u1 = 1, and uk≥2 ≥ 2,
D2uk−2 ≤ Duk is given by

D2uk−2 − Duk = Duk
(
Duk−2 − 1

)
≤ 0. (40)

Hence, each item of
√
Q2 (D) is greater than the corre-

sponding item ofQ1 (D). Similarly, according to mathe-
matical induction,D2vk−2 ≥ Duk can be obtained, which
means Q†

1 (‖D‖max) ≥
√
Q2 (‖D‖max).

• Proof of (37): combined with the proof of (36),

K 2(
‖D‖max

)2uK
− K 2(

‖D‖max
)2vK−2(

‖D‖max
)2uK−2
≥ 0 (41)

is given. Hence, (37) is proved.

V. SIMULATION AND NUMERICAL RESULTS
The simulation parameters are listed in Table 1 and reported
in [25], [29], and [30]. The purpose of each experiment is as
follows.

TABLE 1. Experimental parameters.

• Analysis of the bound compactness: although the alter-
native lower bound is asymptotic to the capacity,
the compactness or gap between the two bounds is eval-
uated in this experiment. Furthermore, we propose an
empirical law for fitting the original system throughput
for convenience, which can be used for a numerical
search method.

• Analysis of the LED height: the height of the LED is one
parameter of indoor VLC cell deployment. In this exper-
iment, we discover that the different heights affect the
performance of power allocation schemes. Furthermore,
the optimum property and the comeback advantages of
GRPA strategies for NOMA-VLC are evaluated in this
experiment.

• Analysis of the lighting angles: the semi-angle81/2 and
FOV jointly influence indoor VLC cell performance.
Increasing 81/2 and 9FOV achieves seamless cover-
age, but worse receiving conditions may exist. In this
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FIGURE 2. System throughput enhancement ratio based on relaxed upper, compact upper, and actual
bounds.

experiment, the conditions under which interference and
coverage occur are determined.

The average user data rate (AUDR) is used to evaluate
the system throughput. The throughput enhancement ratio
reflects the gap between lower bound and capacity.

A. BEHAVIOR OF THE ALTERNATIVE BOUND
We denote the actual enhancement as (Sk − S ′k ) and the
theoretical enhancement as the upper bound of (Sk−S ′k ). For
normalized system throughput, Fig. 2 shows that the decrease
in the enhancement ratio difference between the two bounds
reflects the compactness of the alternative bound. Compared
with the equal allocation (EA) values of NOMA and PLS, our
proposed IFS method achieves the best enhancement ratio.
Moreover, the theoretical relaxed upper bound derived in (17)
tracks the performance and has a similar behavior.

For VLC channels, we propose the empirical law

Sk − S ′k
Sk − 1

≤
1

1+
(
hk−1
hk

)2
(
1−

√
h1
hk

)
(42)

to improve the compactness of our proposed alternative
bound for the convenience of numerical fitting to PLS. Fig. 2
shows that for the compact upper bound based on (42),
the theoretical enhancement of our strategy approaches the
actual enhancement. These results indicate that the increase
from the alternative bound to the actual target bound is tightly
fitted by the proposed empirical law.

B. HEIGHT OF LED IN ILLUMINATION CASES
In the ceiling-illumination case, when L > 1 m and β = 2,
Fig. 3 shows that the AUDR of our proposed IFS is better
than that of PLS. Moreover, both the AUDR of IFS and PLS
decrease as L increases. For L > 1 m, L = 2.4 m leads to the

worst AUDR performance for IFS, whereas it is greater than
the best AUDR performance of PLS at L = 2 m. This indi-
cates that the proposed IFS approach supports longer distance
communication than PLS without degrading the AUDR.

Furthermore, the variety of power counting in the ceiling-
illumination case is analyzed in Fig. 4. When the parameters
are set as listed in Table 1 except for β > 1 and L = 1.1 m,
Fig. 4 indicates that the extremum β = 2 exists in both the
actual and alternative bounds. Because of its NP hardness,
original target (16) may not be directly analyzed. However,
our proposed alternative bound with (31) can yields the local
extremum solution, which indicates that our proposed bound
is suitable for indicating the functional behavior of the origi-
nal problem.

In the workbench-illumination case, when 0 < L < 1 m
and β = 1, Fig. 3 shows the situations of L < 1 m. Because
of the FOV constraint in Table 1, the user distance may not
exceed 1 m. We notice that the AUDR values of the GRPA
strategies have their own maxima and minima. However,
we can use the condition (39) to explain this. The uncertain
advantages of our IFS in the workbench-illumination case are
at the intersections between the IFS and PLS AUDR curves.
When 81/2 = 60◦ and 9FOV = 60◦, we obtain dmin = L
and dmax = 2L. Given (39) and L = 0.4 m, the number of
users is greater than six, for which can IFS achieve a better
AUDR than PLS. When L = 0.2 m and L = 0.3 m, (39)
coincides with the experimental results as well. This indicates
that the theoretical conclusions in (39) are consistent with the
experimental results in Fig. 3.

C. LIGHTING ANGLES IN ILLUMINATION CASES
When 81/2 and 9FOV are varied, the AUDR of different
lighting angles and GRPA schemes are compared. In Fig. 5,
when 9FOV is fixed, the decrease of 81/2 in 40◦–60◦ causes
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FIGURE 3. AUDR comparisons for different LED heights VLC illumination systems cases.

FIGURE 4. AUDR comparisons based on different values of power
counting parameter β.

FIGURE 5. The AUDR comparison with varied 81/2 and 9FOV among
GRPA strategies.

the AUDR to increase. This indicates that the reduced semi-
angle results in a concentration of the light beam, and visible-
light energy is provided to users more centrally. However,
when 30◦ ≤ 81/2 ≤ 40◦, the AUDRs of IFS and PLS
increase, which reflects the difference in monotonicity with

regard to 40◦ ≤ 81/2 ≤ 60◦. In contrast, when81/2 is fixed,
the decrease of 9FOV causes g (ψk) to increase, improving
the VLC channel gains. For different pairs of81/2 and9FOV ,
the decreasing monotonicity of AUDR is not altered when
9FOV increases. This single variable control mode reflects
that the optimum extremum of 81/2 appears, whereas 9FOV
does not reflect that.

In summary, the pair of 81/2 = 40◦ and 9FOV = 60◦ in
IFS leads to the best AUDR, and an LED deployment with
this pair of values is an appropriate layout in this scenario.
Furthermore, when 81/2 is fixed, our strategy with smaller
9FOV achieves a better AUDR than PLS does. Hence, our
strategy is suitable for worse receiving conditions.

VI. CONCLUSION
Because of the complicated mathematical forms in the
NOMA-VLC throughput, this paper presented an alternative
bound to facilitate the comparison of GRPA strategies. The
compactness between the alternative bound and actual capac-
ity was analyzed using both analytic and numerical results.
For the ceiling-illumination case, we demonstrated that our
IFS approach is better than PLS with respect to AUDR. For
the workbench-illumination case, the necessary conditions
that are needed for our IFS approach to remain better is
given by this paper. In future work, we will investigate a
demonstration of the workbench-illumination case and the
properties of our alternative bound. In addition, the scenario
that involves a correlated channel deserves to be developed
by us. References [22] considered the correlated-channel case
with GRPA in NOMA-VLC, whereas our paper assumes that
the channel correlation may be handled by another network
scheme [41], such as space modulation [42], or in the code
domain [14]. Although [41] indicated that users can com-
pletely remove interference if their channel gains are fully
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correlated in NOMA, we believe that the correlated channel
model leads to an accurate fitting analysis, and this belongs
to a task for future work.
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