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ABSTRACT Overhead cranes with double-pendulum effect seem more practical than those with single-
pendulum effect. However, in this case, the dynamic performance analysis and the controller design become
more difficult. Moreover, achieving both high-precision trajectory tracking and load sway rejection is a more
significant issue for crane systems. For these purposes, the nonlinear dynamics of an overhead crane with
double-pendulum effect is derived for the controller design. Then, a novel adaptive hierarchical sliding mode
controller is presented. Unlike a traditional approach, the proposed one can make fixed sliding mode surface
active to search the state trajectories. Such an adaptive design can make the states of the system to enter the
desired sliding surface as soon as possible and, at the same time, can also improve the cart tracking precision.
The Lyapunov technique and LaSalle’s principle are employed to confirm the stability of the whole system.
The experimental results validate that the proposed method has superior control performance and robustness
with respect to parameter variations.

INDEX TERMS Overhead crane, double-pendulum effect, load sway rejection, tracking control, adaptive
hierarchical sliding mode control.

I. INTRODUCTION
Overhead cranes are widely used in factories, mining, ports,
construction sites and so on, which make industrial man-
ufacture tend to be mechanization and automation. How-
ever, the undesired load sways caused by the motion of the
cart must be suppressed, because this kind of vibration may
reduce the work efficiency, cause accidence and injures peo-
ple. It is important to propose a suitable controller for achiev-
ing cart tracking and load sway reduction simultaneously [1].

Until now, various control approaches have been pre-
sented for crane systems including input shaping met-
hod [2]–[10], trajectory generation method [11]–[15],
tow-degree-of-freedom control approach [16]–[19], gain
scheduling control [20], [21], sliding mode cont-
rol [22]–[24], adaptive control [35]–[42], model predic-
tive control methods [37]–[40], Lyapunov-based control
approach [41]–[43], Fuzzy-based controller [44] and so on.

However, in many situations, the load sway reveals
double-pendulum effects because of large hock mass or

irregularly-shaped load. This makes the system analy-
sis and controller design more difficult. To this end,
Singhose and Kim [45], Sung and Singhose [46],
Manning et al. [47], Vaughan et al. [48], and Maleki and
Singhose [49] extended input shaping technology to achieve
double-pendulum suppression. Masoud et al. [50] proposed
a hybrid input shape method for double-pendulum overhead
cranes. Simulations and experimental results confirmed the
effectiveness of the proposed method. Huang et al. [51]
proposed a robust command smoother for suppressing load
sways in a overhead crane system with distributed-mass load.
Simulations and experimental results were used to demon-
strate the effectiveness of the proposed method. In addition,
an S-shaped trajectory generation method was presented
in [52]. Zhang et al. [53] presented an onlinemotion planning
approach for load sway reduction control for an overhead
crane system with double-pendulum effect. Comparative
simulations indicated that the proposed controller had robust-
ness with respect to parameters variations and disturbances.
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Chen et al. [54] proposed a time-optimal trajectory genera-
tion method considering several physical constraints for load
sway suppression in double-pendulum overhead cranes. The
effectiveness of the proposed approach was validated through
simulations and experiments. Tuan and Lee [55] presented
a hierarchical sliding mode controller for double-pendulum
overhead cranes. Better control performance was obtained by
comparing with a traditional sliding mode controller numer-
ically. Zhang et al. [56] also presented an adaptive tracking
control method for double-pendulum overhead cranes with
uncertainties and disturbance. The stability of the whole con-
trol systemwas validated by Lyapunov-based techniques. The
results indicated that the proposed controller can insure the
tracking error of the cart within a given region numerically.
Qian et al. [57] suggested a SIRMs-based fuzzy controller to
suppress double-pendulum load sway in an overhead crane.
Comparative simulations demonstrated the effectiveness of
the proposed method. An input-shaping-based SIRMs fuzzy
approach war reported in [58] for double-pendulum overhead
crane. Mar et al. [59] presented a novel controller which
is the combination of a input shaper and a feedback con-
troller to deal with the double-pendulum problem in over-
head cranes. The proposed controller had robustness with
respect to disturbance andmodel uncertainties by simulations
and experiments [59]. A nonlinear quasi-PID scheme for
double-pendulum overhead cranes was introduced in [60].
Ouyang et al. [61] proposed a simple LMI-based robust
controller for double-pendulum overhead cranes, Compar-
ative simulations and experiments demonstrated the effec-
tiveness of the proposed method. A nonlinear antiswing
control was reported in [62]. Sun et al. [63] also presents
an amplitude-saturated output feed-back controller for a
double-pendulum overhead crane to achieve both cart posi-
tioning and load sway suppression. Experimental results
confirmed that the proposed method has a better performance
by compared with the exiting controllers. Although input
shaping and its improved technology or other trajectory gen-
eration method have been used to solve the double pendulum
effect in crane systems and achieved good results, as a typical
open-loop control method, it mainly depended on the linear
model of the system and only focused on the suppression con-
trol of the load sways, ignoring the positioning accuracy and
speed of the cart. Moreover, the control performance might
be deteriorated when parameter variations or external distur-
bance occurred. On the other hand, most of the closed-loop
control methods, such as those proposed in [55]–[63], can
provide robust or adaptive control for crane systems to
improve their control performance. However, there are some
problems such as lager overshoot or longer response time,
since the damping ratio of the closed-loop system in the
aforementioned method was a constant, which has certain
‘passivity’. Hence, a control system with an active damping
ratio is proposed in this paper.

To this end, the nonlinear dynamics of an overhead crane
with double-pendulum effect is derived for controller design.
Then, a novel adaptive hierarchical sliding mode controller

is presented. Unlike a traditional approach, the proposed
one can make fixed sliding mode surface active to search
the state trajectories. The stability of the whole system is
confirmed by Lyapunov technique and LaSalle’s principle.
The effectiveness of the proposed method is demonstrated by
experimental results.

In summary, the major contribution of this study is as
follows.

1) To the best of our knowledge, the proposed method is
the first adaptive hierarchical sliding mode controller
for double-pendulum overhead crane system.

2) Compared with the existing methods, such a design not
only enhances the coupling among all the states of the
crane system, but also makes them reach the proposed
sliding surface as fast as possible, and also improves
the tracking accuracy of the cart.

3) Through the self-built overhead crane experimental
platform, it is verified that the proposed method has
better control performance than the traditional con-
trollers, and also has a certain robustness with respect to
parameter changes such as rope length and load mass.

The rest of this paper is organized as follows.
Section II presents the nonlinear dynamic model of the
double-pendulum overhead crane. The novel adaptive hier-
archical sliding mode controller and stability analysis are
presented in Section III. Experimental results are provided
in Section IV. Finally, the conclusion of this paper is given in
Section V.

II. MATHEMATIC MODEL FOR DOUBLE-PENDULUM
OVERHEAD CRANE
In this section, the dynamics model of an overhead crane
with double-pendulum effect as shown in Fig. 1 is presented.
Parameters M0, m1 and m2 denote the mass of the cart, hook
and load, respectively. Parameters l1 and l2 denote the rope
length and the distance between the center of mass of the
hook and the center ofmass of the load, respectively. θ1 and θ2
denote the hook sway and load sway angles, respectively.

FIGURE 1. Dynamic model of overhead crane with double-pendulum
effect.
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By using the Lagrange’s equation of motion, the nonlinear
dynamics of an overhead crane is [52]–[64]

(M0 + m1 + m2)ẍ + (m1 + m2)l1 cos θ1θ̈1 + m2l2
× cos θ2θ̈2 − (m1 + m2)l1 sin θ1θ̇21
−m2l2 sin θ2θ̇22 = F − f (1)

(m1 + m2)l1 cos θ1ẍ + (m1 + m2)l21 θ̈1 + m2l1l2
× cos(θ1 − θ2)θ̈2 + m2l1l2 sin(θ1 − θ2)θ̇22
+ (m1 + m2)gl1 sin θ1 = 0 (2)

m2l2 cos θ2ẍ + m2l1l2 cos(θ1 − θ2)θ̈1 + m2l22 θ̈2
−m2l1l2 sin(θ1 − θ2)θ̇21 + m2gl2 sin θ2 = 0 (3)

where g,F and f are the gravitational acceleration, the driving
force for the cart and the fiction force, respectively.

Then, the following formulation, which was obtained by
the modeling technique reported in [15], was used to com-
pensate for the friction term in the cart driven system:

f = f1 tanh(
ẋ
ε
)+ f2|ẋ|ẋ (4)

where f1, f2, and ε are the friction related parameters, which
are 4.4, −0.5 and 0.01 by off-line experiments and data
fitting, respectively.

Rearrange Eps (1)-(3) in the form of a matrix, and the three
equations can be rewritten as,

Mq̈+ Cq̇+ G

= τ

M =

m11 m12 m13
m21 m22 m23
m31 m32 m33

, C =

 c11 c12 c13
c21 c22 c23
c31 c32 c33

,
G =

 g1g2
g3

, τ =

F0
0

, q =
 x
θ1
θ2


m11 = M0 + m1 + m2, m12 = (m1 + m2)l1 cos θ1,

m13 = m2l2 cos θ2, m21 = m12, m22 = (m1 + m2)l21 ,

m23 = m2l1l2 cos(θ1 − θ2), m31 = m13,

m32 = m2l1l2 cos(θ1 − θ2), m33 = m2l22
c11 = 0, c12 = −(m1 + m2)l1 sin θ1θ̇1,

c13 = −m2l2 sin θ2θ̇2, c21 = 0, c22 = 0,

c23 = m2l1l2 sin(θ1 − θ2)θ̇2, c31 = 0,

c32 = −m2l1l2 sin(θ1 − θ2)θ̇1, c33 = 0

g1 = 0, g2= (m1+m2)gl1 sin θ1, g3=m2gl2 sin θ2 (5)

where M , C , G, τ and q are the inertia matrix, Coriolis
and centrifugal forces matrix, gravitational term vector, gen-
eralized force vector and generalized coordinates vector,
respectively.

In order to design a suitable controller, the following
dynamic model can be deduced from Eq. (5) with some

mathematical operation [64]:

ẋ1 = ẋ
ẋ2 = b1u+ d1
ẋ3 = θ̇1
ẋ4 = b2u+ d2
ẋ5 = θ̇2
ẋ6 = b3u+ d3

(6)

where u is the control input of the system. The detail of terms
b1, b2, b3, d1, d2 and d3 are included in Appendix.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS
A. ADAPTIVE HIERARCHICAL SLIDING
MODE CONTROLLER
In this section, a novel adaptive hierarchical sliding mode
controller (AHSMC) is suggested to achieve load sway
suppression and high precision cart tracking control in
double-pendulum overhead cranes. Unlike a traditional one,
the proposed one can make fixed sliding mode surface active
to search the state trajectories. Such an adaptive design can
make all the states of the system enter the desired sliding
surface as soon as possible, at the same time, can also improve
the cart tracking precision. The proposed sliding mode sur-
face has three layers which covers all the state variables and
their first order time derivatives.

Based on the crane mode in Eq. (6), the first layer of the
sliding mode surface and its time derivative can be suggested
as follows:

s1 = e+ λ1θ1
e = x − xd (7)

ṡ1 = ė+ λ1θ̇1
ė = ẋ − ẋd (8)

where λ1 is a positive constant, and xd and ẋd are the desired
position and velocity trajectories of the cart.

Next, combining with the state θ2 to construct the second
layer of the sliding mode surface and its time derivative,
we have,

s2 = s1 + λ2θ2 (9)

ṡ2 = ṡ1 + λ2θ̇2 (10)

where λ2 is also a positive constant.
Because the first and second layers of the presented sliding

mode surface are the linear combination of the state variables
in nature, therefore, the third layer of sliding mode surface is
constructed as follows:

s = ṡ2 + λ3 s2 (11)

where λ3 is a time-varying parameter and it can be posi-
tive or negative. Hence, the estimation value of λ3, λ̂3, is used
for controller design.

Then, on the basis of the proposed sliding surface, the fol-
lowing controller and the adaptive law are designed:
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u = −
λ̂3(ė+ λ1θ̇1 + λ2θ̇2)
b1 + λ1b2 + λ2b3

−
κs+ η sgn(s)

b1 + λ1b2 + λ2b3
(12)

˙̂
λ3 = −

s2(d1 + λ1d2 + λ2d3 − ẍd )
|s2|2 + δ

(13)

where κ , η and δ are positive constants to make sure that the
crane control system is stable.

In order to reduce the chattering effect, the hyperbolic
tangent function is used to replace the signum function.
Therefore, we have,

u = −
λ̂3(ė+ λ1θ̇1 + λ2θ̇2)
b1 + λ1b2 + λ2b3

−
κs+ η tanh(s)

b1 + λ1b2 + λ2b3
(14)

B. STABILITY ANALYSIS
The following Lyapunov function candidate is consider:

V =
1
2
sT s (15)

Taking time derivative of Eq. (15), we have,

V̇ = sT
(
˙̂
λ3s2 + λ3ṡ2 + s̈2

)
= sT

(
˙̂
λ3(e+ λ1θ1 + λ2θ2)+ λ̂3(ė+ λ1θ̇1 + λ2θ̇2)

+ d1 + λ1d2+λ2d3−ẍd+(b1 + λ1b2+λ2b3)u
)

(16)

Substituting Eq. (12) into Eq. (16) and according to
Eq. (13), we have,

V̇ = sT
(
− κs− η sgn(s)

)
< 0 (17)

Because V > 0 and V̇ < 0 are satisfied, the closed-
loop system is asymptotically stable at the third layer of the
proposed sliding surface in the Lyapunov sense.

Moreover, the stability of the first and second layers of the
proposed sliding surface should be also proven.

Firstly, because the formulation V̇ < 0 is confirmed
before, a invariant and compact set 8 is considered:

8 =
{
s|V̇ = 0

}
(18)

According to Eq. (18), we have,

8 =
{
s|s = 0 ∩ ṡ = 0

}
=

{
s2|ṡ2 + λ3s2 = 0 ∩ ˙̂λ3s2 + λ3ṡ2 + s̈2 = 0

}
=

{
s2|s2 = ṡ2 = s̈2 = 0

}
(19)

It is indicated that the set 8 is attracting and contains no
sets other than the coordinate origin constructed by s2 and ṡ2.
Hence, the sliding surface s2 is asymptotically stable by the
Lassalle’s principle, when t →∞.

Next, from Eq. (19), the following equation can be derived:

81 =

{
s2|s2 = 0 ∩ ṡ2 = 0

}
=

{
s1|ṡ1 + λ2θ2 = 0 ∩ ṡ1 + λ2θ̇2 = 0

}
=

{
s1|s1 = ṡ1 = s̈1 = 0

}
(20)

Using the similar manner, the sling mode surface s1 is also
asymptotically stable, when t →∞.
From Eqs. (19) and (20), the limits of s2, ṡ2, s1 and ṡ1 are,

lim
t→∞

s2 = lim
t→∞

(s1 + λ2θ2) = 0 (21)

lim
t→∞

ṡ2 = lim
t→∞

(ṡ1 + λ2θ̇2) = 0 (22)

lim
t→∞

s1 = lim
t→∞

(e+ λ1θ1) = 0 (23)

lim
t→∞

ṡ1 = lim
t→∞

(ė+ λ1θ̇1) = 0 (24)

According to Eqs. (21)-(24), we have

lim
t→∞

θ2 = 0 (25)

lim
t→∞

θ̇2 = 0 (26)

lim
t→∞

e = − lim
t→∞

λ1θ1 = constant (27)

lim
t→∞

ė = − lim
t→∞

λ1θ̇1 = constant (28)

Further, due to the existence of gravity, the state variable
θ1 always reach 0 when t → ∞ from physical point of
view [55]. Therefore, lim

t→∞
θ1 = 0, lim

t→∞
θ̇1 = 0, lim

t→∞
e = 0

and lim
t→∞

ė = 0 are satisfied.

IV. RESULTS AND DISCUSSION
A. REFERENCE TRAJECTORY FOR CART MOTION
In order to evaluate the control performance of the proposed
controller, a cycloid-like motion trajectory was applied to the
crane system [16]:

xd = (xf − x0)
{
t
ts
−

1
2π

sin
(
2π

t
ts

)}
+ x0 (29)

where xf , x0, ts and tf denote the final position, the initial posi-
tion, the settling time and the final time. We set x0 = 0[m],
xf = 0.5[m], and ts = 3[s]. Meanwhile, xd is set as xd = xf
for t ∈ (ts, tf ], and tf = 10[s]. We use this kind of curve
as the reference trajectory because other trajectories such as
traditional step one or input shaped one has discontinuous
characteristics or depends on the crane model.

B. EXPERIMENTAL SYSTEM
The self-built test bed in [61] was used to confirm the control
performance of the proposed method. As shown in Fig.2,
the main parts of the equipment consists of four Panasonic
motors, a boom, a trolley, a hook and a load. In this study,
the cart-hook-load system, which can be seen as an overhead

FIGURE 2. Experimental system.
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cranewith double-pendulum effect was used for experimental
verifications. At the same time, the load sway angles were
measured by the sensor systems shown in Fig. 3.

FIGURE 3. Sensor system for the first stage load sway.

In the control system of the experimental setup,
a Googoltech motion control board (GT-400-SV-PCI) is
employed to obtain information from the encoders, at the
same time, a desired force is calculated by the DSP which
is integrated in the motion control board. Then a voltage
command is generated by a D/A converter to drive the servo
motor. The MATLAB/Simulink real-time windows target
operated in Windows XP is used for control algorithm imple-
mentation, with the control period being set as 0.005s.

C. EXPERIMENTAL RESULTS
In this section, we conducted numerous experiments to
demonstrate the effectiveness of the proposed method. The
parameters of the crane system and controller gains which
were obtained by a trial and error method used in these
experiments are given in Tab. 1 and Tab. 2.

TABLE 1. Physical parameters of overhead crane system.

TABLE 2. Proposed controller gains.

Firstly, the proposed controller was compared with two
traditional methods which are a conventional sliding mode
control (CSMC) reported in [55], a linear state feedback
control (LSFC) and a LMI-based controller in [61]. More
precisely, the CSMC is presented as follows:

u = −(m1 + m2)l1 cos θ1θ̈1 − m2l2 cos θ2θ̈2
+ (m1 + m2)l1 sin θ1θ̇21 + m2l2 sin θ2θ̇22
− (M0 + m1 + m2)(λẋ + αθ̇1 + βθ̇2)− K sgn(s) (30)

where λ, α, β, and K are controller gains. After carefully
tuning, these parameters were set as λ = 0.5, α = −1.22,
β = −0.01 and K = 5 to obtain good performance for
the same crane system. In addition, s is the presented sliding
mode surface in [55], and the signum function was replaced
by a saturation function for reducing the chattering in the
control system. On the other hand, the LSFC is formulated
as follows:

u = −k1(x − xd )− k2(ẋ − ẋd )− k3θ1−k4θ̇1 − k5θ2−k6θ̇2
(31)

TABLE 3. Quantified results under condition l1 = 0.50[m].

FIGURE 4. Experimental results by the AHSMC with l1 = 0.5[m].

where k1, k2, k3, k4, k5 and k6 are gains, which were set as
k1 = 600.71, k2 = 269.32, k3 = −128.86, k4 = 86.54, k5 =
−153.48 and k6 = −16.82 by a pole placement method. The
results obtained by the three controllers are shown in Fig.4-7.
It is noted that the position error e is defined as e = xd − x
in these figures. At the same time, the quantitative analysis,
which includes the settling time ts, the maximum value of
tracking error emax , the maximum value of hook sway angle
θ1max and the maximum value of load sway angle θ2max , for
these results is shown in Tab. 3. From these figures and Tab. 3,
the cart trajectory tracking performance is achieved by using
the four controllers. However, the cart takes the shortest time
to the desired position by the proposed controller, whereas
the longest time was taken by the CSMC. It is obvious that
the overshoot and undershoot exist in Figs. 5-7, because the
damping ratios of the closed-loop crane control system were

VOLUME 7, 2019 10357



H. Ouyang et al.: Novel Adaptive Hierarchical Sliding Mode Control for Trajectory Tracking and Load Sway Rejection

FIGURE 5. Experimental results by the CSMC with l1 = 0.5[m].

FIGURE 6. Experimental results by the LSFC with l1 = 0.5[m].

FIGURE 7. Experimental results by the LMI-based controller with
l1 = 0.5[m].

set as a constant. At the same time, the maximum value of the
tracking error emax can be reduced about 57%, 77%, and 87%
comparing with the results obtained by the LSFC, the CSMC,
and the LMI-based method. On the other hand, although the
double-pendulum load sways can also be decreased by the
three controllers and almost converge to zero, the proposed
method also provides the shortest load sways reduction time
than that by the traditional approaches.

Next, in order to demonstrate the robustness performance
of the proposed controller, we carried out some experiments

FIGURE 8. Experimental results with l1 = 0.45[m].

FIGURE 9. Experimental results with l1 = 0.55[m].

FIGURE 10. Experimental results m2 = 0.55[kg].

by changing the rope length (i.e. l1 was set as l1 =
0.45[m] or l1 = 0.55[m]), the load mass (i.e. m2 was set as
m2 = 0.55[kg] or m2 = 0.65[kg]) and the desired position of
the cart (i.e. xd was set as xd = 0.4[m] or xd = 0.6[m]).
These results, which include the cart motion trajectory x,
the tracking error e, the hook sway angle θ1 and the load sway
angle θ2, are shown in Figs. 8-13, respectively. By comparing
the results of Fig. 4, Fig. 8 and Fig. 9, it can be found
that the cart can track the desired trajectory well, and the
double-pendulum load sway angles are also well suppressed.
Similarly, by comparing the results of Fig. 4, Fig. 10 and
Fig. 11, it can be found that the proposed method can achieve
almost the same transient and steady characteristics for the
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FIGURE 11. Experimental results with m2 = 0.65[kg].

FIGURE 12. Experimental results xd = 0.4[m].

FIGURE 13. Experimental results with xd = 0.6[m].

cart and load sways rejection performance even when the
load mass changed. Finally, by comparing Fig. 4, Fig. 12 and
Fig. 13, it can be found that the proposed method can also be
applied to the crane system for different target positions of the
cart. It is indicated that the proposed controller is insensitive
with parameter variation, which is of great significance to
practical applications.

V. CONCLUSION
In order to achieve both high-precision tracking control
and load sway suppression in double-pendulum overhead
cranes, the nonlinear dynamic crane model was derived.

Then, a novel adaptive hierarchical sliding mode controller,
which can make all state variables of the system reach the
designed sliding mode surface more quickly and accurately,
was presented. Experimental results show that the trajectory
tracking of the cart and double-pendulum load sway sup-
pression were realized simultaneously by using the proposed
method. At the same time, by comparing with the LSFC,
the CSMC, and the LMI-based approach, it is found that the
tracking error of the cart can be reduced about 57%, 77%,
and 87%, respectively. In addition, the method proposed in
this paper is also robust to the change of system parameters.

APPENDIX
The section brief presents the detailed information for b1, b2,
b3, d1, d2, and d3 in Eq. (5), which are as follows:

b1=
b11
δ
, b2 =

b12
δ
, b3 =

b13
δ

d1=
d11
δ
, d2 =

d12
δ
, d3 =

d13
δ

δ= (m1+m2)m2l21 l
2
2 ((M0+m1 + m2)−(m1+m2) cos2 θ1)

−m2
2l

2
1 l

2
2 ((m1+m2) cos2 θ2

+ (M0 + m1 + m2) cos2(θ1 − θ2)

− 2(m1 + m2) cos θ1 cos θ2 cos(θ1 − θ2)),

b11= (m1 + m2)m2l21 l
2
2 − m

2
2l

2
1 l

2
2 cos

2(θ1 − θ2),

b12=m2
2l

2
1 l

2
2 cos θ2 cos(θ1 − θ2)− (m1 + m2)m2l1l22 cos θ1,

b13= (m1 + m2)m2l21 l2 cos θ1 cos(θ1 − θ2)

− (m1 + m2)m2l21 l2 cos θ2,

d11= ((m1 + m2)m2l21 l
2
2 − m

2
2l

2
1 l

2
2 cos

2(θ1 − θ2))

× ((m1 + m2)l1θ̇21 sin θ1 + m2l2θ̇22 sin θ2)

+ ((m1+m2)m2l1l22 cos θ1−m
2
2l1l

2
2 cos θ2) cos(θ1−θ2))

× (m2l1l2θ̇22 sin(θ1 − θ2)+ (m1 + m2)gl1 sin θ1)

+ ((m1+m2)m2l21 l2 cos θ2−m2l21 l2 cos θ1 cos(θ1−θ2))

× (−m2l1l2θ̇21 sin(θ1 − θ2)+ m2gl2 sin θ2),

d12= (m2
2l1l

2
2 cos θ2 cos(θ1 − θ2)− (m1 + m2)m2l1l22 cos θ1)

× ((m1 + m2)l1θ̇21 sin θ1 + m2l2θ̇22 sin θ2)

+ (m2
2l

2
2 cos

2 θ2)

− (M0 + m1 + m2)m2l22 )(m2l1l2θ̇22 sin(θ1 − θ2)

+ (m1 + m2)gl1 sin θ1)

+ ((M0 + m1 + m2)m2l1l2 cos(θ1 − θ2)

− (m1+m2)m2l1l2 cosθ1 cosθ2)(−m2l1l2θ̇21 sin(θ1−θ2)

+m2gl2 sin θ2)

d13= ((m1 + m2)m2l21 l2(cos θ1 cos(θ1 − θ2)− cos θ2))

× ((m1 + m2)l1θ̇21 sin θ1 + m2l2θ̇22 sin θ2)

+((M0+m1+m2)m2l1l2 cos(θ1−θ2)−(m1+m2)m2l1l2
× cos θ1 cos θ2)(m2l1l2θ̇22 sin(θ1 − θ2)

+ (m1 + m2)gl1 sin θ1)

+ ((m1+m2)2l21 cos
2 θ1−(M0+m1+m2)(m1+m2)l21 )

× (−m2l1l2θ̇21 sin(θ1 − θ2)+ m2gl2 sin θ2)
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