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ABSTRACT This paper considers amultiple-inputmultiple-output non-orthogonalmultiple access (NOMA)
downlink transmission system with different linear beamforming techniques, where the base station uses
each cluster to serve a pair of users. In the considered NOMA cluster, we first derive the performance analysis
of the system that uses a proposed user paring method, which exploits the different large-scale channel
qualities of users to allocate the transmit power of the strong and weak users in each pair, to ensure that both
users in each pair can contribute the best on the system performance. We further formulate a sum spectral
efficiency (SE) maximization with a subject to the limited transmit power budget, which is emphasized to be
non-convex. We have, then, proposed a framework that solves the above non-convex problem into two steps:
lower bound this non-convex problem by a geometric program by using the arithmetic mean-geometric mean
inequality and, then, employ the successive optimization approach to find the local Karush–Kuhn–Tucker
point. Numerical results manifest that a NOMA-based network with zero forcing (ZF) beamforming gives
the highest sum SE, while regularized ZF brings benefits to the SE of weak users.

INDEX TERMS NOMA, OMA, spectral efficiency, optimization.

I. INTRODUCTION
Multiple access (MA) schemes allow multiple users to share
a channel over time, frequency or space efficiently [1]. The
current access methods can broadly be divided into two
categories. One of them is orthogonal frequency-division
multiplexing (OFDM) that is being standardized for the most
of current communication systems [2], [3]. The other one is
non-orthogonal multiple access (NOMA), which is especially
being oriented as the core technology of the fifth genera-
tion (5G) and possibly Next-G systems as well [4], [5]. For
a system that uses the OFDM technique, one of the main
drawbacks is low spectral efficiency when radio resources is
still assigned to users with poor channel conditions [6]–[8].
Meanwhile, NOMA is expected to increase the system
throughput, low latency, high spectral efficiency, and supply
massive connectivity [9]. The great idea behind this approach
comes from the fact that NOMA utilizes spectrum more
efficiently than OMA by making use of the different channel
conditions of each user and is capable of serving multiple
users with different quality of service (QoS) requirements in
the same time-, frequency-, and space-domain slot [10].

In state-of-the-art researches, the exist NOMA solu-
tions can essentially be classified into two considerable
approaches, which are power- and code-domain [11]–[13].
Developed and extended from conventional code division
multiple access scheme, coding domain NOMA uses user-
specific spreading sequences for sharing the entire available
resource in the frequency domain as well as in the time
domain [14]. Whereas, the power domain NOMA exploits
channel differences between users for multiplexing through
resource allocation. In this paper, we focus on the power
domain NOMA. In this approach, the signals corresponding
to different users are overlapped in the same frequency band.
They are then decoded at the receiver through successive
interference cancellation (SIC) [15], [16].

MIMO or Multiple Input Multiple Output has been inves-
tigated and the applied extensively during the last a few
decades. Although the millimeter-wave (mmWave) massive
MIMO has been considered as the new standard that will
be applied to 5G. However, the latest standard version of
the 3GPP 38 series is expected to become the stand alone
version by 2020 considering only 5G systems as MIMO with
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up to 16 base station (BS) antennas. However, the latest 3GPP
standard of the 38 series, scheduled to become the stand alone
version in 2020, only considers the 5G system as MIMO
with up to 16 BS antennas [17], [18]. Therefore, MIMO will
still be the core technology of 5G in the next two years.
Follow the conventional approach to enhance the spectral
efficiency, NOMA has also been combined with MIMO as in
the studies [19]–[21] and extended to multi-cluster to archive
higher network capacity and spectral efficiency [21], [22].
In such MIMO-NOMA systems, all users are often paired
into clusters with two users [23] or multi-user [22], [24]
in each cluster. To reduce the interference between users
as well as clusters in a cell, different transmit NOMA
beamforming techniques have been proposed to improve the
MIMO-NOMA system performance [25], [26].

Energy efficiency is an important research topic in 5G
and the future wireless networks. The optimal beamforming
design for the sum spectral efficiency maximization problem
with subject to the power constraints has been investigated
in [28]. However, linear beamforming techniques are prefer-
able in 5G because of their low computational complexity and
because they can achieve the near optimal performance when
integrating with other advanced technologies, for instance
Massive MIMO. Besides, we observe increasing research
interest in the performance analysis of different fading chan-
nel models [29], [55]. Even though such channels may bring
some particular properties of real propagation environment,
capacity analysis is challenging to obtain in closed-form.
Meanwhile, Rayleigh fading channels are less complicated
in term of modelling and matching well with non-line-of-
sight (NLOS) conditions [45].

A. RELATED WORK
In this section, related works on NOMA beamforming and
user paring techniques regarding the downlink MIMO sce-
narios will be discussed. In most of the current studies, a base
station has been considered with multiple antennas [30] and
each user is normally equipped with single antenna [31]. The
authors of aforementioned studies have demonstrated that
NOMA significantly improves sum spectral efficiency than
conventional orthogonal multiple access (OMA) counterpart.
These results continue to be asserted that this advantage
still exists for a two-user [24] and multi-user on each clus-
ter MIMO-NOMA system [22], [32]. For multiple users in
a cluster, NOMA will lead to inter-clustering interference,
especially very severe at the boundaries of mobile networks.
Consequently, it leads to reduction in the QoS for both
cluster-edge users and the user fairness [19], [20]. Regarding
the sum-throughput optimization problem for intra-cluster
power allocation, the authors in [33] have considered the
cases with different number of users allocated in a cluster. The
authors have also pointed out that two users are allocated to
one cluster will achieve the highest sum-throughput perfor-
mance with the users that has weak channel gains.

Beamforming techniques have been typically investi-
gated and applied to avoid inter-user and inter-cluster

interference in the downlink of NOMA-MIMO systems. Dis-
tinct approaches deploying linear beamforming to reduce
interference or ensure the QoS for every users was
investigated in [21], [31], and [34]–[37]. For instance,
Nguyen et al. [37] have used zero-forcing (ZF) combin-
ing vectors to investigate the sum spectral efficiency in
the joint power control and load balancing problem sce-
nario. Choi [31] have proposed a two-stage beamforming
method that uses ZF to avoid inter-cluster interference in
the first stage, and then the optimal beamforming vectors
were considered to minimize the total power transmission
within cluster in the second stage. Wang et al. [20] con-
sidered a beamforming model for a MIMO-NOMA system,
which allows different power allocations between clusters.
This result is extended in [38] from single-cell to multi-cell,
where a novel precode design has been investigated. The
simulation results demonstrate that the beamforming method
in MIMO-NOMA achieves higher spectral efficiency (SE)
comparing to the conventional MIMO-OMA.

There have been a number of studies that conduct in the
field of massive MIMO-NOMA or cognitive NOMA sys-
tems such as in [20] and [39]–[44]. However, within the
framework of this paper, we discuss only the problems of
user-paring and beamforming in these studies. The authors
generally used the linear beamforming techniques such as
ZF or maximum ratio transmission (MRT), since they have
low computational complexity and even nearly optimal in
Massive MIMO which is potentially used in future radio net-
works [45]. As reported in [46], the use of linear beamforming
helps simplify the receiver. In an effort to use these linear
beamforming techniques, the considered issues addressed in
MIMO-NOMA systems can be decomposed into optimiza-
tion problems. Nevertheless, the authors have not solved the
issue of satisfying the QoS of weak users in the NOMA
system.

B. MOTIVATIONS AND CONTRIBUTIONS
The works in [24] and [30]–[32] consider a fixed power
allocation level for each cluster in the entire network. How-
ever, in practice, the power per cluster corresponding to the
transmit power of an antenna in the MIMO-NOMA system
should be considered to have a limited transmit power budget.
The studies in [20] and [39]–[42] mainly compare the per-
formance of the system using different linear beamforming
methods. Nevertheless, in certain situations involving user-
paring and ensuring the fairness between weak users and
strong users in a pair of NOMA users, to our best knowledge,
there is still no research has addressed this issue.

Motivated by the aforementioned analysis, our main
contributions are summarized as follows:
• We evaluate the network spectral efficiency with differ-
ent linear beamforming techniques comprising of maxi-
mum ration transmission (MRT), zero-forcing (ZF), and
regularized zero-forcing (RZF). In particular, for com-
parison purposes, the normalized beamforming vectors
are used to derive the achievable rate of each user in
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the network coverage area. The array gain together with
mutual interference and thermal noise is then clearly
observed.

• We stress that our derived achievable rates are able to
apply for any pairing methods. In general, the optimal
solution to pair users is only obtained by exhaustive
search as it is a combinatorial problem. Nonetheless,
a heuristic pairing method which has low complexity
is proposed with aiming at improving the sum spectral
efficiency in the network.

• We also formulate a sum spectral efficiency maximiza-
tion problem with the limited power budget constraints.
The epi-graph form representation and successive opti-
mization approach are then implemented to deal with
the inherent non-convexity of this optimization problem.
The computing progress can be easily performedwith an
arbitrary general purpose optimization toolbox to attain
the KKT optimal results.

• Numerical results demonstrate many attractive observa-
tions of different beamforming techniques. Specifically,
the performance of RZF and ZF are competitive and
RZF can outperform the existed dominant ZF when
increasing number of served users.

The rest of this paper is organized as the following: The
considered system model is first depicted in Section II. The
achievable rate for each user and a heuristic pairing method
are further investigated. Section III analyzes the downlink
achievable rate by using linear beamforming techniques.
Meanwhile, the sum SE optimization problem is represented
in Section IV, following by a solution to obtain its KKT local
optimum by utilizing epi-graph form representation and suc-
cessive optimization approach. Section V provides extensive
numerical results to approve our theoretical analysis in the
previous sections. Finally, we give some main conclusions in
Section VI.
Notations: Vectors (matrices) are denoted by bold face

small (big) letters. The superscripts T and H stand for the
transpose and conjugate transpose. IK is the K × K identity
matrix. E{·} is the expectation operator. The notation ‖.‖ is
used for the Euclidean norm. n ∼ CN (0,C) means n is a
circularly symmetric complex Gaussian random vector with
covariance matrix C.

II. SYSTEM MODEL
In this paper, we consider a downlink multiuser MIMO single
cell using NOMA. The system contains a BS equipped with
N antennas for the purpose of being able to serve more than
2N single antenna users. The BS uses beamforming to reduce
inter-cluster interference, and each vector beamforming can
support a group of two users. For the sake of simplicity,
we consider 2N single antenna users in the NOMA cell. 1

1For conveniences in notation and take merits in constructing a mathe-
matical framework, we only consider 2N single-antenna users which are
divided intoN groups, each comprising of two users. However, the extension
to an arbitrary number of users with more than two users in one group is
straightforward by using the mathematical framework constructed in this
paper thanks to the flexibility of NOMA technology.

FIGURE 1. The considered NOMA system with 2N users divided in N
clusters.

We further assume that these users are divided inN clusters as
shown in Fig. 1. Even though channel varies in both time and
frequency, we assume that the resource is spitted in coherence
intervals where the channels are flat. Every cluster n, n =
1, . . . ,N has two users and the channel of user k ,k ∈ {1, 2},
denotes as a column vector hn,k ∈ CN comprising of path
loss and shadow fading. We also assume that all users share
the same time and frequency resource.

A. DOWNLINK TRANSMISSION
In the downlink data transmission phase, BS transmits a
couple of data symbols includes sn,1, sn,2 ∈ C to the two
users in cluster n with E{|sn,1|2} = 1 and E{|sn,2|2} = 1.
The transmitted signal for cluster n is then formulated as

xn = wn
√
pn,1sn,1 + wn

√
pn,2sn,2, (1)

where wn ∈ CN denotes the beamforming vectors, which BS
assigns to the two users in cluster n, respectively. pn,1 and pn,2
are the transmit power assigned to these users satisfying

0 ≤ pn,1 + pn,2 ≤ Pmax,n. (2)

In the above equations, Pmax,n is the maximum power lev-
els, which BS can allocate to the users in cluster n. Therefore,
the transmitted signal from BS to all users in the coverage
area is

x =
N∑

n′=1

xn′ =
N∑

n′=1

wn′
(√

pn′,1sn′,1 +
√
pn′,2sn′,2

)
. (3)

Without the loss of generality, in every cluster, user 1 is
always assumed to be the weaker user and user 2 is the
stronger one. In cluster n, n = 1, . . . ,N , the received signal
at user 1 is expressed as

yn,1 = hHn,1x+ nn,1

(a)
= hHn,1

N∑
n=1

wn
(√

pn′,1sn′,1 +
√
pn′,2sn′,2

)
+ nn,1
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(b)
= hHn,1wn

√
pn,1sn,1 + hHn,1wn

√
pn,2sn,2

+hHn,1

 N∑
n′=1,n′ 6=n

wn′
√
pn′,1sn′,1 + wn′

√
pn′,2sn′,2


+ nn,1. (4)

In (4), nn,1 is complex Gaussian noise and distributed
as nn,1 ∼ CN (0, σ 2

DL), where σ
2
DL is the noise variance.

We obtain (a) by plugging (3) into the first equation of (4).
The first term of (b) contains the desired signal, while the sec-
ond term is intra-cluster interference. The remaining is inter-
cluster interference and additive noise. Similarly, the received
signal at user 2 in cluster n is given as

yn,2 = hHn,2wn
√
pn,2sn,2 + hHn,2wn

√
pn,1sn,1

+hHn,2

 N∑
n′=1,n′ 6=n

wn′
√
pn′,1sn′,1 + wn′

√
pn′,2sn′,2


+ nn,2. (5)

The first term of (5) denotes the desired signal, while
the second term is intra-cluster interference from user 1. The
last terms are inter-cluster interference and noise. We stress
that both (4) and (5) can use an arbitrary beamform-
ing technique. In the following subsection, we apply lin-
ear beamforming techniques, which has low computational
complexity.

B. PERFORMANCE ANALYSIS USING NOMA
In cluster n, the weaker user, in other words, the user 1 is
assumed to ignore successive interference cancellation, thus
the achievable rate of this user is formulated as

Rn,1 = log2
(
1+ SINRn,1

)
[b/s/Hz], (6)

where the signal-to-interference-and-noise ratio (SINR)
value is

SINRn,1=

∣∣∣hHn,1wn

∣∣∣2 pn,1∣∣∣hHn,1wn

∣∣∣2 pn,2 + N∑
n′=1,
n′ 6=n

∣∣∣hHn,1wn′

∣∣∣2 pn′ + σ 2
DL

, (7)

where pn′ is denoted as sum power in cluster n′.
The first term in the denominator of (7) contains the mutual

interference from user 1 inside cluster n as a consequence
of using conventional decoding. In addition, the second part
contains mutual interference from the other clusters, which is
caused by ineffectiveness of a beamforming technique. The
last term is inherent thermal noise.

For user 2, before decoding the desired signal, the suc-
cessive interference cancellation is first deployed to remove

intra-cluster interference from user 1.2 Consequently,
its achievable rate is computed as

Rn,2 = log2
(
1+ SINRn,2

)
[b/s/Hz], (8)

where the SINR value is

SINRn,2 =

∣∣∣hHn,2wn

∣∣∣2 pn,2
N∑

n′=1,
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ + σ 2
DL

. (9)

Unlikely to user 1, the intra-cluster interference is com-
pletely removed thanks to the perfect successive interference
cancellation. Meanwhile, both (7) and (9) involve mutual
interference users in the other clusters, and therefore an effec-
tive linear beamforming technique among all others should be
testified as demonstrated in the next section.

C. USER CLUSTERING
In this subsection, we investigate a method to divide 2N users
to N clusters. In detail, we calculate channel gains of each
user which is defined by

gk = ‖hk‖2, ∀, k = 1, . . . , 2N , (10)

and arrange these gains in an increasing order as

g1 ≤ g2 ≤ · · · ≤ g2N−1 ≤ g2N . (11)

FIGURE 2. The clustering method used to divided 2N users in N clusters.

The clustering method is described in Fig. 2. This method
pairs users with the criteria of maximum differences in chan-
nel gains. The user with the weakest channel gain and that one
with the strongest channel gain (i.e., g1 and g2N ) will form a
cluster. Continually, the user with the secondweakest channel
gain pairs with the penultimate one and so on. Lastly, user N
and user (N + 1) will be grouped in a pair. The main idea
behind this clustering method is that in each cluster, the wide
gain gap results in the less contamination from the weaker
user to the stronger user. Consequently, it is expected that
the total sum spectral efficiency in the entire network will be
improved.

2In this paper, the framework is based on the perfect channel state infor-
mation (CSI) which is aligned with many the previous works in the literature.
This assumption is optimistic for NOMA to mitigate mutual interference
efficiently and is reasonable if base station is equipped with the small number
of antennas. We stress that the imperfect CSI is an important consideration in
case of the massive number of base station antennas. This is because not only
the channel estimation is a difficult task but also the system capacity may
reduce rapidly when the orthogonal pilot signals are less than the number
of users in the coverage area. NOMA systems under the imperfect CSI
assumption are beyond the scope of this paper and we leave them for the
future work.
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III. DOWNLINK PERFORMANCE ANALYSIS WITH
DIFFERENT LINEAR BEAMFORMING TECHNIQUES
In the scope of this paper, we assume that perfect channel
state information is achieved and shared among BS and 2N
users. For further analysis and comparison, we now evaluate
the performance of every user in the network by utilizing
the normalized versions of linear beamforing techniques [47].
This is the fundamental difference from the previous works
on NOMA-based systems which focus on only one linear
beamforming technique since the normalization allows us to
observe and compare the performance among them. It also
provides benefits to deal with the power allocation problems.

A. SPECTRAL EFFICIENCY WITH MAXIMUM
RATIO TRANSMISSION
The first and simplest technique is MRT, which is defined for
two users in cluster n as

wMRT
n =

hn,2
‖hn,2‖2

∈ CN . (12)

The main purpose of this beamforming technique is to
amplify the designed signal from a particular user. However,
the major drawback of this approach is that it does not sup-
port removing the mutual interference cancellation. By using
MRT beamforming in (12), the achievable rate of user 1 in
cluster n is now expressed as

RMRT
n,1 = log2

(
1+ SINRMRT

n,1

)
[b/s/Hz], (13)

where the SINRMRT
n,1 is expressed as

SINRMRT
n,1 =

∣∣∣hHn,1hn,2∣∣∣2
‖hn,2‖22

pn,1∣∣∣hHn,1hn,2∣∣∣2
‖hn,2‖22

pn,2+
N∑

n′=1,
n′ 6=n

∣∣∣hHn,1hn′,2∣∣∣2
‖hn′,2‖

2
2
pn′+σ 2

DL

, (14)

Meanwhile, the achievable rate of user 2 in cluster n is
given as

RMRT
n,2 = log2

(
1+ SINRMRT

n,2

)
[b/s/Hz], (15)

where the SINRMRT
n,2 is

SINRMRT
n,2 =

∣∣∣hHn,2hn,2∣∣∣2
‖hn,2‖22

pn,2

M∑
n′=1
n′ 6=n

∣∣∣hHn,2hn′,2∣∣∣2
‖hn′,2‖

2
2
pn′ + σ 2

DL

. (16)

B. SPECTRAL EFFICIENCY WITH ZERO
FORCING BEAMFORMING
The second linear beamforming technique considered here
is ZF, which is a more effective solution to cancel interference
than MRT. For the purpose of maximizing the total sum

spectral efficiency under NOMA, the ZF beamforming vector
defined for cluster n is

wZF
n =

HrZFn∥∥HrZFn
∥∥
2

∈ CN , (17)

where H ∈ CN×N is H =
[
h1,2, . . . ,hN ,2

]
and rZFn ∈ CN

is the n-th column of matrix
(
HHH

)−1. We stress that the
above definition of ZF beamforming focuses on the stronger
user in each cluster which contributes significantly to the sum
spectral efficiency. Furthermore, this beamforming technique
produces the following property

hHn,2w
ZF
n′ =


0, if n′ 6= n,

1∥∥HrZFn
∥∥
2

, if n′ = n,
(18)

which is able to cancel severe mutual interference from the
other clusters.

Utilizing ZF beamforming defined in (17), the achievable
rate of user 1 in cluster n is

RZFn,1 = log2
(
1+ SINRZF

n,1

)
[b/s/Hz], (19)

where the SINRZF
n,1 is expressed as∣∣∣hHn,1HrZFn

∣∣∣2
‖HrZFn ‖

2
2
pn,1∣∣∣hHn,1HrZFn

∣∣∣2
‖HrZFn ‖

2
2
pn,2 +

N∑
n′=1,
n′ 6=n

∣∣∣hHn,1HrZF
n′

∣∣∣2
‖HrZF

n′
‖
2
2
pn′ + σ 2

DL

. (20)

Meanwhile, the achievable rate of user 2 in cluster n is
given as

RZFn,2 = log2
(
1+ SINRZF

n,2

)
[b/s/Hz], (21)

where the SINRZF
n,2 is

SINRZF
n,2 =

pn,2
‖HrZFn ‖

2
2σ

2
DL

. (22)

In comparison to (16), the SINR expression for the second
user in (22) is much simpler because ZF eliminates mutual
interference from other users effectively. Therefore, ZF is
a beamforming technique which is expected to yield high
spectral efficiency for strong users.

C. SPECTRAL EFFICIENCY WITH
REGULARIZED ZERO FORCING
The last effective beamforming technique considered in this
paper is RZF, which is defined as

wRZF
n =

HrRZFn∥∥HrRZFn

∥∥
2

∈ CN . (23)

where rRZFn are the n-th column of thematrix
(
HHH+αIN

)−1
in which α is an non-negative constant that ensures the exis-
tence of inverse matrix. Notice that RZF beamforing vector
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is more flexible than ZF counterpart thanks to controlling the
value of α. In the case α = 0, then RZF becomes ZF.

By using the beamforming vector defined in (23),
the achievable rate of user 1 in cluster n is formulated as

RRZFn,1 = log2
(
1+ SINRRZF

n,1

)
[b/s/Hz], (24)

where SINRRZF
n,1 is given as∣∣∣hHn,1HrRZFn

∣∣∣2
‖HrRZFn ‖

2
2
pn,1∣∣∣hHn,1HrRZFn

∣∣∣2
‖HrRZFn ‖

2
2
pn,2 +

N∑
n′=1,
n′ 6=n

∣∣∣hHn,1HrRZF
n′

∣∣∣2
‖HrRZF

n′
‖
2
2
pn′ + σ 2

DL

. (25)

The achievable rate of user 2 in cluster n is given as

RRZFn,2 = log2
(
1+ SINRZF

n,2

)
[b/s/Hz], (26)

where the signal-to-interference-and-noise ratio (SINR)
value is

SINRRZF
n,2 =

∣∣∣hHn,2HrRZFn

∣∣∣2
‖HrRZFn ‖

2
2
pn,2

N∑
n′=1
n′ 6=n

∣∣∣hHn,2HrRZF
n′

∣∣∣2
‖HrRZF

n′
‖
2
2
pn′ + σ 2

DL

. (27)

IV. SUM SPECTRAL EFFICIENCY MAXIMIZATION
In this section, we maximize the total sum rate of this MIMO-
NOMA system subject to the power budget constraints. The
optimization problem is defined as

maximize
{pn,1,pn,2≥0}

N∑
n=1

(
Rn,1 + Rn,2

)
subject to pn,1 + pn,2 ≤ Pmax,n ∀n. (28)

We emphasize that (28) is non-covex problemwhich the proof
can be obtained by applying the main steps in [48]. There-
fore, the optimal solution to (28) is difficult to obtain with
any nontrivial setups. In order to apply the general purpose
optimization toolboxes such as CVX [49], we first plug (6)
and (8) into (28) and then obtain the following sum spectral
efficiency problem.

maximize
{pn,1,pn,2≥0}

N∑
n=1

log2
(
(1+ SINRn,1)(1+ SINRn,2)

)
subject to pn,1 + pn,2 ≤ Pmax,n ∀n. (29)

By converting from the quality of service constraint to
SINR constraints and using the epigraph form representa-
tion [50], the optimization problem (29) is equivalent to

maximize
{pn,1,pn,2≥0}
{λn,1,λn,2≥0}

N∏
n=1

λn,1λn,2

subject to 1+ SINRn,1 ≥ λn,1 ∀n,

1+ SINRn,2 ≥ λn,2 ∀n,

pn,1 + pn,2 ≤ Pmax,n ∀n. (30)

For generality purpose, cluster n acquires a general beam-
forming vector wn which may be selected from the set
{wMRT

n ,wZF
n ,w

RZF
n }. From the SINR expressions, an obser-

vation of the optimization problem (30) is made in Lemma 1.
Lemma 1: The optimization problem (30) is a signomial

program.
Proof: The main proof is to show that the SINR con-

straints are signomial (please see Appendix for the definition
of a signomial function). For cluster n, the SINR constraint
of user 1 can be reformulated as

λn,1

∣∣∣hHn,1wn

∣∣∣2 pn,2 + λn,1 N∑
n′=1,
n′ 6=n

∣∣∣hHn,1wn′

∣∣∣2 pn′ + λn,1σ 2
DL

−

N∑
n′=1

∣∣∣hHn,1wn′

∣∣∣2 pn′ − σ 2
DL ≤ 0, (31)

whose the left-hand side is signomial due to the non-negative
factors. Similarly, the SINR contraint of user 2 in cluster n is
reformulated as

λn,2

N∑
n′=1
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ + λn,2σ 2
DL −

∣∣∣hHn,2wn

∣∣∣2 pn,2
−

N∑
n′=1
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ − σ 2
DL ≤ 0, (32)

which also formulates a signomial constraint. Therefore,
we complete the proof.
Lemma 1 indicates that the optimization problem (30)

still preserves the non-convexity feature. To tackle this issue,
we will apply the successive optimization approach to find a
local solution to (30) [45], [51]. We first introduce the arith-
metic mean-geometric mean inequality as in problem (28).
To this end, the signomial SINR constraints of each cluster
must be converted to monomial ones by using the weighted
arithmetic mean-geometric mean inequality [51] as shown in
Lemma 2.
Lemma 2 [51, Lemma 1]: Assume that h(x) is a

posynomial function which is defined from N monomials
{z1(x), . . . , zN (x)} as

h(x) =
N∑
n=1

zn(x), (33)

then the function h(x) is lower bounded by a monomial func-
tion h̃(x) as

h(x) ≥ h̃(x) =
N∏
n=1

(zn(x)/αn)αn , (34)

where αn is a non-negative weight regarding to zn(x). The
best approximation to h(x0) near the point x0 in the sense of
the first order Taylor expansion, say h̃(x0), if the weight αn is
selected as

αn =
zn(x0)∑N
n′=1 z

′
n(x0)

. (35)
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We now reformulate the SINR constraint of user 1 in
cluster n as

λn,1

∣∣∣hHn,1wn

∣∣∣2 pn,2 + λn,1 N∑
n′=1,
n′ 6=n

∣∣∣hHn,1wn′

∣∣∣2 pn′ + λn,1σ 2
DL

≤

N∑
n′=1

∣∣∣hHn,1wn′

∣∣∣2 pn′ + σ 2
DL. (36)

We denote the right-hand side of (36) as

hn(pn′,1, pn′,2) =
N∑

n′=1

∣∣∣hHn,1wn′

∣∣∣2 pn′ + σ 2
DL, (37)

then applying the arithmetic mean-geometric mean in
Lemma 2, we lower bound hn(pn′,1, pn′,2) as

hn(pn′,1, pn′,2) ≥ h̃n(pn′,1, pn′,2)

=

(
σ 2
DL

αn0

)αn0 N∏
n′=1


∣∣∣hHn,1wn′

∣∣∣2 pn′,1
αnn′,1


αn
n′,1

×


∣∣∣hHn,1wn′

∣∣∣2 pn′,1
αnn′,2


αn
n′,2

, (38)

where the non-negative weights αn0, α
n
n′,1, α

n
n′,2 associate with

user 1 in cluster n and satisfy

αn0 +

N∑
n′=1

αnn′,1 +

N∑
n′=1

αnn′,2 = 1. (39)

The SINR constraint of user 1 in the optimization
problem (30) is now approximated to

λn,1

h̃n(pn′,1, pn′,2)

∣∣∣hHn,1wn

∣∣∣2 pn,2 + λn,1

h̃n(pn′,1, pn′,2)

×

N∑
n′=1,
n′ 6=n

∣∣∣hHn,1wn′

∣∣∣2 pn′ + λn,1σ
2
DL

h̃n(pn′,1, pn′,2)
≤ 1, (40)

which is posynomial. Similarly, the SINR constraint of user 2
in cluster n is reformulated as

λn,2

M∑
n′=1,n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ + λn,2σ 2
DL

≤

∣∣∣hHn,2wn

∣∣∣2 pn,2 + N∑
n′=1,
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ + σ 2
DL. (41)

For the SINR constraint of user 2 in cluster n, let us denote

gn(pn′,1, pn′,2)=
∣∣∣hHn,2wn

∣∣∣2 pn,2+ N∑
n′=1,
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′+σ 2
DL,

(42)

and applying the arithmetic mean-geometric mean inequality,
a lower bound of gn(pn′,1, pn′,2) is

gn(pn′,1, pn′,2) ≥ g̃n(pn′,1, pn′,2)

=

(
σ 2
DL

α̃n0,0

)α̃n0,0 
∣∣∣hHn,2wn

∣∣∣2 pn,2
α̃n0,1


α̃n0,1

×

N∏
n′=1,n′ 6=n


∣∣∣hHn,2wn′

∣∣∣2 pn′,1
α̃nn′,1


α̃n
n′,1

×

N∏
n′=1,n′ 6=n


∣∣∣hHn,2wn′

∣∣∣2 pn′,1
α̃nn′,2


α̃n
n′,2

, (43)

where the non-negative weights α̃n0,0, α̃
n
0,1, α̃

n
n′,1, α̃

n
n′,2,∀n

′,

associate with user 2 in cluster n and satisfy

α̃n0,0 + α̃
n
0,1 +

N∑
n′=1

α̃nn,1 +

N∑
n′=1

α̃nn′,2 = 1. (44)

To the end, the SINR constraint of user 2 in cluster n is now
approximated as

λn,2

g̃n(pn′,1, pn′,2)

N∑
n′=1,
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 pn′ + λn,2σ
2
DL

g̃n(pn′,1, pn′,2)
≤ 1.

(45)

The optimal solution to (30) is bounded from below by the
solution of the following problem

maximize
{pn,1,pn,2≥0}
{λn,1,λn,2≥0}

N∏
n=1

λn,1λn,2

subject to Constraint (40) ∀n,

Constraint (45) ∀n,

pn,1 + pn,2 ≤ Pmax,n ∀n. (46)

We stress that the global solution to (46) is able to obtain
in limited time due to its convexity as shown in Theorem 1.
Theorem 1: The optimization problem (46) is a geometric

program, so its global optimal solution is obtained with poly-
nomial complexity.

Proof: The proof is straightforward since the objective
function of (46) is a monomial function, while the constraints
are posynomial. Therefore, the optimization problem (46)
follows the standard form of a geometric program as demon-
strated in Definition 2 [50].
We now apply the successive optimization approach to find

a local solution to (30) in an iterative manner. Specifically,
from an initial set of the data power {p(0)n,1, p

(0)
n,2} in the feasible

set, at the i-th iteration, theweight values for user 1 in cluster n
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is computed

α
n,(i)
0 =

σ 2
DL

N∑
n′=1

∣∣∣hHn,1wn′

∣∣∣2 (p(i−1)n′,1 +p
(i−1)
n′,2

)
+σ 2

DL

, (47)

α
n,(i)
n′,1 =

∣∣∣hHn,1wn′

∣∣∣2 p(i−1)n′,1

N∑
n′=1

∣∣∣hHn,1wn′

∣∣∣2 (p(i−1)n′,1 +p
(i−1)
n′,2

)
+σ 2

DL

, ∀n′, (48)

α
n,(i)
n′,2 =

∣∣∣hHn,1wn′

∣∣∣2 p(i−1)n′,2

N∑
n′=1

∣∣∣hHn,1wn′

∣∣∣2 (p(i−1)n′,1 +p
(i−1)
n′,2

)
+σ 2

DL

, ∀n′. (49)

Meanwhile, the weight values for user 2 in cluster n is com-
puted as

α̃
n,(i)
0,0 =

σ 2
DL

γ n,(i−1)
, (50)

α̃
n,(i)
0,1 =

∣∣∣hHn,2wn

∣∣∣2 p(i−1)n,2

γ n,(i−1)
, (51)

α̃
n,(i)
n′,1 =

∣∣∣hHn,2wn′

∣∣∣2 p(i−1)n′,1

γ n,(i−1)
, ∀n′, (52)

α̃
n,(i)
n′,2 =

∣∣∣hHn,2wn′

∣∣∣2 p(i−1)n′,2

γ n,(i−1)
, ∀n′, (53)

where the value γ n,(i−1) is computed from the previous
iteration as

γ n,(i−1) =

∣∣∣hHn,2wn

∣∣∣2 p(i−1)n,2 +

N∑
n′=1,
n′ 6=n

∣∣∣hHn,2wn′

∣∣∣2 p(i−1)n′ + σ 2
DL.

(54)

After that, we solve the geometric program (46) to attain
the optimal solutions {p(i)n,1, p

(i)
n,2},∀n. At the end of each

iteration, the weight values for the next iteration are computed
from {p(i)n,1, p

(i)
n,2} by utilizing (47)-(49) and (50)-(53). This

iterative process will be terminated, for example, the variation
between two consecutive iterations is small. In a nutshell,
the proposed power control to maximize the sum spectral effi-
ciency is summarized in Algorithm 1. Moreover, we manifest
the convergence of this algorithm as shown in Theorem (2).
Theorem 2: The solution of Algorithm 1 converges to a

fixed point which is the Karush-Kuhn-Tucker (KKT) point of
the optimization problem (28).

Proof: The proof basically follows the main steps as
shown in [45] and [52]. The guidance is as follows. By utiliz-
ing the arithmetic mean-geometric mean inequality to lower
bound the SINR constraints as in (40) and (45), we guarantee
that the global optimal solution to (46) is also a feasible point
to the original problem (28). The successive optimization
approach with solving a geometric program in each iteration

Algorithm 1 Successive Approximation Algorithm for (30)
Input: Set i = 1; Select the maximum power for each cluster
Pmax,n,∀n; Select the initial values of powers p(0)n,1, p

(0)
n,2 for

∀n; Compute the weight values for all users corresponding to
{p(0)n,1, p

(0)
n,2} by applying (47)-(49) and (50)-(53).

1. Iteration i: Solve the geometric program (46) to obtain
{p(i)n,1, p

(i)
n,2}. Then update the weight values by applying

(47)-(49) and (50)-(53)
2. If Stopping criterion satisfied→ Stop. Otherwise, go to

Step 3.
3. Set λoptn,1 = λ

(i)
n,1, λ

opt
n,2 = λ

(i)
n,2,∀n, and p

opt
n,1 = p(i)n,1, p

opt
n,2 =

p(i)n,2∀n; Set i = i+ 1, back to Step 1.

Output: The solutions λoptn,1, λ
opt
n,2 and p

opt
n,1, p

opt
n,2,∀n.

TABLE 1. Simulated network parameters.

FIGURE 3. Convergence of Algorithm 1 versus different linear
beamforming techniques. The network serves 40 users.

produces a non-decreasing objective function to (46). Mean-
while, the limited power budget constraints ensure a convex
feasible set, so Algorithm 1 must converge to a limited point.
By doing a matching process for the KKT conditions of the
two problems (28) and (46) at the limited point, we conclude
that it is the KKT point of (28).

V. SIMULATION RESULTS
In this section, we execute extensively numerical simulations
in order to testify and compare the performance among all
considered beam-forming techniques in the previous sec-
tions. The system parameters are given in Table 1. The content
includes comparing how fast the algorithm converges among
the three beam-forming techniques which are shown in Fig. 3.
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FIGURE 4. Total transmitted power of weak and strong users versus the number of pairs in the network.

FIGURE 5. Sum spectral efficiency of strong users for different linear
beamforming techniques.

FIGURE 6. Sum spectral efficiency of weak users for different linear
beamforming techniques.

Fig. 4 illustrates the difference of transmitted power that the
base station allocates to all users. The sum spectral efficiency
of strong and weak users is given in Fig. 5 and Fig. 6, respec-
tively. The remaining figures demonstrate per user spectral
efficiency in the network.

1) CHANNEL MODEL
In the scope of this study, the propagation channels from
the base station to all users follow uncorrelated Rayleigh
distribution which are formulated as:

hn,n′ ∼ CN
(
0, βn,n′IN

)
, ∀n = 1, . . .N , n′ = 1, 2, (55)

where βn,n′ represent large-scale fading coefficients mod-
elling the path loss and shadow fading. This is defined as

βn,n′ = ξn,n′10
σ zn,n′
10 , ∀n, n′, (56)

where σ is the standard deviation of shadow fading, which
is set to 7 dB in this paper. zn,n′ is distributed as CN (0, 1).
For the path loss coefficients ξn,n′ we use the model which is
given by

ξn,n′ = −148.1− 37.6 log10 dn,n′ , (57)

where ξn,n′ is in dB and dn,n′ (measured in km) represents the
distance between the base station and users in cluter n′.

2) PERFORMANCE EVALUATION
Fig. 3 demonstrates the convergence property of our pro-
posed solution to the sum spectral efficiency optimization as
shown in Theorem 2. For all considered linear beamforming
techniques, Algorithm 1 converges very fast which requires
less than 20 iterations to reach the KKT point. Thanks to
carefully allocating the transmit power to each user, MRT
can significantly improve 40% the sum spectral efficiency
better than the initial point in the feasible set. This supe-
rior gain comes from the fact that MRT does not suppress
mutual interference well, so the system performs badly with-
out power control. In the case of using a more advanced
beamforming technique as RZF and ZF, the improvement
is about 12% and 10%, respectively. At the KKT point,
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it observes the better performance of RZF than MRT with
the gap of 32.7 b/s/Hz. Among the three linear precoding
techniques, ZF is the optimal selection to maximize the sum
capacity of a NOMA-based network.

Fig. 4 describes the total transmitted power of a network
by using different linear beamforming techniques. If the BS
is equipped with 5 antennas that is able to serve 10 users,
the transmitted power of weak users using either RZF orMRT
is nearly 7× higher than the consumption of ZF. When the
number of user pairs increases from 5 up to 20, the gap
between ZF and the others grows significantly. In particu-
lar, utilizing ZF only needs the total transmitted power for
the weak users around 69.12 mW. However it consumes
587.5 mW when RZF is deployed. This observation is of
paramount importance for a systemwithmany user terminals.

Figs. 5 and 6 represent the sum spectral efficiency of weak
and strong users versus the number of pairs, respectively.
As visualization in Fig. 5, while considering the sum spec-
tral efficiency, ZF provides the highest total rate of about
71.16 bit/s/Hz in order to serve 20 pairs of users. The amount
of capacity is 54.32 bit/s/Hz in case of using RZF. Mean-
while, MRT, which is the worst choice, can only achieve
21.57 bit/s/Hz. However, the weaker group suffers from the
mechanism of assigning beamforming vector to each pair
in the NOMA-based network, which leads to a significant
lower capacity than what is provided for strong users. The
total spectral efficiency of all stronger users using ZF is
approximately 93632 times higher than that of the weak ones.
Although RZF is not the best choice for the net spectral effi-
ciency, it enhances the performance of weak users. As we can
see in this figure, there is a trade off in providing throughput to
either strong or weak users. RZF in fact does not fully support
strong users, but it raises the performance of weak priority
group. In particular, the network utilizing RZF can provide
9.11 × 10−02 bit/s/Hz for all weak users. This does much
better than that one with ZF since it is only able to provide
9.63× 10−04 b/s/Hz in total.

FIGURE 7. Per user spectral efficiency [b/s/Hz] for different linear
beamforming techniques (both strong and weak users).

Fig. 7 illustrates the cumulative distribution func-
tion (CDF) for the per user spectral efficiency in a simulated
network serving 40 users, which is explicitly divided into two

FIGURE 8. Per user spectral efficiency [b/s/Hz] for different linear
beamforming techniques (weak users only).

FIGURE 9. Per user spectral efficiency [b/s/Hz] for different linear
beamforming techniques (strong users only).

distinct subsets: strong and weak users. Interestingly, ZF gets
the lowest spectral efficiency at 95%-likely. MRT outper-
forms ZF about 2.4×, while the improvement from RZF is
significantly up to and 317× compared with the baseline.
This comes from the fact that ZF forces many users to
be served with almost zeros rate such that the total sum
spectral efficiency is maximal. For clearer observations, from
Fig. 7 we provide the separate CDF of every weak users as
in Fig. 9 and of every strong users as in Fig. 8. At the median
point, the network can provide 1.05 b/s/Hz, 1.18 b/s/Hz, and
1.32 b/s/Hz for every strong users by deploying MRT, RZF,
and ZF, respectively. By slightly deducting the capacity of
every strong users, RZF yields the superiority in spectral
efficiency for weak users among all considered linear beam-
forming techniques which is indicated in Fig. 8.

For better observations on the contributions of our pro-
posed power allocation method, we plot the sum spectral
efficiency with different power allocation methods as shown
in Fig. 10. The first benchmark is uniform power control
where all users transmit full power as proposed in [53].
The second benchmark allows each user to peak up a random
power in the feasible set, which was used in [54]. Thanks to
effectively mitigating mutual interference by NOMA, the two
benchmarks in the previous works perform well when there
are a few antennas equipped at BS. For the network where
BS has 5 antennas, the loss by allocating uniformly power is
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FIGURE 10. Sum spectral efficiency versus different power allocation
benchmarks. The network uses ZF beamforming.

only 5.33%, while it is 22.96% if random power allocation is
selected. Therefore, the random power allocation only serves
as the baseline for comparison. The competitive performance
among methods is because the use of only NOMA is suffi-
cient when there are not many users in the coverage area.
However, the superiority of our proposed control solution can
be observed if increasing the number of base station antennas
to tolerate more users. In particular, the gain from the optimal
power allocation is up to 29.62% and 62.10% compared with
uniform and random power allocation, respectively.

VI. CONCLUSIONS
In this paper, we have investigated the effectiveness of lin-
ear beamforming techniques for MIMO-NOMA downlink
transmission systems with the target of maximizing the sum
spectral efficiency. The performance analysis was rigorously
made for a single-cell network utilizing the proposed user
paring method based on the prior information of different
large-scale channel qualities. We have formulated a non-
convex sum spectral efficiency maximization taking care of
the limited transmit power budget. An efficient frame work
to find the local KKT solution in polynomial time was pro-
posed. Numerical results manifest that ZF is the optimal
selection for the total spectral efficiency of strong users and
the entire network as well. In spite of losing the performance
on strong users, RZF is the best solution to guarantee QoS for
the weak users. In many situations, RZF outperforms ZF to
achieve better per user spectral efficiency. Among the three
considered beamforming techniques, MRT yields the lowest
performance, but this is a good candidate for the large-scale
networks due to its simplicity and scalability.

APPENDIX
The appendix provides the two useful definitions which are
widely used in this paper [45], [50]. In more detail, Def-
inition 1 gives the concept of signomial, polynomial, and
monomial functions, while the stand form of a geometric
program is stated in Definition 2.
Definition 1: A multivariate function h(x1, . . . , xM1 ) =∑M2
n=1 cn

∏M1
m=1 x

bn,m
m defined in RM1

+ is signomial with M2
terms (M2 ≥ 2) if the exponents bn,m are real numbers and

the coefficients cn are real, but at least one is negative. If all
cn,∀n, are positive, the function h(x1, . . . , xN1 ) is polynomial.
In the case h(x1, . . . , xM1 ) = cn

∏M1
m=1 x

bn,m
m , then it is a

monomial function if cn > 0.
Definition 2: A geometric program has the following stan-

dard form

maximize
x∈X

f0(x)

subject to fn(x) ≤ 1 ∀n = 1, . . .N ,

hm(x) = 1 ∀m = 1, . . . ,M , (58)

where f0(x) can be either monomial or polynomial. The func-
tions fn(x), n = 1, . . . ,N are polynomial and hm(x),m =
1, . . . ,M are monomial. The feasible set X is convex.
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