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ABSTRACT With the rapid development of the Internet of Things (IOT) and increasing research on
tracking control of the affine IOT systems with uncertainty, a nonlinear control method of command filtering
backstepping with self-organizing approximation is proposed. A command filter with a saturation structure
is used to eliminate the analytic computation of command derivatives, and tracking errors are redefined to
compensate the discrepancy between the command filtered signals and the analytic computation of command
derivatives. Command filtered backstepping is used to decouple the higher IOT system and simplify the
structure of the IOT system. Self-organizing approximation is used to online approximate the uncertain and
eliminate the effect of the uncertain in the IOT system. The approximation for the uncertain is finished by
a linear product between a set of basis functions and weighted functions on the local region. The weighted
sum of compensated tracking errors is used as the prespecified tracking accuracy performance. A new local
approximator is added to the control system according to the criterion based on the Lyapunov theory to
enhance the capacity of the approximator when the prespecified tracking accuracy performance cannot be
achieved. Finally, an application for a simple IOT system is analyzed by simulations. The simulation results
show that the control method for the IOT system is effective.

INDEX TERMS Internet of Things system, command filtered backstepping control, nonlinear control

systems, self-organizing feature maps.

I. INTRODUCTION

With the rapid development of wireless communication tech-
nology and computing penetrate into every field of our life,
the IOT and IOT system are born [1]. Testing and defending
methods including model-based nonlinear control are given
in [2]. The key technologies of IOT are presented by Ref-
erences [3]-[7]. However, the detailed control methods of
IOT system are not involved. Due to frequency interference
between the Internet of Things and other business systems
(Authorized frequency and unlicensed frequency is used
in china), parameter perturbation from Internet of Things
systems, and unmodeled dynamics for IOT system, it is
inevitable that actual nonlinear systems will contain partial

uncertainty [8]. Currently, processing these uncertainties is
the key to difficulties of model-based nonlinear control. Intro-
ducing a universal approximator into the control structure for
online approximation uncertainty, and the elimination of its
effects, has become an effective way to process uncertainty.
The focus of research into this type of control method lies in
the selection of controller structure, automatic adjustment of
the approximator, and the demonstration of closed loop sta-
bility [9]-[13]. These control approaches that contain linear
approximator are often based on the following hypothesis:
if the primary function in the approximator has an adequate
large quantity of nodes, any given ¢ (¢ > 0) approxima-
tion precision can be gained by choosing the appropriate
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approximator parameters. To gain the expected approxima-
tion precision, one ideal approximator requires an adequate
number of nodes in the primary function [14], [15]. For the
IOT system, this will cause a sharp increase of calculation
loads. Moreover, excessive nodes in the primary function
might induce the possibility of over parameterization. That is,
it will lead to system complications and the system becomes
difficult to control.

To overcome the above-mentioned defects, the thought
of locally weighted learning was first proposed by
Atkeson et al. [15] and Schaal and Atkeson [16]. Locally
weighted leaning divides the working field into several
local approximation fields in which the corresponding local
approximator is defined. The local approximator is con-
structed into a function that is related to the operating points
of the system. When the operating points of the system
enter into new local approximation fields, the system adds a
new local approximator automatically and the approximation
precision gained by previous local approximation fields can
be accumulated continuously. In References [9], [17], [18],
the linearly parameterized model has been applied locally,
which is a special case of the receptive field weighted
regression proposed in [15] and [16]. These methods are to
replace the single approximtor which has abundant nodes in
primary function by a local approximator set that is adjusted
continuously according to system state, aiming to reduce
number of nodes, calculation load and parameter scale in the
primary function. However, for IOT system these methods
have shortages: 1) They only proved the stability of state
variable and approximator parameters, but have not proved
the system stability when the number of local approximators
change. 2) Adaptive laws of approximator parameters are
only determined by system state, but they are unrelated to
control performance. Consequently, the IOT system adds new
local approximators automatically when the operating points
of the system are far away from all local approximation fields,
but doesn’t take requirements on current control precision
into account.

Hence, a control method for self-organizing approximation
structure based on current control performance has been pro-
posed in [19]. This method can make online adjustment of
approximator structure in view of control precision, and it
still maintains the minimum quantity of local approximators.
There is no need to increase the gain control and thereby
avoids risk of high gains. However, this method may be only
applicable to the following scalar SISO IOT system:

s=f"W4+f @) +u, xeR

In [20], this method has been further expanded to
an n-order single-input single-output (SISO) input-state
feedback linearization system. The system equations are
described below:

Xi=xipl<i<n-—1

1
Xn = [f,,o x) +f,,(x)] + [gg x) + gn(x)] u M
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The complete closed loop stability has been proved consid-
ering instantaneous changes of quantity of local approxima-
tors. However, the feedback linearization form in equation (1)
is difficult to be met by actual physical systems, thus limiting
the applicable range of the method significantly.

But it is generally known that the command-filtered
backstepping-based adaptive control method is an effective
tool for controller design (see [21]-[27]). However, the tra-
ditional command-filtered backstepping design procedure
requires the repeated differentiations of virtual controls,
which causes a serious instability.

Based on the command filtered backstepping controller

[28]-[31], the self-organizing approximation method [22]
has been further expanded to a more common type of n-order
SISO affine system as shown in equation (1). It realizes the
expected tracking precision without use of high gain control
and large amplitude switching. The basic principle is that:
1) the expected error allowance in tracking precision is set.
2) Online self-organizing approximation is only triggered
when breaking the error allowance. Such approximation is to
reduce effects of system model difference and make tracking
error meet the requirements. 3) Effects of inherent error of
online self-organizing approximation on control precision are
eliminated by similar slip form.

The proposed method is mainly consists of command fil-
tered backstepping and online self-organizing approximation.
The command filtered backstepping is used to overcome
the analytic solution of virtual control command in ordinary
backstepping control. As a result, the high-order cascade
structure of the control object in IOT system can be processed
by relative decoupling. The goal of online self-organizing
approximation is to continuously increase the online approx-
imators according to the system error and to reduce negative
impacts of the system model difference on system tracking
performance.

This paper is organized as follows. The description of
control problem of IOT system is briefly introduced in
Section II. The locally weigthed learning algorithm applied
in IOT system is presented in Section III. Section IV presents
the self-organizing online approximation command filtered
control. Proof of stability is given in Section V. Simulation
case analysis and results discussion are given in Section VI.
Finally, Section VII contains the conclusions.

Il. DESCIPTION OF PROBLEMS
For the following n-order SISO system in IOT system:

xi= [0 +£ ]+ [8) @) + gi ()] xig1
1<i<n-—1

o =20 + 5 ] + [2) @) + gn (1) ] u

i=n

(@)

where x = [x, ... ,x,l]T € D" and it is a state vector. D" is
the whole working field of the physical system, which might
be either known or unknown. x; is the output of system, and
u is the control input signal. Functions fio(x) and g? (x) are
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known models of controlled objects during controller design.
The unknown functions f;(x) and g;(x) are unknown parts of
the controlled objects, which refer to errors between the real
model of the controlled object and controller design model.
Let fl.o(x), g?(x), fi(x) and g;(x) be continuous functions.

In this study, the goal of control is to design the control
input signal u to drive x; to trace reference input xj.. Mean-
while, all states x; shall be have boundaries. For some regions,
which model errors f;(x) and g;(x) might be too large in the
system state space, the controller fails to reach the expected
tracking precision. In this study, an online approximation
controller structure and the compensation model error in the
full-state space were used to achieve the expected tracking
precision.

To protect controllability of IOT, it is suppose that
g? (x) + gi(x), has a definite sign, boundaries, and is not
zero. Without loss of generality, the following hypothesisis
proposed: the function g? (x) + gi(x) has a lower boundary
to make g?(x) + gi(x) >g;(x) >g;> 0(Vx € R") true, where
g; (x) is a known function and g; is a known constant.

IIl. LOCALLY WEIGTHED LEARNING ALGOTITHM

In this study, for the IOT system, a control method that
combines online self-organizing approximation, command
filtered backstepping, and is based on locally weighted learn-
ing is proposed. In this method, the approximation value
of the unknown function f;(x) at one state point x can be
expressed by the normalized weighted mean of the following
local approximator fik (x):

>k Wik (X) i (x)
Zk Wik (x)

where, f,-k(x) is the k™ local approximation function of the
unknown function, f;(x). wix (x) is only nonzero in the local set
Sk (defined in the following text). In the set Sk, fik (x)isusedto
improve the approximation precision of f;(x). In the following
text, the local weighted learning algorithm is defined by
using f;(x). The definition of the unknown function g;(x) is
similar and is not introduced here.

fix) = 3)

A. WEIGTHED FUNCTION

For the fik (x), one continuous, nonnegative and locally sup-
ported weighting function wy (x) is defined. Firstly, the sup-
porting set (hereinafter referred to as approximation field) of
wir (x) is defined:

Sk = {x € D" lwix(x) # 0} “

If the size of Sk is defined as p (S) = (]lx — y||), the locally
supporting means that p(S;) is a smaller relative to p(D").
Let Sy be the closure of set Si. It should be noted that Sy is
a compact set. One case of weight function that meets these
conditions is the following biquadratic kernel function:

212
Mﬂm:{h—uu—qnmw]nx—qn<uk )
otherwise
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where ¢, is the central vector of k™ weighting function, and
[k 1s a constant that expresses radius of Si. The supporting
set corresponding to equation (5) is:

Sk ={x e D"|lx — cxll < p } (6)

Since the approximator is online self-organizing, the total
quantity N(¢) of local approximator fir(x) is not a constant,
but is a variable that increases overtime. Conditions for
increasing N(¢) at discretization will be introduced below.
Since N (¢) is a variable, the approximation field correspond-
ing to equation (3) changes with time. It is defined as:

N(@t) _
A - UlgksN(t) Sk )

When x(1) € AN®, there’s at least one k that makes
wir(x) # 0. The normalized weighting function is defined as:

_ Wik (x)
Wik (X) = —x——— (3)
> wix)
Therefore, it can be seen that the non-negative function set
{Wik (x)}kNill) can form one unit partition in AN®:
N(@) _
Zk_l Wik (x) = 1x € AN® 9)
The supporting set of wy (x) is consistent with wy (x).
When x ¢ AN®, wy (x) = 0and 1 < k < N(z). To define
allx € D" in fi(x) in equation (3), the complete definition of
filx)is:

fix) =

N() _ o
Zk=1 Wik () fix (x) x € ANO 10
0

x e D" —ANO

The local weighting learning algorithm when x € AV® is
defined in the following.

B. LOCAL APPROXIMATOR

When x € AN®, the k™ local optimal approximator of f;(x)
is defined as:

fik () = ¢ 6 (11)
where ¢y, is the vector of continuous primary function

appointed by the designer. The vector 0}; refers to the
unknown optimal parameter estimation vector (for x € Si):

N 2
%;=a@mm%k{£ mﬂxﬂﬁ@)—ﬁﬂﬂ\dﬂ (12)
k

fix ) = ¢}, 05, (13)
where 6y, refers to online updated unknown parameter esti-
mation vector (for x € Sg).

It should be noted that Gj’;k has definitions to each k. Since
fi(x) and f;}(x) have a smoothness function on Sy. Therefore,
fiZ(x) is the optimal local approximator of f;(x) on Sk.

Let local approximation error g, (x) on D" be defined as:

i) =fi () xeS

Efx (x) = 0 (14)

otherwise
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Let the constant ¢ > 0 be the known variable. It is
hypothesized that the base vector set ¢y is large enough
and py is small enough, such that |£ﬁk (x)| < & is always
true for some unknown positive constant &; < &y in the
range of x € Si. It should be noted that the boundedness of
max, .5, (|&f; (x)|) is protected by the continuity of |ef, (x)|
in Sk.

For any x € AN®_ f; (x) can be expressed as the following
weighted sum of local approximator:

fix) = Zk Wik (Of i () + 7,(x) 15)

Since ¢; may not be infinitely large, and x may not be
infinite small, in actual design, &f;(x) in equation (15) means
that the inherent approximation error to f(x) on AN® when
¢y and puy are finite values. Therefore it can be seen that
|85 (x) < &]|. Since:

= i@ =, w0 )
= |3, e ) (@) = £ @)
< D ik () [eg )] (16)

8f;

That is:

|8fi(x)| < maxy (

e W) D0 Wik ) =% A7)

Each local optimal approximator f;7 (x) can reach precision
&, on Si. Therefore, the global precision of ), wix (x) fi (x)
on AN® is at least ;.

Since f;(x) is an unknown function and the 9’; is unknown,
the control law uses equation (10) defined on AN® and
equation (13) defined on Sy, to make an online approxima-
tion. The basic principle of designed the adaptive capability
of control laws is that during operation of controller, 6y,
a real-time automatic adjustment to improve approximation
precision of unknown function will be made. To analyze the
convergence of the parameter estimation, the parameter error
vector is defined as ff, = 6, — 6y for the k™ local approx-
imator. The self-organizing principle of controller is seen
during the system operation, the number of fik (x) will increase
automatically according to the system tracking error when
the system tracking error exceeds the design requirements,
in order to reduce effects of model error on system control
precision.

IV. SELF-ORGANIZING ONLINE APPROXIMATION
COMMAND FILTERED CONTROL

A. DEFINITION OF ERROR

Fori = 1,2,...,n, the tracking errors X; of different orders
in the system (2) are defined as:

Xi=Xi — Xjc (18)

Here xj. is the actual command trajectory, and x;.
(2 < i < n) is the dummy control variable or intermediate
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control variable generated in the process of command filtered
backstepping control process.

Fori = 1,2,...,n, the compensation tracking error of
different orders (x;) in system (2) is defined as:
X=X —§& (19)

where &; is defined below.
One scalar mapping of compensation tracking error is
defined as:

e= Z Xi (20)
i=1

The goal of controller design is to reach the appointed
tracking precision: |e| < L.

In the following text, the total time that the system tracking
error exceeds the expected precision (|e| > ) is expressed
as the total time function that the system tracking error
exceeds the expected precision in the time interval [71, f2]:

5]

ﬁ’(e9 Me7tl7t2) = / 1(|e(t)_“*(3|)

n
1 x>0
1) = 21
(A) { 0 n<0 (2D
B. COMMAND FILTERED BACKSTEPPING
Fori=1,2,...,n—1,itis defined that:

0

Xig1.e = @i — it (22)
W = a, (23)

c

where «; is the dummy control variable generated by the
command filtered backstepping control.
Signals x;11 . and X,y . are gained by following filter:

Xit1,e = —Kip1(Xig1,c — xgl,c) (24)
Signal u, is gained through the following filter:
ite = —K (ue — u?) (25)

where K, K;11 > 0 and they are the constant set by controller
designers.

The initial condition is x;4+1,. (0) = «;(0). Since equation
(24) is a stale linear filter, if the input signal x?H’ . is bounded,
Xi+1,c and X;41, must be bounded.

Fori=1,2,...,n— 1, it defines:

£ = —kiti + (&) + & + Be)ir1.c — 3010 (26)
For i = n, it defines:
En = —knkn + (20 + &n + Be,)ue — u2) 27)

where k; > 0 (1 < i < n) is the control gain appointed by the
designer. The initial condition is &; (0) = 0. The final system
input is u = u,.

Equations (26) and (27) are a low pass filter and the input
is the product of (g? + 8+ By)and (x;1 . — x?H,L,), where
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(g? + 8i + Bg,) is the bounded function and (xj4.1,c — x?—l—l,c)
has small amplitude. Since x;11 . and X;11 . are calculated by
equation (24), this ensures that K; 1 > k;;1 make x; 41  and
be able to trace xl.0+ . accurately.

C. CONTROLLER DESIGN BASED ON

ONLINE APPROXIMATION

When x € D", fori =1, 2,...,n, the dummy control signal
of backstepping process «; is defined as:

o e @8)
g T8+ IBgi
Fori=1,
Uy, = —kiF1 4+ %10 —f2 —fi — By (29)

Forie[2,n—1],
Ug; = —kiX; + xi,c _f;'o _f:' - /3fl
— (@) + &+ B )T (30)

where B and By, (1 < i < n — 1) are used to realize
the robustness of the inherent approximation error. They are
defined as:

B, = gpsat (e/ )
Be; = eg;sat(e/ pe)sign(xiy1) 3D
where sat(*) is saturation function. For i = n,
Uan = —knXy +xn,c _fno _fn - ﬁfn
—(@_ )+ &1 + By )X (32)

Here B, and B, are used to realize robustness of inherent
approximation error, they are defined as:

len = EfnSCl[ (e/l'LE)
Be, = €g,sat(e/e)sign(u) (33)

D. DYNAMICS OF COMPENSATION ERROR

When proving stability of the control system, the state vari-
able was used as the compensation for dynamics of tracking
error. Based on equations (18), (19) and (26), the dynamics
of the compensation tacking error of the system at all orders

can be divided into the following three situations:
Fori=1,

X1 = —kixi+fi —fi — B + (g? +81+ ﬁg1>5€2
+ (g1 — &1 — Bg)x2 (34)
Forie[2,n—1],
Xi= —ki¥i +fi —fi — By, — (g?_l +gio1 + IBgi—l))_Cl
+ (2 — & — Be) Tovt + (& — & — Be) st G39)
Fori=mn,
)én - - nin +fn _fn - ﬂj;,
- (g2_1 + 81+ lgg,,_1> )_Cn‘f‘(gn_g’n_ﬁgn)u (36)
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When x € D", derivatives of e can be gained from equa-
tions (20), (34), (35), and (36):

é=ij3;
—Z( kix; + fi —

+ (=knXy + fu _fn -

— By, + gixit1 — l3g,-xi+1)

B, + gnt — gnit — Be, ) 37
V. PROOF OF STABILITY

A. STABILITY OF CONTROL SYSTEM STATE

When x € D" — AN®_ the controller cannot make an online
approximation. This means that f, =g =0,but Br, # 0and
Bg; # 0. When using equations (28) ~ (33) as control laws,
the Lyapunov function has been chosen as V; (¢) = /2 and
its derivative given by [22] is:

Vo (e)
= ee
n—1
=e Z (—kixi + fi — Bf; + gixi+1 — BgiXi+1)
i=1
+ e(—knXy, +fn - ﬁfn — gnlU — ,Bg,,u)
n
=e) (—kiki+f— B
i=1
n—1
+€Z ,Bg, Xit1 + e(gn — Bg,u
= —ek; Z)_Ci
+e Z (fi— B) + Z — Be;) Xis1 + (g0 — By, u
Li=1 _
= —kiez
+e Z (fi — Br) + Z — Bes) %it1 + (20 — o
Li=1 .
(38)

where k; is the minimum in all control gains k; (1 <i < n).
When |e(t)| > pe, if |fi| < &f; and |g;| < &g, the slip forms
(31) and (33) can make the following formula true:

n n—1
e |:Z (i — Bp) + Z (gi — Bg)xit1 +(gn — ﬂgn)u:| <0
i=1 i=1 39

And, equation (38) can be simplified as:
Vo (e) < —k;e” = —2k;Vo(e) < 0 (40)

Therefore, |fil < & and |g;| < &g, Vo(e) must decline
with time when |e(?)| > .. Otherwise, Vy(e) increases with
time when |e(f)] > pe. Then, |[fi|l > &5 or |g]| > é&g.
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This conclusion can be used as conditions for increasing local
approximators.
According to the comparison theorem:

Vo(r) < e 2ki=Toly (1) (41)
le(1)] < 210 (1)) (42)

Therefore, if |e(?)| > w., there’s |f;| > &, or |g;| > &g, for
t € [To. To + (1/k)in(le(To)| / ie))-

On this basis, some local working fields which the con-
trolled system known model can provide adequate precision
(in other words, effects of the unknown parts are smaller, that
is,fi < ef, and g; < ¢,) canreach expected tracking precision
le(r)] < p. without the need of online approximation to
unknown system parts (f; and g;). This also reflects that the
error e(t) can reflect effects of the unknown parts of the
system (f; and g;) on tracking precision of the controller
effectively.

Therefore, the principle to increase fik and g; can
be defined when the following conditions are met
simultaneously:

® The current working point x(¢) has not activated any
existing local approximator. Therefore, the following
formula is always true when 1 < i <nand1 <k <
N(1):

wik (x) =0 (43)

@ One of following two conditions is true:
a) V(t) > 0and |e(t)] > fe.
b) le(D)] > pe, v € [t — (1/k;) In(le (To)| /iee) , 1]

For ease of use in the following, the time to add the jth
local approximator is 7j. In other words, N (7j) = j and
N (T; — ) =j— 1. The center position of approximation
field of the newly added local approximator is defined as
cN(T) = x(T}). The initial quantity of local approximator is
N (0) =0.

According to this definition, N(7}) is a constant j in the
time interval € [Tj, Tjy1). For a constant j, the approximator
has adequate approximation ability when T}, = oo.

The following is to prove that the total time of X;, e, éfik,
Ofye» égm and 6y, €L and |e(t)| > u. in the time period of
te [T] Tj+1) (quantity of local approximators in this period
is fixed j) is bounded. To simplify the definition, letj = N(T})
and TJrl =N{Tj11 —#).

Based on above analysis, the approximation precision
of optimal approximators f* (x) = >, wi (x)f7(x) and

gf (x) = ) wik(x)gj (x) on A/ can be expressed as:
[fi ) =f7 W] < &
|2 () — gf ()| < ey (44)

In other words, f*(x) and g} (x) on A reach precisions at
least g, and &g,. In the following text, for x € D", the use
of f, (x) and g; (x) can make system control precision finally
reach |e(?)| < .
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For x € A/, the Lyapunov function was chosen as:

1o, 1 A 5T =15
Ee + 5 Z Z (Qf’k Iﬁfl/\ ka + egtk Fglk egtk)
i=1 k=1

=Vo+V, (45)

Vi (1) =

where V) = 2,21kz ( " /kleﬁk +9gk[‘gk9g,k) kal and
Ig, kl are diagonal positive definite matrixes and can control
rate of parameter approximation.

Lett € [11,1] C [T], Tjy1) be the time interval when the
system tracking error exceeds the expected precision (that is
le()| > ). In this period, the state x(#) might be either in
Al or outside A/. Without loss of generality, it can be seen in
two conditions:

@ For any sub-interval ¢ € [t1, 72] C [t1, t2] that meets
x ¢ AJ, parameter adaptation will stop automatically since
wit (x) = 0. Therefore, Vé is always a constant. Based on the
above analysis, V declines with time in this time interval.
Therefore, Vj(t) also declines with time when ¢ € [71, 12] C
[71, 2] (that is, Vj(12) < Vj(71)). Therefore

Vi(t) = Vo < —k;e* <0 (46)

@ For any sub-interval t € [12, 73] C [f1, 2] that meets
x € A/, the derivative of V; along equation (37) is

Vi (1)
= V() + Vé

n n—1
< —kie’ + eZ (i —f") + EZ(gi — gt
i=1 i=1
n—1 n R
—eY Buxinite(ga—g)ute) (F—f
i=1 i=1

+ez —&n u—eZﬂﬁ

xl+1 +e(

+ ZZ (Gfrk ik efk +9ngrg,k egzk) — efg,u

i=1 k=1

n
= —k;é? +eZ(fi —f)+e(gn—g) u—eBg,u
i=1

n—1 n—1
—e) Baxiri ey (g—gxi

i=1 i=1

J
Zwikqb;kég,‘k u
- 6’2 szk¢fk0fk 6’2 szk¢glk0g,k Xit1
i=1 \k=1 i=1 \k=1
e Z Pt Z Z (efk fkleflk + egkrgk ngk)

i=1 k=1
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n—1

< —kie* =) [eegsat (] pe) sign(xit1)xit1]

i=1

— Z [esfl.sat (e/ue)] —esggsat (e/ne) sign(u)u

i=1

n—1 n Jj
+ Z lexiq 1] 8g;,+ Z Z I:sz]: F‘;kl O — Trowikedy, )]
i=1 i=1 k=1
n—1 J
+ leul 8g, + Z Z [egTik Fg_,kl (O — Dy WikeXit1Pg; )]
i=1 k=

n

+ |€| (Sf, + Z I:ég];,k Fg_,,/l( (égnk - ank ‘/_Vnkeud)gnk )]
i=1 k=1
(47)

Therefore, updating the law of approximator parameter can
be chosen as:
. e, w; . t
6, = faWikedp, e (@)l > He 48)

0 otherwise

égik = Proj {Tgik}

s, Wirex; . t
Tgfk — gtkwlke‘xl+1¢g1k |e( )l > e (49)
0 otherwise
égnk = PrOj {Tgnk}
Lo, W t
O
0 otherwise

where the mapping Proj {.} is to ensure that g? +8i+ Py isa
bounded function and is not zero.

It can get by bringing equations (48)~(50) into the
equation (47):

n
V(1) < —kie? + ) [lel 8, — espsat (e/pe)]
i=1
n—1

+ ) [lexit1| 8g—eeg,sat (e/ pe) sign (xiv1) Xig1 ]
i=1

+ leu| 8y, — ecg;sat (ef jue) sign (u) u (629

The mapping Proj {-} expressed in equations (49) and (50)
ensures that gS +&n+ Bg, > g > 0. Zhao and Farrell [19]
reported that for any t€ [17, T3], equation (51) can deduce that:

Vi (1) < —k;e? (52)
Therefore, for |e ()| > . and Vte [l‘l,lz], there is:
Vi (1) < —kie® < —k;ueg (53)
It can be seen from equation (53) that
Vi (12) = Vj (1) < =k (12— 11)
=~k (e pest1 ) (54)
That is,
Vi(t1) — Vi ()

(55)
ki“%

(e, pe, t, 1) <
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It can be seen from equation (55) that in [#, #2], the total
time of |e ()| > . is bounded.

Next, suppose e begins to meet requirements of control
precision from 7, to #3 (in the interval of |e (f)| < ). This
reflects that e enters into the interval |e ()] < u. at fp, but
leaves the interval at t3. Therefore, € [f, 13] C [Tj, Tit1)
refers to |e (f)] < u. and the time period when N (¢) is
a constant. The total time that |e ()] > . in the time
interval is:

/’_L(ev /’L€7[2at3) :0 (56)

In addition, the following conditions are true: @ in the
time interval [#2, 3], the approximator parameter is a con-
stant. In other words, the functional approximation stops.
Q@le ()| = le(t3)| = pe. Ble (t)| < |e(13)], V1 € [12, 13].

Obviously, Vj(t) = V() and V;(t) =< V;(3),
Vte [tp, t3]. These conclusions are unrelated where x enters
into A/ in the interval of [t2, 3].

In the following text, stability at any time te [Tj, Tj_H] is
considered. According to the adding principle, the jth local
approximator shall be added when t = T; and t = T];l
It is supposed e () leaves the interval |e (t)| < . att) = T;
and enters into |e (t)| < . at t,,. e (¢) leaves the interval
le (£)] < W atty41. e (¢) falls outside the interval of |e ()| <
e from #,,41 to T . Let? € [T/, Tj1) be the final time for
le (t)| < . in this time interval. Therefore, in the interval of
te [T}, Tj41), the total time that e (¢) falls outside the interval
of le ()| < pe is:

i (e e 11,77, )

= [(Tj;l - tm+1> + (g1 — ) + (tm — Tj)]

=1
< &% ; (Vi (T51) = Vi s

(V) () = V5 (1) + (V) () = Vi (1)) |

IA

/Sl DD [<VJ (Tj:rl) —V (tm+1)>

itte | j=1

(V) ) =V ) + (Vo) = V(7)) |

- |0 (5) - won)

J=1

(V) ) = Y ) + (V) =V (T) ]

= — V(1) - vi(1)] (57)

=
=
NI
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This proves that the total time is limited when e (¢) is out-
side the interval of |e ()| < p. in the time interval [T, Tj41).
Therefore, either T} is infinite to make |e ()| < p, or Tj11
is finite and N (¢) is increased by 1 at t = T} .

Another important conclusion is that V1 € [T}, Tj41)
makes the following equation true:

Vi (1) = Vi (T)) (58)

Equation (58) is derived from the above analysis directly no
matter whether |e (f)| > . or |e (¢)| < i, Therefore, these
features will be maintained continually for any N, x;, e, éfik,
Ofy» égik and 0y, € L even though x enters or leaves A; for
finite times or e (¢) enters or levels the interval for |e (7)| < .
for finite times.

Since D" is a compact set and each increment of N (¢)
includes one division of D" with a radius of u, only a limited
increment of N (¢) occurs. Thus, |e ()| < e, and X;, e, éfik,
Ofi» Oy » as well as Og;, € Loo

B. STABILITY OF SELF-ORGANIZING APPROXIMATION
Theorem 1: the system in equation (2) uses the control laws
(28) ~ (33), self-organizing functional approximation and
parameter updating laws (48) ~ (50). It has following char-
acteristics:
D Xi,e, éﬁk’ O s égik’ Ogy and N (1) €Loo.
n
@ e =) X finally converges at |e| < u,.
i=1
Proof: let the working time of system is [To, Tj],
where Ty can be infinite. Number of initial approximator
is N (Tp) = 0. As shown above, N (¢) increases by 1 every
TN () = Oand f; (x) = & (x) = 0 whenr € [To, T).
As stated above, either the total time of |e (f)| > . is
smaller than (l/lgi) In(le (To)| /1te) (T} = 00), or Ty is a
finite evaluate. Under these two conditions,

u?) (59)

For j > 1, the jth local approximator field is added at
t = T;. In the above text, © and @ in Theorem 1 have been
proved under the condition of ¢ € |7}, Tjy1). The only part
that has not been proved is where V; E ) in the transition from

Vi (T ) to V; (T;) is bounded.

In the following text, V;(7;) is a finite value. Let the
Lyapunov function at ¢t = Tj be:

Vo (Ty) < max (vo (To). 5

n

)+3 Z i [%

l:J k=1
+ 0 8ik ( ) glklggtk ( ):I (60)

Vi (1)) = )

It is seen that e (Tj) = e( ; ) Since e (¢) is continuous

from T;~ to T; and x (7}) has not activated the previous
Jj — 1 local approximator when the jth local approximator
is added into the system when t = T;. Parameters 0y,
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and 6g, (k =1,---,j— 1) remain the same from ij to T;.
Therefore,
1,
vi(n) = 3¢ (1))
1L
-1
+3 2 2 (1) ' (7))
i=1 k=1
05, (T ) 28 (777)]
Lrsp 13
+ 2 [ fie ( ) ka (TJ) ( ) ik O (T])]

[91k (7)) kalgfk (7))

+00 () Talbe, ()] (6D

It has therefore been proved that for any ¢ € [Tj_l, Tj_],
Vi1 (1) £ Vi (Tj_l). Then, it can be deduced that:

1r- L
V(L)) < Viet (T1) + 5 [0, (T) 15,85 ()

00, (1) T (77)]

<3P T+ 5 Zz[efk (T T, B (T

i=1 k=1
5 T Ty 0, (o] (62)

Fork = 1,---,j, every O, (Tx) = 6, (T) — oF is a
finite value as long as the initial parameter estimation 6, (T%)
is finite at t+ = Tj. Under similar conditions, ég,.k (Ty) =
Ogy (T) — ngk is finite. Since N can only grow finitely,
that is, N (7j) = j< oo, the sum of right items in equation
(62) is limited. Since e (T7) is a finite value, it can deduce
V/( )< oo directly. This means X;, e, Gflk, Ofye s ngk’ and
Ogy €ELco-

It has to be pointed out that the above proof process only
proves the boundedness of system compensation tracking
error x; in equation (19), rather than the boundedness of the
actual system tracking error X; in equation (18). It can be
seen from equations (18), (19), (22), (24) and (26) that X;
approaches to x; infinitely by choosing filter gain K; and
control law gain k; reasonably. Therefore, the boundedness
of X; also can be assured.

VI. SIMULATION CASE ANALYSIS
For the following 2-order SISO system [28]:

(63)

Xy =sin(x; +x2) + 2+ g1 () x2
X2 =sin (x2) + (2 + g2 (x))u

where
210 =20 =5 (xl Tl |) cos (0.017x;)  (64)

The system state vector is x = [x, xz]T and the rating
working field is D? =[-3,3] x [-3,3]. Itis supposed that
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the known design model of the system is:

-
= (65)
x2=2u

where the known parts are f]O = f20 = Oand g(l) = gg = 2.The
unknown parts are f| = sin (x] + x2) ,f> = sin (x2) and g =
2 = 2—10 (x7 + |x1]) cos (0.01x1). Each unknown function
is applied to the above mentioned online self-organizing
approximation method for online approximation. fl > ka, 8k
and gy all use the same primary function vector of normal-
ized biquadratic kernel wy (x):

(1-R)* R<1
Wi (x) {0 R>1 (66)
R— |x1 —Ck,1|’ |x2 — 2 67)
Mk, 1 Mk,2 00

T. . .
where ¢ = [ck,1, cx,2] is the center of kth primary function,
k.1 and py 2 are radii of the kth local approximation field on

the x; and x; direction, g 1 = k2 = 0.3. The continuous
primary function vector is appointed as:
T
by = bg = [1x1 — ck,1x2 — ck 2] (68)

Other simulation parameters are set: k| = 2, ky = 4, o =
0.1, e = g5, = 03, and I'y, = TI'p, = 10 3431, =
[g,, = 10I3x3. Here, the first-order filter in equation (24) is
used and the gain is K» = K = 40. The initial value of online
estimation parameter is:

O (0) = O (0) = Ogy, (0) = Ogy, (0) = [0, 0,0, ]T :

The reference trajectory x.(¢) and its derivative x.(¢) can be
generated by the following 2-order low pass filter [23]:

21 =2 (69)
22 = ay [sat (ay (sat (r) — 21)) — 22]

Xe _ 10 21
HEHE 7
r = 3sin(0.21t) (71)

where the function saf (-) is the amplitude and the rate of
restricted input signal to ensure that (x., X.) € D?, a) = 2w,
a) = w*/ 2tw),and £ = 0.9, w = 5.

When equations (69)~(71) are used as input, the first four
periods of x; — xp plane path orbit of the control system are
shown in Fig.1.

In Fig.1, all unknown functions in the grey parallelogram
are relatively small. This shows that |f;| < ¢ and |g;| < &g,.
The symbol x is the center of local approximation field and
the square area is the approximation field of local approxima-
tor f,-k and g (the approximation field Si).

It can be seen that equations (69) ~ (71) are periodic input
signals. Thus, the phase path of the closed loop system in
Fig.1 also shows periodic changes. The control system adds
13 local approximators automatically according to error e.
The added local approximators fik and gy are used for online
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FIGURE 1. First four periods of x; — x, plane path orbit of the control
system.

approximation of the unknown functions f; and g;. The hor-
izontal distance between the centers of two adjacent local
approximation fields is approximately ux,1 = uk,2 = 0.3.
After the system has started, its state approaches quickly from
the original position of the origin to the final stable phase
path. When the unknown function has large impacts on the
system error e, and the sliding-mode control items By and
Bg; cannot offset the local region of this reach independently,
the control system will add local approximators automatically
for the online approximation of unknown function in order
to offset adverse impacts of the unknown functions on the
system error e. Therefore, the system state returns to the
expected phase path quickly. It can be seen from Fig.1 that
the system has only state fluctuation in some regions during
the first period. Subsequently, the system state can be run
continuously in the final stable phase path.

FIGURE 2. e, N and Xx;.

The scalar mapping e of the system compensation tracking
error, the number of local approximator N and compensation
tracking error x; are shown in Fig.2. State x;, control com-
mand x; ., and the actual tracking error X; of the system are
shown in Fig.3.

It can be seen from Fig.2 that the error e exceeds the
required range of 1, = 0.1 in the time interval of 0.5~1.63s,
5.4~6.41s and 10.41~10.47s, and the total time exceeding
the error range is absolutely limited. The three time intervals
correspond to the local approximation field expressed by
square area as shown in Fig.2. Under the circumstances,
Bf, and B, cannot offset the impacts of the unknown function
on error e independently.
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FIGURE 3. x;, X; o and X;.

The control system adds 6, 6, and 1 local approximators
automatically to offset adverse impacts of the unknown func-
tion on error e, respectively. After 10.47s, e shows periodic
changes and always meet |e] < u, = 0.1 due to the
addition of the approximator. The compensation tracking
error x; of the system has a similar variation law with e
and is always remained bounded after stable system run-
ning (after 10.47s). It can be seen from the comparison
between Fig.2 and Fig.3 that since the command filters (24)
and (25) use the large gains K> and K, the compensation
tracking error x; and the actual tracking error x; are very
close.

The unknown functions (f; and g;), online approximation
functions of the unknown function (f, and g;), and By, and B,
are shown in Fig.6 and Fig.7.

t(s)

s . ‘ ‘ . y :
5 o[\\f[\v[\\f[\\/f\/\/\[\\/\/
-0.31 i ! ) Il 1

t(s)

FIGURE 4. f;, f; and gy, .

It can be seen from Fig.4 to 7 that the online approximator fl
and g; make an online approximation of f; and g; with respect
to positions (position of cycles in the interval of 0.5~1.63s,
5.4~6.41s and subsequent interval) in the local approxima-
tion field in Fig.1. In the time interval of 0.5~1.63s and
5.4~6.41s, f, and g; are in starting periods and have not been
developed completely. Under this circumstance, although g,
and B¢, have reached the saturation state, they are still unable
to offset the effects of the excessive unknown function on e.
After stable running of the system, f, and g; begin to develop
completely. At this moment, By and B always maintain
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FIGURE 6. g;,g; and fg,.

0 10 20 30 40 50 60
t(s)

~ o i
008 ’ U ’ \’ ’ u ’ \ “ \ ’ g
01 1 1 1 1 1 |
10 20 40 50 E

30
t(s)

FIGURE 7. g;, g, and fg,.

the unsaturated states and the error e can always be main-
tained in the expected precision. All system states are stably
bounded.

FIGURE 8. System input.

The system input u is shown in Fig.8. It has slight
high-frequency shaking in the working time period of
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approximator, which might be caused by incompletely unrea-
sonable setting of controller parameters.

It should be pointed out that the error e in Equation (20)
is the algebraic sum of compensation tracking errors (X;)
of all levels and cannot reflect the actual tracking error X
of the system directly. Therefore, control parameters have
to be determined according to requirements of the actual
tracking error of the system and simulation effect. In addition,
the quality of control methods is determined by the selection
of control parameters during control system design. In this
simulation case, only one reference parameter value is given,
but it is not the optimal value. Further optimization can be
made to gain the optimal control effect.

VIi. CONCLUSION

Based on the command filtered backstepping controller
structure, the self-organizing approximation in IOT sys-
tem is expanded to one type of more common n-order
SISO affine system. Its application range of this method is
expanded significantly compared to the method in [29], [31],
[33], and [34].

The proposed method includes command filtered
backstepping and online self-organizing approximation. The
command filtered backstepping is to overcome the analytic
solution to virtual control command in ordinary backstepping
control. As a result, the high-order cascade structure of
controlled objects can be processed by relative decoupling.
The online self-organizing approximation is to increase local
approximators continuously according to system error in
order to reduce adverse impacts of IOT system model dif-
ference on tracking performance of the IOT system.
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