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ABSTRACT The stability problem is explored for a class of switched time-delay systems (STDSs) with
unstable subsystems in this paper. The delay-dependent stability criterion of the STDSs with mode-dependent
average dwell time (MDADT) switching is developed via the multiple Lyapunov—Krasovskii functional
approach. The proposed MDADT switching signal contains both fast switching and slow switching. Finally,
the validity of the developed result is certified via a simulation example.

INDEX TERMS Switched system, time delay, mode-dependent average dwell time method, unstable

subsystems.

I. INTRODUCTION

Switched systems, which can be used to describe real-
world systems, such as chemical procedure control systems,
power systems, and navigation systems, have been widely
researched in the last few decades [1]-[11]. Many meth-
ods and technologies, for example, the common Lyapunov
function approach [5], the single Lyapunov function tech-
nique [12], and the multiple Lyapunov function scheme [13],
have been successively deduced to investigate the stability of
switched systems.

Switched systems with unstable subsystems widely exist in
many practical system, such as the network control systems,
asynchronous switching systems, and so on. The existence of
the unstable systems brings some difficulties to analyze the
stability of the switched systems. Therefore, it is necessary to
discuss in depth the stability problem of the switched systems
with unstable subsystems. One of the problems is the design
of the switching signal. In [14], for a class of continuous-
time switched system which contains stable and unstable
subsystems, the stability is investigated. The switching signal
belongs to slow switching and is designed via the average
dwell time (ADT) method. For the discrete-time switched
system with unstable subsystems, some stability conditions
are established in [15], where the switched signal is pre-
sented by using ADT method. Recently, the mode-dependent
average dwell time (MDADT) technique is introduced in [16]

and applied to analyze the stability of switched systems.
It is presented that MDADT is more flexible than ADT
in which each mode has its own ADT in the underlying
system. In view of this superiority, the MDADT switching
method has been widely applied to investigate many types
of problems for the switched systems, see [17]-[20]. Then,
for the switched systems with unstable subsystems, in [21],
the problem of stability analysis is addressed by designing
the switching signal which belongs to slow switching and
satisfies MDADT method. In [22], a class of quasi-alternative
switching signals is introduced to obtain some improved
stability conditions. The slow switching and fast switching
are used among stable subsystems and unstable subsystems,
respectively.

Note that the studied systems in the above mentioned
references do not contain time delay. In many physical pro-
cesses, the time delay phenomenon unavoidably occurs, and
the system performance may be degraded. In order to acquire
good performance for the time-delay systems, a number of
methods and technologies have been proposed, e.g., the free-
weighting-matrix technique [23], [24] and the Wirtinger-
based inequality [25]-[27]. Moreover, STDSs have attracted
special attention during the past decades. Considerable results
have been presented in the literature, see [28]-[31] and the
references therein. In the above references, the considered
systems assume that all the subsystems are stable. For the
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STDSs with unstable subsystems, many scholars have carried
out preliminary research, see [32], [33], etc..

As stated previously, MDADT switching method is more
applicable. Hence, it is necessary to research the stability
issue for STDSs with unstable subsystems via MDADT
switching. Under asynchronous switching, the input-to-state
stability is investigated for switched delay systems in [34],
where the MDADT method is adopted to design the switch-
ing signal. The asynchronous L; control problem is studied
in [35] for a class of switched positive systems with MDADT
switching. It is worthwhile to point out that, in the above
mentioned references, all the designed ADT (MDADT)-
dependent switching signals belong to slow switching, where
the total running time of stable subsystems and the total
running time of unstable subsystems need to satisfy some
conditions. A natural idea is whether this condition can be
get rid of or not. If possible, how to remove this restriction?
Inspired by the design method of switching signal in [22],
we carry out this study.

In this paper, the stability problem is studied for a class
of STDSs with unstable subsystems. The MDADT method
is adopted to design the switching signal, which is com-
posed of fast MDADT (FMDADT) and slow MDADT
(SMDADT). With the help of the constructed multiple
Lyapunov-Krasovskii functional, some delay-dependent cri-
teria are presented to obtain the stability of the STDSs. The
validity of the developed results is demonstrated via a simu-
lation example finally.

Il. PROBLEM FORMULATION
Consider the STDS (X)

x(t) = Ag(0)x(1) + Bonyx(t — d(1)), (1

x(t) = ¥(1),t € [to — h, o], (2)
where x(r) € R”", ¢(t) and 7y denote the system states,
the initial condition and the initial time step, respectively;
o(t) is a piecewise constant function and takes its value
in a finite set M = {1,2,---, M}, in which M presents
the number of the subsystems. The time-varying delay d(¢)
satisfies

0<d®)<h, d@) =t 3)
where & > 0 and t > 0. Define
X(t) = {X(IO); (10’ tO)a (117 t1)7 ] (lq7 tq)5 R

lige M,qeZ") 4)

as the switching sequence corresponding to o(f), where
t, represents the switching instant. When ¢ € [t4, t;11), the
ig-th subsystem works. For any i, € M, the i,-th subsystem
(Eiq) is described as
(1) = Aix(t) + Bi,x(t — d(1)), ©)
x(t) = (), 1 €10 — h, 10, (6)

which maybe stable or unstable. Let S denote the set of stable
subsystems and U the set of unstable subsystems. A;, and
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Bi,, iy € M denote the constant matrices with appropriate
dimensions.

In this study, the main concern is to design a MDADT
switching signal which is composed of SMDADT switching
and FMDADT switching such that the considered system (%)
is exponentially stable.

Ill. MAIN RESULTS
For the later development, we first state the following result.
Proposition 1: For given scalars h > 0,0 < t < 1,

igGS,
irel,

ai5>0s ﬁie:], Mi[>17 (7)
(&77} <0, ﬁi[ =0, O</~'Li( <1,

if there exist matrices P;, > 0, Q;, > Oand R;, > 0,i; € M,

¢=0,1,2,--- such that
v,
(w1 w1, DeihitR,  halR, |
_ 0 W,(2,2) %e—%ﬂie%z hBIR;, <0,
* * — %ze_“"eﬂ"ihRil 0
B * * * — hR;, |
3
where
Wi, (1, 1) = Al Pi, + PiAi, + i Pi, + i,
- %e_aizﬂilhRigv
W;,(1,2) = Bl P;, — %e_“iéﬂithil,
W, (2,2) = —%e*“fzﬂfe% — (1 = )eticfih g,
then
V(1) < e TV, (1), ©
where

t

Vi, (1) = xT ()P, x(1) + / xT(9)e%e Py x(9)d Y

t—d(t)
0 pt
+ / / T (9)e%e PR, x(9)dvdb.  (10)
—h Jt+6
Proof: Calculating the derivative of V;,(¢) along the

system (E,-q), we have

].}iz(t) = 2xT(t)Pi45C(f) +xT(t)Q,-ex(t)
— (1 =d)" (t — d()e” D, x(t — d(®))

t
— o, / xT (5)e%ie (S_I)Q,-ex(s)ds
t—d(t)

i (s5)e%ie (S_[)R,-e)'c(s)ds

t
+ hi T (OR;, % (1) — /

t—h

0 pt
—aj, / / i (5)ee SR, x(5)dsd 6
—h Jt+6
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< 2T ()P, k(1) + xT (1)Qi, x(2) + hiT (1)R;, (1)
— (1 =Tt — d@))e™ePie" Qi x(t — d(1))

t
—aiz[ xT ()% S0 Q; x(s)ds
t—d(t)
t
—/ )'cT(s)e_a"fﬂ"éhR,-z)'c(s)ds
t—h

0 t
— / / %7 (5)e®ie SR,k (s5)dsd,
—h Jt46

< 2T ()P, 2 (1) + xT (1)Qi,x (1) + hiT (DR;, % (1)
— (1 —oxT(t — d(@0))e P Q x(t — d(1))

t
—f xT (s)e~ PR, % (s)ds
t—d(t)
+ i, xT ()P, x(t) — a;, V,, (1) (11)

Using Wirtinger-based inequality yields

t
— / e~ P ;T (5)R;, x(s)ds
t—d(t)

1 e~ “iPich R, 0 T
< ——n(t ¢ t
= h’?()l: 0 3670,,6,3[5;,]31_( n (1)
= &'
o Bigh —4R;, —2R;, 6R;,
X h * —4R;, 6R;, E@), 12)
* * —12R;,
where

n(e) = colfx(t) - xt¢ — d(w)),
t

2
x(t)—i—x(t—d(t))—% o
t—d(t

1 t
E(t) = col{x(t), Xt = d@), d®) Ji-aw

x(s)ds} ,

x(s)ds ] .

From (11) and (12), one gets
]‘}ig (t)
< 2T (1)P;, (Ai x(t) + Bi,x(t — d(1))) + x” (1)Q;,x(1)
— (1 =T (¢ — d@))e®iePich 0y, x(t — d(1))
+ h(A;,x(t) + Bi,x(t — d(1)" R;,
x (Aj,x(t) + B;,x(t — d(t)))

. e_al'eﬁikh _4Rie _ZRiz 6Rig
—|—$ (t) % _4Rie 6R,’e
h * * —12R;,
x E(1) + o, xT (P, x(1) — o, V;, (1)
6 _ 4
v, (1, 1) ;,(1,2) ze_“le Pihp,,
T 6 —ai, Bi,h
=& * v;,(2,2) e R, |&®
12
% % — 2 %Py hRiz
h

Al
") | BT | Ry [An By 0]6() —ai V(0.
0
(13)

1176

Combining the Schur complement lemma with (8) gives
rise to

6
v, (1,1 ¥;,(1,2) Ze—ﬂlil/sithiz
6 —a;,Bi,h
* Vi, (2,2) PR R;,
12
* * ——e_o‘izﬂfthie
T
K
+h Bi[ Ril [Ailf Bik O] < 07 (14)
0
which together with (13) leads to (9). O

Remark 1: In this study, the Lyapunov-Krasovskii func-
tional (10) is given, in which the parameter «;, is provided
to distinguish the differences between stable and unstable
subsystems (5). In addition, in order to obtain a unitary
expression of (8) and the derivative of V;, (¢), the parameter §;,
in (7) is introduced.

Remark 2: The inequality (9) reveals the relationship
between V;,(¢) and V;,(t¢) for subsystem i, from which we
obtain that when iy € &, the energy of subsystem iy is
descendant; while when iy € U, the energy of subsystem
i¢ is incremental. In the following, the system (X) com-
posed of stable subsystems and unstable subsystems shall be
considered, and the result of the exponential stability of the
system (X) is given via the MDADT switching
signal.

Theorem 1: For given scalars h > 0,0 < v < 1, and «;,,
Bi,» i, satisfying (7), if there exist matrices P;, > 0, Q;, > 0
and R;, > 0, i¢,ip € M, £,p=0,1,2,--- such that (8) and
the following inequalities

Pi, < pi,Pi,s Qip < 1y Qi Riy < piyRiy, i €S, ip e M,
(15)

Pi, < wi,Pi,, Qi, < i, Qi Riy < iyRiy, ic€U,ipeS
(16)

hold, then the system (X) is exponentially stable under the
MDADT switching signal satisfying

In w;
a ax __ 24 .
Tig zrl[ —_', Z(GS,
le 17
a ax lnMiz . an
o< = S ey
¢ i .
(x,(

Proof: From switching sequence (4), when ¢ €
[t4.t4+1), 0(t) = i, For the i; subsystem, choose the
Lyapunov-Krasovskii functional as

Vi, () = xT ()P x(1)

t
+ / xT ()P0, x(9)dD
t—d(t)
0 t
+ / / il ()P OR; x(9)dvdo.  (18)
—h Jt+0
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Combining (9) with (18), we have
V(1) < eV, (1)

— efotiq (t*tq) (-xT(tq)Piq-x(tq)

Iy
+ / 1 ()¢ T Q; x(9)dD
ty—d(ty)

q

0 ity
+ / / xT(ﬁ)eaiq(ﬁWR,-qfc(ﬂ)dﬂde)
—h Jt,

and

— e—aiq (t—t4) (XT(fq)Pin(tq)

Iq
v
ty—d(ty)

x ¢ %ia =)0l Qi x(?)dv

0 rty . _
+[ / il (9% 1)
—h J1,+6

xe%afqnﬁw)Riqfc(ﬂ)dﬁd@)- (19)

xT(ﬂ)eai‘I—' (0_111)

At the switching instant #,, the following cases are dis-
cussed.
Casel: iy €eUandiyg e S

In this case, o, — Qj,, > 0. By (7), we can obtain
a7 1 where s—1, € [—h, 0]. Combining (15)
with (19) implies

Vi, (1) < e T V(). (20)

Casell:i; 1 € Sandiz el
In this case, o, — i, < 0. From (19), we have

V(1)
< e =) (xT(fq)Piqx(fq)

Iq . _ s
+ / X (@)1 T 0y x(9)d 9
tg—d(ty)

q

0 ty _ _
+ / / 1T (9)e%a1 @ "’)ZRiqic(z?)dz?dQ)
—h J1,+0

— % (1=1g) o ®ig1 ~Cig)h (XT(l‘q)e(ai" ~%ig-1 )hPiqx(l‘q)
Iq . -
+ f xT (@) 100, x(@)dy
ty—d(ty)

0 prt4 . _
+ / / i (@)1 ’q)R,-qjc(z?)dz?d0>
—h Jty+0

e %ia 1 =10) (%igy ~Cigh (x T(lq)Piqx (19)

IA

Iq ) _
+ / AT (@)1 VT, x(9)d D
1y—d(ty)

q
0 ty , _

+ / / T (9)e%a1 7 tq)Riq)'c(ﬁ)dz?dG)
—h Ji+6

< e—aiq(t—tq)e(aiq,l —aig)h

< Wiy Viy (1g). 2D
where @ = -1 %"
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Caselll: i,y € Sandizj e S
Under this circumstance, o, — Qi = 0 and o, —
@, , < 0 are considered, respectively.

(g —ati,_s—1g)

When o, — i, | = 0, e < 1. The above

inequality implies that

Vi, (1) < et (XT(tq)Piqx(tq)

Iq ) _
+ / Al (@)e a1 T x(9)d D
ty—d(ty)

q
0 fq T o L (0—tg) .

—i—/ / X' ()e ! a R,-qx(z‘/‘)dﬂcw)
—h Jt,+6

< e @l V(). (22)
When «;, — @, <0, the following inequality is true
L A TR Y () R )

Define

v = l’l’iqv aiq - aiq,l 2 09 (24)
g =) - ) }
Migs iy — &,y < 0,

(ot

- —aj )h
where f;, = e 'v! iq)

i, From (19)-(23), one gets
Vi (1) < e 00 VL (1), (25)
which further implies that
Vi, () < e*“"q(’f"’)vquiq-l(fq)

—a: (t— — tg—t,—
< %l "i)viqe i1 (g =lg=1) o Vig 1 (tg—1)

—a, (t—ty) .~ 71(tq_tq—l) X .
e Ty e X Vi, Vi, ,(tg—1)
S .
< e—a,-q(t—tq)viqe—aiq,l(tq—tq_|)
—, (1 — 1
X Vi, y oo vpe o1 0)V,-O(to)
g—1
— e—aiq(l—’q) 1_[ viHle—Olix(t.cH—ts) x Vi(to).  (26)
s=0
_LetH; £ aj, —a;; >0, H = aj, —a; < 0, and

N = Nl.‘;l (to, t). Note that
gq—1
1_[ Uierl
s=0
g—1
= exp (Zlnvml)
s=0
= exp (Zlnvj + Zlnv])
Hy H
:exp(Z( Z Inv; ., + Z lnvim)

Hy is+1 €S is,igy1 €S
iseU Is41 7# Is
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+Z< > v+ Y lnwm))

H2 iH—l eU l.s,l.S_H eS

iseS is # igy1
= exp (Z( Z Inp; ., + Z In MiHl)
H] is+l €S is,is+] eSS
iseU Is 7 Ig4]

(T me

Hy, isr1€U,iseS

is, iS+1 eS
is # is+l
< exp Z Nlnp; , + Z Nlnp,
l_H,l eS l'_y, i5+1 eS
iseld is # igq1
H H
Y B )
lg+] eu
iseS
H)
FOY Rmenen,)
is, is+l eS
is 7’5 ix+1
Hy
= exp Z Nln Migyy + Z Nln gy
i5+l eS is, is+l €S
iseU is 7 ig41
H Hj
+ Z N(Olis — U )h + Z Nln Higyy
lS+l eU 1S+1 eu
iseS iseS
Hy Hy
+ Z N(aj, — aj, h + Z Nln Mis+l>
iseS is€S
is41 €S is41 €S
iy # ig+1 is 7 ig41
Hy Hj
= exp Z N(aj, — aj, )h
l‘+] eu
iseS
H)
+ Y. N - az-m)h)
is, iS+1 eS
is # iH—l
Hy
xexp( Y Nl + Y. Ninpgg,
y+1 S is,is11 €S
iselU is # igy1
H Hy
1178

= exp

= exp

< exp

= exp

Z If\\?lnuiprl + Z ﬁlnltim)

isy1 €U is,is41 €S
iseS is 7 ig]
Hy Hy

> Ny, — i, h
ist1 €U
iseS

+ Z N(ais - aix+l )h)
is, is+l €S
is # is+1
Hy

X exp Z Nln i,
ig, iS+] eS
is # g1

Z ﬁlnﬂi5+1 +

isy1 €8S
isel

+ Z Nln /"Lierl)

l.'y+] el
iseS

Z N(O[is - aierl )h
’s+l eu
is€S

+ Z ﬁ(ais - al‘x+l )h>

is, l.5+1 eS

is # is+l
Hy

< Z ]A\jlnuiﬁl + Z ﬁlnuiﬁl)

is+1€S isr1€U

Z K’(Olis

isr1€U,is€S

+ Z N(ai, — Olixﬂ)h)

i_y, iS+1 eS
is # is41

Hy
Z ( lA+]

ig11€S la+l

T, (10, 1)
+ Z (Ny+1 +l ——)n r““lwl)

X exp

- C‘(ierl )h

ls+] (t()? t)

X exp Yn i,

igp1€U v+1
Z N(ais - aierl)h
i5+1 eU
iseS
fY W e
i‘\*, is+] eS
is 7’é is-H
Hy
0 0
X exp( Z Nii., In i,y + Z Nig. In /“Lix+1>
is+1€S isp1€U
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T; . (to, t
cep( 3 T G0, 0) )

a Ls+1

ist1€S 541
TiS 1(t07 t)
+ > —H I, ). 27)
isp1€U Ls+1
and
q—1
efaiq(tftq) 1_[ e_ai_y(t.Y+1_tS)
s=0
—exp( Y e+ Y —eTi(.0).
iseS iseld

(28)

Consequently, because of the inequalities (26)-(28) and
Vo)(t) = Vi, (t) when 1 € [t4, 14+1), we obtain

Vﬂ’(l) )

<exp( Y NJ(to. )@, —ai)h
iU ipeS
+ Z N{ (1o, )(ati, — aig)h)
i,,, ireS
ip # lg

@i, — &, < 0

X exp ( Z Nl-(z In p;, + Z Nl-([) In mz>

ireS el
T;, (10, 1) T;, (10, 1)
xexp(Z letq lnuig—i—z letq In 1;,
ireS e iveld L

X exp -, Ti@ (to, t) + —, Tii(l‘(), 1)
(X )3 )

ireS igeld
X Vi (1) (10)

= exp( > N e — ai)h
ireU,ieS

+ Z NP (to, 1)(ot; — ey )h>
ip,ig €S
ip # i

o, — o, < 0

X exp ( Z Ni(z) Inp;, + Z Ni(z In Mig)

ieES izeu
In w;
X eXP(Z ( r.“ll _()[iz)Tiz([Oa 1)
1565 ke
In w;
+ > (= —ail)mo,t))va<,0><ro>. 29)
el ke

According to (17), we have Vy(t) — O ast — oo.
By the definition in [36], we conclude that the system (%)
is exponentially stable. O

Remark 3: From Theorem 1, where the MDADT switch-
ing signal (17) is designed, we observe that the SMDADT

VOLUME 7, 2019

5 T
o —— }
L4 -
v
- I L I I L | |
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The state z(t) of subsystems 1
5 T T
0 7\_
i
4
4
- . . . I . | |
0 1 2
500
0
_50| . .

The state z(t) of subsystems 3

FIGURE 1. The state trajectories of subsystems.

switching is applied to a stable subsystem whereas the
FMDADT switching is applied to an unstable subsystem.
However, this does not mean that the FMDADT is certainly
smaller than the SMDADT. This argument will be explained
via a numerical example.

The following result is obtained when all the subsystems
are stable.

Corollary 1: For given scalars h > 0,0 < t < 1, and
a;, > 0, n;, > 1, i € M, if there exist matrices P;, > 0,
Qi, >0andR;, > 0,ip ¢ M, €,p=0,1,2,--- such that
the inequality (8) and the following inequalities

Pi, < wi,Pi,, Qi < iy Qi,s  Riy < iRy, (30)
hold, then the switched delay system (X) is exponentially
stable under the MDADT switching signal satisfying

aj,

a ax __
T, 2T, =

€1y
IV. A NUMERICAL EXAMPLE
In order to present the effectiveness of the developed result,

a simulation example is shown in this section.
The system parameters are listed as follows:

(25 05 ~0.1 017
Ar=1 02 —1.5]’ B = [—0.1 02 ]

18 0.1 ~02  -0.1
=1 01 —1.5]’ b= [—0.4 —0.1]’

(05 0.1 0.1  —03]
=103 0.5}’ By = [—0.2 0.1 |

The state trajectories of the subsystems are presented
in FIGURE 1. From FIGURE 1, the subsystems 1 and 2 are
stable, and the subsystem 3 is unstable. The state trajectories
of subsystems. Subsequently, by Theorem 1, the parameters
Wips @iy, Biy,ie =1,2,3,£=0,1,2, - and the correspond-
ing MDADTS are shown in TABLE 1.

TABLE 1 shows that the dwell time of the 2nd subsystem is
shorter than the one of the 3rd subsystem, which signifies that
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TABLE 1. Parameters Rigr Qg ﬂ"l and MDADTs 1'.‘2*.

i Big | iy | Big T
1 3.8 2 1 0.6675
2 1.7 2.6 1 0.2041
3 0.6 -2 0 0.2554
TABLE 2. Parameters z5* and h.
T8 0.1895 | 0.1965 | 0.2123 | 0.2211
h 14.2 14.5 14.9 16.2
TABLE 3. Parameters r;’* and h.
5 0.2433 | 02322 | 0.2221 0.2128
h 16 16.5 16.7 17.1
2 — 1] H
1+ |
or —
ome -
4
-1 ’ 8
8 ’
AY]
] ] . Switching signals o ()
2 P 1
N g3
] fﬂ 5
_3,’, % B
i £ 1 . ) :
4 2 2 4 6 8
‘ ‘ ‘ Time/s | ‘
0 1 2 3 4 5 6 7 8
Time/s

FIGURE 2. Response curves of x(t) and o (t).

the resident time of the unstable subsystem is not necessarily
smaller than that of the stable subsystem.

In the sequel, the relations between the dwell time tli* and
the maximum upper boundedness / of the time delay d(¢) are
analyzed by virtue of TABLE 2 and TABLE 3. TABLE 2
presents relations between the parameter & and the dwell
time 73" of the stable subsystem 2, which shows that the
longer the dwell time of the stable subsystems, the bigger
the maximum upper boundedness /. In the same way, from
TABLE 3, we can obtain that a shorter dwell time of the
unstable subsystem results in a bigger upper boundedness of
time delay.

For h = 2,d(t) = 0.2sin(¢), and 7{ = 0.67 > t{",
7y = 021 > of* ©f = 025 < ©{*, on the basis of
Theorem 1, the state response curves of system (%) under
the switching sequence 1 - 3 - 2 - 1 — 3 —
2+ and the initial value x(0) = [2 —4]T are depicted in
FIGURE 2. Furthermore, the response of the switching signal
is illustrated in FIGURE 2 , from which we can see that the
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state of the system (X) converges to zero with the developed
switching signal. Response curves of x(¢) and o (¢).

V. CONCLUSION

The stability problem has been studied for a class of STDSs
with unstable subsystems. The switching signal has been
designed via MDADT method, which contains fast switch-
ing with unstable subsystems and slow switching with sta-
ble subsystems. Some delay-dependent stability results have
been developed. A simulation example has been presented to
demonstrate the validity of the obtained results. Considering
the influence of the constructed Lyapunov-Krasovskii func-
tional and the methods adopted to deal with time-delay on
the stable conditions, in the future research, we will provide
some new methods and techniques to deal with the delay to
obtain better results.
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