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ABSTRACT This paper is concerned with the stability criteria of discrete neural networks with two
additive input time-varying delays. By using the time delay division and a new summation inequality, a less
conservative criterion is derived. Moreover, to compare the obtained criterion more directly with the existing
results, a corollary is proposed accordingly. Finally, some numerical examples are presented to demonstrate
that the obtained criteria are less conservative.

INDEX TERMS Discrete neural networks, Lyapunov-Krasovskii functionals, stability, time-varying delays.

I. INTRODUCTION

Neural network is an abstract mathematical model that
reflects the structure and function of human brain. It has
been widely used in many fields such as pattern recognition,
intelligent control, communication and expert system. There-
fore, it has attracted the attention of many scholars in recent
decades [1]-[4].

Time delay is a common phenomenon in dynamic sys-
tems. And it is an important factor leading to the deterio-
rating performance and even the instability of the system.
In the analysis of the stability of time delay system, one
of the most important problems is to obtain the maximum
allowable upper bound of time delay. As we know, the rea-
son for conservatism is that the conditions derived from
the Lyapunov-krasovskii function (LKF) are sufficient and
unnecessary. Therefore, the maximum allowable upper bound
obtained is a core index to measure the quality of stability
conditions or the degree of conservatism. Since many systems
are controlled by digital computers without of continuous
time delay, the research on discrete model is of more practical
significance [5]-[18].

It is well known that reducing conservatism depends on
two things: choosing the suitable LKF and making a more

accurate estimate of the derivative of the former. In order
to select the appropriate LKF, the commonly used methods
include constructing an amplified LKF [19] and increasing
its integral multiplicity [20] or to divide the time delay
interval [21], all of which may obtain more information
about the time delay and reduce the conservatism. Jensen
inequality [22], [23] is the first powerful tool used to estimate
the derivative of LKF in the stability theory of time-delay
systems. Subsequently, Seuret and Gouaisbaut [24] proposed
the Wirtinger-based integral inequality, which is more accu-
rate than Jensen’s inequality in estimating the derivative of
LKF. These inequalities are widely used in time-delay sys-
tems [6], [8], [16], [25]-[29]. The Free-matrix-based integral
inequality was proposed in [30] and [31], which was applied
to discussing the global exponential stability of neural net-
works [1]. The inequality of corresponding discrete version
is given in [32].

Based on the above discussions, this paper studies the
new stability criteria of discrete systems with two additive
time-varying delays. By means of the summation inequality
in [32], less conservative criteria than some existing ones are
obtained and two examples are presented to demonstrate the
effectiveness and superiority of the proposed approach.
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Notation: Throughout this paper, )" denotes n-dimensional
Euclidean space and R"*™ is the set of all n x m real
matrices; / is used to denote an identity matrix with proper
dimension; diag{- - -} denotes block diagonal matrix and the
Kronecker product is denoted as ®; P > 0(> 0) means that
P is a real symmetric and positive-definite (semi-positive-
definite) matrix; the symmetric term in a matrix is denoted
by % and Sym[A] = A + AT; N*(N) is the set of all
positive (nonnegative) integers.

Il. PRELIMINARIES
Consider the following discrete-time neural network with
additive time-varying delays as

x(k + 1) = Ax(k) + Bx(k — dy (k) — da(k)),
x(k)y =¢k), k=—-dr,—dr+1,...,0.

where x(k) = (x1(k), x2(k), ..., x,(k))T € R" is state vector
and ¢(k) € R" is the initial condition; n € N, A and
B € ™" are constant matrices; dj(k) and dy(k) are the
discrete additive time-varying delays that are assumed to
satisfy

keN,
<V

di =di(k) <din, do <da(k) < dna, 2)

where dj;(i, j = 1, 2) are nonnegative integers and d| = d11+
o1, dy = dip + dp.

Lemma 1 [32]: For any sequence of discrete-time vari-
able x(i) in [a, a+n] — N", a positive symmetric matrix R €
R and any matrices N1, No, N3 € R**", the following
inequality holds:

a+n—1

= > 0" ORnG) < 0" Qo, 3)

i=a
where

n@ =x@+ 1) —x(@,
a+n

1 .
w = (xT(a+n), xL(a), 1 ;XT(I),

a+n a+n

2 T, \T
(n+1)(n+2)§j§x M)

Q =nNRIN] + %NZR—IN{ + éN3R_1N3T )
+sym[N1T11 + NoI1p + N3I13],

Hl = €] —82,1_[2:283—81 — &),

I3 = &1 — &y + 663 — bégy,

er=U 0 0 0, e=0 I 0 0),

e3=0 0 I 0), e=@0 0 0 I).

lll. MAIN RESULTS

Theorem 2: For given positive integers d;j(i,j = 1,2)
satisfying (2), the system (1) is asymptotically stable if
there exist matrices P > 0(e R, 0 > 01 =
1,2,3,49),R,, > Om = 1,2,...,6) and matrices

1678

Ny = (N;1 Ny2 Np3)(Nps € m4nxn7r =1,2,...,8s =
1, 2, 3), such that the following LMI holds:
O(d1(k), da(k))

_ ( @ 1(di(k), dao(k))  Pa(di(k), d2(k))

N ®; ) <0, 4

where

@1(d1(k), da(k))

8
= Y _Di+ Gi(di(k), da(k)),
i=1
D (dy (k), da(k))
= (VdnaiNy, Vdi (k) — dyiaaNa, v/diz — di(k)azNs,
Vdo — di20aNy, \/dr1asNs, v/da (k) — do1aNe,
Vda — da(k)arN7, /dy — daxagNg),
&3 = diag(C R, CR®Ry,C @R, C®R3,C ® Ry,
C®Rs5,C®Rs,C ®Re),
and
Dy = ETPE, — ET PE;,
Dy = € (Q1 + Q2)er — €5 (Q1 — Q3)ea
— e§(Q2 — Qa)es — €5 (Q3 + Qa)eo,
D3 = dii(eg — e1)" Ri(eg — e1)
+asym[Ny1 I} + NioTp + Ni3Isla]
Dy = (di2 — di1)(eo — e1)' Raeg — e1)
+asym[No1 I + NopTTo + No3TTzler)
+a3sym[N31 I} + N3 T, + N33TTslad
Ds = (d» — di2)(eo — e1) R3(eo — e1)
~+ a4sym[Na1 11 4+ NapIlp + Na3 1'13]011,
D = da1(eg — e1)" Ra(eg — e1)
+ assym[Nsi 1| + N5 1o + Ns3IT3]ad
D7 = (d2 — da1)(eo — e1)' Rs(eg — e1)
+ a6sym[No1 1| + Ne2 o + Ne3 I3 lal
+ azsym[N71 T + N72TTp + Np3Tlzlad
Dg = (dy — dx)(eo — e1)" Releo — e1)
+ agsym[Ngi TT; + NgoTTo + Ng3TT3lerg
G1(di(k), da(k))
= syml(Ez — E)" PE(d1(k), da(k))],
E(dy(k), d2(k))
= (0,0, (di(k) — di1 + Def, + (diz — di(k) + De],,
0, (da(k) — da1 + Defs + (daa — da(k) + Defg)”,
Ey = (el (di + Dely — e, —el — ¢,
(da1 + Defy —ef, —ek —ef),
E, = (eg, di + l)elTO — eg, —eg — eZ,
(da1 + l)elT4 — eST, —eg — e7T)T,
a1 = (€], €5, elp. efy), @2 = (3. €5, €]y, eo),

T T T T T T T T
o3 = (63’6476129 620)7 04 = (64,697613,621),

VOLUME 7, 2019



D. Liao et al.: New Stability Criteria of Discrete Systems With Time-Varying Delays I E E E ACC@SS

o5 = (elT, e5T, elT4, egz), og = (eST, eg, elTS, 653), where
o7 = (eg. €] . el €3y). 08 = (€7, 5. €]y, €]s), PR DR
€ = (OnX(i*I)n’ 19 On><(257i)n), i = 1’ 21 LN} 25’ " dml + 1 l:kz—d IX(l)’
eo = Aej + Beg, C = diag(—1, =3, =5). e
Proof: Construct a Lyapunov functional as follows: 1 ~ .
Up=—— 5 L,
dm(k) - dml +1 i=k—dpy(k)
8 k—dm(k)
Vk) =" Vi(k), Ui+ :
3 = x(0),
i=1 " dm2 - dm(k) +1 i—kZd
= m2
where 1 k—dmn
Upy=—"7—¥—¥— x(1),
Vitk) = 07 (k)Po(k), " A —dp+ 1 izkz_:dz )
k-1 k-1 5 k k
i)y = > A 0oux+ Y xT()Qax(i) W, = ()
i=k—di i=k—dy " (dm1 + D(dm1 +2) ,_2_: X_:
i=k—d,,; j=i
k—dj—1 k—dp—1 Wy — 2
+ > Do)+ Y 2T (H)Qax(), "2 (k) = dt + DA (k) — dy1 +2)
i=k—d> i=k—d) k—dpn1  k—dpn
-1 k-1 X Z Z x(),
Vi)=Y D 0" (DRinG), i=k—dy(k) =i
i=—dy j=k+i Wy = 2
—dji—1 k—1 " (dm2 — dm(k) + D)(dp2 — din(k) + 2)
Vak) = 3 0T (ORan(. EEOEL®
i=—dyy j=k+i x Z Z x()),
—dip—1 k-1 =k=dno Flz
Vs(k) = T(HR3n(), Wing =
W= 2. 2 nORG "y~ dy + Dl — 2 +2)
= s k—dyy k—dpa
— k—1 -
- - X x(])’
Vs = Y > 0" (DRan(), ,.sz_:d2 ;
i=—dyy j=k-+i
l . 2111 } ll and m = 1, 2, for the formulas above.
i ) ) The forward difference of Vi(k)(i = 1,2, ...,8) is given
viky =Y Y n"()Rsn(, by ’
i=—dyy j=k+i
et ko AVi(k) = 0T (k + DPO(k + 1) — 67 (k)PO (k)
_ T T T
Vsk) = > > 0" (DRen(), = & (K){Ey PEy — Ey PE
iy jkti +syml(E2 — E1)" PE(d1(k), da(k))1}§ (k)
where = £7(k)[Dy + Gi(d1(k), do(k))IE (k), Q)
- k—dyy—1 AV (k) = ET(k)le] (Q1 + Q2)er — €3 (01 — O3)er
o) = ("0, Y Ao, Y K, — (02 — Qa)es — €5 (03 + Qa)eolé (k)
i=k—dy; i=k—d1 = £T(k)Dy& (k). (6)
k—1 k—dy—1 T
Z *T (), Z xT(i)> . Using Lemma 2.1, one can obtain
i=k—dp i=k—d>» AV:;(]C)

For simplicity, the following vectors are defined firstly. —1 k ; -1 k=l ;
= > Y "GRG — Y Y n"(RinG)

700 = ("0 xTk—di) X"k = di(k) i=—di jkcti+1 i=—di1 j=kti

T T T k—1

ke —din) x"(k—dn) x"(k—da(k) N

; . ’ . = dun" (RRink) — Y 0" ORinG)
Xk —dy) xT(k—d(k) x"(k—dy) UL e

Uhb Uy Uy Uj Up Ui Uiy Wi < T 0ldy(eo — en) Rieo — enE ()
whowl o wl, wi owj, wj W2T4>, +&T (k) el el ely, el idi (VR N,
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AVg(k)

1. 1
+3NR; 'NL + ViR, INT) + sym[Ny T
< £7(k)(e] . 5. ;. eh){(dr — da2)(Ngi Ry ' N,

+ NIy + Ni3TIsliel s eh el el T e (k)

1 _ 1 N
= &7 (D3 + H J& (k). @ + 3NsaRg Ny + SNssRg ' Ngy) + symINsi TTy
Al e +NgaTla + Ne3TI31)(e] ., ], el el )T £ (k)
T . o T o
= Z Z n” (HRanG) — Z Z 0T (H)Ran() +T€ (K)[(d2 — dx2)(eo — e1)" Re(eo — e1)]§ (k)
i=—dyy j=k+it] i=—dys j=k+i = & (k)[Ds + H4l&(k), (12)
_ _ T
= (d12 — di1)n” (k)Ran(k) where
k—dy(k)—1 k—di—1
. T, N T, . _ 1 —
.Z ' (DR — > " (ORanG) Hy = o1[di(NuRT'N|| + —NiR N,
i=k—d3 i=k—d (k) ) 3
< ET([(d12 — di1)(eo — e1)" Rolen — e)IE(k) + §N13R1_1N1T3)]a{,
+&7(k)(ey, e efy, el (di(k) — di)(Na Ry ' NS IR
Hy = au[(dr — d12)(Na1Ry "Ny + =NapRy "Ny,

1 _ 1 _
+ ZNnR, INZTZ + §N23R2 lNzTg,) + sym[No1 1Ty 3

3
+ NIy + NasTIsli(ed s ef el elg) & (k)

+&7 ()], €], ey, edp)(din — di (k) (N1 Ry Ny
[ 1
+ §N32R2 1N3T2 + §N33R2 1N3g) + sym[N31 1T}
+ N3y + N33TIs1}(eh , e}, e, ) £(k)
= £ (K)[D4 + Ga(di (k). da(k)) + G3(dr (k). da(k))IE (k).
@®) |
AVs(k) +=NssRg 'INOed
< ET(k)(ey . €5, ef3, e3){(dr — di2)(Na1 R; ' N Ga(dy(k), da(k))
= al(d1(k) — di)(N21 Ry ' N3,

1 _
+ §N43R3 'NDIed
_ 1 _
H; = Oés[dzl(N51R4 1N5T1 + §N52R4 1N5T2
1 _
+ 5Ns3R; Nsles

_ 1 _
Hy = ag[(d2 — d22)(Ng1Rg N+ §N82R6 NG

1 _ 1 _
+ §N42R3 1N4T2 + §N43R3 1N};) + sym[Ny1 1T}

1 —1 AT 1 —1AT T
—NnR, 'NL + -NosR; 'NEled,
+ NapTlo + NasTl31y(el el €Ty, 2 )T (k) +3NnRy Ny + SN5Ry Nyg)leg

+£T()[(da — d12)(eo — e1)T Ra(eo — e1)]E(k) G3(di(k), do(k))

= £T(k)[Ds + H2)E(k), 9) = a3l(di2 — di(k)(N31Ry ' N,
1 _ 1 _
AVeg(k) + §N32R2 1N3T2 + §N33R2 1N3T3)]a3T,

< £T(k)[d21(eo — e1)" Raleg — en)]E (k)

- Ga(dy(k), da(k))
+ T (k) el el ely, eby)(dar (N5 Ry "N,

| | = a6l(d2(k) — dy1)Ne1R5 ' Ny
+ gstR;leTz + §N53RZIN5T3) + sym[Ns ITy

+ NsaTls + Ns3 T30} (el el el el )T e (k)

= £T(k)[Ds + H3)E(k), (10)
AV7(k)

1 B 1 _
+ 3N62R5 N, + S NesRs  Nelerg
Gs(dy(k), da(k))
= a7[(dx — da(k))(N71R5 "N,

< £1(l)[(daa — da1)(eo — e1)T Rs(eg — e1)1E(k)
+&T k)L, el els, eb)i(da(k) — do1)(Ne1 R "N,

1 17, | 1T
+ > Ne2R; N62+§N63R5 Ng3) + sym[Ng1 T,

1 1
+ 3NnRs INE + SNVr3Rs 'NDyel'.

From (5)-(12), we have

8 5
3
+ Neo Tl + NeaTTs1)(el , ef , els, e2)T & (k) AV(k) < éT(k)[Z D; + Z Gi(d, (k), dr(k))
+E7(k)(eg. €7, el 3)1(d22 — do(k)(N71R5 ' Ny =1 il 4

1 1 :
+ 3 N7k INL 4+ SN73R; INL) + sym[Nq T - Z;Hz]é(k).
=

T T T T\T
+TN72H2 + NIl €7, €1, €20)" § (k) According to (4) and Schur complement, it can be obtained
= & (K)[D7 + Ga(di(k), da(k)) + Gs(di(k), da(k))]E (k), AV (k) < 0 for any £(k) # 0, which guarantees the sys-
an tem (1) is asymptotically stable. This completes the proof.
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Remark 1: When system (1) has no additive input delays,
we can consider the following system:

x(k +1) =Ax(k) + Bx(k —d(k)), k€N, (13)
x(k) =¢k), k=—-dp,—dr+1,...,0.
where the discrete delay d(k) satisfies di < d(k) < d>.

From Theorem 3.1, the stability criterion of system (13) can
be obtained similarly.

Corollary 3: For given positive integers d; and d, satis-
fying di < d(k) < d, the system (13) is asymptotically
stable if there exist matrices P > O(G I3, Q >0,R; >
0G = 1,2) and matrices N, = (N,1 Ny» r3)(Nrs €
granxn r,s = 1,2, 3), such that the following LMI holds:

bak)) (dn(d(k)) d)z(fl(k))) <0 a4
* [OF!
where
4
®1(d(k)) = Y D + Gi(d(k)),
i=1
a(d (k) = (Vdi@iNy, /d(k) — di1GaNa,
Vdo — d(k)azN3),
&93 = diag(é ®1~31, C ®R2, C ®R2),
and
Dy = EI'PE, — ET PE,,
Dy =&l 0181 — e1(01 — 00)r — &} 0réa,
D3 = dy (&9 — &1) R1(é9 — &)
+ G sym[N1 Ty + NioIlo + Ni3Tl3]&]
Dy = (dy — d)(@ — &))" Ry (&9 — 1)
+ Gosym[Nai Ty + Noo Il + N3 TT3]1a)
+ G3sym[N31 Ty + Nao Il + N33 13165
G1(d(k)) = sym[(E> — E1)T PE(d(K))],
E(d(k)) = (0,0, (d(k) — d + )&
+(dy — d(k) + I)ET)T
=@, @+ et —el, el —&l)T,
Ez =@}, + et —el, &l — &),
I ~ 7 p—1T 1. p—15T
H = aj[di(N11R| "Nyi; + §N12R1 Ni,
(I
+5NisR] 'NInal,
Ga(d(k)) = @l(d(k) — d1)(Na R, 'NJ,
1. - 1 -
+ 3Nk INL + SNzgR INDat,
G3(d(k)) = @3[(dy — d(k))(N31R2_ N
| 1o owiam
+ gNnk 'NL + SNk, 'NInal,
(elT, ez, e5 , eg), ay = (e2 , ég , ég, egT)
= (&, ey, e, el), @ =Ae + Bes,
= (Onx(=mn> I, Onxi0—in), 1=1,2,...,10,

C = C = diag(—1, =3, =5).

VOLUME 7, 2019

Proof: Construct a Lyapunov functional as follows:

Vik) =

4
> Vith),
i=1

where

Vi(k) = 67 (k)PO(k),

k—1 k—di—1
Vak) = Y AT O0ix+ Y xT()0ax(),
i=k—d, i=k—d;
-1 k-1 .
Vi) = > Y n"(ORinG).
i=—d j=k+i
—di—1 k-1 y
Vatky = > > 0" (DRan),
i=—d, j=k+i
and
k—1 k—d;—1 T
o= (", Y Ko, Y o)
i=k—d, i=k—dy

Let

£ = ("0 xTk—d) Tk —d(e)

F—ay of ol ol wiowlow))
where
, k
U = Z x(@),
dl + 1 i=k—d,
1 k—d,
Up= —— Z x (i),
dk)—di+1,_=.
| k—d(k)
U= —— ),
T —dhk)+1 .Z 0
=k—d;
) k
e — X
! (d1 + D(d1 +2) . kX:d Z 0
1 Jj=i
5 k—d; k—d;
W = > D0
@) —di + DAE) —d1 +2) =
5 k—d (k) k—d(k)
W = Z > xG).

(dy —d(k) + 1)(dr —d(k) +2) . .

The remainder of the proof is similar to that of Theorem 3.1,
which is omitted for brevity. This completes the proof.

IV. NUMERICAL ILLUSTRATIONS

In this section, a numerical example that often appears in the
literatures is presented to demonstrate the effectiveness and
sophistication of the proposed approach.
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Example 1: Consider the system (13) with the following
parameters:
0.8 0 -0.1 0
A= (0.05 0.9)’ B= (-0.2 —0.1>‘

Example 2: Consider the system (13), where
0.7 0.1 —-0.1 0.1
A=<0.05 0.7)’ B=<—0.1 —0.2)'

The allowable delay upper bound d, can be found for
given d; or vice versa. The simulation results are listed
in Table 1 and Table 2.

TABLE 1. Allowable delay upper bound d, for various d; for Example 1.

Method dy 4 6 10 20 25 30
[16] da 17 18 20 27 31 35
[13] da 18 19 20 26 30 35
[9] da 19 20 21 27 31 35
[18] da 21 21 22 27 29 34
[6] da 21 21 22 27 31 35
[8] da 22 22 23 28 32 36

[12] (Remark 4) do 21 21 23 29 32 36
[12](Theorem 1) do 22 22 23 29 32 36
Corollary 3.1 do 22 22 23 29 32 36

TABLE 2. Allowable delay upper bound d, for various d; for Example 2.

Method dy 5 6 7 10 20

[13] do 12 13 14 17 27

[ 9 1(Theorem 1) do 14 15 16 19 29
[18] do 14 15 16 19 29

[ 6 1(Theorem 4, 1=4) da 14 15 16 19 29
Corollary 3.1 da 16 17 17 20 30

Remark 2: 1t is easy to see from Table 1 that the result
of Corollary 3.1 (without delay-decomposition) in this paper
and the result of Theorem 1 (with delay-decomposition)
in [12] are the same, which are better than the other results
in the table. Furthermore, how to derive a less conservative
result remains a challenging and fascinating task.

Remark 3: The method of this paper can be applied to
analyzing the networked-Markov jump systems easily.

Consider the following system

x(k + 1) = A(r(k))x(k) + B(r(k))
xx(k — di(k) — dy(k)), keN,
x(k)y =¢k), k=—-dp,—dr+1,...,0,

where {r(k)} is a discrete-time homogeneous Markov chain
taking values in a finite set S = {1,2,...,n} (n € N) with
transition probability matrix IT = (;)(i, j € S) given by
Plr(k + 1) = jlr(k) = i} = myj,
where 0 < 7;; < 1 is the transition probability from mode i
tomode jand 37 7 = 1.
We use the following Lyapunov functional:

8
Vk) = Vi(k),

i=1

1682

where

Vitk) = 67 ()P(r(k)6 k),
k—1 k—1

k)= Y AO0xO+ Y x"()0x0)
i=k—d| i=k—d»
k—dy—1 k—dy1—1
+ > T0oxi)+ Y xT(DQax(),

i=k—d> i=k—d;

-1 k—1

Vi) = > > " (R k)ING),
i=—dy j=k+i
—di1—1 k-1

Vaky = Y > 0" (DR K))NG),
i=—dyp j=k+i
—dip—1 k—1

Vsty =Y > 0" (DRs(rk)n(),
i=—dy j=k+i
-1 k-1

V) = D > 0" (DRa(r(k)nG),
i=—dy j=k+i
—dy—1 k—1

Vi) = Y > 0" (ORs(rk))nG),
i=—dp) j=k+i
—dyp—1 k—1

Vek)y =Y > 0" (DRe(r()nG).
i=—dy j=k+i

Then, we can obtain some similar results for the
networked-Markov jump systems, which are omitted for
brevity.

V. CONCLUSION

In this paper, the problem of stability criteria of discrete
systems with two additive time-varying delay components
has been investigated. By means of the discrete form of Free-
matrix-based integral inequality, a criterion less conservative
than some existing ones is derived from a tighter estimation of
the new inequality. Then, a corollary is proposed to compare
the obtained criterion more directly with the existing results.
Finally, two illustrative examples are presented to demon-
strate the effectiveness of the obtained method.
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