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ABSTRACT To investigate the unknown (uncertain) tire steering resistance moment and model uncertainties
in a multi-axle vehicle electro-hydraulic power steering system (EHPSS), including the steering mechanisms,
valve-controlled double hydraulic actuators, and heavy-duty tires, an adaptive robust control algorithm is
developed to estimate the tire steering resistance moment online and compensate for the model uncertainties
of EHPSS. The proposed control strategy consists of an adaptive control law and a robust controller which
are based on a Lyapunov function. The adaptive control law is employed to update estimated values of the
(unknown) tire steering resistance moment and parameter uncertainties in the EHPSS, whereas complicated
nonlinearities are addressed by the robust controller. All adaptive laws of the EHPSS and controller, which
can impede parametric uncertainties and stabilize the EHPSS, are synthesized by backstepping techniques.
The comparative simulation results demonstrate that the proposed adaptive robust control scheme can achieve
the desired performance for feasible tracking trajectories despite the existence of an uncertain tire steering
resistance moment and external disturbance in the EHPSS.

INDEX TERMS Multi-axle steering, electro-hydraulic servo steering, adaptive control, robust control,

motion control.

I. INTRODUCTION

Multi-axle vehicles have been extensively employed in
industrial transportation, engineering machinery and other
fields, such as heavy cranes, container vehicles and con-
struction machinery [1], [2]. Their market shares have
been substantially increased in the large heavy load
engineering vehicle industry due to the excellent traffi-
cability and maneuverability of multi-axle vehicles [3].
A multi-axle steering system is one of the most indispens-
able components of multi-axle vehicle chassis technology.
The low-speed flexibility and high-speed stability of vehicle
steering motion are substantially dependent on the perfor-
mance of the multi-axle steering system. A multi-axle steer-
ing system has experienced the development of mechanical,
hydraulic, electric and electro-hydraulic power steering sys-
tems (EHPSSs) [4]. Conventional mechanical, hydraulic, and
electric steering systems have completely failed to address the
challenges of low-speed flexibility, high-speed stability, and
high-frequency overloading [4]. An EHPSS, which consists

of a hydraulic power steering system and an electro-hydraulic
servo control system, is extensively employed in multi-axle
vehicles [5]-[8].

Due to its composite structure, a highly complex nonlinear
mathematical model of EHPSS, including the steering mech-
anisms, valve-controlled double hydraulic actuators with the
inherent highly nonlinear dynamics of a hydraulic system
and heavy-duty tires [4], causes difficulties in the control
of an EHPSS. In addition, the coupling motion relationship
among these three parts significantly increases the difficulty
of precise control during the turning process. Many efforts
are needed to address these obstacles and improve the control
performance of an EHPSS.

Previously, a large number of linear control strategies have
been applied in multi-axle steering systems. For example,
Li et al. [9] considered a large-scale transportation vehicle
as an example and proposed a cross-coupled control method
that is based on system-level contour control in a networked
control system. However, a system model must be linearized
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in the design of a linear controller, which will close a loss of
some important dynamic characteristics of the system [10].
The selection of a nonlinear control method that is suitable
for EHPSS is essential.

In recent years, with increasingly stringent steering perfor-
mance demands in all aspects, such as high-precision track-
ing, nonlinear behaviors and model uncertainties [11], [12]
in an EHPSS, the development of advanced controllers
for an EHPSS has encountered significant challenges.
In [13] and [14], a state feedback linearization technique has
been applied to an electro-hydraulic servo control system;
however, this control strategy does not effectively handle the
system modeling uncertainties. To address the system model-
ing uncertainties, a large number of nonlinear control strate-
gies, such as nonlinear robust control [15]-[17], nonlinear
adaptive control based on backstepping techniques [19], [20],
and control methods based on a nonlinear disturbance
observer, have been designed [21]. Yao et al. [12] and
Bu and Yao [22] successfully applied adaptive robust control
based on backstepping techniques to an electro-hydraulic
servo control system, which not only adresses the param-
eter uncertainties but also compensates for the unmodeled
dynamics.

Some novel nonlinear adaptive control strate-
gies [23]-[25], [30] have been successfully applied to an
electro-hydraulic servo control system. These strategies not
only solve the control challenges that originate from nonlin-
ear systems under certain conditions but also demonstrate
that nonlinear control schemes are superior to traditional
linear controllers in precise-tracking, parametric uncertain-
ties, and nonlinear disturbance attenuation [10]. However,
research and pertinent data on nonlinear control of an
EHPSS, which includes a hydraulic power steering sys-
tem and an electro-hydraulic servo control system, are
rare.

Note that the performance of single-axle steering has a
decisive role in a multi-axle steering system and is sig-
nificant for the precise tracking of a single-axle steering
system. In this paper, based on the research in [4], an adap-
tive robust controller that is based on a Lyapunov func-
tion and a controlled parameter update law while utilizing
backstepping techniques to synthesize the entire single-axle
steering system controller and parameter adaptive laws, are
designed. To test the performance of the proposed controller,
several comparative simulation results are provided for a
uniaxial EHPSS.

This paper is organized as follows: a nonlinear dynamic
model of a uniaxial EHPSS are presented in Section II.
In Section III, an adaptive robust controller design pro-
cess and an analysis of stability theories are discussed.
Comparative simulation results are presented in Section IV.
In Section V, conclusions are discussed.

Il. NONLINEAR DYNAMIC MODEL OF UNIAXIAL EHPSS
The three-dimensional structure of a uniaxial EHPSS is
shown in Fig. 1. This EHPSS can be decomposed into
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1. Hub; 2. Knuckle arm; 3. Tie rod; 4. Steering actuation cylinder; 5. Frame; 6.
Steering knuckle; 7. Tire.

FIGURE 1. Steering mechanisms of uniaxial EHPSS.

two subsystems: (a) a mechanical steering system that
consists of steering wheels and a trapezoid mechanism;
(b) a hydraulic power drive steering system that comprises
two actuation cylinders and a servo solenoid valve (shown
in Fig. 2) [4].

1. Servo solenoid valve; 2. Directional valve with solenoid; 3. Directional
poppet valve with solenoid; 4 & 5. Pilot operated check valve; 6 & 7. Relief
valve; 8 & 9. Steering actuation cylinders; 10. Angle sensor.

FIGURE 2. Hydraulic system of uniaxial EHPSS.

The hydraulic system of an EHPSS is depicted
in Fig. 2. The system includes servo steering, a hydraulic
lock, emergency manual operation and overload pro-
tection. Brief descriptions are provided in the follow-
ing section, whereas detailed descriptions are described
in [3].

Servo Steering: As shown in Fig. 2, hydraulic actuators 8
and 9 are controlled by valve 1. Other valves are in a nor-
mal position. Hydraulic lock: The wheels can be locked
in their required positions in steering mode; In this case,
valves 1 and 3 are powered-off, and valves 4 and 5 are open;
then, the hydraulic actuators can be locked; Emergency
manual operation: If valve 1 is out of control, valve 2 can
be used to move the wheels to the left or right by manual
operation; Overload protection: Relief valves 6 and 7 are
used as safety valves to protect hydraulic actuators 8 and 9
from high-pressure impact [4].
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A. KINEMATIC AND DYNAMIC MODELING OF THE
STEERING MECHANISMS
As shown in Fig. 3, the rotation angle of the right tire around
the main pin is §, the rotation angle of the left tire around the
main pin is o and the relationship between the rotation angle
of the left tire and the rotation angle of the right tire can be
described as
k* +m? —L? _ msin(y — B)
o = arccos + arcsin —— — y
2km k

k = /B2 +m2 — 2Bmcos(y — B)

ey

where y is the intersection angle between the steering
knuckle arm and the beam of the axle at the midpoint, B is
the distance between two kingpins in a single axle, L is the
tie rod length, and m is the steering knuckle arm length [4].

| |

FIGURE 3. Dynamics analysis diagram of the steering mechanisms.

If the gap between the steering mechanisms is not consid-
ered, the degree of freedom of the EHPSS can be calculated
as DOF =7 x 3-2 x 10 = 1. Steering system mechanisms
motions are divided into three groups: 1. Rotation of the
left tire, wheel hub, and steering knuckle arm around the
left master pin, with an equivalent moment of inertia Jr;
2. Rotation of the right tire, wheel hub, and steering knuckle
arm around the right master pin, with an equivalent moment
of inertia Jg; 3. Tie rod movement, which can be regarded
as planar and divided into translation and rotation around its
centroid [4].

Elastic deformation occurs when a small steering angle is
generated and U manifests as elastic potential energy of the
tires, but an analytic model for tire elastic characteristics is
somewhat difficult to construct. As a result, U is regarded
as an external load in this paper. The kinetic energy of the
tie rods is substantially less than the kinetic energy of the
tire steering part, which has minimal influence on the kinetic
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energy of the entire steering system. Therefore, the kinetic
energy of the tie rods can be disregarded without affecting
the performance of the system. The total kinetic energy and
dissipative energy of the system are expressed as

r=21 '2+1Jﬂ'2
= — o —_
2k 2R

1 1.
D = -Cra® + ~Cgp? 2
FCLa” + S Crp @)
where Cy, are the equivalent damping coefficients of the left
tire and the equivalent damping coefficients of the right tire
is Cg [4]. The Lagrange equation satisfied by the EHPSS can
be expressed as
d BT) 8T+8D_Q 3)
e 9g” 98 ap
where Q represents the generalized force, and according to
the virtual velocity method, Q can be obtained

FRrvgcos 63 + Frvp cos6; — Trd — TrB
a B

where vy is the left hydraulic actuator’s velocity, and vg is
the right hydraulic actuator’s velocity; Fy, is the hydraulic
driving force of the left hydraulic actuator and Fg is the
hydraulic driving force of the right hydraulic actuator; Ty, is
the left tire resistance moment, and T is the right tire resis-
tance moment [4]. As shown in Fig. 1, the angle 63 between
Fr and vg and the angle 9_4 between Fr and vy can be
described as

“

VL = an

vg = Pn o)
T

03 == —6,—6

3 ) 1 2

0 =y — B — arcsin(s1/s2)

§3 = \/nz + s% — 2ns cos 0
2., 2 2
sz + 55 —n
6, = arccos 32 (6)
25283

o T ’ ’
03 - _E +01 +02

0; = y + a — arcsin(s| /s2)

sy = \/nz + s% — 2ns3 cos 0]

"2 2
S +85—n
0} = arccos % @)
25783
XR = 830 — 83
/
XL = 83— 830 (8)

where definitions of all geometric parameters in (5)-(8) are
provided in the Appendix of [4]. Substituting (2) and (4)
into (3), the dynamic equation of all steering mechanisms can
be expressed as

M\ B = ncos65Fg + ncos 03 Fp(by + by) — Tp(by + b))

—Tg — Mof* — M3 —f(B, B.1) (9)
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where
kK24 mr—L? _ msin(y — B)
N e K
19 19
bl:_—ﬂ’ bzz—ﬁ
J1=¢ op J1—=¢3 op
1 2
My = Jp(by + b2)? + Jg
My = Ju(br + by 22t 4 202
2 = JL\O] 2 3[3 8,3
M3 = Cr(b1 + by)* + Cg (10)

In (10), f(B, B, 1) represents uncertain nonlinearities, includ-
ing unmodeled dynamics and external disturbance.

B. MODELING OF HYDRAULIC SYSTEM
The hydraulic system of the EHPSS in this paper is shown
in Fig. 4.

| |
\ \
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FIGURE 4. The hydraulic system of EHPSS.

As depicted in Fig. 4, ¢ is the total flow into and ¢ is
the total flow out of the two steering actuation cylinders.
q1 and g are related to the spool valve displacement of the
servo solenoid valve x, by [26]

q1 = \/Ekqlxv[s(xv)\/m + s(=x)V(p1 — pr)]
@2 = V2kpx [s(x)V (p2 — pr) + s(=x)y/(ps — p2)] (1)

where
1 1
kg = Cawi, | —, kgp = Cawa | — (12)
P o

and defining function s(e) [10] as

1
S(.) = !O

where p; and p; are the working pressure of port A and port B,
respectively. Cy4 is the discharge coefficient of the servo-
valve; wi and w; are area gradients of the spool valve; p is
the hydraulic oil density; p;s is the supply pressure; and p, is
the tank pressure.

The left and right two tires are characterized by high mass
and large inertia, which causes the system to be in a low

if >0

ife<0 (13
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frequency bandwidth of no more than 30 Hz. Furthermore,
a high-response servo-valve is used here and the frequency of
the valve is higher than 100 Hz in general conditions. There-
fore, the frequency of the servo valve is considerably higher
than the system bandwidth and the servo valve dynamics
can be simplified as a proportion linker. Then the following
equation is given by x, = k;u, where k; is a positive constant,
u is the input voltage.

Assumption 1: The servo valve is matched and symmetri-
cal, that is, k;1 = ko = k4. p1 and p; are both bounded by
0< pr < p1 < ps, 0< pr < p2 < pg under normal working
conditions.

Basing on Assumption 1, we can obtain

q1 = gRu
q2 = gRou (14)

where g = k,k; and

Ry = s(u)/(ps — p1) + s(—=w)/(p1 — pr)
Ry = s (p2 — pr) + s(—uw)/(ps —pa)  (15)

To simplify the analysis, some feasible engineering
assumptions are proposed.

Assumption 2: 1. Hydraulic energy is an ideal constant
pressure source, that is, the supply pressure py is constant,
and the tank pressure p, is zero. 2. The line between a servo
solenoid valve and an actuation cylinder is short, that is, its
length has a negligible effect on the system [10].

Based on Assumption 2, we can obtain

q1 = q1L T qI1R
q2 = q2L + q2R
P1 = PIL = PIR
P2 = pP2L = P2R (16)

where 17 and g1 are the supplied flow and the return flow,
respectively, of the left cylinder; g1z and g»g are the supplied
flow and the return flow of the right cylinder respectively;
p1L and pyp are the pressures in two chambers of the left
cylinder, and p1g and pyg are the pressures in two chambers
of the right cylinder [10].

The hydraulic cylinders dynamics can be based on [26],
and the left hydraulic cylinder dynamics can be expressed as

axp + Cip(p1L — p2r) — Cepp2L — qoL = VaLpaL/Be
Axg + Cip(p1r — P2R) — CepP2r — q2r = VarP2R/Be (17)
Similarly, the right hydraulic cylinder dynamics can be
expressed as
qiL — Axp — Cip(p1L — p2r) — Cepp1 = ViLp1L/Be
q1r — aXg — Cip(P1r — P2r) — Cepp1r = VirRPIR/Be (18)
In (17) and (18), C;, is the internal leakage coefficient,
Cep is the external leakage coefficient; x; and xg are the left

cylinder displacement and the right cylinder displacement,
respectively; A and a are areas of the two hydraulic chambers;
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V1L and V5, are volumes of the left cylinder two chambers;
and Vig and V,g are volumes of the right cylinder two
chambers [4].

According to (16), (17) and (18), we can obtain

q1 = Axp + axg + 2Cp(p1 — p2) + 2Cepp1
+ (Vi /2 4+ Axp + axp)p1/Be

g2 = axg + Axg 4+ 2Cip(p1 — p2) — 2Cepp2
—(V;/2 — axp, — Axg)p2/Be (19)

and

ViL = Vieo +Axp
Vir = Viro + axg
Voo = Vopo —axp
Var = Varo — Axp
Vi = 2(ViLo + Viro) = 2(Varo + Varo) (20)

where V70 and Vy1 ¢ are the initial volumes of the left cylin-
der two chambers; Vygo and Vo are the initial volumes of
the right cylinder two chambers; and V; is the total volume of
each cylinder [4].

Define the state variables of EHPSS as x = [x1, x2,
x3, xa]T = (8, B, pi1, pz]T and disregard external leakages.
Combining (9), (14) and (19), the state space equation of
EHPSS can be expressed as

fCl = X2
Mixy = ncos03Fg + ncos04F(by + by) — Tr(by + by)
— T — Max3 — M3xa — d(x1, x2, 1)

) Be oxg, OXR
X3 = [FA—x—a_—x2
Vi/2 + Axp + axg 0x] 0x]
—2Cip(x3 — x4) + gR1u]
0 0
X4 = Pe [aﬁxz + Aﬂxz
Vi/2 —axp — Axg 0x ax1
+2Cip(x3 — x4) — gRou] 21
where

Fp = p1A —pra
Fr = pra—plA (22)

Given the desired trajectory x,4(¢), the main purpose of this
paper is to design a bounded control input u, which can guar-
antee the output y = x| tracks x4(¢) as accurately as possible.
In an actual hydraulic system, the following assumptions are
given.

Assumption 3: The ideal tracking trajectory x4(¢) and its
speed x;4(¢) and acceleration X,4(¢) are bounded.

Ill. NONLINEAR ADAPTIVE ROBUST

CONTROLLER DESIGN

A. DESIGN MODEL AND ISSUES TO BE ADDRESSED

The parametric uncertainties have to be considered due to
changes in Ty, TR, Cr, Cg, Cjp, and C,, during the steer-
ing motion. The mathematical model of the system is quite
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complex, which increases the complexity of the resulting
control law. For simplicity, we only consider uncertain
parameters that have a greater impact on the performance
of the system, such as Ty, Tg, Cj, and the nominal value
(i.e., dy) of the lumped unmodeled dynamics d [22]. To use
the adaptive law to address parametric uncertainties, the sys-
tem state space equation should be linearly parameterized.
Therefore, we can define the unknown parameter set ¢ =
lo1, @2, @3, <p4]T = [Ty, Tr, d,, Ci[,]T. To ensure that the
subsequent nonlinear controller design is concise and easy to
read, the system equation (21) is replaced by some symbolic
variables. Then, the system equation is transformed as

)'61 = X2

. 1

Xy = ATI[F — @1(b1 + b2) — g2 — Max3 — M3x2]

X3 = —f1 — a2 + fru

X4 = fa + oafs — fou (23)
where

F = ncos03Fg + ncos 03F(by + by)

~ 1
d(xlsxzs t) = M]f(xl,x% t) - dn

f — ﬁe %x +aaﬁx )
! Vi/2 +Axp +axg 0x 2 0x1 2
fr= e (x3 — x4)
2 Vi/2 + Axp + axg 3 4
fs = BegR1
3= Vi/2 + Axp + axg
Be oxr, dxR
= L, AR
B = U Z e —ag Yo 2 T A )
2B,
fs = V,/2 = ax, — Axg (x3 — x4)
R,
fo= - L8 (24)

Vi/2 — axp — Axg

Although the true values of these unknown parameters are
unknown, the approximate range of these parameters can be
obtained in (23) based on the following assumptions.

Assumption 4: The boundaries of the unknown parameter
set ¢ and uncertain nonlinearities d are obtained

QDCQ(p é{905(;0min§§0§§0max}
|, 0.0 < D (25)

T
where Qmin = [@1min, ¥2mins ¥3min> P4minl > Pmax = [@1max.
$¥2max> P3max (ﬂ4maX]T, and D are known.

B. DISCONTINUOUS PROJECTION MAPPING
Let ¢ represent the estimated value of ¢ and ¢ represent
the estimation error (i.e., ¢ = ¢ — ). The following
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discontinuous projection mapping can be obtained by [12]

0 if ¢i = @imax and e; >0
Proj;(ei) = 10 if ¢i = ¢imin and ¢; <0 (26)

e; otherwise

In (26),i =1, 2,3, and 4 and e; represents the i-th element in
the vector . Then, a controlled adaptive law can be expressed
as

¢ = Proj,(I'r) (27)

where I" is a positive definite adaptive rate diagonal matrix,
and 7 represents an adaptive function that is subsequently
synthesized. In addition, the discontinuous projection map-
ping employed in (27) satisfies

(Pl)‘ﬁcgéé{@:ﬂl)minf‘pffpmax}
(Py) ¢" I 'Proj,(I't) — 7] <0, Vr (28)

C. DESIGN CONTROLLER
The recursive backstepping design method is utilized
to design an adaptive robust controller because system
equation (23) includes the mismatched model uncertainties.
Step 1: Note that no uncertainties exist in the first equation
of (23), and a simple ARC Lyapunov function can be directly
constructed for the first two equations (23) [22]. A switching-
function-like quantity is defined as

22 =21 + k121 = X2 — X2eq, X2eqg = Xa — k121 (29)

where z; = x; — x4(¢) characterizes the tracking error of
the system, and ki is a positive feedback gain. The Laplace
transformation of the first equation (29) is z1 (s) = G(s)z2 (s),
and G (s) = 1/(s+kj) is a stable transfer function. Therefore,
if zp converges to zero or a small value, then z; will converge
to zero or a small value. The objective is to obtain the smallest
value for z; in the next design.
Combining (23) and (29), z> can be expressed as

20 = X2 — X2¢q

1 1
= —F— —[pi(bi +b Mox3 + M
M M [1(b1 + Do) + @2 + Moxy + M3x3]
— @3 _d(-xlv-xz’ t) _).CZeq (30)

In (30), X204 = X4 — k121 is computable. If F/M; is regarded
as the virtual control input of (30), we will be able to structure
a virtual control function «, for F/Mj to guarantee that z; is
as small as possible. The ARC approach proposed in [12] by
be employed to make z; as small as possible by eliminating
both parametric uncertainties (i.e., ¢1, ¢2, ¢3) and the uncer-
tain nonlinearity d. The virtual control function «s can be
constructed as

ax(x1, x2, 01, 02, 1) = a4 iz
1. .
W2y = E[cpl(bl + b))+ ¢2+Mox3 +Misxz]

+ (273 + )'CZeq

Qs = o251 + 252, a2 = —kas122 (31)
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where ka1 is a positive nonlinear control gain, by designing
appropriate ko1 and k1 to render the matrix A, defined in (32)
positive.

1
3 3
K -3k
Ay = (32)
—Ekf kos1

From (31), a» consists of two parts—a», and ars—and oy,
is employed to improve the model compensation by utiliz-
ing the parameter adaption law given in (27) to update the
estimated values of unknown parameters in real time, which
is equivalent to an adaptive controller based on the system
model. oy contains two parts opg1 and ops2, Where oo can
be considered as a stable linear feedback of the system and
oy 1S a robust controller to be structured.

Let z3 = F/M| — oy represent the D-value between F/M
and ay; substituting (31) into (30), z2 can be obtained as

h=n—kantag—¢¢—dx,xn,t)  (33)

where ¢ = [——bﬁlbz, —MLI, —1,0".
The robust controller aag is selected to guarantee the
following inequations [12]

(1) 2l — ¢ ¢ — d(x1, x2, D] < &2
(2) z2a252 <0 (34

In (34), &2 > 0 is a controller design parameter that is given
an arbitrarily small value. From the first inequation of (34),
oy is employed to dominate the model uncertainties due to
the parametric uncertainties ¢ and uncertain nonlinearities d.
The other inequation of (34) guarantees that oy is dissipat-
ing in nature because it cripples the coupling between o
and oy, [12]. The selection method of o) that satisfied (34)
is described in Lemma 5.
Defining a positive semi-definite Lyapunov function as

1 2 1 2.2
V2 = EZZ + ikl 21 (35)

By combining (29) and (33), the time derivative of V> can be
obtained

Vo =253 — k23 ki — k2
+lazg — ¢,'¢ — dxi,x2, 0] (36)
from (34)
Va < 223 — ko123 + kiziza — K32 + & 37)

Step 2: From (37), if F/M; can accurately track a», i.e.,
z3 = 0, the tracking error z1, z5 of the system will be bounded
and enter into a set area over time. Thus, the objective is
to make z3 converge to zero with a guaranteed transient
performance in the next design.

Combining the system state space equation (23) and the
definition of z3, z3 can be obtained as

_ M]F —MlF

2
Ml

23 a (38)
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where
F =dy — pa(hy + hs) + (b3 + ho)u (39)
Substituting (39) into (38), z3 can be transformed as

(h3 + he) (hy+hs) dy  MF
B A T T v
M, M, M, M

1
In (39) and (40)

23 —ay  (40)

/!

. 003 ., 00;
dy = —nsin 03 —xoFg + n[—sin0; —x2(b1 + b2)
ax1 0xy

ab ab
+ cos eg(a—xlxz 1 8—x2x2)]FL —hy —hy 41)
1 1

h1 = ncos63(af] + Afs)
hy = ncos6z(af2 + Afs)
h3 = ncos6z(afs + Afg) 42)
h4 = ncos Qé(Afl + afa)
hs = ncos 05(Af> + afs)
he = ncos 05(Af3 + afs) (43)

In (40), & consists of two parts; its expression is

Gy = dipc + oy 44)
where
. dapy  dap n dog » doy -
e =—+——x+ —X
2T % Tt o 2T g Y
. do +
oy = —X2 (45)
0x2
X = Z\T[F — §1(b1 + b2) — 2 — Max3 — M3x2] — @3
1
X =¢—dxy,x, 1) (46)

where a). employed in the design of the final controller
denotes a calculable partial differential part in &;. However,
@y, cannot have the same denotation due to the inclusion of
unknown uncertainties, which need to be dominated by robust
feedback.

Based on (40) and (44)-(46), the final adaptive robust
controller can be synthesized with the following structure

U= Uz + ug
M dp . ho+ hs MIF .
= ——+ + +a
ta = e T TR T M? 2)
M+ u)
Us = u u
s h3 +h6 s1 52
ug] = —k3s5123 @7

where kg31 is a positive nonlinear control gain, by designing
appropriate kos1, ks31 and kp to render the matrix A3 defined
in (48) positive.

1
ki —=k O
2
1 1
A3 = —Eki | k251 —E (48)
0 ) ko1
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From (48), oy consists of parts u, and ug, and u, is employed
to improve the model compensation by utilizing the parame-
ter adaption law given in (27) to update the estimated values
of unknown parameters in real time, which is equivalent to an
adaptive controller based on the system model. u; contains
two parts—us; and ug, and ug can be considered to be
a stable linear feedback of the system, and uy, is a robust
controller to be structured.
Substituting (47) into (40), z3 can be transformed as

. T ~ 30[2 ~
23 = —k3s1z3 +up — @3¢ + 8_x2d(xl’ x2,1)  (49)
where
dap by +by dap 1 O M,
¢3 =[— 1 (50)

oxo M, 73_)C2ﬁ1’8_xz’_h1+h2
The robust controller us, is selected to guarantee the fol-
lowing inequations

o

~ 2~
(1) z3[up — $3 6 + S A0, 0, 0] < &
X2

(2) z3uz2 <0 (51)

In (34), e3 > 0 is a controller design parameter given
an arbitrarily small value. The selection method of ug that
satisfied (51) is described in Lemma 5.

D. MAIN RESULTS
Choosing the adaptive function T = ¢»22 + $323, the estima-
tion value of the unknown system parameters can be updated
in real time by the parameter adaptive law (27). Based on
the design process of the entire adaptive robust controller,
the adaptive robust control strategy synthesized in this paper
has the following properties [12], [22].

A.

All signals involved in the closed-loop controller are
bounded. Then, we define the following Lyapunov function:

1
Vi=Va+ 33 (52)

and V3 has to satisfy the following condition
&
Vs < exp(—uy1)V3(0) + M—Vv[l —exp(—uyn)]  (53)

where uy = 2Amin(A3) min{1/k%,1,1}, ey = & + &3,
and Apin(A3) denote the minimum eigenvalue of the positive
definite matrix A3.

B.

After the finite time ¢;, if only parameter uncertainties
exist in the system, that is, d = 0, we obtain not only the
conclusion in A but also an adaptive robust controller (47)
that can guarantee the gradual tracking performance of the
system, that is, z — 0 as t — oo, where z = [z1, 22, z]L.

Proof: Please refer to Appendix.
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IV. COMPARATIVE SIMULATIONS
A. CONTROLLER SIMPLIFICATION
From the theoretical results, we can select the appropriate
robust feedback terms according to conditions (34) and (51).
Then, the following chosen lemma ay and ugp can be given
using similar results in [12].

Lemma 5: Let hy be an arbitrary constant that satisfies

hy > 162l lgm 1* + D, om = Pmax — Pmin~ (54)

then, s> can be chosen as

hy
a0 = —kosa (X1, X2, oM, D)2o = ——22 (55)
2en

where ks> is a nonlinear feedback gain, and apg of (55)
satisfies (34).
Let A3 be an arbitrary constant that satisfies

dop
h3 > 1631 llem > + (8—xzD>2, OM = Pmax — Pmin (56)
then, uy can be chosen as
h3
U = —k3p(x1, X2, om, D)z = _EZS (57

where k35p is a nonlinear feedback gain, ug of (57) satis-
fies (51). The proof of Lemma 5 is presented in Appendix.

Lemma 5 gives the design examples that strictly satisfy
(34) and (51). From the point of view of their implementation,
the norms of ¢, and ¢3 need to be calculated in real time,
which produces a more complex implementation of the con-
troller. Another simple method is to make the parameters ko
and k3g; sufficiently large without considering the specific
values of hy, ¢ and h3, €3. Although the strictness of (34)
and (51) is destroyed, the stability of the system also changes
from global stability to local stability while simplifying the
realization of the controller. According to the analysis, the
simple method of selecting the parameters is not sufficiently
rigorous but is simple and effective.

B. PARAMETER SETTING
The system parameters are set as shown in the following table.

C. SIMULATION RESULTS

The effectiveness of the controller proposed in this paper is
verified by comparing the tracking performance of the four
controllers.

y=f(x)+ glu +d(r) (58)

1) ARC: the adaptive robust controller designed in
this paper and introduced in Section III.C. Accord-
ing to the controller simplification in Section IV.A,
the design parameters of the controller are selected
as follows: k1 = 260,ky = kps1 + kpsp = 208,
and k3 = kzg1 + k3o = 130. From TABLE 1,
the initial value of the unknown parameter set ¢ is
selected as: @(0) = [100,80,0.5,4 x 10~12]T,
the adaptive rate diagonal matrix is chosen as:
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TABLE 1. System parameter setting.

symbol value unit symbol value unit
A 0.0038 m’ p 870 kg/m®
a 0.0029 m’ Gy 4x107"2 m’/(s-Pa)
Ji 143.1 kg'm® C, 0.62 \
Jr 143.1 kg'm® w 0.0364 m
n 021 m v, 0.002 m’
Be 7x10° Pa y 76 °
B 2.0596 m m 0.36 m
L 1.8854 m Cr 4x10° N/rad
C. 4x10° N/rad S30 0.6548 m
Ds 170 bar S1 0.17 m
Dr 0 bar S 0.7250 m

I' = diag[10°>, 10°°, 5 x 107%, 1.5 x 10~2]T,
the bounds of ¢ are given as: gnmin = [—2500, 2500, 80,
107217, opmin = [2500, 2500, 80, 10~ 11T,

2) DRC:the deterministic robust control scheme. The
design process of this controller is the same as the
design process of ARC; however, a parameter adaptive
law, ie., ' = a’iag[O,O,O,O]T, does not exist.

3) SMC:the sliding mode control law. Based on the
design principle of the sliding mode controller, we have
to obtain the third derivative of the system output to
obtain the relative order of the system as follows:
Combining (58), the sliding model controller can be
designed as

1
u=——[—f(x)—(c1z1 + c221) + x4 — nsgn(s)]
g(x)
(59)

where s = c1z1 + 221 +Z1 denotes the sliding mode surface,
and c1, ¢y and 7 are positive constants.

As shown in Fig. 2, valve 1 controls two actuation
cylinders 8 and 9. Other valves are in the normal position. The
wheels can be locked at their required positions in steering
mode when the valve 1 and 3 are power-off, and the valve 4
and 5 are open. If valve 1 is out of control, valve 2 can be
used to move the wheels left or right by manual operation.
Relief valves 6 and 7 are used as safety valves to protect two
actuation cylinders 8 and 9 from high pressure impact.

To test the tracking performance of the three controllers,
the desired tracking trajectory is a sine curve, i.e., x; =
20sin(?)° and its unit is degrees. First, in the case of zero load,
ie., Tr = 0,and Tr = 0, the tracking errors curve of the three
controllers is shown in Fig. 5. As shown in Fig. 5, the three
controllers have very small tracking errors in the case of
zero load, which confirms the satisfactory performance of
the proposed controller. Compared with the tracking errors
of DRC and SMC, the tracking error of ARC is the smallest
error, which demonstrates the validity of the adaptive law.

The dynamic model of the tires is complexand -
establishing an accurate model is difficult. Wang et al. [27]
established an empirical formula of an in situ resistance
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moment and tested the resistance moment of the left and
right tires under different loads. The relationship between
the return moment and the steering angle is given [28], [29].
Therefore, a simplified model of the tires is established based
on these references, as shown in TABLE 2 to TABLE 4.

TABLE 2. Parameters of tire’s resistance moment.

Parameters Tr T
c 2000-100k 600-100k
d 1200-100k 1000-100k
h 600-100k 1500-100k
j 1000-100k 2000-100k
k 0,1,2,....,n 0,1,2,....n

TABLE 3. Parameters of tire’s resistance moment.

Parameters Value
a 18
b 20
&g 15
ac + bh
e
c+h
, (-Mg h+j (-hNa-b)
' b+a 2 2(a+b)
aj +bd
n
d+j
gle=d) c+d (c—d)b—-a)
m - + -
b+a 2 2(b+a)

TABLE 4. Value of tire's resistance moment.

Condition Resistance moment
/< 14255 \/E[S(c—a')_*—(c+a’)_(c—a’)(b—a)]2
5 b+a 2 2(b+a)
3 0 and Pc—d) (c+d) (c—d)b-a)
> - + —
p>0and f=-g b+a 2 2(b+a)
,B>Oand -n<f<-g m—m
(n-g)
. pld+j) (d-j) (d+j)Na+b)
p>0and f<—n + +
b—a 2 (b-a)
. Pc+h) (c—h) (c+h)a+b)
P<0and f>e + -
b—a 2 2(b-a)
B<O0and g<f<e f—w
(e-g)
J<0and p< BG-h) (h+)) (j-h)(a-b)
an - -
£ b+a 2 2(a+b)
B=0and B>0 sign(f)-c
else sign(fB)-d
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Then, the model can describe the basic characteristics of the
tires [4]. The value of the moment depends on the parameters
¢, d, h, j, and k. When k = 0, the relationship between
the tire’s resistance moment and the steering angle is shown
in Fig. 6.

To test the influence of the uncertain tire steering resistance
moment on the performance of the EHPSS, the tire steering
resistance moment is added to the closed loop simulation
model. The two desired trajectories with different frequencies
are given to analyze the performance of the EHPSS at differ-
ent speeds. A slower sine curve x; = 20 sin(0.5¢)° is given in
the case of the position curve of ARC, as shown in Fig. 7, and
the very small tracking errors of three controllers are shown
in Fig. 8. The error of ARC is minimal. A regular control input
is shown in Fig. 9. The tire steering resistance moment has a
dominant role in the model uncertainties of the EHPSS at low
speed, according to Fig. 7, Fig. 8 and Fig. 9. The proposed

x10°3

[N

ARC Error(°)
o

'
=N

time(s
~0.1 time(s)
5
[N} W
0
£
a
01 L L L L L L L L
5 10 15 20 25 30 35 40 45 50

o
-

SMC Error(f
o
3
J

©
=

10 15 20 25 30 35 40 45 50
time(s)

FIGURE 5. Tracking errors of ARC, DRC and SMC without loads.
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FIGURE 6. Relationship between the tires resistance moment and the
steering angle.

FIGURE 7. Position curve of ARC in slower sine curve with loads.

5527



IEEE Access

H. Du et al.: Adaptive Robust Control of Multi-Axle Vehicle EHPSS

controller can guarantee a robust performance with the tire
steering resistance moment.

Next, the simulation is run for tracking a faster sine curve
xg = 20sin(r)°. The perfect tracking curve and regular
control input of ARC are shown in Fig. 10 and Fig. 11 respec-
tively; the errors of three controllers are shown in Fig. 12,
in which ARC can achieve better performance than the
other two algorithms because ARC compensates for the

0.1
E 0.05[ b
Llj 0 :/\/\/'\/\/'\/\/‘\;
Q
5-0.05* b
01 | | | | | | | |
5 10 15 20 25 30 35 40 45 50
time(s)
0.1 T T
& 0.051 B
5
5 of ]
g
5-0.05 b
01 . . . . . . . .
5 10 15 20 25 30 35 40 45 50
time(s)
0.1 T T
= 0.05r b
2 0
| \ [
005t \/ :
»
01 | | | | | | | |
"5 10 15 20 25 30 35 40 45 50
time(s)

FIGURE 8. Tracking errors of three controllers in slower sine curve with
loads.
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FIGURE 9. Control input of ARC in slower sine curve with loads.
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FIGURE 10. Tracking curve of ARC in faster sine curve with loads.
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FIGURE 11. Control input of ARC in faster sine curve with loads.
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FIGURE 12. Tracking errors of three controllers in faster sine curve with
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FIGURE 13. Parameter estimation of ARC in faster sine curve with loads.

uncertain tire steering resistance moment and updates con-
stant unknown parameters by the adaption laws presented
in Fig. 13. The simulation results indicate that the feasibility
and effectiveness of the ARC algorithm proposed in this paper
is fully confirmed.

V. CONCLUSION

In this paper, an adaptive robust control algorithm is synthe-
sized to estimate the uncertain tire steering resistance moment
online and compensate for the model uncertainties for a
multi-axle vehicle electro-hydraulic power steering system
(EHPSS), including steering mechanisms, valve-controlled
double hydraulic actuators and heavy-duty tires. This control
scheme considers the particular nonlinearities in an EHPSS,
such as the steering mechanisms’ nonlinearities, the com-
plex nonlinear dynamics in valve-controlled double hydraulic
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actuators, the nonlinear dynamics of tires and the coupling
motion among these three parts. A MATLAB simulation sys-
tem is established to realize the precise tracking motion sim-
ulation of EHPSS. Extensive comparative simulation results
are also given to further verify the effectiveness and excel-
lent performance of the proposed algorithm. The advanced
nonlinear control algorithm has been successfully applied to
the highly complex multi-axle vehicle steering system, which
is a breakthrough and serves as a reference in the nonlinear
control of a multi-axle steering system.

APPENDIX A

PROOF OF CONCLUSION A:

From (33) and (49), the time derivative of V3 can be expressed
as

V3 =Va+ 25333
= 0253 — kaaizs + kiziza — kiz
+2laa — ¢3¢ — d(x1, X2, 1)]
T~ 30[2 ~
+z3[—k3s123 +upp — P39 + a—xzd(xl, x2,1)]  (60)
Note that (34) and (51)

V3 < 2273 — kz‘glz% + k121112 — kfz% — k3s1z§ + ey (61)
According to the matrix (48)

V3 < 2"Asz+ ey < —Amin(A3)(E + 25 + z%) +ey
<ey—uyVs (62)

in which z = [z1, 22, z3]", from the principle of contrast
gy
V3 < exp(—uyv)V3(0) + W[l —exp(—uyn)]  (63)

From (63), V3 is globally bounded, z1, z2, and z3 are bounded,
and the entire signals involved in the controller presented in
this paper are bounded.

APPENDIX B
PROOF OF CONCLUSION B:
When the system has only parameter uncertainties, i.e.,

d = 0, the following Lyapunov function is defined as
| —
V:V3+§¢F @ (64)

Combining (27) and (62), the time derivative of V is
expressed as

V =223 — koo + ki — ki 23
+2lon — ¢3¢ — d(x1, x2, D] — k3123
~ day ~ ~Tr—1 A
+amﬂ—d¢+5gamwzm+wﬁ‘w (65)
Noting (34) and (51)
V <283 — ks + kjziz — kg
— k123 + @' [—p3z2 — 33 +T7'9]  (66)
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Considering adaptive law (27)

V <273 — kmz% + k%mzz — k?z% — k3le§
+@ I Projs(Tt) — 71 (67)

considering the second condition in (28)

V < 223 — ko123 + kjziza — kiz} — kas123
~Amin(A3)@F + 5 +23) =W (68)

In (68), W € Ly, W € Ly, can be achieved by (29), (33) and
(51), i.e., W is uniform continuity. Thus, W — 0 as t — oo,
which leads to Conclusion B according to Barbalat’s lemma.

The Proof of Lemma 5: From (54), we can obtain hp > 0;
thus, (55) satisfies the first condition of (34). Next, we prove
that (55) also xondition of (34) by substituting (55) into
the second condition of (34)

IA

hy U Lllgall* lgm 11> 23
Zz[—z—gzzz — ¢ —dxix2, )] < -5 ———2

2 \/3_2
— g2l loar Il | I—E%—IIDIII | (69)
200 oMl 122 ) «/8_2 22

From Young’s inequation, we can prove that (55) also sat-
isfies the second condition of (34); similarly, (57) also
satisfies (51).
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