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ABSTRACT Hydropneumatic suspension has the characteristics of nonlinear stiffness, nonlinear friction
damping, and nonlinear hydraulic damping, and therefore, it has been widely applied to heavy vehicles.
A hydropneumatic suspension with a special structure was proposed and studied in this paper. The nonlinear
quarter-vehicle model was built by using Newton’s laws according to its configuration. Then, this nonlinear
mathematic model was linearized through the statistical linearization method on the basis of random vibra-
tion theory. Next, the transfer functions of the suspension system subjected to random road excitation were
built according to the statistical linearization model and the power density spectrum approach. In addition,
the responses of vehicle body acceleration, tire relative dynamic load, and suspension deflection with respect
to the wideband random excitation due to road roughness were obtained according to the James formula.
Next, the influences of the equivalent damping ratio and the equivalent frequency ratio on vehicle riding
comfort, riding safety, handing stability, and suspension reliability were analyzed through simulations. These
results provided the basic principles for selecting the reasonable hydropneumatic suspension parameters.

INDEX TERMS Statistical linearization, nonlinearity, hydropneumatic suspension.

I. INTRODUCTION
A suspension system is a crucial component for determining
a heavy vehicle’s dynamic performances, and it is responsi-
ble for riding comfort, riding safety, handling stability and
vehicle suspension reliability. Riding comfort is evaluated
by the level of vehicle body acceleration, and it is usually
related to the ability of the vehicle to isolate passengers
from the uncomfortable vibrations arising because of irreg-
ular road excitation. Riding safety is normally evaluated by
the tire relative dynamic load. Handling stability is achieved
by guiding the vehicle along the track. The vehicle needs
to maintain good contact between its tires and the road,
so the tire deflection amplitude is the determinant index
to evaluate its performance [1]–[2]. Suspension reliability
is associated with the suspension stoke, which should be
protected against collisions, and suspension deflection is
usually the evaluation criteria. Because its nonlinear nature
can provide higher mobility and increase riding comfort,
hydropneumatic suspension has been widely used in heavy
vehicles [3]–[8]. In theory, the compressibility of gas in

the hydropneumatic suspension makes it resilient and pro-
vides a soft spring stiffness at lower wheel travel and a
hard spring stiffness at higher wheel travel. Therefore, it has
stiffness nonlinearity. At the same time, the existence of an
orifice gives it hydraulic damping nonlinearity. Narayanan
and Senthil [9] and Narayanan and Raju [10] built a 2 Degree
of Freedom (2-DOF) quarter-vehicle model that has the char-
acteristics of nonlinear velocity, quadratic damping and hys-
teretic stiffness. A modified Boucs model was utilized to
describe the hysteretic feature of the suspension spring [11].
Verros et al. [12] studied the characteristics of damping and
stiffness excited by random road disturbance by use of nonlin-
ear quarter-carmodels and presented an optimizationmethod.

As an input excitation term, road surfaces feature is a
significant parameter while analyzing the suspension perfor-
mance. Generally, assuming that typical road surfaces are
2-dimensional Gaussian random processes with the charac-
teristics of homogenization and isotropy makes it possible
to use a single power spectral density to completely model
a road profile [13], [14]. In addition, nonlinear algebraic
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equations can be yielded in the forms of the response of
second-order moments and their time-derivatives through the
spectral density approach [15]. Thompson et al. [16] used
spectral decompositionmethods to study a half-vehiclemodel
with a preview controller excited by random road disturbance.
Turkay and Akcay et al. [17] used a reasonably low-order
rational function to describe a typical road surface in terms
of power spectrum and analyzed the root-mean square ran-
dom responses of the vehicle system with respect to the
road excitation with white/colored noise velocity. Wu and
Law [18] assumed that the responses of a vehicle system
and the random road surface are Gaussian random processes.
Furthermore, the random road disturbance is simplified as
stochastic inputs [9].

The hydropneumatic suspension system simplified as an
MDOF nonlinear vibration system with wide band ran-
dom excitation can be suitably analyzed using a statistical
linearization method [3], [15], [19]. The equivalent lineariza-
tion technique has been widely applied to analyze the nonlin-
ear systems subjected to random excitations [20]–[22]. Atalik
and Utku [15] yielded the response of a nonlinear MDOF
dynamic system to stationary Gaussian excitations by using
an equivalent linearization technique. Dong and Luo [19]
researched the dynamic response of a hydropneumatic sus-
pension using statistical linearization based on the 2-DOF
nonlinear suspension model. The nonlinear stiffness of the
hydropneumatic spring was replaced with its first three
terms Taylor series at the static equilibrium position, and
the responses were analyzed using numerical simulation.
Jin and Luo [3] studied the stochastic random response of a
half vehicle model running on a rough road, and the model
has the nonlinear characteristics of hysteretic stiffness and
square damping. The output of a first-order linear filter to
Gaussian white noise was used to model the road roughness
height, and the statistics response of the nonlinear suspension
was determined by using the equivalent linearization method.
Gopala Rao and Narayanan [23], [24] studied the stationary
random response of a nonlinear passive vehicle suspension
running on a homogenous rough road. The Bouc-Wen model
was used to describe the hysteretic nonlinearity of suspen-
sion, and an equivalent linear model was derived by use of a
statistical linearization technique.

Few studies comprehensively analyze the effects of sus-
pension parameters on riding comfort, handing stability
and riding safety. The suspension parameters are generally
designed empirically and lack theoretical guidance. In this
study, on the basis of the design of a hydropneumatic spring,
a quarter-vehicle model with nonlinear stiffness, nonlinear
friction damping and nonlinear hydraulic damping charac-
teristics was built by using Newton’s laws. This nonlinear
mathematical model was linearized by use of a statistical
linearization method on the basis of random vibration theory.
The nonlinear stiffness of the hydropneumatic spring was
replaced with the first two terms of its Taylor series at the
static equilibrium position and further linearized by using
an equivalent linearization technique. The nonlinear friction

damping and nonlinear hydraulic damping were also lin-
earized. Furthermore, the transfer functions of the suspension
system subjected to the random excitation were built using
the statistical linearizationmodel and power spectrum density
approach. Then, the responses of the vehicle body acceler-
ation, tire relative dynamic load, and suspension deflection
subjected to the wide band random excitations caused by
road roughness were obtained by use of the James For-
mula. Finally, the equivalent damping ratio and equivalent
frequency ratio were defined, and their influences on vehicle
riding comfort, riding safety, handing stability and suspen-
sion reliability were analyzed through simulations.

FIGURE 1. Diagram of Hydropneumatic suspension: 1-outer oil chamber,
2-compression check valve, 3-fixed orifice, 4-extension check valve,
5-main piston, 6-inner oil chamber, 7-floating piston, 8-gas chamber.

II. SUSPENSION CONFIGURATION
A hydropneumatic spring was proposed and its general con-
figuration is as shown in Figure 1. This hydropneumatic
spring mainly consists of an outer oil chamber, 4 compression
check valves, a fixed orifice, 4 extension check valves, a main
piston, an inner oil chamber, a floating piston and a gas cham-
ber, and other components. The chamber within the main
piston is divided into a gas chamber and an inner oil chamber,
and the closed volume of nitrogen gas is separated from the
inner oil chamber containing the working medium by means
of the floating piston. The inner oil chamber communicates
with the outer oil chamber through the fixed orifice. The
4 compression check valves and 4 extension check valves
are arranged around the orifice at equal intervals. When the
external load increases, the distance between the vehicle body
and chassis decreases, and the working medium pressure in
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the outer oil chamber rises to open the compression check
valves. Consequently, the working medium flows into the
inner oil chamber through the fixed orifice and the compres-
sion check valves, and further compresses the gas by displac-
ing the floating piston. The shrinkage of the gas chamber
makes the gas pressure increase, and the force exerted on
the main piston ultimately reaches dynamic balance with the
external load. However, if the external load on the suspension
reduces, the process is reversed as gas expansion forces the
floating piston to move upwards because of the high pressure
nitrogen gas. Simultaneously, the working medium flows
back to the outer oil chamber through the fixed orifice and
extension check valves. As a result, the distance between
the vehicle body and the chassis increases, and the force
acting on the main piston decreases accordingly. Ultimately,
it reaches a dynamic balance state. In the working process of
the hydropneumatic spring, the compression and expansion
of the gas chamber gives it spring-like features, and its basic
function for isolating vibration is realized. In addition, its
stiffness is variable owing to the compressibility of nitrogen.
Meanwhile, it has hydraulic damping nonlinearity because
of the existence of a hydraulic orifice. These special char-
acteristics make it possible to improve the riding comfort,
riding safety, handing stability and suspension reliability.
In general, the special structure gives this hydrosuspension
some additional characteristics:

The gas chamber is designed within the main piston, so it
has the advantages of good sealing performance, compact
structure, small size and light weight.

In comparison with diaphragm structure, the separation
of oil and gas by means of the floating piston makes the
hydrosuspension have longer strokes, and the volume of the
gas chamber can be adjusted conveniently according to the
demands of stiffness.

The fixed orifice can be optimized according to the char-
acteristics of the vehicle.

The vehicle height can be adjusted by charging or dis-
charging oil in the outer oil chamber to adapt to various road
environments and vehicle characteristics.

III. NONLINEAR SUSPENSION MODEL
Figure 2 shows the quarter-vehicle suspension model, which
was built on the basis of the structure feature of the hydrop-
neumatic suspension. Here,m1 represents the unsprungmass,
m2 is the sprung mass. kt denotes the tire stiffness coefficient,
which is simplified as a constant. Ac is the orifice cross area.
A is the equivalent cross-area of themain piston. p0 andV0 are
the pressure and volume of nitrogen at the initial equilibrium
position. p1 and V1 are the instantaneous dynamic pressure
and volume of nitrogen gas. p is the pressure of working
medium in the outer oil chamber. zr is the disturbance excita-
tion due to irregular road surfaces, zu is the displacement of
unsprung mass, and zs is the displacement of sprung mass. Ff
is the friction force.

According to the physical model of the suspension system
and Newton’s second law, the theoretical model is described

FIGURE 2. Schematic diagram of a quarter-vehicle suspension system.

by two coupled nonlinear differential equations:{
m1z̈u = kt (zr − zu)− pA+ p0A− Ffsign(żu − żs)
m2z̈s = pA− p0A+ Ffsign(żu − żs)

(1)

The flow rate passing through the orifice can be
expressed as:

A (żu − żs) = CdAc

√
2
ρ
|p− p1|sign (żu − żs) (2)

whereCd is the flow coefficient, andCd = 0.65; ρ is working
medium density.

Assuming the nitrogen gas enclosed in the gas chamber
follows the adiabatic compression and expansion processes,
the following formula can be given according to the gas state
equation:

p1V 1.4
= p0V 1.4

0 (3)

The volume of nitrogen can be further expressed as:

V = V0 − A (zu − zs) (4)

Consequently, the suspension system can be modeled as:
m1z̈u = kt (zr − zu)− m2z̈s

m2z̈s −

[(
V0

V0 − A (zu − zs)

)1.4

− 1

]
p0A

=
[
R (żu − żs)2 + Ff

]
sign (żu − żs)

(5)

where R is the hydraulic damping coefficient, and

R =
(

A
CdAc

)2
ρA
2 . Defining the tire deflection z1 = zr − zu

and the suspension deflection z2 = zu − zs, Eq. (5) can be
further rewritten as:{
(m1 + m2) z̈1 + m2z̈2 + ktz1 − (m1 + m2) z̈r = 0
m2 (z̈1 + z̈2 − z̈r)+ Fk + Rż22sign(ż2)+ Ffsign(ż2) = 0

(6)

where Fk =
[(

V0
V0−Az2

)1.4
− 1

]
p0A =

[(
V0

V0−Az2

)1.4
− 1

]
m2g, which is the suspension elastic force associated with the
suspension deflection (z2).
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FIGURE 3. The total force of hydropneumatic suspension subjected to
deflection.

The total force exerted on the hydropneumatic suspension
is shown inFigure 3. It has obvious hysteresis characteristics.
The total force would increase with the increase of deflection
amplitude. Under the same deflection conditions, the force
during the contraction process is much higher than that during
the elongation process because of the variable characteristic
of stiffness. Simultaneously, the total force is also affected
by the deflection frequency. The higher the deflection fre-
quency is, the stronger are the hysteresis and the nonlinear
characteristics.

FIGURE 4. The total force of hydropneumatic suspension subjected to
velocity.

Figure 4 shows the relationship between the total force and
deflection velocity. The higher deflection velocity means a
higher deflection frequency and would lead to stronger hys-
teresis. In other words, reducing the deflection frequency and
velocity is an effective method to decrease the nonlinearity.

The deflection velocity and frequency would dramatically
affect the nonlinearity of hydropneumatic suspension as dis-
cussed above. In fact, they mainly influence the damping
force. As shown in Figure 5 and Figure 6, damping force is
an important nonlinear item. The higher deflection frequency
would have a higher maximum deflection velocity, and
the maximum damping force would be accordingly higher.
The damping force would quadratically increase with the
increase of deflection velocity.

FIGURE 5. The damping force of hydropneumatic suspension subjected
to deflection.

FIGURE 6. Damping force of hydropneumatic suspension subjected to
velocity.

The stiffness variation is another nonlinear item. Because
the stiffness during the contraction process is higher than
that during the elongation process, the elastic force is much
higher during the contraction process. The elastic force would
nonlinearly increase with the increase in deflection, as shown
in Figure 7. Friction force is another nonlinear item. In this
study, the sample Coulomb model was used to describe the
friction force. It is considered a constant and its direction is
opposite to the direction of motion.

IV. LINEARIZATION
As analyzed in section 3, the mathematical model of the
hydropneumatic suspension has the characteristics of non-
linear hydraulic damping, nonlinear stiffness and nonlinear
friction damping, and it is excited by road roughness, which
can be assumed to be a wide band random process. It is
reasonable to apply the statistical linearization method to
linearize the nonlinear model [3], [15], [19]. The nonlinear
model can be linearized by replacing the nonlinear terms with
linear equations, and the coefficients of the linear equations
could be obtained throughminimizing themean-square errors
between the linear and nonlinear equations.

The nonlinear square hydraulic damping term F (ż2) =
Rż22sign (ż2) is equivalent to F∗ (ż2∗) = λ1 + λ2ż2∗,
where ż2∗ = ż2 − mż2 , mż2 is the mean value of ż2.
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FIGURE 7. The elastic force of hydropneumatic suspension subjected to
displacement.

The suspension deflection is assumed to be a stationary
stochastic process [16], so its time derivative is equal to zero,
i.e., mż2 = 0 and ż2∗ = ż2. The logical choice of coefficients
λ1 and λ2 is tominimize themean-square error, and themean-
square error is given by:

E
[
1F2

]
=

∫
∞

−∞

[F (ż2)− λ1 − λ2ż2∗]2p (ż2) dż2 (7)

Supposing the vehicle body velocity (ż2) is a sta-
tionary Gaussian stochastic process [18], the probability
density function of ż2 can be expressed as p (ż2) =

1
√
2πσż2

exp
(
−

ż22
2σ 2ż2

)
, where σ 2

ż2
is the variance value of ż2.

Using a minimum of E
[
1F2

]
as the criteria, i.e., the first

partial derivatives with respect to λ1 and λ2 are zero, the fol-
lowing expressions can be obtained:

λ1 =

∫
∞

−∞

F (ż2)p (ż2) dż2

λ2 =
1

σ 2
ż2

∫
∞

−∞

F (ż2)ż2p (ż2) dż2
(8)

Substituting F (ż2) and p (ż2) into Eq. (8), the solutions of
λ1 and λ2 are derived as: λ1 = 0, λ2 = 4R

√
2π
σż2

In addition, the friction force makes the hydropneumatic
suspension possess a nonlinear hysteresis characteristic, and
its physical characteristic is similar to damping. Thus, it can
be simplified and linearized by use of equivalent linearization
technique:

Ffsign(ż2) = λ3ż2 (9)

where λ3 is the equivalent linear friction coefficient. For a
stationary stochastic process, the average power of the equiv-
alent linear friction damping in a large interval [0, T] can be
expressed as:

w1 =
1
T

∫ T

0
λ3ż22dt (10)

Considering the mean value of ż2 is zero, i.e., mż2 = 0,
the average power can be further described as:

w1 = λ3σ
2
ż2 (11)

For a stationary stochastic process, the average power of
a constant friction force in a large enough interval [0, T] can
also be expressed as:

w2 = Ff
1
T

∫ T

0
|ż2| dt (12)

where 1
T

∫ T
0 |ż2| dt is the first-order absolute moment of the

suspension deflection velocity (ż2), and ż2 is a stationary
Gaussian stochastic process [18]. Then, we have:

1
T

∫ T

0
|ż2| dt = 0.798σż2 (13)

According to the energy conservation principle (w1 = w2),
that is,

λ3σ
2
ż2 = 0.798σż2Ff (14)

The equivalent linear friction damping coefficient can
yield:

λ3 =
0.798Ff
σż2

(15)

Considering the comprehensive influence of friction
damping and hydraulic orifice damping, the total equivalent
damping coefficient is given by:

λ = λ2 + λ3 (16)

Meanwhile, the elastic force can be simplified through
Taylor series expansion at the equilibrium position, and this
equilibrium position is set as the coordinate origin:

Fk (z2) = k11z2 + k2 (1z2)2 + k3 (1z2)3 + · · · (17)

where k1 =
1.4m2gA

V0
, k2 =

1.68m2gA2

V 2
0

and k3 =
1.9m2gA3

V 3
0

,

choosing the first two terms, and the Taylor series expansion
is based on the coordinate origin, that is, 1z2 = z2 , so the
elastic force of hydropneumatic can be further simplified as:

Fk (z2) = k1z2 + k2z22 (18)

Then, the simplified nonlinear elastic force is replacedwith
the linear equation Fk∗ (z2∗) = k0 + kz2∗, where z2∗ =
z2 − mz2, ż2 is the mean value of z2, k0 and k are selected to
minimize the mean-square error, and the mean-square error
can be given by:

E
[
1F2

k

]
=

∫
∞

−∞

[Fk (z2)− k0 − kz2∗]2pk (z2) dz2 (19)

Supposing the suspension deflection (z2) follows Gaus-
sian distribution, and its probability density function can be

expressed as: pk (z2) = 1
√
2πσz2

exp
(
−

(z2−mz2 )
2

2σ 2z2

)
, σ 2

z2 is the

variance value of z2. As a minimization criterion on E
[
1F2

k

]
,

the first partial derivatives with respect to k0 and k should
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be zero. Simultaneously, substituting Fk (z2) and pk (z2) into
Eq. (19), the following results can be obtained:{

k0 = k1mz2 + k2
(
σ 2
z2 + m

2
z2

)
k = k1 + 2k2mz2

(20)

Thus, the nonlinear model, i.e., Eq. (6) is rewritten as:{
(m1 + m2) z̈1 + m2z̈2 + ktz1 − (m1 + m2) z̈r = 0
m2 (z̈1 + z̈2 − z̈r)+ k(z2 − mz2 )+ λż2 + k0 = 0

(21)

Supposing z1, z2 and zr follow stationary stochastic pro-
cesses, i.e., the time derivative of each expected value van-
ishes [25]. By computing the mathematical expectation on
both sides of Eq. (21), the mean value of z1 and k0 can be
derived (mz1 = 0, k0 = 0). Combining with Eq. (20), these
results are given by:

mz2 =
k − k1
2k2

k =
√
k21 − 4k22σ

2
z2

(22)

After central processing, the mathematical model of the
hydropneumatic suspension can be further rewritten as:{
(m1 + m2) z̈1∗ + m2z̈2∗ + ktz1∗ − (m1 + m2) z̈r∗ = 0
m2 (z̈1∗ + z̈2∗ − z̈r∗)+ kz2∗ + λż2∗ = 0

(23)

Substituting z1∗ = zr∗ − zu∗ and z2∗ = zu∗ − zs∗ into
Eq. (23), the statistical linearization model is given by:{
m1z̈u∗ + λ (żu∗ − żs∗)+ ktzu∗ + k (zu∗ − zs∗) = ktzr∗
m2z̈s∗ − λ (żu∗ − żs∗)− k (zu∗ − zs∗) = 0

(24)

V. TRANSFER FUNCTION OF SUSPENSION
The feature parameters of hydropneumatic suspension are
defined as follows: mass ratio µ = m2

/
m1, nature frequency

of vehicle body ω0 =

√
k
/
m2, equivalent damping ratio

ξe = λ
/
(2m2ω0), nature frequency of tire ωt =

√
kt
/
m1, and

frequency ratio γ = ω0
/
ωt. Considering that the excitation

of road roughness is approximately a stationary stochastic
process, the statistical transfer function of the hydropneu-
matic suspension system subjected to the random road distur-
bance in terms of the power spectrum density can be obtained
according to Eq. (24)

Hz1∗ (S) =
Z1∗ (S)
Zr∗ (S)

=
S4 + 2γ ξeωt (1+µ) S3+γ 2ω2

t (1+µ) S
2

D (S)

Hzu∗ (S) = 1− Hz1∗ (S) =
ω2
t
(
S2 + 2γ ξeωtS + γ 2ω2

t
)

D (S)

Hz2∗ (S) =
Z2∗ (S)
Zr∗ (S)

=
ω2
t S

2

D (S)

Hzs∗ (S) = Hzu∗ (S)− Hz2∗ (S) =
γω3

t (2ξeS + γωt)

D (S)

Hz̈s∗ (S) = S2Hzs∗ (S) =
γω3

t S
2 (2ξeS + γωt)

D (S)
(25)

where

D(S) = S4 + 2γ ξeωt (1+ µ) S3 +
(
1+ γ 2

+ µγ 2
)
ω2
t S

2

+ 2γ ξeω3
t S + γ

2ω4
t .

Hz1∗ (S) and Hz2∗ (S), respectively, represent the transfer
function of the tire deflection and suspension deflection.
Hzu∗ (S) is the displacement transfer function of unsprung
mass. Hzs∗ (S) and Hz̈s∗ (S) are the displacement and accel-
eration transfer functions of sprung mass.

At the same time, the transfer function of the tire relative
dynamic load to road excitation can be expressed as:

HP/G =
P/G
Zr∗
=
kt (zr∗ − zu∗)/(m1 + m2) g

Zr∗
=

ω2
t Hz1

(1+ µ) g
(26)

Substituting S = jω into the transfer functions, the fre-
quency characteristics of the equivalent linear system under
the road surface roughness excitation can be derived.

Typically, the nonlinear algebraic equations can be
obtained in the forms of the response of second-order
moments and its time derivatives by use of the spectral density
approach [15]. A series of standards has been presented by
ISO (ISO 1982) for classifying the road roughness based on
the power-spectral-density (PSD) results. The PSD of road
roughness is simplified as:

Sq (n) = Gq(n0)

(
n
n0

)−W
(27)

where n represents the space frequency (m−1); n0 represents
the reference space frequency, and n0 = 0.01 m−1; Gq(n0)
denotes the road roughness coefficient, Gq(n0) = 256e-6;
and w denotes frequency index which reflects the frequency
feature of the pavement, and w = 2.
Then, considering the velocity, the excitations of road

roughness are obtained in the time and frequency domains:
Sq (f ) =

1
v
Gq(n0)

(
n
n0

)−2
= Gq(n0)n

2
0
v
f 2

Sq (ω) =
1
2π

Sq (f ) =
2πGq(n0)n

2
0v

ω2 =
S0
ω2

(28)

where v denotes the vehicle speed, m/s;f is time frequency,
Hz; and ω is the angular frequency, rad/s; S0 is defined as the
road roughness coefficient:

S0 = 2πGq(n0)n
2
0v (29)

Choosing the power density spectrum of road roughness
as input [26]–[28], the acceleration responses of the sprung
mass, the velocity responses of the sprung mass, the sus-
pension deflection, and the tire relative dynamic load can be
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FIGURE 8. The ratio of friction damping coefficient to total damping coefficient varying with road roughness coefficient: (a) the damping
ratio at different friction force, (b) the damping ratio at different vehicle load.

obtained as follows:

Sz̈s∗ (ω) =
∣∣Hz̈s∗ (jω)∣∣2 Sq (ω) = ∣∣Hz̈s∗ (jω)∣∣2 S0

ω2

Sż2∗ (ω) =
∣∣jωHz2∗ (jω)

∣∣2 Sq (ω) = ∣∣Hz2∗ (jω)
∣∣2 S0

Sz2∗ (ω) =
∣∣Hz2∗ (jω)

∣∣2 Sq (ω) = ∣∣Hz2∗ (jω)
∣∣2 S0
ω2

SP/G (ω) =
∣∣HP/G (jω)

∣∣2 Sq (ω) = ∣∣HP/G (jω)
∣∣2 S0
ω2

(30)

Using the James Formula [29]–[31], the mean-square
values of the vibration acceleration of the hydropneumatic
suspension, the vibration velocity of the hydropneumatic
suspension and the suspension deflection as well as the tire
relative dynamic load are further obtained:

σ 2
z̈s = σ

2
z̈s∗ =

∫
∞

−∞

∣∣Hz̈s∗ (jω)∣∣2 S0
ω2 dω

= πS0ω3
t

[
2γ ξe
µ
+

(
1+

1
µ

)
γ 3

2ξe

]
σ 2
ż2
= σ 2

ż2∗
=

∫
∞

−∞

∣∣Hz2∗ (jω)
∣∣2S0dω = πS0ωt

2µξeγ
=
πS0kt
λ

σ 2
z2 = σ

2
z2∗ =

∫
∞

−∞

∣∣Hz2∗ (jω)
∣∣2 S0
ω2 dω =

πS0 (1+ µ)
2µγ ξeωt

=
πS0 (m1 + m2)

λ

σ 2
P/G =

∫
+∞

−∞

∣∣HP/G (jω)
∣∣2 S0
ω2 dω

=
2πS0ω3

t

µg2ξe

[
1

2γ ξe (1+ µ)2
+
γ 3 (1+ µ)

2ξe

−
γ

ξe (1+ µ)
+ 2γ ξe

]
(31)

VI. PARAMETER DETERMINATION
Based on the results derived above, the linear equivalent coef-
ficients can be further determined and analyzed. Substituting
σż2 into Eq. (8) and Eq. (15), the following equivalent linear

damping coefficients can be yielded.
λ2 = 2R

√
S0ωt

µξeγ

λ3 = 0.798Ff2R

√
µξeγ

S0ωt

(32)

Assuming the parameter values as follows: R = 1.7 ×
105N × s2m2, γ = 0.2, ξe = 0.3, ωt = 60rad/s, the ratio
of the equivalent friction damping coefficient (λ3) to the
total damping coefficient (λ) varying with the road roughness
coefficient (S0) is as shown in Figure 8. Under the conditions
of lower road roughness coefficient, the friction damping is
dominant. However, the influences of friction damping on the
vehicle system would decrease with the increase of the road
roughness coefficient. By contrast, the vehicle load has little
impact on the friction damping coefficient. Generally, the
friction damping would increase with the increases of friction
force. If the friction force Ff ≤ 1kN and the road roughness
coefficient S0 ≥ 1.0 × 103m3

× m s−1, the influence of
friction damping on the vehicle performance is very slight,
and it can be neglected.

Equation (22) shows that the vibration responses (zu) of
unsprung mass to zero-mean stationary random excitation
also follows zero-mean stationary random processes. How-
ever, the vibration responses of sprung mass (zs) are nonzero
owing to the influence of the hydropneumatic suspension.
That is, the suspension is normally at expansion state,
i.e., mz2 ≤ 0, which indicates that the suspension is more
likely to generate collision and breakdown at expansion pro-
cesses. Neglecting the friction damping coefficient and con-
sidering Eq. (8) and Eq. VI, the following results can be
derived: {

λ =
3
√
8R2ktS0

k =
√
k21 −

4k22π(m1+m2)S0
λ

(33)

The parameter values are chosen as follows: γ = 0.2,
ξe = 0.3, ωt = 60rad/s, m1 = 650kg A = 0.0123m2,
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FIGURE 9. The relationship between suspension stiffness and road
roughness coefficient.

and V0 = 0.002m3. Then, the relationships between the
suspension stiffness and the road roughness coefficient are
shown in Figure 9. The road roughness coefficient has little
influence on the suspension stiffness. However, the stiffness
increases with the increase in vehicle load. This variable
behavior of hydropneumatic suspension stiffness makes the
natural frequency of the vehicle body relatively stable, which
is an important merit of the hydropneumatic suspension and
could provide better performance.

According to Eq. (33), the equivalent damping ratio and
equivalent frequency ratio are the main factors influenc-
ing riding comfort, riding safety handing stability, and sus-
pension reliability. The effects of these system parameters
on vehicle performance were analyzed through numerical
calculation, and the parameter values are chosen as listed
in Table 1.

TABLE 1. Parameter values for vehicle system.

Figure 10 shows the relationship between tire relative
dynamic load and damping ratio. There would be a minimum
tire relative dynamic load value when the damping ratio (ξe)
varies in the interval [0.3, 0.5]. Additionally, the tire relative
dynamic load is higher if the damping ratio is below 0.2.
Under the same damping ratio conditions, the tire relative
dynamic load would reduce with reduction in the frequency
ratio or increase in the vehicle load.

The relationship between tire relative dynamic load and
frequency ratio are depicted in Figure 11. When the fre-
quency ratio (γ ) is in the interval [0.1, 0.2], the tire relative

dynamic load would have a minimum value. Under the same
frequency ratio conditions, the tire relative dynamitic load
would reduce with the increase of the damping ratio. The
vehicle load has little impact on the tire relative dynamic load
because of the variable characteristic of the hydropneumatic
suspension stiffness.

As shown in Figure 12, the acceleration of vehicle body
would have aminimumvaluewhen the damping ratio (γ ) is in
the interval [0.2, 0.3]. The acceleration of vehicle body would
increase rapidly if the damping ratio is below 0.2. Under the
same damping ratio conditions, the acceleration of vehicle
body would reduce with reduction in the frequency ratio or
increase in the vehicle load.

The acceleration of vehicle body would increase approx-
imately linearly with the increase of the frequency ratio,
as shown in Figure 13. Under the same frequency ratio
conditions, it would decrease with the reduction of damping
ratio. The vehicle load has little impact on the acceleration
of the vehicle body because the hydropneumatic suspension
possesses variable stiffness characteristics.

The suspension deflection is higher when the damping
ratio is below 0.2, which indicates that a small damping
ratio would be cause suspension breakdown very easily,
as shown in Figure 14. Under the same damping ratio con-
ditions, the suspension deflection would increase with the
reduction of the frequency ratio. By contrast, the stiffness
would increase with the vehicle load, so the deflection would
stay relatively stable at different vehicle load conditions.
The vehicle load would have little impact on the suspension
deflection.

The suspension deflection would reduce with the increase
of frequency ratio, as shown in Figure 15. If the frequency
ratio is below 0.2, the suspension deflection is higher. The
suspension can have a breakdown very easily when a small
frequency ratio is designed. Consequently, the natural fre-
quency of the vehicle body cannot be reduced without lim-
itation. Comprehensively, the following design principles
are obtained through analyzing the numerical calculation
results:

The tire dynamic load would have a minimum value when
the equivalent damping ratio (γ ) is in the interval [0.3, 0.5].
However, there would be a minimum vehicle body acceler-
ation if the equivalent damping ratio (ξe) is in the interval
[0.2, 0.3]. When the damping ratio is below 0.2, the tire
relative dynamitic load, vehicle body acceleration and sus-
pension deflection are relatively higher. Consequently, it is
reasonable to choose a damping ratio above 0.2 but no more
than 0.5.

The vehicle body acceleration and the tire relative dynamic
load would linearly increase with the increase in the fre-
quency ratio. In addition, there would be a minimum
tire relative dynamic load when the frequency ratio is in
the interval [0.1, 0.2]. These conclusions indicate that a
lower frequency ratio is beneficial for reducing the vehicle
body acceleration and improving riding comfort. However,
the suspension deflection is much higher and easily leads

VOLUME 6, 2018 73767



Z. Zhang et al.: Statistical Linearization Analysis of a Hydropneumatic Suspension System With Nonlinearity

FIGURE 10. The relationship between tire relative dynamic load and damping ratio: (a) the relative dynamic load at different
frequency ratio, (b) the relative dynamic load at different vehicle load.

FIGURE 11. The relationship between tire relative dynamic load and frequency ratio: (a) the relative dynamic load at different
damping ratio, (b) the relative dynamic load at different vehicle load.

FIGURE 12. The relationship between the vehicle body acceleration and damping ratio: (a) the vehicle body acceleration at
different frequency ratio, (b) the vehicle body acceleration at different vehicle load.

to suspension breakdown if the frequency ratio is below
0.2; the suspension reliability would dramatically worsen.

Therefore, the frequency ratio should be chosen to maintain
balance suspension reliability and riding comfort.
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FIGURE 13. The relationship between the acceleration of vehicle body and frequency ratio: (a) the acceleration of vehicle body at
different damping ratio, (b) the acceleration of vehicle body at different vehicle load.

FIGURE 14. The relationship between suspension deflection and damping ratio: (a) the suspension deflection at different frequency
ratio, (b) the suspension deflection at different vehicle load.

FIGURE 15. The relationship between suspension deflection and frequency ratio: (a) the suspension deflection at different damping
ratio, (b) the suspension deflection at different vehicle load.

When the vehicle load increases moderately, i.e., the
mass ratio increases in a reasonable range, the vehicle
body acceleration reduces and the riding comfort

is improved. Meanwhile, the handing stability
and the suspension reliability are also accordingly
improved.
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FIGURE 16. The displacement and velocity of road excitation: (a) the displacement of road excitation, (b) the velocity of road excitation.

FIGURE 17. The vibration of sprung mass and unsprung mass excited by road roughness: (a) vibration of sprung mass, (b) the vibration of
unsprung mass.

FIGURE 18. The tire deflection and suspension deflection excited by road roughness: (a) the tire deflection, (b) the suspension deflection.

VII. SIMULATION AND DISCUSSION
In this section, the performances of hydropneumatic suspen-
sion system subjected to random road surface are simulated.

The parameters are chosen based on the analysis in the pre-
vious section, and the parameters for simulation are listed
in Table 2.
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TABLE 2. The parameter values for hydropneumatic suspension system.

Utilizing the integrated Gaussian white noise, the model
for random road excitation is built in the time domain as
follows:

Ṡq(ω) = n0
√
2πGq(n0)vW (t)− 2πn00vSq(ω) (34)

whereW (t) denotes the Gaussian white noise, n00 denotes the
low cut-off space frequency (here, n00 = 0.011 m−1), and v
denotes the vehicle speed (here, v = 20 m s−1).
Under specific riding conditions (C class road, and

v = 20 m s−1), the irregular road profiles and the velocity
of road excitation are obtained based on Eq. (34). As shown
in Figure 16, the maximum vibration amplitude is approxi-
mately 18 mm in the time domain, and the maximum vibra-
tion velocity is approximately 0.5 m s−1.

At the specified riding conditions mentioned above,
the vibrations of unsprungmass and sprungmass with respect
to random road excitation are shown in Figure 17. The
unsprung mass and sprung mass have the same movement
trend with road profile, which indicates that the tire can grasp
the road well and has good handing stability. The vibration
amplitudes are slightly higher than those of the road profile,
but the high frequency components are eliminated by the sus-
pension system. The elimination of high frequency vibration
is of benefit to improving the riding comfort.

The tire deflection and suspension deflection excited by
road roughness are shown in Figure 18. The suspension
deflection is slightly higher than the tire deflection, and the
suspension has lower deflection frequency. This means that
the advantages of the tire and suspension are fully used and
that the vehicle has good riding comfort. Damping ratio is
an important effect factor on the property of hydropneumatic
suspension system. The lower damping ratio would reduce
the tire deflection amplitude and frequency. Simultaneously,
the lower damping ratio would enlarge the suspension deflec-
tion amplitude and reduce the suspension deflection fre-
quency. In other words, the lower damping ratio is of benefit
to improving riding comfort, but it also increases the risk of
suspension break. Consequently, the damping ratio should be

FIGURE 19. The vibration acceleration of vehicle body excited by road
roughness.

FIGURE 20. The relative dynamic load of tire excited by road roughness.

designed suitably considering the riding comfort and suspen-
sion reliability.

The vibration acceleration of the vehicle body is another
important parameter to determine the riding comfort perfor-
mance. The lower acceleration means better riding comfort
quality. As shown in Figure 19, the maximum vibration
acceleration is approximately 0.7 ms−2 at the damping ratio
of 0.6, and the vibration acceleration is lower at the damping
ratio of 0.2, whichmeans that the hydropneumatic suspension
system has a better performance on vibration suppression at
lower damping ratio conditions.

The tire relative dynamic load is associated with riding
safety, and a lower value is considered better. The simulation
results agreed well with the numerical calculations in the
previous section. As shown in Figure 20, the tire relative
dynamic load is higher at a damping ratio of 0.2 than at the
damping of 0.6, which is detrimental to the riding comfort.
In other words, it is hard to achieve the best riding comfort
and the best riding safety at the same time. Consequently,
a suitable damping ratio should be chosen to maintain the
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balance between riding comfort and riding safety. In general,
it is better to determine the damping ratio at the intervals
[0.2, 0.5].

VIII. CONCLUSION
This study designed a hydropneumatic spring and pro-
posed the theoretical principle for parameter determination.
A quarter-vehicle model with the characteristics of nonlinear
stiffness, nonlinear hydraulic damping and nonlinear friction
damping was built. The nonlinear mathematical model was
linearized by use of the statistical linearization method on the
basis of random vibration theory. Furthermore, the transfer
functions of the tire relative dynamic load, the vehicle body
acceleration and the suspension deflection subjected to the
road roughness excitation were obtained, and the responses
to the wide band random road roughness excitation were
analyzed according to the James Formula. The influences
of the equivalent damping ratio and equivalent frequency
ratio on the vehicle riding comfort and handing stability were
analyzed. These analyses indicated that a larger damping ratio
was beneficial for reducing the tire relative dynamitic load
in the interval [0.3, 0.5], and it is also better for vehicle
body acceleration in the interval [0.2, 0.3]. Consequently,
the damping ratio was generally designed to be approxi-
mately 0.3 to maintain a balance between riding comfort
and riding safety. The vehicle body acceleration and tire
relative dynamic load would tend to decreased linearly with
the reduction of the frequency ratio. However, the frequency
ratio was generally set not less than 0.2 owing to the limitation
of the suspension deflection. A relatively higher vehicle load
was helpful for maintaining the riding comfort, the handing
stability and the vehicle safety.
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