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ABSTRACT In visible light communications (VLC), multi-color light emitting diodes (LEDs) have higher
modulation bandwidth and better chromatic property compared with traditional phosphor-converted LEDs.
For multi-color multi-input single-output (MISO) VLC systems, multiple colors of one LED are not
independent with each other since they are limited jointly with chromaticity constraint. In this paper,
we develop a novel linear optimal signal constellation (LOSC) for three-color LEDs and four-color LEDs to
maximize the minimum Euclidean distance of received signal constellation under lighting constraints. The
main signal design problem is formulated as a max–min optimization problem with continuous variables
and discrete variables. To solve this problem, we disassemble it into two parts. In the inner part, we develop
a linear optimal signal structure under maximum likelihood detection criterion for the fixed average optical
power of each color. In the outer part, we transform the non-convex optimization problem into several convex
optimization problems with polar coordinate transformations and slack variables. Combining these two
parts, our proposed LOSC design scheme shows a lower computation complexity than the exhaustive search
scheme. For different given correlated color temperature (CCT) values, the LOSC would always provide an
efficient signal design method adaptively. Simulation results demonstrate that our proposed LOSC achieves
better bit error rate performances than the conventional schemes.

INDEX TERMS Visible light communication (VLC), multi-color LED, multiple-input-multiple-output
(MIMO), constellation design, MacAdam ellipse, correlated color temperature (CCT), convex optimization.

I. INTRODUCTION
Illumination devices are now in tremendous demand and
serve as a crucial part in the modern society. Visible light
communications (VLC) emerge as the times require and
serve as strong complement of radio frequency (RF) wire-
less communications [1]–[3]. At the moment, manufacture
techniques of light emitting diodes (LEDs) have made pro-
gressive strides. As the new generation of illumination
devices, LEDs are energy-efficient, environmentally friendly
and low-cost, thus they are extensively utilized in dwelling
places, office blocks and laboratories, etc [4]–[6]. Benefited
from the far and wide employment of LEDs, VLC has
become a promising short-range wireless communication
technology [7]–[9].

In VLC systems, LED devices combine signal transmis-
sion and fundamental illumination together. Conventional
white LEDs are mostly phosphor-converted LEDs (pc-LEDs)

whose bandwidth is very narrow, ranging from several MHz
to 30MHz for different pc-LEDs. Recently, the LEDs consist-
ing of multi-color chips are increasingly used, especially red-
green-blue LEDs (RGB-LEDs) and red-amber-green-blue
LEDs (RAGB-LEDs). They accomplish white light illumi-
nation by mixing multiple monochromatic lights together
and their modulation bandwidth can achieve several times
larger than pc-LEDs [10]. Although multi-color LEDs are
more expensive and sophisticated, their higher modulation
bandwidth and natural multi-channel properties show quite
large potential of high-rate data transmission. Besides, with
the property of adjustable chromaticity, multi-color LEDs
could always provide the most appropriate color temperature
for indoor lighting.

Based on the advantageous properties ofmulti-color LEDs,
multi-input multi-output (MIMO) technique can be natu-
rally used in multi-color VLC systems [11], [12]. Unlike the
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conventional decoupled signal constellation (DSC) in wave-
length division multiplexing (WDM) which modulate
monochromatic signal of each LED chip independently,
the interference between multiple colors and joint chromatic-
ity requirements need to be considered in multi-color MIMO
VLC systems [15], [16]. Previously, a series of relative works
have been done about these issues. In [17], the optical power
allocation scheme for pulse amplitude modulation (PAM)
modulation in MIMO-VLC systems was studied under illu-
mination constraints. Moreover, due to human eyes could
not distinguish small color differences, some average optical
power allocation schemes are further proposed in a dynamic
chromaticity range with considering the interference between
adjacent colors [18], [19]. Specifically, the MISO technique
is also a practical choice and some effective constellations for
MISOVLC systems have been designed [20]. However, these
researches merely adopted ordinary PAM modulation which
in fact had not brought the property of multi-color LEDs into
full use.

As the color shift keying (CSK) modulation scheme has
been studied for a long time, the IEEE 802.15.7 CSK physical
layer standard specified the CSK format for RGB-LEDs [21]
and the issues related to the symbol mapping of three
color CSKwere promoted in numerous researches [22]–[24].
It should be known that the chromaticity of the white light
from RGB-LEDs has one-to-one correspondence with three
color optical intensities, however, the chromaticity of the
white light from multi-color LEDs (more than 3 colors) cor-
responds to many possible color intensity proportions. Hence
traditional CSK is unsuitable to be used in multi-color (more
than 3 colors) VLC systems. Although R. Singh et al. has
tried to propose an enhanced CSK scheme which uses up to
three colors at one time to achieve four-color CSK [25], it still
didn’t use up all four colors essentially. Besides, the objective
chromaticity of mixed white light from CSK modulation
stays unchangeable which makes CCT values of illuminance
resources cannot be adjusted as one wishes [26], [27]. Most
importantly, existing optimal CSK design method has high
design complexity [28]. For these reasons, our aim in this
work is to design the appropriate multi-color intensity sig-
nal constellation for MISO-VLC systems adapted to CCT
requirements under multiple lighting constraints.

Our proposed scheme in this work aims at providing a
practical signal design method for multi-color MISO-VLC
systems under multiple lighting constraints. As multi-color
LEDs can work as reliable light illuminating devices and
afford high speed data transmission, our method is appli-
cable in indoor intelligent family network for the low-cost
access and high-speed devices interaction. In outdoor sce-
narios, there are also various applications such as intelligent
traffic lighting systems and underwater wireless communica-
tions etc [10]. For example, in the underwater scenario, opti-
cal turbulence causes fluctuations and fading on the received
optical signal. Thus, multi-color LEDs would be effec-
tive to mitigate turbulence effects due to its high diversity
property.

In this paper, the main contributions of this paper are
summarized as follows:
• The signal design problem for multi-color VLC sys-
tem is formulated to maximize the minimum Euclidean
distance MED) of received signal constellation with
multiple lighting constraints, which is a max-min opti-
mization problem mixed with continuous variables and
discrete variables.

• For any fixed average optical power, the objective func-
tion of this problem is rewritten into a linear function to
get the linear optimal signal structure.

• Based on our designed signal structure, the non-convex
optimization problem is turned into several convex opti-
mization problems with polar coordinate transforma-
tions and slack variables.

• Compared with the high computation complexity of the
exhaustive search algorithm, the proposed linear optimal
signal design owns less complexity, which means strong
practicability in real-time processing.

The remainder of this paper is laid out as follows: Section II
mainly introduces the system model and our optimization
problem. Section III indicates the linear optimal signal struc-
ture and a convex optimization method is used to gain the
optimal average optical power under multiple lighting con-
straints. Performance comparison and simulation results are
demonstrated in Section IV and conclusions are drawn out in
Section V.

FIGURE 1. Graphical representation of the chromaticity specification of
solid state lighting products on the CIE 1931 chromaticity diagram.

II. SYSTEM MODEL
A. COLOR CHARACTERISTICS OF MULTI-COLOR LED
To quantify the physical pure colors and demonstrate physi-
ological perceived colors in human vision, the International
Commission on Illumination (CIE) created the first defined
quantitative color space which was called CIE 1931 XYZ
space (shown in Fig.1) in 1931 [30]. The black curve in the
diagram is Planckian locus which demonstrates the color
of an incandescent black body would take as the black
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body temperature changes. The correlated color tempera-
ture (CCT) is defined as the temperature of one Planckian
radiator whose perceived color most closely resembles a
given stimulus at the same condition [31].

Since white light chromaticity coordinate can be synthe-
sized from several monochromatic light coordinates, based
on Grassmann’s laws of additive color mixture [32], the chro-
maticity coordinate of mixed white light

(
x̂, ŷ

)
is calculated

by multiple color coordinates (xi, yi) as

(
x̂, ŷ

)
=

(
aT8
bT8

,
1T8
bT8

)
=

(∑N
i=1

xi
yi
8i∑N

i=1
1
yi
8i
,

∑N
i=18i∑N
i=1

1
yi
8i

)
, (1)

where a =
[
x1
y1
, x2y2

, · · · , xNyN

]T
, b =

[
1
y1
, 1
y2
, · · · , 1

yN

]T
are

coefficient vectors, 8 = [81,82, · · · ,8N ]T is the average
optical power vector for N colors.

Researches show that human eyes are unable to distinguish
the small color difference in a limited chromaticity area called
MacAdam ellipses. ξ -step (ξ > 1) MacAdam ellipses are
the different sizes of ellipses in practical use which can be
written as

g11dx2 + 2g12dxdy+ g22dy2 = ξ2, (2)

where g11, g12 and g22 are constant coefficients to describe
the orientation and size of ellipses, dx and dy are the differ-
ences of x and y coordinates between the points on the ellipse
border and the center point of ellipse.

On account of these studies, the American National Stan-
dard Institute (ANSI) developed an Electric Lamps standard
in 2008 [33]. It suggested that the chromaticity tolerance of
solid state lighting products (like LEDs) should be limited
in 7-steps MacAdam ellipses. The chromaticity specification
of nominal CCT values in this standard is also shown in Fig. 1.

B. MULTI-COLOR MISO-VLC SYSTEM
In multi-color VLC systems, we consider N -bit multi-color
signal symbols are totally transmitted, the transmitted sym-
bol vector of N colors is γ = [γ1, γ2, · · · , γN ]T ∈ 02N

and the symbol collection at the transmitter side is 02N ={
γ 0, · · · , γ 2N−1

}
∈ ZT+..

At the transmitter side, we allocate optical intensity qi and
direct-current (DC) component φdi to the ith bit of signal.
q = [q1, q2, · · · , qN ]T is the allocated optical power vector
for N bits. The direct-current (DC) component vector φd =
[φd1 , φd2 , · · · , φdN ]

T is added to N bits signal to guaran-
tee the constellation to be non-negative and not superposed.
Hence the ith element of transmitted optical intensity signal
vector s = [s1, s2, · · · , sN ]T ∈ S is si = qiγi + φdi ,
γi ∈ {0, 1}. S = {s1, s2, · · · ,sL} is the signal constellation
at the transmitter side. L = |S| = 2N is the cardinality of S
which denotes the constellation size. In addition, the average
optical power vector 8 which determines the illumination
chromaticity can be calculated by8 = 1

L

∑L
j=1 sj =

1
2q+φd .

At the receiver side, mixed white light intensity signal is
detected by a photo-detector (PD), the received signal can be

written as

r = hT s+ z, (3)

where r represents the received intensity signal scalar. h =
[h1, h2, · · · , hN ]T , hi represents the VLC channel gain from
the ith chip to the PD receiver. The channel matrix h is
known at the transmitter side with the help of feedback
channel [34]. z is the real valued additive white Gaussian
noise (AWGN), z ∼ N

(
0, σ 2

)
[5]. Notably, since the

diffuse light component is much lower than the weakest
line-of-sight (LOS) component received, only LOS compo-
nents are considered [35]. At last, the received constella-
tion without noise can be written as R = {r1, r2, · · · , rL},
r =

∑N
i=1 hi

(
qiγi + φdi

)
. We denote pi = hiqi,

ψdi = hiφdi and 9i = hi8i, corresponding vectors are
p = [p1, p2, · · · , pN ]T , ψd = [ψd1 , ψd2 , · · · , ψdN ]

T and
9 = [91, 92, · · · , 9N ]T . So there is r = pT ·γ +1Tψd and
9 = 1

2p + ψd . Our goal in this paper is to design the opti-
mal8, q and φd to attain the maximizedMED of the received
signal constellation under multiple lighting constraints.

III. PROBLEM FORMULATION AND
OPTIMIZATION SCHEME
A. FORMULATION OF OPTIMIZATION PROBLEM
Multi-color LEDs are the most crucial devices in multi-color
MISO-VLC systems. To achieve wireless communication
and indoor illumination at the same time, as transmitters,
multi-color LEDs should satisfy several illumination and
chromaticity constraints.

In this paper, there are following constraints considered:

1) TOTAL OPTICAL POWER CONSTRAINT
At the transmitter side, multiple chips illuminate several
different monochromatic lights and these lights are mixed
together to compose a white light. To guarantee high-quality
indoor illumination, the mixed white light is obliged to be
unflickering. So the total optical power constraint should be
satisfied:

1T8 =
N∑
i=1

8i = Pt , (4)

where 8 = [81,82, · · · ,8N ]T is the optical power vector
of N colors and Pt indicates the total average optical power
(i.e. total illumination intensity).

2) CHROMATICITY CONSTRAINT
Under most circumstances, unaided eyes could not distin-
guish small changes of color chromaticity. As we have men-
tioned in Section II, the color difference could be ignored
when the chromaticity coordinates of white lights locate in
the same MacAdam ellipse. Thus the chromaticity constraint
of CCT tolerances can be written as

g11
(
x̂−x0

)2
+ 2g12

(
x̂ − x0

) (
ŷ− y0

)
+ g22

(
ŷ− y0

)2
6ξ2,

(5)
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where (x0, y0) indicates the chromaticity coordinate of the
center point in the MacAdam ellipse.

3) ELECTRICAL AMPLITUDE CONSTRAINT
To avoid non-linear distortion, each chip of multi-color LED
ought to be at its linear dynamic range. The electrical-optical
conversion coefficient is a constant and the coefficient vector
is denoted as η = [η1, η2, · · · , ηN ]T . The electrical sig-
nal exceeding the maximum permissible amplitude AU =[
A1U ,A

2
U , · · · ,A

N
U

]T
would suffer clipping distortion. So the

electrical amplitude constraint can be written as

0 6 2η ◦8 6 AU, (6)

where the notation ◦ denotes the Hadamard product
(i.e., (A ◦ B)ij = Aij × Bij), 0 is a N × 1 vector.
Given knowledge of the channel matrix H, worst-case

pairwise error probability (PEP) criterion is employed in
this paper to optimize the signal constellation at the receiver
side [36]. For a ML receiver, PEP is determined by the
maximal MED of signal constellation [37]. Considering
above-mentioned constraints, the main optimization problem
of our research is formulated as:

dopt = max
φd ,q

min
γ
d

s.t. g11
(
x̂ − x0

)2
+ 2g12

(
x̂ − x0

) (
ŷ− y0

)
+ g22

(
ŷ− y0

)2
6 ξ2,

0 6 2η ◦8 6 AU,

1T8 = Pt , (7)

where d = |r̃ − r| =
∣∣pT · γ̃ − pT · γ

∣∣, ∀γ , γ̃ ∈ 0, γ̃ 6= γ .
In problem (7), p = h ◦q and8 = 1

2q+φd . This problem is
a mix of continuous variables φd , q and discrete variables γ ,
so it is hard to gain a general closed-form solution. We set
L (8) = max

q
min
γ
d which indicates the maximized MED

of received signal constellation and first propose the linear
optimal structure for any fixed 8. Thereupon the objective
function in problem (7) can be transferred into max

8
L (8).

With the resulting optimal8, we can obtain the linear optimal
design algorithm.

Accordingly, we would disassemble our main optimization
problem into two parts. Firstly, in the inner part, we propose
a linear optimal signal structure to attain max

q
min
γ
d with

fixed 8. Then in the outer part, we consider the optimal
solution of 8 to attain max

8
L (8) under multiple lighting

constraints. Our proposed LOSC design scheme would be
obtained after combining these two parts.

B. LINEAR SIGNAL STRUCTURE WITH
FIXED AVERAGE POWER
Before proposing the LOSC designs for multi-color LEDs
with high quality indoor illumination and communication
requirements, a linear signal structure is brought forward
for any fixed average optical power of multiple colors.

This optimization problem is summarized as

L (8) = max
q

min
γ
d

s.t. ψd +
1
2
p = 9s,

0 < 9s1 6 9s2 6 · · · 6 9sN , (8)

where d =
∣∣pT · γ̃ − pT · γ

∣∣, ∀γ , γ̃ ∈ 0, γ̃ 6= γ . 9s equals
to9 permuted in ascending order. Meanwhile, the order of pi
in p andψdi inψd also correspond to9s. Since9 = h◦8,8s
represents the correspondingly average optical power related
to sorted 9s. As we set e = γ̃ − γ , e = [e1, e2, · · · ,eN ]T

is the possible error vector, this objective function can be
simplified as max

q
min
e

∣∣pT · e∣∣. Since the objective function

in problem (8) is a mix of continuous variables pi and discrete
variables ei, it is hard to derive a closed-form solution of
problem (8). Here we consider the power allocation for N -bit
symbols so that the symbol error ei ∈ {0,±1}. Our goal in
this section is to find the optimal allocated optical power q
and DC bias φd to maximize MED min

e
d which is denoted

as dopt . Noted that min
e
d is independent of φd .

Here we would mainly study the optimal schemes for
two particular cases N = 3 and N = 4. Considering
the RGB-LEDs and RGBY-LEDs are most extensively used
multi-chip LEDs, it is meaningful for the occasions of N = 3
and N = 4 to be studied and practically utilized.

We first propose the linear optimal signal structure for
RGB-LEDs (i.e., N = 3) as follows.
Theorem 1: In a three-color MISO-VLC system, the opti-

mal allocated optical power q∗ andDC bias φ∗d of problem (8)

is as follows: When
9si
2i−1
= min

{
9s1 ,

9s2
2 ,

9s3
4

}
, i = 1, 2, 3,

there are q∗ = m·
9si

2i−2hi
, φ∗d = 8s−m·

9si
2i−1hi

,m = [1, 2, 4]T

and dopt =
9si
2i−2

. The received constellations of this linear
optimal structure are equidistant. �
The proof of Theorem 1 is given in Appendix A.
According to Theorem 1, we would draw out some

conclusions:
1) The linear optimal signal structure for N = 3 is only

determined by the received optical power vector 9s.
As the minimum element of

{
9s1 ,

9s2
2 ,

9s3
4

}
varies,

the values of optimal allocated optical power p are
different, thereby the DC bias φd and dopt also change.

2) Distances of optimal received constellation for N =
3 are always equivalent. No matter which element in{
9s1 ,

9s2
2 ,

9s3
4

}
is the minimum, the ratio of allocated

optical power p would always meet 1:2:4.
According to the optimal design for N = 3 in Theorem 1,

the linear optimal signal structure for four-color LEDs
(i.e., N = 4) is finally derived in Theorem 2 as follows.
Theorem 2: In a four-color MISO-VLC system, the opti-

mal allocated optical power q∗ andDC bias φ∗d of problem (8)

is as follows: When
9si
2i−1
= min

{
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

}
, i =

1, 2, 3, there are q∗ = w ·
9si

2i−2hi
, φ∗d = 8s − w ·

9si
2i−1hi

,
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w = [1, 2, 4, 8]T and dopt =
9si
2i−2

. The received con-
stellations in this case are equidistant. In the situation
of i = 4, there are two other cases. When

9si
ci
=

min
{
9s1 ,

39s2
5 ,

9s3
2 ,

39s4
7

}
, c =

[
1, 53 , 2,

7
3

]T
,

• if9s4 >
89si
3ci

, the distances of optimal constellations are

equivalent. There are q∗ = w ·
9s4
4h4

, φ∗d = 8s −w ·
9s4
8h4

,

w = [1, 2, 4, 8]T and dopt =
9s4
4 .

• if9s4 6
89si
3ci

, the distances of optimal constellations are

in-equivalent. There are q∗ = c ·
29si
cihi

, φ∗d = 8s−c ·
9si
cihi

,

c =
[
1, 53 , 2,

7
3

]T
and dopt = 2

3ci
9si . �

The proof of Theorem 2 is given in Appendix B.

FIGURE 2. The signal constellation comparison when
9̄s2

2 = min
{
9̄si

2i−1

}
.

9̄s = [0.08,0.12,0.32,0.48]T .

FIGURE 3. The signal constellation comparison when
9̄s4

8 = min
{
9̄si

2i−1

}
and

9̄s1
c1
= min

(
9̄sl
cl

)
,
9̄s1
c1

>
9̄s4

8 . 9̄s = [0.17,0.24,0.28,0.31]T .

Next, we would exemplify two typical possible occasions
of9s for comparing conventional signal constellation and our
linear optimal constellation in Fig. 2 and Fig. 3. For simplic-
ity, here we denoteψsum = ψd1+ψd2+ψd3+ψd4 . Noted that

the binary symbols in brackets and mathematical formulas
beside constellation points in diagrams are transmitted code-
words and corresponding intensity values, respectively.

When the normalized 9̄s = [0.08, 0.12, 0.32, 0.48]T

(i.e.,
9̄s2
2 = min

{
9̄s1 ,

9̄s2
2 ,

9̄s3
4 ,

9̄s4
8

}
), Fig. 2 depicts con-

stellation diagrams of conventional DSC on the left and our
designed LOSC on the right. Since the DSC is only designed
for satisfying chromaticity constraints without utilizing the
multidimensional joint property of multiple colors, the MED
of our designed LOSC is obviously larger than DSC so that
our scheme would show better performance.

Meanwhile, constellation diagrams of DSC and LOSC at

the time of 9̄s = [0.17, 0.24, 0.28, 0.31]T (i.e.,
9̄s4
8 =

min
{
9̄s1 ,

9̄s2
2 ,

9̄s3
4 ,

9̄s4
8

}
) are also demonstrated in Fig. 3.

In this occasion, the optimal constellation of our scheme is
non-equidistant unlike above-mentioned equidistant constel-
lations. Apparently, our proposed LOSC also owns larger
MED than conventional DSC.

According to Theorem 2, there are some conclusions sum-
marized as follows:

1) The linear optimal signal structure for N = 4 when i =
1, 2, 3 resembles the scheme for N = 3. The ratio of
allocated optical power p would always meets 1:2:4:8.
However, this equidistant scheme not always achieves
the optimal constellation.

2) When 1
89s4 is the minimum in

{
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

}
,

there exists some optimal non-equidistant occasions.
The ratio of allocated optical power p in these cases
would always meet 3:5:6:7 and dopt = 1

3p1 =
2
3ci
9si .

What is worth mentioning is that these non-equidistant
occasions only appear when N = 4 and the equidistant
scheme still works and has a good performance even
though it couldn’t achieve the maximal MED.

Noted that although our linear optimal scheme is mainly
proposed for three-color LEDs and four-color LEDs,
the problem (8) is also able to be utilized for an arbitrary N .
Since there are N ! cases to be compared for a specific 9
in problem (8), theoretical methods would not show much
advantage in deriving the optimal solution for N > 4. In that
cases, numerical search approaches are more suitable to be
used for a large N which is not discussed in this paper.

C. OPTIMIZATION OF ALLOCATED AVERAGE POWER
Above subsection states an linear optimal signal structure
when the average optical power of each chip is fixed. In this
part, the optimization of 8 is considered under multiple
lighting constraints. Therefore, this optimization problem is
equivalent to finding the optimal 8 which maximizes L (8).
In multi-color MISO-VLC systems, the impact of channel
vector h equals to scaling the amplitude of each transmitted
signal and the scaling of h could be imposed primarily to
the value of average optical power 8. After the optimiza-
tion is completed based on 9s, the impact of h can be
removed to derive the optimal solutions. So we would omit
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the calculation process of h in the following sections without
losing generality.

As the exhaustive search requires too much calculation
resources, to promise affordable complexity, we would pro-
pose a method to attain the global optimal solutions by
transferring the non-convex problem into several convex
problems. Since the first elliptical constraint in problem (7)
is non-convex, the polar coordinate of ellipse is adopted to
transform the expression in Eq. (2). as [38]. So the elliptical
constraint can be simplified as

m2
+ n2 6

(
ξbT8

)2
,

0 6 t 6 ξbT8,

m =
1
α

[(
aT − x0bT

)
cosθ +

(
1T − y0bT

)
sinθ

]
8,

n =
1
β

[(
1T − y0bT

)
cosθ +

(
aT − x0bT

)
sinθ

]
8.

(9)

where

α =

√√√√ 2

(g11 + g22)−
√
(g11 − g22)2 + 4g212

,

β =

√√√√ 2

(g11 + g22)+
√
(g11 − g22)2 + 4g212

.

(10)

The rotated angle θ is calculated by

θ=



0, for g12=0 and g11<g22;

π

2
, for g12=0 and g11>g22;

1
2
cot−1

(
g11−g22
2g12

)
, for g12 6=0 and g11<g22;

π

2
+

1
2
cot−1

(
g11−g22
2g12

)
, for g12 6=0 and g11>g22.

(11)

It could be observed thatL (8) varies from the permutation
of 91, 92, · · · , 9N . We find that the objective function in
this optimization problem is not convex, nevertheless, it is
linear in each independent 8-region. On account of this fea-
ture, the optimization problem can be transferred into some
convex optimization problems with different linear objec-
tive functions. The first constraint in problem (9) is defined
in a Lorentz cone so that this problem is transferred to a
second-order conic program (SOCP) with respect to8 and t .
Finally, the optimization problem can be disassembled into
several different convex problems as

max
8

L (8)

s.t. m2
+ n2 6 t2,

0 6 t 6 ξbT8,

m =
1
α

[(
aT − x0bT

)
cosθ +

(
1T − y0bT

)
sinθ

]
8,

n =
1
β

[(
1T − y0bT

)
cosθ +

(
aT − x0bT

)
sinθ

]
8,

0 6 2η ◦8 6 AU,

1T8 = Pt . (12)

These convex problems could be numerically solved by
optimization algorithms such as infeasible path-following
algorithms [39]. In the following section, we would handle
this problem by using the MATLAB convex optimization
toolbox CVX [40]. After comparing all the suboptimal results
L (8) in different 8-regions, we could gain the globally
optimal solution of 8. Finally, our proposed LOSC design
scheme is worked out according to Theorem 2.

D. ALGORITHMS AND COMPLEXITY ANALYSIS
In above subsections, we concentrate on the signal structure
design and the solving method of optimal problem. Next,
we will specify the algorithms of our proposed scheme and
the exhaustive search scheme in detail. Meanwhile, the com-
putation complexity of these two schemes is also analysed
and compared.

For multi-colorMISO-VLC systems, the exhaustive search
algorithm to attain the optimal received signal constellation
(represented as ESC) is given as Algorithm 1.

Algorithm 1 Exhaustive Search Algorithm
1) Given the exhaustive range of 8 and the computation
precision ε, Ne is the search-costing times. Decide each 8k
(k ∈ [1, 2, · · · ,Ne]) to find the one who satisfies multi-
ple constraints in problem (12), calculate the corresponding
L (8k). Exhaust this step for all the 8k .
2) Compare all the L (8k), the 8 attaining the maximum
value is the optimal solution.

To avoid the high computation complexity of exhaustive
search in ESC, we propose the convex optimization method
which owns decreased logarithmic complexity. The detailed
algorithm is provided in Algorithm 2.

Algorithm 2 Convex Optimization Algorithm
1) For 8 ∈ H, given the range of d ∈ [d1, d2] and the
computation precision ε, initialize dmin = d1 and dmax = d2.
2)While dmax − dmin > ε

Set dt = (dmin + dmax) /2.
Solve the convex optimization problem (12).
If problem (12) is solvable, then set dmin = dt .
Otherwise, set dmax = dt .
end

3) Calculate all the optimal dt in different regions. The 8
corresponding to the maximum dt is the optimal solution.

In the worst case, the iteration complexity of the
problem (12) is O

(
log2ε−1

)
where ε is the required accu-

racy of interior-point iterations. As the complexity per iter-
ation of a SOCP problem with the interior-point method is
O
(
N 3.5

)
[41], the complexity of our proposed optimization

scheme in Algorithm 2 is O
(
N 3.5log2ε−1

)
. The complexity

required by the exhaustive search method in Algorithm 1
is O

(
NN
e
)
where Ne depends on the required accuracy ε.

In Table 1 and Table 2, we list the computational operations
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TABLE 1. Complexity comparison at N = 3.

TABLE 2. Complexity comparison at N = 4.

of our proposed LOSC and conventional ESC with differ-
ent required accuracy. It could observed that the complex-
ity of our proposed LOSC increases logarithmically with
the decrease of required accuracy while the complexity of
conventional ESC increases exponentially with the decrease
of required accuracy. The higher accuracy requirement,
the more evident advantage of Algorithm 2. Compared to the
exhaustive search method, our proposed scheme saves a lot of
computational complexity which means strong practicability
in the real-time processing.

IV. SIMULATIONS RESULTS
In this section, we would conduct some simulations to exam-
ine the average error performance of our proposed LOSC
design scheme for RAGB-LED (i.e. N = 4, Nr = Na =
Ng = Nb = 1). The maximum forward current for each
chip is 700 mA. The electrical-optical conversion coeffi-
cients for red, amber, green, blue chips are 0.021 A/lm,
0.014 A/lm, 0.005 A/lm, and 0.015 A/lm, respectively.
The x-y chromaticity coordinates of RAGB color lights are
given as red (0.69406, 0.30257), amber (0.59785, 0.39951),
green (0.22965, 0.70992), blue (0.12301, 0.09249). In this
typical indoor multi-color MISO scenario, all the chips are
located in a small packaged LED such that the distances from
multiple chips to the PD can be regarded as the same. Only
one PD is used to detect the mixed white light illuminated
from the multi-color LED. Based on [36], the channel gain is
represented as

hi =
(m+ 1)ARδi

2πD2 cos (φ)m cos (ψ) , (13)

where the order of Lambertian emission m is given by m =
−

ln2
ln(cos81/2)

, in which the half power angle of LED 81/2

is 70◦, the detector area AR is 1 cm2, the receiver respon-
sibility δ is 0.4 A/W, the distance D between the LED chip
and PD is 2.5 m, the angle of irradiance φ and the angle of
incidence ψ are both 10◦. ML detection algorithm is adopted
at the receiver side in following simulations. Besides, Table 3
shows the detailed parameters of related MacAdam ellipses
in our simulations [42]. The CVX toolbox used in this work
is version 3.0 and MATLAB is version 2017a.

TABLE 3. Chromaticity specification of MacAdam ellipses.

A. COMPARISON BETWEEN PROPOSED LOSC AND
CONVENTIONAL DECOUPLED SCHEME
We first compare the BER performance of our proposed
LOSC design scheme with the conventional decoupled
scheme and exhaustive search results. The BER is calculated
by theMonte Carlo method and the length of transmitted data
is set to be 108 in simulations. To make a fair comparison, all
these signal constellations are with equal spectrum efficiency,
equal average optical power and under the same lighting
constraints. The main signal structures of these three schemes
are summarized as follows:

1) Proposed LOSC scheme. The constellation SL of our
proposed scheme is attained based on the linear signal
structure designed in Theorem 2 and the optimal 8
calculated from convex optimization algorithm.

2) Conventional DSC scheme. Each si from SD for the
conventional decoupled scheme takes value from OOK
(2-PAM) signal constellations independently.

3) Exhaustive search scheme. We exhaustively search all
the possible SE under constraints to gain the optimal
constellation which achieves the maximized MED at
the receiver side.

Our simulations compare the BER performance among dif-
ferent signal design schemes versus different optical signal-
to-noise ratio (SNR) for two selected CCT values when ξ = 1
and ξ = 7. The SNR is defined as Pt/σ 2 where the total
optical power Pt is set to be 100lm, thus all the colors have
not suffered any non-linear distortion.

In Fig. 4 to Fig. 6, the BER performances of different
schemes versus SNR for different CCT values (i.e, CCT =
2700 K, 3000 K, 5000 K) are shown. In Fig. 4, compared with
the conventional DSC, it can be observed that our proposed
LOSC provides the BER gain about 6.3 dB when ξ = 1
and the BER gain about 6.1 dB when ξ = 7 at the target
of BER = 10−5. As shown in Fig. 5, the performance gain
would be about 6.2 dB and 5.8 dB when ξ = 1 and ξ = 7,
respectively. Fig. 6 demonstrates BER performances for
CCT = 5000K and we can observe that our proposed LOSC
shows approximately 2.8 dB when ξ = 1 and 4.7 dB gains
when ξ = 7 than the conventional DSC. Furthermore, when
CCT = 5000K, our proposed LOSC can always gain near
BER performance with optimal ESC no matter ξ = 1 and
ξ = 7.
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FIGURE 4. BER performance comparison of different MacAdam ellipse
steps versus SNR when CCT = 2700 K.

FIGURE 5. BER performance comparison of different MacAdam ellipse
steps versus SNR when CCT = 3000 K.

Observing from Fig. 4 to Fig. 6, both of LOSC and DSC
can not compare with ESC, nevertheless, LOSC decrease
much computation complexity than the exhaustive search
while suffering less performance penalty than DSC. Besides,
when the step of MacAdam ellipse is ξ = 7, we find that
both of LOSC andDSC could attain better BER performances
than ξ = 1. This is because the useable chromaticity range of
7-step ellipse is larger than 1-step ellipse, all of these schemes
would gain superior signal constellations under more relaxed
constraints.

B. PERFORMANCE OF PROPOSED LOSC SCHEME
To reveal the performance variation of our proposed LOSC
scheme, in Fig. 7 we illustrate the normalized dopt under
different luminous flux. The step ofMacAdam ellipse is set to
be 7 and different CCT values (i.e., 2700 K, 3000 K, 3500 K,
4000 K, 5000 K, 6500 K) are considered. From Fig. 7, we can
observe that all the curves stay smooth at first but then suffer

FIGURE 6. BER performance comparison of different MacAdam ellipse
steps versus SNR when CCT = 5000 K.

FIGURE 7. The comparison of normalized maximized MED under different
luminous flux for different CCT values.

a rapid decrease and finally go into zero. The reason is that
higher optical power corresponds to higher forward electric
current which is limited under the amplitude constraint.

Next, we mainly discuss performances of proposed
LOSC before multiple colors of the LED transmitter suffer
non-linear distortion. The BER performances are depicted
in Fig. 8. It can be seen that the best performance of LOSC
is obtained at the time of CCT = 4000 K as the BER perfor-
mance approaches the optimal ESC. Furthermore, the signal
design results when CCT values are 3500 K, 4000 K, 5000 K
and 6500 K all demonstrate well enough performances. The
performance gaps between LOSC and ESC are less than
0.9 dB when CCT values are higher than 3500 K.

We also depict the variation of four colors proportions
to achieve the maximized MED versus luminous flux when
CCT = 4000 K. The proportions of four colors almost
remain unchanged at first which are 0.1333, 0.2667, 0.5333
and 0.0667, respectively. Then, all of the curves show
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FIGURE 8. The BER performance of proposed LOSC design scheme for
different CCT values.

FIGURE 9. The proportion of four colors to achieve the maximized MED
when CCT = 4000 K.

fluctuation to some extent because of the limitation of elec-
trical amplitude constraint.

Simulation results show that our proposed LOSC design
scheme provides efficient performance improvement than the
conventional scheme and costs less computation resources
despite its performance would not always be optimal. It also
indicates that LOSC can always obtain more performance
gain when the step of MacAdam ellipse is larger. We also
come to the conclusion that LOSC with higher total opti-
cal power would suffer some degree of performance loss
due to the electrical amplitude constraint of LED transmit-
ter. In addition, the optimum communication performance
of LOSC for ξ = 7 is attained when CCT = 4000 K
which derives the optimal signal constellation as same as the
exhaustive search.

V. CONCLUSIONS
In this paper, we have investigated a multi-color MISO-VLC
system in which multi-color LEDs are utilized to transmit

the VLC signal. Considering that the color mixing from
multiple chips should comply certain proportions to satisfy
illumination and chromaticity demands, we have developed
a signal constellation to maximize MED of received sig-
nal constellation with multiple lighting constraints. Since
the optimization problem consists of continuous variables
and discrete variables, we disassemble it into inner part
and outer part. At first, in the inner part, the linear signal
constellation structure for any fixed average optical power
has been attained by theoretical derivations. Then, through
a series of polar coordinate transformations and the usage
of slack variables, the outer non-convex problem has been
reformulated as some convex problems. Optimal results of
average optical power adapted to CCT values have been
attained so that our proposed LOSC designs finally yield.
Simulation results have testified that the performances of
LOSC are better than the conventional DSC in most cases.
In the future, more workable signal design schemes based
on more than four colors VLC systems wait to be further
investigated. Our proposed scheme in this work aims at pro-
viding a critical method of power allocation and signal design
for multi-color MISO-VLC systems with different lighting
constraints.

APPENDIX
A. PROOF OF THEOREM 1
In multi-color MISO-VLC systems, on the condition of 0 <
p 6 29s, 0 < 9s1 6 9s2 6 · · · 6 9sN , when DC bias is
left out, if we suppose that pi > pj at the moment of i < j,
due to 0 < pi 6 29si , 0 < pj 6 29sj and 9si 6 9sj ,
we derive that 0 < pj 6 pi 6 29si . Thus, larger constellation
distances could always be attained while swapping pi and pj
(i.e., pi < pj). All the situation of pi > pj would
never be superior to pi < pj. Therefore, the order of
p1, p2, · · · , pN in the optimal received constellation is always
p1 < p2 < · · · < pN .
For N = 3, the objective function in problem (8) can be

rewritten asmax
p

min (p1, p2, p3, p2−p1, p3−p1, p3−p2, p2+

p3− p1, p1+ p3− p2, |p1 + p2 − p3|) [43]. According to the
sign of (p1 + p2 − p3), there are two possible cases:
Case 1: If p1 + p2 > p3, the objective function could be

simplified as max
p

min (p2−p1, p3−p2, p1+p2−p3). Firstly,

if min
e
d = p2−p1, this problem is a linear programming (LP)

problem which could be written as

LP1 : max p2 − p1
s.t. p2 − p1 < p3 − p2,

p2 − p1 < p1 + p2 − p3. (14)

On the basis of [44, Th. 2.7], since the feasible set of this
problem is nonempty and bounded, it is easy to prove that
the maximized d is obtained when the basic feasible solution
is p = [1, 32 , 2]

T p1. Similarly, when min
e
d = p3 − p2 or

min
e
d = p1 + p2 − p3, we could also get the same result.

Therefore, the optimal d was dopt = 1
2p1.
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Then this question is further simplified as maximizing p1
subject toψd1+

p1
2 = 9s1 ,ψd2+

3
4p1 = 9s2 ,ψd3+p1 = 9s3

and ψd1 , ψd2 , ψd3 > 0. These constraints can be transferred
to 0 < p1 6 min

(
29s1 ,

4
39s2 , 9s3

)
. As we set the constant

vector u =
[
1, 32 , 2

]T
, when

9si
ui
= min

(
9s1 ,

2
39s2 ,

1
29s3

)
,

the optimal p∗ = u ·
29si
ui

, ψ∗d = 9s−u ·
9si
ui

and dopt =
9si
ui
.

So the optimal q∗ = u ·
29si
uihi

and φ∗d = 8s − u ·
9si
uihi

.
Case 2: If p1 + p2 < p3, the objective function could

be simplified as max
p

min (p1, p2 − p1, p1 + p2 − p3). Opti-

mizing method here resembles the case 1, the dopt = p1 is
obtained when p = [1, 2, 4]T p1. So dopt is determined by
min(9s1 ,

1
29s2 ,

1
49s3 ). As we set the constant vector m =

[1, 2, 4]T , when
9si
2i−1
= min

(
9s1 ,

9s2
2 ,

9s3
4

)
, the optimal

p∗ = m ·
9si
2i−2

, ψ∗d = 9s −m ·
9si
2i−1

and dopt =
9si
2i−2

. So the

optimal q∗ = m ·
9si

2i−2hi
and φ∗d = 8s −m ·

9si
2i−1hi

.
Considering above two cases, no matter which element

in
(
9s1 ,

2
39s2 ,

1
29s3

)
is the minimum, dopt in Case 1

always not compare with Case 2. So the linear optimal
signal structure is as Case 2. The proof of Theorem 1 is
completed. �

B. PROOF OF THEOREM 2
For N = 4, based on Theorem 1, we infer that the linear
optimal signal structure for N = 4 resembles N = 3.
That is to say, when

9si
2i−1
= min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
, i =

1, 2, 3, 4, there are p = w ·
9si
2i−2

, ψd = 9s − w ·
9si

2i−1hi
,

w = [1, 2, 4, 8]T and dopt =
9si
2i−2

. It could be proved that
this scheme is feasible but it may not be the optimal scheme
for N = 4. To examine whether this deduction is correct,
we assume that there exists d̂ = mind > dopt . For all the d =
|p1e1 + p2e2 + p3e3 + p4e4|, they will satisfy d > d̂ > dopt .
Noted that 0 < p 6 29s.
When 9s1 = min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
, there is p1 >

dopt = 29s1 which is a contradiction. Hence dopt = 29s1 .

When
9s2
2 = min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
, there are p2 −

p1, p1, p2 > dopt = 9s2 . Because of 9s2 < p1 < p2 6 29s2 ,
we can get p2 − p1 < 29s2 − 9s2 = 9s2 which is a
contradiction. Hence dopt = 9s2 .

When
9s3
4 = min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
, there is dopt =

1
29s3 , 0 < p1 < p2 < p3. If p1 + p2 < p3, 0 < p1 <
p2 < p1 + p2 < p3, there is p3 > 4d̂ = 29s3 which is a
contradiction. If p1+ p2 > p3, 0 < p1 < p2 < p3 < p1+ p2.
Because of p3−p2 > d̂ and p1+p2−p3 > d̂ , p1 > 2d̂ . Then
p3 > p1 + 2d̂ > 4d̂ = 29s3 which is still a contradiction.
Hence dopt = 1

29s3 .

When
9s4
8 = min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
, there is dopt =

1
49s4 , 0 < p1 < p2 < p3 < p4. If p1+p2+p3 < p4, p4 would
become the ninth constellation point then p4 > 8d̂ = 29s4

which is a contradiction. If p1 + p2 + p3 > p4, there are two
different cases as follows:
Case 1: p1+p2 < p3. It could be derive that 0 < p1 < p2 <

p1+p2 < p3 < p1+p3 < p2+p3 < p1+p2+p3. According to
the possible values of p4, there are several different situations,
1) p2 + p3 < p4 < p1 + p2 + p3. p1 = p1 + p2 + p3 −

(p2 + p3) > 2d̂ , we could derive p4 > p1+6d̂ > 8d̂ = 29s4
which is a contradiction. Hence dopt = 1

49s4 .
2) p1 + p3 < p4 < p2 + p3. We can get p1 + p4 < p1 +

p2 + p3. Then, p1 + p2 + p3 − (p1 + p2) > 6d̂ , so p4 >
p3 + 2d̂ > 8d̂ = 29s4 which is a contradiction. Hence
dopt = 1

49s4 .
3) p3 < p4 < p1+ p3. We can get p1+ p4, p2+ p4 < p1+

p2+p3. Then, p1+p2+p3−(p1 + p2) > 7d̂ , so p4 > p3+d̂ >
8d̂ = 29s4 which is a contradiction. Hence dopt = 1

49s4 .
Case 2: p3 < p1 + p2. It could be derived that 0 < p1 <

p2 < p3 < p1 + p2 < p1 + p3 < p2 + p3 < p1 + p2 + p3.
According to the possible values of p4, there are also several
different situations,
1) p2 + p3 < p4 < p1 + p2 + p3. We can get p1 + p3 −

p2 > 3d̂ . Then p3 > p2 − p1 + 3d̂ > 4d̂ , so p4 > p3 +
4d̂ = 8d̂ , which is a contradiction. Hence dopt = 1

49s4 .
2) p1 + p3 < p4 < p2 + p3. We can get p2 + p3 − p4 > d̂ .

Then p2 > p4 − p3 + d̂ > 4d̂ , so p4 > p2 + 4d̂ = 8d̂ which
is a contradiction. Hence dopt = 1

49s4 .
3) p1 + p2 < p4 < p1 + p3. We can get p1 + p3 − p4 > d̂

Then p1 > p4 − p3 + d̂ > 3d̂ , p2 > p1 + d̂ > 4d̂ , so p4 >
p1 + p2 + d̂ > 3d̂ + 4d̂ + d̂ = 8d̂ which is a contradiction.
Hence dopt = 1

49s4 .
4) p3 < p4 < p1 + p2. According to the values of p2 + p3

and p1 + p4, there are two different situations,
(a) 0 < p1 < p2 < p3 < p4 < p1 + p2 < p1 + p3 <

p2 + p3 < p1 + p4 < p1 + p2 + p3. (p1 + p4) − p4 > 4d̂ ,
then p1 > 4d̂ . p1+ p4− (p1 + p3) > 2d̂ , so p4 > p3+ 2d̂ >
p1+2d̂+2d̂ > 4d̂+2d̂+2d̂ = 8d̂ , which is a contradiction.
Hence dopt = 1

49s4 .
(b) 0 < p1 < p2 < p3 < p4 < p1 + p2 < p1 + p3 <

p1 + p4 < p2 + p3 < p1 + p2 + p3. Unlike aforementioned
cases, there is no contradiction could be derived in this sce-
nario. Here we can get the entire order of constellation points,
then the objective function in Eq. (8) could be rewritten as
max
p

min (p1, p2 − p1, p3 − p2, p4 − p3, p1 + p2 − p4, p2 +

p3 − p1 − p4). Because of p1 > p1 + p2 − p4 and p2 − p1 >
p2+ p3− p1− p4, the objective function is further simplified
as max

p
min (p3−p2, p4−p3, p1+p2−p4, p2+p3−p1−p4).

If min
e
d = p3−p2, the same as proof of theorem 1, this linear

programming problem can be written as

LP2 : max p3 − p2

s.t. p3 − p2 < p4 − p3,

p3 − p2 < p1 + p2 − p4,

p3 − p2 < p2 + p3 − p1 − p4. (15)
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It is easy to confirmed that the maximized d of this
LP problem is obtained at the basic feasible solution p =
[1, 53 , 2,

7
3 ]
T p1. As well, if min

e
d = p4 − p3 or min

e
d =

p1 + p2 − p4 or min
e
d = p2 + p3 − p1 − p4, we could

also get the same results. Hence the optimal value of d is
dopt = 1

3p1. This question is further simplified as maximizing
p1 subject to ψd1 +

1
2p1 = 9s1 , ψd2 +

5
6p1 = 9s2 , ψd3 +

p1 = 9s3 , ψd4 +
7
6p1 = 9s4 and ψd1 , ψd2 , ψd3 , ψd4 >

0. These constraints can be transferred to 0 < p1 6
min

(
29s1 ,

6
59s2 , 9s3 ,

6
79s4

)
. Therefore, as we set c =[

1, 53 , 2,
7
3

]T
, when

9si
ci
= min

(
9s1 ,

3
59s2 ,

1
29s3 ,

3
79s4

)
,

the optimal p∗ = c·
29si
ci

,ψ∗d = 9s−c·
9si
ci

and dopt = 2
3ci
9si .

So the optimal q∗ = c ·
29si
cihi

, φ∗d = 8s − c ·
9si
cihi

.
As a result, the linear optimal signal structure in N = 4

when
9s4
8 = min

(
9s1 ,

9s2
2 ,

9s3
4 ,

9s4
8

)
is determined by the

value of 1
49s4 and

2
3ci
9si .

If 9s4 >
8
3ci
9si , i.e.,

1
49s4 >

2
3ci
9si , the optimal con-

stellation distances are equivalent. p∗ = w ·
9s4
4 , ψ∗d =

9s−w·
9s4
8 ,w = [1, 2, 4, 8]T , and dopt =

9s4
4 . So the optimal

q∗ = w ·
9s4
4hi

and φ∗d = 8s − w ·
9s4
8hi

.
If 9s4 <

8
3ci
9si , i.e.,

1
49s4 <

2
3ci
9si , the optimal con-

stellation distances are in-equivalent. p∗ = c ·
29si
ci

, ψ∗d =

9s − c ·
9si
ci
, c =

[
1, 53 , 2,

7
3

]T
, and dopt = 2

3ci
9si . So the

optimal q∗ = c ·
29si
cihi

, φ∗d = 8s − c ·
9si
cihi

.
Considering above two cases, there are only one situa-

tion in Case 2 which dissatisfy our initial assumption. After
summarizing all the conclusions, the linear optimal signal
structure for N = 4 is written as Theorem 2.

The proof of Theorem 2 is completed. �
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