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ABSTRACT This paper studies the global existence and uniqueness as well as asymptotic behavior of
the reaction-diffusion bidirectional associative memory neural networks with S-type distributed delays
and infinite dimensional Wiener processes. The conspicuous characteristics of this system are neurons in
one layer interacting with neurons in another layer and the noise which disturbed this system has both
time and spatial structure. First, several inequalities are proposed and proved for the preparation of future
study. Then, the system is coped in the framework of semigroup theory and functional space. Furthermore,
the local existence and uniqueness of mild solution for this system is proven by using the contraction
mapping principle coupled with many functional inequalities such as Young inequality, Burkholder—Davis—
Gundy inequality, Poincaré inequality. The global well-posedness are proven through a prior estimate from
constructing appropriate Lyapunov—Krasovskii functional. Moreover, the existence of equilibrium is solved
by using the topological degree theory and homotopy invariance. At last, the globally exponential stability of
the equilibrium in the mean square sense is studied by constructing appropriate vector Lyapunov—Krasovskii
functional and using an improved inequality proposed by us. The criteria of stability are given in the form
of matrix form. It is easy to verify them in the computer and they will have a wider application. We give an
example to examine the availability of our result, and the code is performed in Matlab. The approach used
in this paper can also be extended to other systems.

INDEX TERMS Reaction-diffusion BAM neural network, existence and uniqueness, S-type delays,
Lyapunov-Krasovskii functional, Wiener processes.

I. INTRODUCTION

Bidirectional associative memory neural networks
(BAMNNSs) are first proposed by Kosko [1], [2], which
have two fully connected layers. This characteristic allows
it to store multiple patterns and to search the goals in
both forward and backward directions. Now BAMNNSs have
captured much more attention due to their practical appli-
cation in pattern cognition and optimization [3]-[12]. The
original BAMNNSs are ideal models which are described
by ordinary differential equations. However, much more
factors must be considered in real operating surroundings
in order to describe this system accurately. For example,
Marcus and Westervelt [13] point out that it is necessary

to consider delays in the signal transmission process, since
BAMNNSs with delays may be more preferable in theory
and application. This type of BAMNNS is studied under the
framework of functional differential equations. On the other
hand, noise is unavoidable in the real world, since it can
destabilize the BAMNNS, and cause oscillation and the bifur-
cation of this system [4], [14], [15]. The effect of reaction-
diffusion is also inevitable in the operation when electrons are
moving in an asymmetrical electromagnetic field [14]-[19].
Through above analysis, BAMNNs will be more precise if
delay, diffusion and noise are incorporated into this model.
BAMNNS with these factors are called stochastic delayed
reaction-diffusion BAMNNs (SDRDBAMNNSs) which have

2169-3536 © 2018 IEEE. Translations and content mining are permitted for academic research only.

VOLUME 6, 2018

Personal use is also permitted, but republication/redistribution requires IEEE permission. 69265

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-1046-5472

IEEE Access

X. Liang, R. Wang: Global Well-Posedness and Dynamical Behavior

captured many attentions of the scholars [17]-[20]. Due to
the complexity of this model, there is still little literature in
this field.

Although this paper is motivated by previous paper in
SDRDBAMNN:S, it has several characteristics which are dif-
ferent from previous ones. Firstly, the space-time Wiener
process is used rather than standard Wiener process since
this type of noise not only depends on time ¢ but also on
space x, which can describe the system more accurately in
theory [14], [15], [21]. Unlike the noise studied previously,
this type of noise is defined on an infinite dimensional Hilbert
space instead of usual Euclid space. Roughly speaking, it can
be expressed as the series of independent standard Wiener
processes coupled with appropriate weights related to base
function of Hilbert space. To the best of our knowledge,
there is no article on DRDBAMNNS disturbed by this type
of noise yet. Then, SDRDBAMNNS fall in the regime of
stochastic partial functional differential equations (SPFDEs),
they will be more powerful in theory if considered in an
abstract Banach space. However, almost all the models in the
existing literature are solved in the usual Euclidean space.
Secondly, there is no general condition for existence and
uniqueness for PDEs as the Lipschitz condition for ODEs, it is
also true for the SDRDBAMNN:S. So it is necessary to find
and prove the criteria of existence and uniqueness of this sys-
tem before we study the long-time behavior of RDBAMNNS
driven by infinite-dimensional Wiener processes. However,
itis not an easy work, since the spatial structure of this system
will also pose a heavy burden on our research. For example,
the mathematical theory of global well-posedness of Navier-
Stokes equation in three dimensions is still not well-solved.
As to our model, it can be regarded as a PDE coupled with
delay and stochastic effect, and both the structure of them
are complex, let alone different states variables interact with
each other. No one has attacked the existence and uniqueness
of this model yet. Although this work is the prerequisite
of studying the quantitative and qualitative behavior of this
system. Thirdly, we must also point out long-time behavior
is based on the global well-posedness. It will be a challenge
for us to prove the global well-posedness of this system since
its complexity. New tools and new space must be introduced
in this article to solve this problem. Fourthly, the application
of BAMNNSs depends on the stability of equilibrium of it
in some sense, so it is important to study the stability of
equilibrium of this system. However, we do not know whether
the equilibrium exists or not in this new model. Due to
complexity of this system, how to prove the stability of this
system? What is the convergence rate of this system to the
equilibrium? At last, we need criteria which are wide enough
for application. The usual criteria of BAMNNSs are based on
the LMIs, but they can’t be used in the system driven by
infinite dimensional Wiener processes.

In addition, in the topological structure, BAMNNS con-
tain two layers of neurons, X-layer and Y-layer. X-layer
and Y-layer are fully connected to each other. The sizes of
X-layer and Y-layer are different, which means the states
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variable must be treated in different functional spaces, and
the harmony between these two spaces is also need to take
in account in this paper. In other words, we need to use the
Descartes product of two functional space. On the other hand,
the weight matrix of BAMNNS is not square when compared
with Hopfield neural networks. So the method based on the
square matrix can’t be used to solve this model, we must
also pay attention to this point in application. These are the
main difficulties we confronted when compared with delayed
reaction diffusion Hopfield neural networks in our previous
paper [15].
In mathematics, it has the following expression

du = (V- (D*(x) o Vu) —

0
+Wf(| v(tCs,x)dy,(s)) + Idr + P(v)dB
—r
dv = (V- -D’(x)o Vy) —
0
+Tg(| u(tCs,x)dn,(s)) +J)dt +Q(u)dB (1)
where u(t,x) = (6, x),...,unt,x)T € R™ rep-
resents the state vector of X-layer, and v(t,x) =

1(t, %), ..., va(t,x))T € R”" denotes the state vector of
Y-layer. Both of them depend on time ¢ and space x. x € O,
O is a connected compact set in R with smooth boundary.
The superscript T’ presents the transpose. D* = (D")mxm,

= (D ),,X n are positive real matrices of dlffusmn coef-
ficients of X-layer and Y-layer neurons respectively, which
are determined by the Fick’s law. Moreover, V denotes the
gradient operator, and D* o Vu is the Hadamard product of
matrix D* and Vu, i.e. D* o Vu = (DZ gx’ )mx1, We also have

_ v
D’ oVy = (DUa

u 8141
(Z a—xj(Dlj<x)8—xj),

|t
XZ O

)n><l

V. (D*(x) o Vu) =

V. (D'(x)o Vv) =

a vy
(Z o Py
x Z

C = diag(cy,c2, -+ ,cm) and D = diag(dy, do, - - - , d,) are
positive real diagonal matrices which represent the rate of
neurons can reset their potential to the resting state in iso-
lation in X-layer and Y-layer respectively when disconnected
from the networks and the external inputs of the Y-layer.

W = Wijmxn and T = (#;)uxm are the connection
weights matrix of X-layer and Y-layer respectively, it should
be noted that the sizes of W and T are different in the usual
condition, so they are not square matrix, it is also the difficulty

(D” ”))T.
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in the study of this system. I = (I}, I, ---,1I,)T is the
external input of the X-layer and J = (J1,J2, - ,J,,)T
denotes the external input of the Y-layer. The nonlin-
ear diagonal functionals f(») = (fi(v1),...,fu(v,))" and
gw) = (g1(u1), ..., gm(un)T are activation functionals of
the X-layer and Y-layer respectively.

The delay r is represented in the Lebesgue-Stieljies inte-
gral form, which is caused by the neuron processing and
signal delivery.

0
v(t C s, x)dny,(s))
0 0
= (fi(| vit+s,x)dny1 (), (| valt+s, x)dnya(s)),- - -,
0 0
Fol| vn(t + 5. 00dnm)N T g(|  u(t Cs,x)dnu(s))
0 0

= (g1() ui1(t+s,x)dn,1(s)), ga(

0
gn( | wn(t + 5, )d0m()T.

—r

up(t+s, X)dni2(s)),- - -,

Nui(8), nyj(s),i = 1,2,--- ,m,j = 1,2,---,n are nonde-
creasing functions with bounded variation. It means there
exists constants Ki",KjV,K,i =1,2,---,mj=12,---,n
such that fi)r dnui(s) = K < K,f?rdnvj(s) =K/ =K.
For convenience of study, we construct the matrix K, =
diag{K{, K5, -+, Ky}, and K, = diag{K{,K;,--- , K)}.

According to the theory of functional differential equations
in Hale and Lunel Verduyn [22], delay can be categorized
into discrete delay and distributed delay. And these delays
are included in the Lebesgue-Stieljies form, so our model is
more general than those studied previously.

The initial and adiabatic boundary conditions of (1) are
given by

u1 8u2 Bum
oo = (- =)=
T av
gv A Vl v aVn T 2)
—lo=(—,—,...,—) =0
av v dv ov
u(s,x) = ¢(s, x), v(s, x) = ¥(s,x)
dui o dup dui QuiNT v _
waherea—r < ; <0, 3 = (8x1 T ’W) N
LAY ViNT _ _
(ﬁ5a_x/29“'9a_le) — 1,2,"‘,}’”,] - 1725."5}1

00 is the boundary of O with Lebesgue measure 0. ¢ =
(@1(5, %), P2(s, %), - -+, pm(s, %))" and
v = Wi(s,x), ¥o(s,x), -+, Yuls, x))T are bounded and
continuous functions in [—r, 0] x O.

Random fluctuation phenomenon is described though the
Wiener process B(t,x) = (B1(t,x), B2(t,x), - - -, Bs(t, )T,
Compared with standard Wiener process, it not only depends
on the time ¢, but also the space variable x, and will be
described clearly in the later chapter. The intensified noise
PdB and QdB represent response of the neuron to a current
impulse associates with the local potential.
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Il. MODEL DESCRIPTION AND PRELIMINARIES
Now we list some notation which will be used in the following
sections.

e X x Y is the Cartesian product between Banach spaces
XandY;

o If L?(O) is the space of real Lebegue measurable func-
tions on O, it is a Banach space when equipped with the
Lo-norm [[u(t)||2 = ([ lutt, x)dx)?;

« U £ (L))", when equipped with the norm
lully = (fo ||u||2Rmdx)%, it becomes a Banach space,
where |u|%{m denotes the usual Euclid norm of R™.
When endowed with the inner product (u,v)y =
fo(u, v)rndX, it becomes a Hilbert space, where
(u, v)rm denotes the usual inner product of R™;

o U £ {ulu € {LXO)}™, 2|30 = 0}, when equipped
with the norm as that in U, it also becomes a Hilbert
space'

o L (wueU,Vu e U,
w1th the norm |||u|||y =
Hilbert space;

o V £ {L?*(0)}" denotes the Hilbert space, equipped with
the norm ||v||ly = (fO ||v||R,,dx)2 and inner product
@ v)v = [o, VIRrdX;

« VE e {L2O), avlao = 0}

e VEpPeEV, WweV, 20 =0}

e C(U)% C([—r,0],U) is the set of all continuous map-
pings from interval [—r, 0] to Banach space U with the
topology of uniform convergence, when equipped with

the sup-norm |l@|lcyy = sup |l@(s)|ly, it becomes a
—r<s<0

” Solao = 0}, when equipped
||Vu||U, it also becomes a

Banach space;

e BC([—r,0], U) is the Banach space of all bounded and
continuous operators from [—r, 0] to U, and it is clear
that BC([—r, 0], U) C C(U);,

e Foru e U,C(U) > us(s,x) = u(t +s,x),Vs € [—r, 0];

e Forw = (u, )T, wH £ (lu|, v)T;

o Forwi = (ui, vi)T, wa = (uz, )T, if uy < un, vi <o,
we say wi < wp;
o Let W = Wimsn: [WllF = (Z Z w2)2 denotes the

i=1j=1
Frobenius norm of matrix W, =
o A matrix W = (Wjj)mxn is said to be positive, if w;; >
0,i=1,2,--- ,mj=1,2,---,n
o Avectoru = (uy, up, - -, uy) is also said to be positive,
ifu;>0,i=1,2,---,n

B(t,x) = B(t,x)(w) is a Wiener process with values in
the separable Hilbert space K with expectation EB = 0 and
covariance E(B(¢), u)g (B(s), v)xk = (t A s)(Qu, v)K, Vs, t >
0,u,v € K, (-, )k denotes the inner product of K, where
t A s = min{t, s}. Let {e,,}fjil is an orthogonal basis of
K, Q is a Hilbert-Schmidt operator such that Qe, = «,e,,
which means Q is a positive definite, symmetric, self-adjoint

o

operator having a finite trace trQ £ Y} a, < +00, {Bnlne s

n=1
is a sequence of mutually independent standard Wiener
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processes in (€2, F, IP), with these notations B can be written
o0
as B = Y Ja,Bn(t)e(x). L (Ko, U) is the space of all
n=1
Hilbert-Schmidt operators from 1K £ Q%(]K) into U, when
equipped with the norm ||®|], £ /tr((®QP*) it becomes a
Hilbert space, where ® € % (KK, U), ®* denotes the adjoint
of ®. For more information, please see [15], [22].
Three inequalities are introduced in this section for
later use.
Lemma 1: Letw = (u, v)T, with u, v > 0, and let it satisfy

d_w < —-Aw+B sup w(t+06)
dr — _rfepfo 3)
w(®) = (¢©), yO)NT, ¢, ¥ € BC([—r,0], R)

whereA:|:aO 2],8 |:Od 0j| Ifa,b,c,d,t,r >0,
and « — 8 > 0, with « = min{a, b}, 8 = max{c, d},
then there exists a positive vector k = (k, k)T and positive
constant ¢, such that

w < exp{—gt}k. (@]
Proof: Let z = u + v, from (3), we can see that
dz
& < —au—bv+c sup v(t+60)+d sup u(t+0)
dr —r<6<0 —r<6<0
< —az+ B sup z(t+0) ©)
—r<6<0
with ¢ = min{a, b} > 0, 8 = max{c,d} > 0.
Let
d +B sup z(r+6)
-— = —UZ Z
dr _rffgo (6)

20) = ¢(0) + ¥ (0), ¢, ¥ € BC([—r, 0], R).
We suppose the solution of (6) has the form z(r) =
k exp{—At}, substitute it into (6), we then get
—A = —a + Bexp{rr}. @)
Defining

f(x) £ x —a + Bexpiar}. (3)

From (8), we have f(x) < 0,ifx < 0.f(0) = —a+8 <0,
and XETOO f(x) = 400, from the intermediate theorem, the
system (7) has a solution in R*. On the other hand, f'(x) =
1 + Brexp{xr} > 0. According to the implicit theorem, the
system (7) has a unique zero point in R™.

It follows that if « — 8 > 0, then there exists a constant
¢ > O such that z(r) = %1 exp{—c¢t} is a solution of equation
(6), with k1 = |¢(0)] + [ (0)].

By the comparison principle, we can deduce from (5) that
there exists positive constants k and ¢ such that

7z < exp{—ct}k )

with k = (I¢llc + ¥ ]lo)-
Since z = u + v, u, v > 0, we also have

w= (5) < (i) < exp{—gt}k (10)

with k = (k, k)T. [
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Lemma 2: Let W = (Wipmxn, 4 = (U1, uz, - )T,
v = (V] s V2, Vn)T’ f(u) = Wg(u)’ g =
(g1(u1), g2(u2), - -+, gn(u,,))T, diagonal maps g; satisfies the
global Lipschitz condition |g;j(u;)) — gi(vi))| < ojlui —

vilLoj > 0.¥i = 1,2,---.n, then |If(@) — f®)|rn <

Jnoy |W\rllu — v|re, where |u||gm represents the usual
norm of R”, ||u||g» represents the usual norm of R”, oy =
max{o, 02, -+ , Op}.

Proof:

(fF @) —f0).f @) —f )rm
(W(g(u) —8(), W(gu) — g))rm

= Z(Z wii(gi(u)) — gi(v)*

i=1 j=1

= 33 wwa(giu) — GO — gx ()

i=1 j=1 k=1

<3 Y i) — )

i=1 j=1 k=1

n % 33 w2k — gk i)

i=1 j=1 k=1

=) Y g — g

i=1 j—l

n(Z Z w,,)(Z(g,(u,) — &)

11]1

n(Z Z w; )(Zaz(u, —v))
j=1

11]1

noM(Z Z W; )(Z(u, —v))

i=1 j=I

N

N

N

2 2
= noy||Wlgllu— VII]Rn~

The proof is finished. [ ]
We can infer from Lemma 2 that
Lemma 3: Iff (u) = Wg(u), by using the same assumption
and notations as that in Lemma 2, we have |[f(u)||Rm <
20W 13 18(0) s + 2107, W12 ey
Proof: Letv = 0 in Lemma 2, by using the triangle
inequality, we have

If @l < IfO)llrn + /nou W [Fllullgs.

By using the basic inequality 2ab < a® 4 b?, and definition
of f, we have

f @1%n < 20f O &m + 2007 |WI[2 ||z ]| %
< 20| W |2 g(0) |3 + 2n0 5 | WI|% ul| 3.

Ill. MAIN RESULTS
Let us first define the linear unbounded operator as follows:

2 :DRL)elU—-U
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Aiu =V .- Dx)oVu),u € D) (11)
2 DR eV >V
Ay =V - (D¥(x) o V), v € D) (12)

and D) = {u|V - (D*(x) o Vu) € UYU, DRL) =
v|V-D'(x)o Vyv) e VI V.
Then, the Nemytskii operator is difined as follows:

U vt Cs)an,(s) =£(° vt + 5, x)dny(5)
g0 u(t + 9)dnu(s)) = g(f° u(t + s, x)dnu(s)).

With these tools, we can rewrite the system (1) in the more
abstract form

d_u =Au—Cu

+WE(SC, v(t Cs)dny(s)) + I + P(v(t))dB

dd—: = Aoy — Dy (13)
+Tg(f°, u(t + $)dna(s)) +J + Q(u(t))dB

u(s) = ¢(s), ¥(s) = ¥(s), —r <5 <0,

($(s), ¥(5)) € BC([—r, 01, U) x BC([—r, 01, V).

The following assumptions are needed in this paper.
H1  The diagonal activation function f;, g; and the
noise intensifying function P, @ satisfy the global
Lipschitz condition

[fi(x) = i) < ailx =yl

1gi(x) — g < yjlx =yl
IP(v1) —P(v2)llv < killvi —v2llv
Q1) — P(u2)llu < kelluy —uzlly  (14)

with y;, 01, k1, ko > 0,Vx,y € R,vi,v» €
Viu,ueU,i=12,--- ,n,j=1,2,--- ,m

H2 There exists a positive constant «, such that D;. >
-7 and Dl]:j > &, wherei = 1,2,--- ,m, k =
1,2, ,nj=12 -1

H3 (ks + 2¢L? — k3 — 1) A (2kis + 2a0L? —
k=1 > @lWlzogK*) v T I;ygK?),
where a V b = max{a, b},a A b = min{a, b},
kia = min{ci,c2, - ,cm} > 0, k15 =
min{d,, d>, --- ,d,} > 0.

Theorem 4: From H1, we have

IFOIZ < 21F O3 + 202|135
lg@)lz < 21gOIF + 2y 2 ullf (15)

max{oy, 03, - - max{yy,

where oy = ,Onts YM =

Y2, 0, Vm}'
Proof: From H1, we can see that Vv; € R

[fivol = ViO)] + Ifivi) — fiO)] =< [fi(O)] + oilvil.  (16)
By using the Cauchy inequality, we have
ivdl* < 2lf(0)) + 207 |vil*,  Vv; € R. a7

VOLUME 6, 2018

Adding (17) from 1 to n and integrating above inequality
on O, we have

FOIF < 24O + 205 V1 (18)
where o)y = max{oy, 02, -+, 0,}.
Following the same procedure, we also get
lg@)lIz; < 2llgO)IIF + 2y llull (19)
where Yy = max{y1, 2, , Ym} |

By using this theorem, Lemma 2, Lemma 3, and HI,
we have
Theorem 5:

IWf(v1) — Wfv2)llv < VnomlIWlFlve —vallv
ITg(u1) — Tg2)llv < Vmym|T|Flu1 — uzlly
IWFOIE < pillf (0) I fumes(O) + prog v}
ITg@)7 < p2llg©)Iknmes(O) + payyy lully
where uy,uz,u € U,vy,v2,veV, p1 = 2n||W||12,,
pa=2m|T|}.

Theorem 6: Defining the bilinear operators as a,(u, u) =
—Rhu, wy, ay(v,v) = =Ry, v)v,u € D), v € D),
then both a,(u,u) and ay,(v,v) are coercive. Furthermore
au(u, w) = alllullg, ay®,v) = || V][5

Proof: Yu € D)

au(, w)y = —(V - (D*(x) o Vu), u)y
= —/ (V- (D*(x) o Vu), u)gmdx
@

- Z/ V - (D*(x) o Vu);u;dx.
i=1 &

By the conclusion of [12] and [13], and Gaussian formula and
the boundary condition, we get

/ Gw)V - (D*(x) o Vu)dx = —/ (D*(x) o Vu o Vu)Edx
(@) (@)

where G(u) = Diag(ui, us, - ,un), E = (1,1,---, DT,
By the definition of the Hadamard product and H2, we get
ay(u,u) > a|||u|||%]. So the bilinear operator a,(u, u) is
coercive.

Following the same method, we can get the bilinear oper-
ator ay(v, v) is also coercive, and a,(v,v) > oz|||v|||%,. The
proof is finished. [ ]

We can also prove the following Poincaré inequality by
using the method in [7].

Lemma 7 (Poincaré Inequality): Let O be an open
bounded domain with smooth boundary in R!, then there
exists a positive constant L, such that

Lol < ¢ v
LIyl < |I¥llv, YéelU, eV

and L depends on the size of the given domain O.

If 2A;,%, are the infinitesimal generators of continu-
ous semigroups Si(¢), S2(t). Then we have the following
properties.
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Proposition 8: Let us consider the following equations

du = Au 20)
u0)=¢,¢ € D)

du = 20w 21
v(0) = 9. ¥ € D).

Let u(t) = S1(t)¢,v(t) = S2(t)¥ denote the solution to (20)
and (21) respectively, then both S () and S>(¢) are contraction
maps in U and V.

Proof: We recall that the solution to (21) is u(r) =
g, 50 S1(1) = 21", Now we take the inner product of (21)
withu(t) in U, by employing the Gauss formula and condition
H2 as well as Theorem 6, we get (%1u, u)y < —a|||ul|?,,u €
D(A1), and we also have

d 2 2
Ea”"@)”u + o | ”(t)mu <0
thanks to the Lemma 7, one obtains
d
3 1O + 202l <0
by using the Gronwall inequality, we have

lu)l}, < e 2% g1}, < 1613
so S1(¢) is a contraction map.

If we define v(r) = €'y, and Sy(1r) = €', following
the same procedure as above, we can get S»(¢) is also a
contraction map. [ ]

With the semigroups defined in Proposition 8, we
rewrite (1) as

(W ($), vi(¥)"

SIOP0)+

Jo S1t = s)(=Cu + Wr([2,
+ Jo S1(t — $)P(u(s))dB

=1 S0P (0)+

J2Sa(t — ) (=Dv + Tg([° u(s + 6)dnu(0)) + J)ds
+ fo S2(t — $)Qu(s))dB, 1 > 0

@), ¥, 1 € [-r,0].

v(s C 0)dn,(0)) + INds

(22)

The solution of (22) is called the mild solution of (1).

A. EXISTENCE AND UNIQUENESS OF THE MILD SOLUTION
In order to prove the local existence and uniqueness of the
mild solution of (1), we introduce the following function
spaces.

e« C(U) x C(V) & C([-r,0],U) x C([—r,0],V)) =
. vIp € C(-r.0LU)¥ € C(-r,0]V)}
when endowed with the norm ||(¢, ¥)llcw)xcv)y =
||¢||C(U) + ¥ ||c(v), it becomes a Banach space;

o Let X¢ £ LXQ,C(-r,T] x O,U)), when
equipped with the norm ||u||XU =( sup E ||u(t)||2)2

te[—r,T]
it becomes a Banach space. By calculation, we have
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sup Ellu@®)|?, = sup sup Elu( +
te[—r,T] t€l0,T]16€[—r,0]

Ol = sup E||uz||C(U),
telo,

5@ T,0) = () € X7 :llulyy < ak;

o 3(a,T,V)={v() eXTV Hvllyy < al:

« Let us construct the function space X7 = X x X,
when endowed with the norm ||u||X;/ + ||v||X¥, it also
becomes a Banach space.

Theorem 9: For any ||¢|| cont ||1,0||C(V) < 7%, if the sys-
tem (1) satisfies H1 and H2, then there exists T > 0, such that
(1) has a unique mild solution in ¥(a, T, U) x ¥(a, T, V).

Proof: Taking (u,v) € X(a,T,U) x X(a,T,V) and
defining the map 7 (¢, ¥, u,v) = (E, I), with
E@) = Si1(1)9(0)+
[L81(t — s)(—Cu + WF (2
+ fy S1(t — P(v(s))dB
(1) = SOy (0)+
Jo $2(t = $)(=Dv + Tg([°, u(s + 0)dn(0)) + J)ds
+ Jo S2(t — 9)Qu(s))dB

taking expectation on both 31des of the first equahty of (23)

and applying the inequality (Z ajyy < n®b Z d, for
i=1 i=1

2
el XU =

v(s C 0)dn,(0)) + I)ds
(23)

p > 2, we have
EE0)3 ,
< SE|ISi()¢p0)|I}, + SE|| fo —CS(t — sHuds||3;

t
+5E ||f Sy(t — )Ids||?,
0

t 0

+5E||/ Si(t —YWF([  v(s C 0)dn,(0))ds|?,
0 —r
t

LSE| /O Si(t — HP((s))dB|,

Eh+hL+L+ 1+ s

Because of the contraction of the map 2{(¢) and the definition
of || - llcy, we find

I <SE[S1O8l1gw) < SE el w)- (24)
With Proposition 8, Lemma 2, and the Holder inequality, it
follows that

L <5 sup (tE/ | = CSi(t — s)ul|?,ds)
t€[0,T]

T
< 5mIIC||pTE/ 11 — syul|7ds
0

T
< SwICIG TE [ ulfyas
= SmICIET? iy (25)

Using the Holder inequality and Proposition 8, we have

t
I <5T sup E/ I1112,ds
t€[0,7T] 0

< 5T |1 ||3,0mes(O) (26)
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where mes(O) stands for the Lebesgue measure of the
domain O.

By virtue of Lemma 2, Lemma 3, Theorem 5, Holder
inequality, the total boundedness of Stieljies integral and H1,
we get

Iy <5 sup 1E f IWFC v(sce)dnv(ennvds
t€[0,T] 0

0
v(s C 0)dn, (8))II>ds

—r

< 5nT||W||}%E/0 7 ¢

< p3 / WFOI + o3 v(s C 0)dn, (8)12)ds

< psE /0 (U @Bmes(©) + 02 K2, 2 ,)ds

< 3 T (0) [ fumes(O) + o K2 IVl ) 27)
where p3 = 10 nT |W 2.

With the Burkholder-Davis-Gundy inequality, HI, and
Proposition 8, there exists a constant k3 > 0, such that

t
Is < S E sup / 151 — HP(s)|2ds
t€(0,7]1J0

IA

t
5 sup / E|[|P(v(s))|5ds

t€[0,T]1J0
T
10 /0 P2 + K2 E (s 13 )ds
10637 |||

IA

IA

?{V + 10||P(O)||%T. (28)
T
It follows from (23)-(28) that

IEOIRy = SIBlEw) +kaT? +ksT (29)

where k4 = 5|I||fumes(O) + 5m||C||%||uII2U +
10n|W2If (Ol mes(O) + 10naMK2||v||Xv,
10k3 k2||v||2 + 10k3]|P(0)]15. Hence || E|lx, < a, provided

T is suff1c1ently small, such that

5112 + kaT* + ksT < a. (30)

Taking expectation on both sides of the second equality of
(23), we have

E T3
t
< SE|S:009 )% +5SE| fo _DSy(r — syvds|?

t
+5E| f St — s)Jds|)
0

0
u(s C 0)dn, (0))ds|>

—r

t
+ SE| / Sa(t — 5)Tg(
0

t
+5E II/O Sa(t — $)Qu(s))dB||3,
£+ +13+ 1y + L.
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By using the contraction of the map S»(¢) and the definition
of || - [lc(v), we find

Is < SE[Sx(0% gy, < SEIVIZ ) 31)

With Proposition 8, Lemma 2, and the Holder inequality, it
follows that

L <5 sup (tE / | = DSs(t — sywl3ds)
te(0,T]

< 5n|D|}TE fo I1S2(t — s)vl|3ds
< SnlDIET*vI3y - (32)
T

Using the Holder inequality and Proposition 8, we have

I3 <5T sup E/ I 117ds
t€(0,T]

< 5T\ J | %umes(O). (33)

By virtue of Lemma 2, Lemma 3, Theorem 5, Holder inequal-
ity, the total boundedness of Stieljies integral and H1, we get

Iy < 5sup,eo.717E fo ITg(S°, u(s C 8)dn.(8)))13ds
< 10 mT2 T [3(1g(0) Fumes(O) + o K2l ).
(34)

With the Burkholder-Davis-Gundy inequality, H1-H2, and
Proposition 8, there exists a constant kg > 0, such that

t
Iip < Ske E sup / 1S2( — $)Q(u(s))||3ds
ref0,71J0

A

t
5ke sup / E |Q(u(s))|I3ds

t€[0,7]1J0

A

T
10kg /0 (1Q0)II3 + k3 E llu(s)|17)ds

= 10k6k3 T 3y + 10k Q)3T (35)

It follows from (31)-(35) that
IMOI%y < S1¥ g, + kT2 + ksT (36)
where k7 = 5n||D||1%||v||2 + 5| l[fames(O) +

10m| T2 1g(0)|%, mes(O) + 10myMK2||u||XU, =
10 k6k2||u||2 + 10k6 1Q(0) 5.

Hence ||1'I|| xY < a, provided T is sufficiently small, such
that

51912 + kaT? +ksT < a. (37)

From (29), (30), (36), (37), we obtain that (&,I1) €
Y(a,T,U) x X(a, T, V).

Let (uy1,v1), (u2,v2) € X(a,T,U) x X(a, T, V) and for
fixed (¢, ¥), we construct T;(u;, v;) = (8;, I1;),i = 1, 2, and
w = (&, I11)—(E,, IT,). Fort € [—r, 0], we have w = O,
and

t
81— 8(t) = —/ S1(t — s)C(uy — up)ds
0
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/ sic—sw([ v1(s C 0)dn, (6))
—f( V2 (s C 0)dn,(0)))ds

t
+ /0 S1(t — )P (v1(s)) — P(v2(s)))dB

fort € [0, T].
Due to the Jensen inequality, we get

= _= 2
1E1(2) uz(t)llx};
t

<3 sup E| [ Si(t — s)(—Cu; — up))ds|l?,
t€[0,T] 0
+3 sup E| Sl(t—s)C(f( v1(sC0)d1;v(0))
te[O T] —r

_f( V2 (sC 0)d’7v(0)))dY”U

t

3 sup E|l | $1¢ —)(Pi(s) — P(va(s))dBIl3;

1€[0,T] 0
2 I+ + 1.

By employing Proposition 8, Lemma 2, and the Holder
inequality, it follows that

Ij; <3 sup tE/ IS1(t — $)C(uy — uz)||3ds
te(0,T]

< 3T sup E/ IC(u, —u2)||ud5
tel0,T]

T
< 3Tm||C||%/ E|lu; —us?,ds
0
< 37%m|CFlluy — w2}y
T

With the contraction of Si(z), the total boundedness of
Stieljies integral, Holder inequality, and Theorem 5, we
deduce that

I <3 sup IE/ ||Sl(t—s)W(f(/ v1(s C 0)dn,(0))

teOT

—f( vz(s C 0)dnv(0)>)||%,ds

—r

<3 sup tE/ W ( V1(tCS)dnv(S))
tel0, T] —r

—f( vz(t C s)dnv(s)))||Uds
< 3n|IW||129T/O E|I(f( Vl(t C s)dn,(s))

0
—fC| va(t Cs)dn, ()N ds

—r

< 3n|W|3T05K* sup E |1 —va)iligw)
te[0,T]

= 3n|W ;T 05K |Ivy —V2||
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Following the same procedure as that in (28), we get

t
I3 < 3kiks sup / E |lu1(s) — ua(s)||3,ds
t€[0,71J0

< 3k{ksT lluy — w23y (38)
T
which means
- o 2 . 2 2
1 E1() uz(t)llxg < kollu; uzIIX}/ + kiollvi vzllev
(39
where kg = 3T2m||C||F+3 k2k3T kip = 3n||W||FT2 2 K2,
We also have

t
I, — II(#) = —/ So(t — s)D(vq — Vz)ds
0

/ Sy(t — )T (g( ul(s C 0)dn,(0))
0
—g( u2(s C 0)dn,(0)))ds

f —r
+ /0 $(t — Q1 (s)) — Qua(s)))dB

forr € [0, T].
Due to the Jensen inequality, we get

1T = M@y

t

<3 sup E| | $a(t — s)(—D(v; — m))dsn%
te[0,T] 0
+3 sup E| Sz(t — )T (g( ul(s C 0)dn,(0))
t€[0,T] 0
0

—g([ ua(t Cs)dn,(s))dsll3

+3 sup E|
1€[0,T]

2 N4+ Lis + L.

t
i Sa(t — $)(Q(u1) — Qu2))dB|3

By employing Proposition 2.1, Lemma
inequality, it follows that

2, and the Holder

L4 <3 sup tEf I82(r — $)D(v1 — v2)|3ds
tel0,T]

< 3T sup E/ ID1 —v2)lds
t€[0,T]
< 3Tn|D|} E v — v2ll7ds

0
2 2 2
< 3T"n|ID|gllvi —v2llyy-
T

With the contraction of S»(¢), total boundedness of Stieljies
integral, Theorem 5, and the Holder inequality, we get

Iis

t 0
<3 sup (E / 12t — )T / w1 (s C 0)dn, (6))
0 —r

t€[0,T]
0
—g([ u2(s CO)dn,(0))I7ds
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t 0
<3 sup IE/ IT@(| wui(sC0)dn.(9))
refo.71 Jo —r
0

—g(| u2(s CO)dn,(0))I7ds

—r

T 0
S3nIIT||,2vT/0 El@([] wui(sC0)dn,(0))

o —r
—g( | ua2(t Cs)dnu(s))?ds

—r
< 3n|TIFT?yyK? sup Ell@ —u2)i g,
+€[0,T]

2722 2 2
= 3nTIET vy K llur — uallyy-

Following the same procedure as that in (28), we get

t
he < 3k2ks sup / E u1(s) — ua(s)[ 3 ds
t€(0,7]1J0

< 3k3k3T |luy — uzllf(u (40)
T
which means

1T = M@y < kil =l + kialv = valigy
(41)

where ki1 = 3T%n||T |2 +3 k2k3T, k12 = 3m||T |2 T2y K>,
From (39) and (41), we have

IE1(1) = E2®)lly + (1) — Th@)l5y
T T
< ksl = w2l + v =wallyy)  (42)

where k13 = max{ko + k11, k10 + k12}. We take T sufficiently
small, such that

ki3 < 1. (43)

So T is a strict contraction map on X(a, T, U) x X(a, T, V),
which has a unique fixed point (u, v). This completes the
proof of Theorem 9. u

Remark 10: Although we use a more abstract method,
which is different from that in previous paper, we find that
global Lipschitz condition of activation function and pos-
itiveness of diffusion coefficient can ensure the existence
and uniqueness of mild solution of the RDBAMNNS with
S-delays driven by infinite dimensional Wiener processes.
That means our result is credible and our method is believ-
able. The boundedness restriction for activation function f
and g is waived in this paper when compared with the results
in Zhu and Cao [4] and Song et al. [19], let alone our model
is much more complex than those proposed by them. That
means our paper makes further improvement on the result of
previous scholars in some sense.

Theorem 11: We suppose the conditions H1 and H2 hold,
then the mild solution of (1) satisfies the following priori
estimate

E(l]|?, + IvI3) < ¢7,1 € [0, T]

where ¢7 > 0 is a constant, which depends on T'.

VOLUME 6, 2018

Proof: Let u be the mild solution of (1), we define
the Lyapunov-Krasovskii function as V() = e (IIuII%] +
||v||%,), where A is a sufficient large positive constant, which
will be determined later. According to the Itd formula, we
have

dV = LVdr + 2 M (u, PdAB)y + 2¢ (v, QdB)y  (44)
where the generator LV for the evolution of V is given by

LV = —re ™ M(ul? + IvI3)
+2eM ((u, Aw)y + (v, Aow))y

—2¢ M, Cu)y — 2 (v, Dv)y
0
+2e M, WF(| v(tCs)dn,(s)y

0—1‘
+2e M, Tg(| u(t Cs)dnu(s)v
+2¢ M, Dy +2¢ M, )y
+ e M (POP*) + 't(QQ0%).

Integrating on both sides of (44) between O and ¢ and
taking expectation on it, then using stochastic Fubini’s
theorem and the formula 2E fé e Mu,PdB)yy = 0,
2Ef(; e (v, QdB)y = 0, we have

EV(®)
t
= EllpO)7 +E ¥ Ol — A/O E V(s)ds

t t
+2 / e M Em, Aju)yds + 2 / e M E(, Apv)yds
0 0
t t
-2 / e ME(Cu, u)yds — 2 / e M E(Dv, v)yds
0 0
t 0
+2/ e ™ Em, Wf(| v(s C0)dn,(0)))yds
0 —r

0
u(s C 0)dn,(0)))vds

—r

t
+2 / e M E(v, Tg(
0

t t
+ 2/ e B, Iyds + 2/ e EW, J)yds
0 0

P t
+ [ eEIPEOIRI+ [ ¢ E Qs
0 0

According to the theory of functional differential equation,
which is equivalent to the system

dEV(@)

a

aeME ||u(t)||%/ — 2 ME ||V(f)||%/

+2¢ M E(u, Au)y + 2 E(v, Apv)y

—2¢7M B, Cuyy — 2¢ 7 Ev, Dv)y
0
+2¢7M B, WE(|  v(t Cs)dny(s))u

0
+2¢ 7 E(v, We( | u(t Cs)dna(s))v

+2¢ M E@w, Dy +2¢ M EWw, J)y
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+ e MEt(POP*)

+e M Et(Q0Q%)
Eh4hbh+b+l+is+ls

+lh+Bk+Ilo+ho+ 1+ h2 45)

with the initial data
EV(0) = E ¢} +E ¥ O}

By using the adiabatic boundary condition, poincaré formula
(Lemma 7), Theorem 6 and H2, it follows that

I3 < —2ae M E|lu |

< —2aL*¢ ME||ull?,. (46)
Following the same procedure, we have
Iy < —2aL?e ™M E|v||}. (47)
Then, taking into account the positiveness of ¢; and dj,
i=12,---,mj=1,2,---,n, we get
Is < —2kiue ™ E ully (48)
le < —2kise ™ E[v]l}, (49)
where kig = min{ci,c2, - ,cm} > 0, kis5 =
min{d11 d29 R d)‘l} > 0.

By using the Young inequality, Lemma 2, and condition
H1, we have

l; < kize ™ E|lullf,

1 0
e MENWEC] v(e Cs)dn(s)II3
—r

< ki7e ™™ E u|?,

1 _ 0
+nEuW||%e MENFC] v(ECs)dn ()
—r

Y 2
< kize ™ E|luly

2n 2 2 0 2
+k—17IIW||FUM6 ] v@ECs)dn(s)ly

—r
2
e MIWIZIF ()1 Rames(O)
< ki7e ™™ E u|},

2n _
+E||W||%~GA24 K?e™ sup E|v(r+ 9}

—r<s<0

+%||W||12r|lf(0)||%aneS(O) (50)

where k17 = k16 + O[ZL, kig = k14 A k5.
Following the same procedure, we often get

vy 2
ls < kize” " Elvly

1]
u(t C s)dny (s))||%,

—r

1
+—e ME|Tg(
k17
< kize M E|v|l},

sup E llut + 97

—r<s<0

2m _
Iy K™
17
2m
+E||T||%||g<0>||%Rmmes<O>. (51)
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By using the Cauchy inequality, we obtain

1 _ _
e MU + kize ™ E |lull?
17

1
= I |[}mnmes(O) + kize ™™ Eul},  (52)
17

IA

ly

IA

following the procedure of (52), we have

1 _
ho = 1—e MITIE +kire M E vl

1 _
< E||J||%anes<0>+kwe ME|vZ.  (53)

Utilizing the Young inequality and condition H1, we obtain

Iy < —e M|P0)|3 + kirkie M E||v|l3,
4k17
1 _
< —IP(0)|3 + ky7k?e M E ||v||?. (54)
4k17
1 _
lip < —e Q)3 + kizkie ™ E ull}
4k17
1 _
< —— Q)3 + kizk3e ™ E |[u])?,. (55)
4k17
We can infer from (45) - (55) that
dEV(?)
<—c1EV@®)+c2 sup EV(+s)+c3
d —r<s<0

where ¢; = A — ki7(k? V k3), ¢2 = max{sz’;HWH%GAQ/, K2,
2Ty K2 s = g=IPOI3 + 7=100)13 +
2T 11g0) I Fnmes(O) + ZIWIEIf(O)]F,mes(O) +
%Hlllzﬂw + %II]II%R”. That means we can choose a suf-

ficiently large positive number A such that A — k;7 > 0
and ¢c; — ¢ > 0. By utilizing the generalized Hanalay
inequality [20], there exist some positive constants c4, c5, Ce,
such that

EV(@#) <cse ' 4+c6<cs+ce,tel0,T]
in other words
E([lull? + IVI3) < (ca + ce)e™ < (ca +ce)eT 1 € [0, T]

we can conclude that, there is a constant ¢7 = (¢4 + cg)e*!
such that

Eluly +EIVly < e, 1 €0, 7.
The proof is finished. [ ]

IV. GLOBAL ASYMPTOTIC STABILITY OF EQUILIBRIUM

Definition 12: A fixed point u*,v*) = (uf,..., uy,
V], ..., Vy)is called the equilibrium point of system (1) if it
satisfies

—Cu* + Wf(Kyv*)+1I=0

(56)
—Dv* + Tg(K,u*)+J = 0.

Theorem 13: 1If the system (1) satisfies conditions H1 and
kie — ||IKwllFo > 0, where o = oy V ym and K,, will be
defined later, then system (1) has an equilibrium point.
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Proof: Let us construct the following block matrices
we ("R~ co
“\v)”7 T \0OD

_ (WO _(f _ (1 _
= (U8 = (Ln = (2 -

K. 0 , that means h(K,w) = diag{fi(K{v1),---,

0 K,
(K vn), g1(K{'uy), ..., gm(Kjyup,)}. With these notations,

(56) is equivalent to

= diag{cl’ Coy e acm7d11d21 MR

—Rw* + Zh(K,,w*) + K = 0. 57
Let us define
h(w) = Rw — Zh(K,w) — K. (58)

It is obvious that the solutions to h(w) = 0 are the equilibrium
points of system (1). Let us define homotopic mapping as
follows:

Hw, L) = AbKyw) + (1 — Aw, L € [0, 1] (59)
so we get

151 = AIRw| — AMIZA(Kyw)|| — AIK] + (1 = 2)[[wll
= (Akis + 1 = Dlwll — AIZI|F [IR(Kww)]| — 2Kl
> (ki + 1 — 1wl
— MKy lrelwll — AUZIFIIRO)] + 1K) (60)
where o = oy Vv yur. We must point out in the proof of this
theorem, || - || means the product norm of U x V.
By the assumption in this theorem, there exists a positive
constant r such that (k1 — A||Ky||Fo)r > 0 and (kj¢ —

MKy llFo)™' > 0.
Now, let us define

U(Ro) = {wllwll < Ro} (61)

where Ry = (”Z”ﬂg’_(g)”'g”uli DA 1f w e d4U(Ry), then

191 = (A = Dlwll + Alkis — K llFo)lIwll
=AU ZIF 1RO + 1K)
> (1= 0wl + ki — [Kwllro) ™" Iwlr
>0 (62)

that means
Hiw, 2) # 0,
By homotopy invariance theorem, we have

deg(h(w), th(Ro), 0) = deg(H(w, 1), U(Ro). 0)
= deg(Hw, 0), U(Rp), 0) =1 (64

Yw € 0U(Ry), A € [0, 1]. (63)

where deg denotes the topological degree. By using the topo-
logical degree theory (see [10], [24]-[27]), we can conclude
that (57) has a solution. In other words, system (1) has an
equilibrium point. ]

Remark 14: Our results are slightly different from previ-
ous results given by Song et al. s [19], the difference between
us and him is that we study different models and use different
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tools However, our criteria are also easy to check in the
computer.

Definition 15: The equilibrium point (u*, v*) of system
(1) is said to be exponentially stable in the mean square sense,
if there exists k1 > 0 and x > 0, such that any mild solution
(u, v) of (1) satisfies

Ellu—u*|} VE|v —v*|} <k1e@D >0 (65)
U \%

where (¢, ¥) € BC([—r, 0], U) x BC([—r, 0], V).

In this paper, we assume P(v*) = 0, Q(u*) = 0.

Let (u*, v*) be an equilibrium point of system (1), we can
get the following equation by defining x = u — u™ and
E=v—v*

dx = @lix —Cx

+WF (SO, v(t € s)dny (s)) — WF (Kyv™*)ds

+P(v)dB

d§ = (2§ — D§ (66)
+Tg([, u(t C s)dn, (s)) — TgU,u*))dr

+Q)dB, t >0

x@)=¢@)—u*, (@)=Y (@)—v* e [-r,0]

Theorem 16: 1If the system (1) satisfies conditions H1-H3,
then the equilibrium of system (1) is exponentially stable in
the mean square sense.

Proof: Let (x, &) be the mild solution of (66), we define
the vector Lyapunov-Krasovskii functional as:

Vi) =i V)" 2 xOIF. 1EOINT.  (67)
By using the Itd formula and the isometry formula
E [, (€, PdB)y = 0, E [;(x, QdB)y = 0, we find that

EVi =EVi(0) + Jy ELVi(s)ds
EV, = EV2(0) + [y ELVa(s)ds.
With the hypothesis H1, H2, H4, HS, and (34), which means

dENO — B LV (1)

4EVO — ELvy(1) .

(68)

EVi(0) =E [ x(0)]7,EV2(0) = E [£0)[I3.
The infinite generators £1 V| and £, V; are given by
LVy =2(x, i x)v — 2(x, Cx)u + t(POP*)
F2(x, W2, v(t C s)dny(s)) — f K )u

70
LVy = 26, Wb}y — 26.DE)y +1Q0QY)
+2(8, Tg(S, u(t C s, x)dnu(s)) — Tg(Ku™)y.
By the positiveness of C, D, we have
—(X,Cx)v < —kuallxll? (71)
—(&,DE)y < —kisl&N3. (72)

By utilizing adiabatic boundary condition, poincare for-
mula (Lemma 7), Theorem 6 and H2, it follows that

0 2Mx0u < —alllxllly < —aL?Ix13  (73)
(&,2:8)y < —alllEN} < —aL?E]3. (74)
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With H1 and the Cauchy inequality, it follows that

0
20x. W (| v Cs,x)dn(s)) — W)y
0
< x>+ 1Wf(| v(t Cs,x)dn,) — WO,

< Ixl} +nlWlkohK* sup llEC+9)IF  (75)

—7<s<0
and
0
206, Tg(| u(tCs,x)dn,(s)) —Tgw™)y
—r
2 0 2
< |lxlly +1Tg(| u(tCs,x)dn,(s)) — Tgw™)|y
—r
< €I +mITIFyvK? sup IxGt+915.  (76)
—7<5<0
By utilizing condition H1, H4 and definition of | - |2,
we have
tw(POP*) = |PO1))II3
= [IPO (1)) — POM)I3 < kHIEDIT  (T7)
and

t(Q0Q0*) = [|Q(r)l3
= [Q@(1) — Q™3 < K3 lx(OI3. (78)

By virtue of (70)-(78), one obtains

LV) < (=2kis —2aL* + k5 + DV,
+nl|W203 K> sup Va(t + )

—r<s<0 (79)
LV) < (— 2k15 —2aL? + ki + DV,
+m||T|}yHK? sup Vi(t+s)

—r<s<0

from (68) and (79), we assert

dEVi(?)

< —(2ky4 + 2aL?
” < —(2k14 4 2

— k3 — DEVi(1)
+n|Wl20% K> sup EVa(i+s)

—r<s<0
dE V(1)

< —(2kys + 2aL?
" < —(2ki5 + 2

— ki — DEVa(t)
+m|T|2y5K? sup EVa(t+s) (80)

—r<s<0

with the Lemma 1 and H3, there is a positive vector
= (k, k)T and a positive constant « such that

EV <ke ™
in other words
Ellu —u*|}, VE|v —=v*||} <ke ™, t>0.

So the equilibrium point of system (1) is exponentially stable
in the mean square sense. [ |
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FIGURE 1. Surface of u of Example 17.

V. AN EXAMPLE

Example 17:

du = (V- (D"(x)Vu — Cu
FWE(2 vt + 5, 0)dny(9) + Ddr + P(v)dB
dv=(V-(D"(x)Vv — Dy

+Te(f° u(t + 5, X)dn,(9)) + J)dt + Qu)dB
ou ou av av
—(,0) = —(,200 = —(,0) = —(¢£,20
ax( ) ax( ) 8x( ) ax( )
u(t, x) = 3 cos(0.2wx)

v(t,x) = 3cos(0.2x), x € Q =

where r = 1 and

=0,t>0

[0,20],¢ € [—r, 0]

0, -1 0
m) =m =1 = (81)

1, s=0.
Bgf calculating the Leabesgue- Stleljles integral, we get
L u(t + 5, x)dn,(s) = u(t — 1, x), f v(t + 5, x)dn,(s) =
v(t 1, x). In this case f(v) = P(v) = tanh(v), g(u)
Q) = tanh(u), W = 2, T = —1,n = 1,m =
D"(x) = 10, D'(x) = 10, such that V - (D*(x)Vu)
10Au, V - (D¥(x)Vv) = 10Av, A is the Laplacian operator.
We can also get « = 1, so H2 is satisfied. Q = [0, 20],
=5D=41=J=1U=L%Q),V = H(Q),
| tanh(x) — tanh(v)| < |u — v|, so 0 = y = 1 is chosen.
We can also get kj = kp = 1. So Hl1 is fulfilled. 2ky4 +
2L —k -1 > 8 > O2k15+2aL2—k12—1 > 6 >
0, n||W||FaMK2 = 4, m||T||FyM 1, it is easy to find
that (2ki4 + 2L* — k3 — 1) A 2kis + 2aL2 k—1)>6,
W %05K?) v (m||T||FyMK2) = 4, so H3 is fulfﬂled in
this example.
Let

=

1 . nmx
e, =,/ — sin —,
20 20

{en};2, forms a complete orthonormal basis of K. B is a
mean zero Wiener process with covariance operator Q

. . 1 . 1
U — U satisfying Qe, = -ze,, Since Zziln—z < o0,
so Q is a Hilbert-Schmidt operator. In other words, B =
o0

x €[0,20], ne Nt (82)

> % Bu(t)en(x), {Bn}o is a sequence of the standard Wiener
=1
rrlnotions.
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FIGURE 4. Frequency of v in Example 17.

We can see that 0 is an equilibrium of (81) and since
H1-H3 are fulfilled for (81). By Theorem 16, the system
has an exponentially stable equilibrium O in the mean square
sense.

The finite difference method is used to discretize (81). The
uniform mesh is used with space width Ax = 1 and time scale
At = 0.05. The second order centered difference scheme
is utilized to discrete the diffusion terms. The Runge-Kutta-
Chebyshev is used to discrete the time. We use the Matlab
to perform the code. For detailed information, please see
Fig. 1-Fig. 4. From Fig.1-Fig. 2, it can be seen that as time
t increases to the infinity, the surfaces of u and v converge to

VOLUME 6, 2018

the equilibrium O. It coincides with the result of Theorem 16.
To present a more detailed information of u, v, we also give
the trajectory of u, v for some chosen x in Fig. 3 and Fig. 4.
It can be seen clearly that there is large oscillation due to the
existence of random noise, especially at the beginning of the
process. As the time increases, the trajectory becomes smooth
and converges to the equilibrium quickly. This analysis falls
in the expectation of our result, so the result is convincing and
will have a wider application.

VI. CONCLUSION

We have discussed the global existence and uniqueness of
reaction-diffusion BAMNNS driven by infinite dimensional
Wiener processes. We can see that global Lipschitz condition,
positiveness of diffusion coefficients, totally bounded varia-
tion of S-delays can ensure the existence and uniqueness of
this system. It is a general condition and easy to check. As to
the stability of this system, the criterion is given in the matrix
norm. It is also easy to check through the computer, and will
have a wider application.

The complex-valued neural networks (CVNNs) have
been extensively studied in recent decades since they
can solve problems which can’t be solved by real-valued
NNs [28]-[32]. The method used in this article can also be
utilized in CVNNSs after preliminary investigation. We plan to
study this model in the future. By the way, the method used
in this paper even can be extended to some biological models
such as [33]-[40].

In the future, we will further relax the restriction for well-
posedness of this system. The criteria of stability will be
given in the form of LMIs as that in Zhang et al. [17],
Song et al. [29], in order to use YALMIP in Matlab.
At last, the asymptotic behavior will be studied by construct-
ing different Lyapunov-Krasovskii functional.
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