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ABSTRACT To rectify the low accuracy of frequency stabilization for a total reflection prism laser gyro
(TRPLG), a mathematical model for TRPLG frequency stabilization was established. Wavelet filtering was
introduced into the phase-sensitive demodulation process, with a 6-scale decomposition for the alternating
current (AC) signal of light intensity used with the db4 wavelet. Combined with soft threshold and forced
denoising, the signal-to-noise ratio (SNR) of the phase-sensitive signal was improved by 23.3%, with the
accuracy of the frequency stabilization improved by 0.5 orders of magnitude. Increasing the variable gain
in the forward channel stabilized the dynamic performance of the frequency stabilization control system.
A temperature-compensated feed-forward control system was used to achieve full compensation for the
temperature-induced frequency stabilization error, which also improved the accuracy of the frequency
stabilization by 1 order of magnitude. Combined with wavelet filtering and feed-forward compensation,
the optimized frequency stabilization control system improved the accuracy of frequency stabilization by
1.5 orders of magnitude compared with the original frequency stabilization control system in the full
temperature range, and it improved the gyro’s accuracy by more than 40%.

INDEX TERMS Total reflection prism laser gyro, accuracy of frequency stabilization, wavelet filtering,
feed-forward control, full compensation, gyro’s accuracy.

I. INTRODUCTION
An inertial navigation system is an autonomous navigation
system that does not rely on any external information and
does not release energy. It supports good concealment and
can work in various complex environments such as the air,
ground, and underwater. Laser strap-down inertial navigation
systems use laser gyros as their core device and are widely
used due to their high precision [1].

Three major errors exist in conventional two-mode active
laser gyros: zero bias, mode locking, and scale factor error.
Zero bias occurs when the frequency difference is nonzero
for a zero input rate. It can be effectively reduced by tem-
perature compensation [2], [3]. Mode locking is caused by
a weak coupling mechanism between two otherwise inde-
pendent traveling waves, which causes backscattering from
one wave into the other, mostly at the mirrors due to surface
imperfections. Compensation technology has been studied to
rectify this error [4]–[7]. Scale factor error refers to variations
in the scale factor as a function of the rotation rate [8]. A total

reflection prism laser gyro (TRPLG) is a high-precision angu-
lar rate sensor with a total reflection prism laser as the core
device [9]. It is completely free from coating, and it has the
advantages of a small lock area, high reliability, long service
life, etc. It has a wide range of applications in the aerospace
field [10]. Studies show that the errors in a laser gyro are
closely related to the resonant frequency of the laser, with the
stability of the resonant frequency being a key factor affecting
the performance of the laser gyro [11]–[15]. Therefore, it is
important to study the frequency stabilization characteristics
of TRPLGs.

The method of stabilizing the operating frequency of the
laser has matured [16], mainly used in traditional laser gyros
with reflectors [17]. To date, few studies have been conducted
on this topic. Liu et al. [18] used the finite element analysis
method to simulate and obtain the variation law for the tem-
perature gradient field distribution of the resonant cavity with
the mode-shifting parameters during frequency stabilization,
and they optimized the control parameters. Since the TRPLG
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phase-sensitive signal is susceptible to interference and a
blind zone is encountered during frequency stabilization,
Ma et al. [19], [20] applied adaptive and dual longitudinal
mode frequency stabilization technologies to improve the
accuracy of the frequency stabilization. From the perspective
of the control system, they also proposed a type 2 third-
order control system instead of the original type 1 second-
order control system, thus eliminating the steady-state error
under temperature ramp disturbances [21]. However, high-
order systems have large overshoots, long adjustment times,
and general dynamic performance. Moreover, in the case of
variable temperature, the internal temperature characteristics
of the gyro are not ramp signals, and they may include
acceleration or even higher-order signals, thus resulting in the
generation of steady-state error and reducing the accuracy of
both frequency stabilization and the gyro.

During the mass production of TRPLGs, the accuracy of
the frequency stabilization and the gyro’s performance are
often poor under variable temperatures [22]. To solve this
problem, we analyzed the frequency stabilization principle
of a TRPLG to establish a mathematical model for the same.
Wavelet filteringwas added between the TRPLGAC signal of
light intensity and the finite impulse response (FIR) bandpass
filter, which reduced the noise and improved the SNR of
the phase-sensitive signal. Increasing the variable gain in the
forward channel stabilized the dynamic performance of the
system. We used a feed-forward control system to compen-
sate the temperature-induced steady-state error to improve
the steady-state performance of the system. These measures
improved the accuracy of the frequency stabilization of the
TRPLG, thereby providing a theoretical basis for the devel-
opment and production of TRPLGs.

II. FREQUENCY STABILIZATION PRINCIPLE OF TRPLG
The frequency stabilization control system of a TRPLG is
shown in Figure 1. The core component is a resonant micro-
crystalline glass cavity with fused silica glass prisms. The
X1 channel is filled with helium neon gas mixed in a certain
proportion with a working wavelength of 0.6328 µm. The
laser is generated under the action of an ignition transformer
and high-frequency oscillator. X2 and X4 are vacuum chan-
nels, and the X3 channel is filled with dry air. The refrac-
tive index of the air is changed by connecting the heater

FIGURE 1. Schematic diagram of the frequency stabilization control
system of a TRPLG.

to stabilize the resonant frequency of the cavity. The parts
marked as I, II, III and IV in the figure are prisms, which
are sealed by a protective cover to keep their surfaces clean.
Total reflection occurs at the prism’s large inclined plane, thus
ensuring minimum beam loss.

Fluctuations in temperature, mechanical vibrations, and
the influence of a magnetic field, etc. may cause adverse
effects on the geometric length of the resonant cavity and
the refractive index of the working medium. The resonant
frequency of the laser is mainly determined by the resonant
frequency of the resonator without considering slight varia-
tions in the atomic transition spectrum, which is defined as
υ = qc/〈L〉, where q is the longitudinal mode number, c is
the vacuum light speed and 〈L〉 is the optical path length of the
TRPLG. The frequency of the longitudinal mode is difficult
to obtain directly in the resonator. Usually, the frequency
is stabilized according to the light intensity tuning curve,
whose slope directly affects the accuracy of the frequency
stabilization.

The relationship between the light intensity, light intensity
rate and frequency parameters are shown in Figure 2 [14].

FIGURE 2. Light intensity tuning curve of TRPLG.

Based on the characteristics of the light intensity tun-
ing curve, a sinusoidal modulated signal with a frequency
of 266.7 Hz is generated by an FPGA. The piezoelectric
ceramic diaphragm inside the heater is influenced by a DAC
to slightly alter the resonant frequency and the frequency
parameter ξ of the laser, resulting in changes in the light
intensity. The accurate position of ξ can be known based on
the positive and negative rate of changes in light intensity.
The ultimate goal is to make ξ equal to 0.44 to achieve
maximum light intensity. After the optical output beat signal
is photoelectrically detected and amplified, phase-sensitive
demodulation is performed after the ADC, with the phase-
sensitive signal compared with the reference value to obtain
the error signal, which is used as the input for the controller.
The latter uses an appropriate method to generate the output
signal. After the DAC, the controller acts on both ends of the
heating wire inside the heater and adjusts the refractive index
of the air in the X3 channel to change the length of the optical
path and stabilize the frequency.
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FIGURE 3. Structure diagram of a frequency stabilization control system of a TRPLG.

III. MATHEMATICAL MODEL OF THE FREQUENCY
STABILIZATION SYSTEM
Under the action of a sinusoidal modulated signal, to obtain
the transfer function of the changes in light intensity and the
optical path length of the resonant cavity, the self-saturation
effect and the mutual-saturation effect are ignored. Details
of the transfer function are derived in APPENDIX A; the
expression of the transfer function is 1I (s)/1 〈L〉 (s) = K1.
The transfer function between the changes in the optical
path length of the X3 channel and the heater voltage is
1 〈L〉 (s)/1U (s) = K2K3U/(Ths+ 1); see APPENDIX B
for specific parameters. The bandpass filter is used for phase-
sensitive demodulation. Its transfer function is K4e−τ s, with
a time constant much smaller than Th, which can be ignored.
The controller uses a proportional integral algorithm with the
transfer function of 1U (s)/1E (s) = Kp + Ki/s. Changes
in the optical path length due to temperature are given by
K5T (s), and changes in the optical path length caused by
a sinusoidal modulated signal are given by 〈L〉D (s). The
structure of the frequency stabilization control system of the
TRPLG is shown in Figure 3.

The open-loop transfer function of the system is defined
as:

G (s) =
K

(
Kp
Ki
s+ 1

)
s (Ths+ 1)

(1)

where the open-loop gain K = KiK1K2K3K4U .
The closed-loop transfer function of the system under the

input of the control is defined as:

8(s) =
If (s)
R (s)

=

K
Th

(
Kp
Ki
s+ 1

)
s2 + KKp+Ki

KiTh
s+ K

Th

(2)

The transfer function of the system error under the input of
the control is defined as:

8e (s) =
E (s)
R (s)

=

s
(
s+ 1

Th

)
s2 + KKp+Ki

KiTh
s+ K

Th

(3)

The transfer function of the system error under the input of
the temperature is defined as:

8eT (s) =
E (s)
T (s)

=
−
K5K1K4
Th

s (Ths+ 1)

s2 + KKp+Ki
KiTh

s+ K
Th

(4)

The total system error is defined as:

E (s) = 8e (s)R (s)+8eT (s)T (s) (5)

The above equations were used to establish a mathematical
model of the system. Further analysis and improvement of the
performance of the system can be carried out on the basis of
this model.

IV. ANALYSIS AND IMPROVEMENT OF FREQUENCY
STABILIZATION CHARACTERISTICS
A. DEMODULATION OF THE PHASE-SENSITIVE SIGNAL
The demodulation of the phase-sensitive signal is crucial in
the TRPLG frequency stabilization process. The SNR of the
phase-sensitive signal affects the accuracy of the frequency
stabilization. In addition, the phase-sensitive signal needs
to be extracted from the TRPLG AC signal of light inten-
sity, which makes the method of demodulation particularly
important.

We used a TRPLG type 70 produced by Xi’an North Jierui
Optoelectronics Technology Ltd. as the experimental model.
The FPGA acquired the TRPLG AC signal of the light inten-
sity at a frequency of 1 KHz in approximately 130 seconds.
The converted analog data for the AC light intensity and its
frequency spectrum are shown in Figure 4.

The frequency spectrum clearly showed that the TRPLG
AC signal of light intensity contains a phase-sensitive signal
of 266.7 Hz, a mechanical dither signal of 366 Hz, and other
noise signals. To extract the phase-sensitive signal effectively,
the traditional digital bandpass filtering method was adopted.
The magnitude of the response of the FIR bandpass filter is
shown in Figure 5.

The signal after FIR bandpass filter processing together
with its frequency spectrum are shown in Figure 6. The
original phase-sensitive signal contained a certain degree of
noise (Figure 6b). Therefore, the elimination of noise helps
to improve the accuracy of the frequency stabilization.

The optimized phase-sensitive demodulation added a
wavelet filtering between the TRPLG AC signal of the light
intensity and the FIR bandpass filter. Wavelet filtering was
used for denoising to improve the SNR of the phase-sensitive
signal. The specific design of the wavelet filter used in our
study is described below.
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FIGURE 4. TRPLG AC signal of light intensity and its frequency spectrum:
(a) AC signal of light intensity; (b) Frequency spectrum of AC signal of
light intensity.

FIGURE 5. Magnitude response of the FIR bandpass filter.

For the selection of wavelet functions, a db4 wavelet with
orthogonal properties was selected to ensure the effective
decoupling of the wavelet coefficients in each frequency
band, with 6 layers of wavelet decomposition used. The
decomposition of the TRPLG AC signal of light intensity
is shown in Figure 7, with the AC signal of light intensity
s= a6+ d6+ d5+ d4+ d3+ d2+ d1; d1 and d2 were used
as soft thresholds (t = 4σ ) to denoising, with the other seg-
ments forced to denoise. The reconstructed signal is shown
in Figure 8(a), and its spectrum is shown in Figure 8(b).

The wavelet-filtered signal after FIR bandpass filtering is
shown in Figure 8(c), with its frequency spectrum shown
in Figure 8(d).

To compare the optimized and original phase-sensitive
demodulation, the AC signal of light intensity, and the

FIGURE 6. Original phase-sensitive signal and its frequency spectrum: (a)
Original phase-sensitive signal; (b) Frequency spectrum of the original
phase-sensitive signal.

FIGURE 7. Decomposition of the TRPLG AC signal of light intensity.

original and optimized phase-sensitive signal were plotted,
as shown in Figure 9(a). Their frequency spectra are shown
in Figure 9(b). Compared to the original, the optimized
phase-sensitive demodulation effectively reduced noise inter-
ference. Figure 9(c) compares their power spectral densi-
ties (PSDs), using the following expression for the SNR
10 ∗ Log10 (Signal power/Noise power), i.e., the difference
between the PSD of the signal and the PSD of noise. Since
the noise was mainly concentrated near the frequency of
the signal, the SNR at that location was mainly analyzed.
We determined the original SNR to be 29.88 dB and the opti-
mized SNR to be 36.84 dB,with the SNR improved by 23.3%,
which helps to improve the accuracy of the frequency
stabilization.
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FIGURE 8. Optimized signal and its frequency spectrum: (a) Wavelet-
filtered signal; (b) Frequency spectrum of the wavelet-filtered signal;
(c) Optimized phase-sensitive signal; (d) Frequency spectrum of the
optimized phase-sensitive signal.

B. ANALYSIS AND OPTIMIZATION OF PERFORMANCE
After the gyro was started at room temperature, the internal
temperature field was steady andU was equal to 2V; then, we
obtained Th = 0.5 and K = 12.250. In the original system,

FIGURE 9. Comparison between optimized phase-sensitive demodulation
and original phase-sensitive demodulation: (a) Comparison of signals;
(b) Comparison of frequency spectra; (c) Comparison of PSDs.

Kp = 4.596 and Ki = 22.525; therefore,

G (s) =
12.25 (0.204s+ 1)

s (0.5s+ 1)
(6)

8(s) =
If (s)
R (s)

=
24.5 (0.204s+ 1)
s2 + 7s+ 24.5

(7)

Since the coefficients of the denominator in 8(s) are all
greater than 0 for this second-order system, the system must
be stable according to the Rolls stability criterion.

Under typical external action, a stable system will enter
a steady state after a certain period. The steady-state error
of the control system is a measure of the control accuracy
of the system. According to the stability theory of the linear
system, the steady-state error of a type I system is 0 at
the step input r (t) = A × 1 (t), the steady-state error
is −AK5/(KiK2K3U) at the input of the temperature ramp
T (t) = At , and the steady-state error is ∞ at the input
of temperature acceleration T (t) = At2/2. The TRPLG
shows self-heating characteristics after starting, with the tem-
perature field at a constant temperature approximating the
input of the ramp, and the temperature field at the slow
variable temperature approximately composed of the accel-
eration input and the ramp input segmentally. According to
the principle of linear superposition, the steady-state error at
the constant temperature is essc (∞) = −AK5/(KiK2K3U),
and the steady-state error at the slow variable temperature is
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FIGURE 10. Unit step response curve of the frequency stabilization
system.

essv (∞) = −AK5/(KiK2K3U) + C , where C is the cumu-
lative error caused by the acceleration input over a period of
time.

The steady-state error at a constant temperature is
proportional to the rate of temperatureA and inversely propor-
tional to the heater voltage U . During the TRPLG frequency
stabilization process, the longitudinal mode jumps more fre-
quently; therefore, the heater voltage jumps more frequently.
Therefore, the steady-state error will vary periodically from
a small to large value. The steady-state error at variable
temperature will become greater due to the introduction of the
cumulative errorC and the increase of the rate of temperature.
Therefore, the accuracy of the TRPLG at a variable tempera-
ture is inferior to the accuracy at a constant temperature.

The quality of a control system includes its dynamic per-
formance in addition to its steady-state performance. From
formula (7), the damping ratio of this second-order system
ξ = 0.707 and the natural frequency ωn = 4.950, with the
unit step response shown in Figure 10. The values of peak

time tp = 0.558s, adjustment time ts = 0.870s, and over-
shoot σ% = 11.03% indicate good dynamic performance;
however, the open-loop gain is variable, which affects the
performance of the system.

In addition, the system has different degrees of steady-
state error under constant or slow variable temperatures,
which lead to the lower accuracy of frequency stabilization.
Therefore, from the perspective of frequency stabilization,
to further improve the accuracy of the TRPLG, it is necessary
to improve the system performance and improve the accuracy
of the frequency stabilization.

To maintain the dynamic performance, as shown in
Figure 10, a proportional link K∗ = 2/U was added into
the system’s forward channel to keep the system’s open-loop
gain constant.

To completely eliminate the system error caused by tem-
perature and improve the accuracy of the frequency stabi-
lization, a feed-forward control system based on temperature
compensation was used to introduce the temperature into a
closed loop through the feed-forward channel. The transfer
function of the feed-forward channel GT (s) was designed so
that the system output was not affected by disturbances. The
system structure diagram is shown in Figure 11.

Under a temperature disturbance, the system error is as
follows:

E(s) =−
K5K1K∗K4+GT (s)

(
Kp+

Ki
s

)
K2K3U
Ths+1

K1K∗K4

1+
K

(
Kp
Ki
s+1

)
s(Ths+1)

T (s)

(8)

FIGURE 11. Structure diagram of a feed-forward control system based on temperature compensation.

TABLE 1. Comparison between the original control system and the system with wavelet filtering.
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TABLE 2. Comparison between the original control system and the system with feed-forward compensation.

TABLE 3. Comparison between the original control system and the optimized control system.

If GT (s) = −K5 (Ths+ 1)/
[
K2K3U

(
Kp + Ki/s

)]
, the

E (s) = 0, indicating full compensation for the error
caused by temperature, elimination of the steady-state error
at constant temperature and slow variable temperature, and
improvement in the accuracy of the frequency stabilization
of the overall response process.

For temperature compensation in the device, a PT100 was
used to convert the temperature into a resistance, which
became the voltage signal through a signal-conditioning cir-
cuit. Therefore, the FPGA controls the ADC to acquire it.
The signal-conditioning circuit consisted of a bridge circuit,
an operational amplifier, and a low-pass filter, as shown
in Figure 12. The linear expression of the corrected tem-
perature is T = 0.00294 × AD_VALUE + 38.2, where
the AD_VALUE is a 16-bit signed number obtained by the
analog-to-digital conversion.

FIGURE 12. Signal-conditioning circuit of temperature.

After starting the gyro at room temperature, it was tested
for 0.5h under the premise of no feed-forward compensation,
with the temperature T (t), heater voltage U (t) and system
error ess (t) all measured in real time. According to the control
theory, the system error under the action of a temperature
disturbance is given as follows:

ess (t) = −[K5dT (t)/dt]/[KiK2K3U (t)] (9)

Substituting T (t), U (t), ess (t) and Ki gives K5/(K2K3) ≈

0.5631. Therefore, the transfer function of the feed-forward
channel is

GT (s) =
ET (s)
T (s)

= −
0.5631s (0.5s+ 1)
U (4.596s+ 22.525)

(10)

FIGURE 13. Experimental platform of the TRPLG.
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FIGURE 14. TRPLG output at different temperatures: (a) at −40 ◦C;
(b) at +25 ◦C; (c) at +70 ◦C; (d) at −40 ∼ +70 ◦C; (e) at +70 ∼ −40 ◦C.

C. ANALYSIS OF EXPERIMENTAL RESULTS
To further verify the theoretical analysis and simulation,
the original frequency stabilization control system, the sys-
tem with wavelet filtering and the system with feed-forward
compensation were used to test the performance of the
TRPLG at high and low temperatures. It was tested for 2 h
at constant temperature and for 4 h at variable temperature at
a rate of 1 ◦C/min. The accuracy of the frequency stabilization

was based on using an iodine-stabilized laser as the frequency
standard, using the beat frequency principle for detection. The
experimental platform is shown in Figure 13, with the test
results shown in Table 1 and Table 2.

The experimental results showed that the system with
wavelet filtering can improve the accuracy of the frequency
stabilization by 0.5 orders of magnitude compared to the orig-
inal frequency stabilization control system, with the gyro’s
accuracy improved by more than 14% (Table 1). In addition,
the system with feed-forward compensation can be used to
improve the accuracy of the frequency stabilization by 1 order
of magnitude compared to the original frequency stabilization
control system, with the gyro’s accuracy improved by more
than 30% (Table 2). It can be clearly seen that the feed-
forward compensation was better than the wavelet filtering
in improving the accuracy of the frequency stabilization.

Based on the above results, the original frequency stabi-
lization control system was optimized by the combination
of wavelet filtering and feed-forward compensation. The
TRPLG output is shown in Figure 14, with the optimized
results shown in Table 3.

Compared to the original, the optimized frequency sta-
bilization control system decreased the fluctuations in the
TRPLG output and increased the stability in the full temper-
ature range.

The results showed that the optimized frequency stabiliza-
tion control system could be used to improve the accuracy
of the frequency stabilization by 1.5 orders of magnitude
compared to the original frequency stabilization control sys-
tem, with the gyro’s accuracy improved by more than 40%
(Table 3). Therefore, the combination of wavelet filtering and
feed-forward compensation is optimal.

V. CONCLUSIONS
We analyzed the working principle for a TRPLG frequency
stabilization control system and established a mathematical
model of the same. According to the open-loop transfer func-
tion for the system, it is a type 1 second-order control system.
An FIR bandpass filter was used as the demodulation filter
for the system phase-sensitive signal. After processing and
analyzing the TRPLG AC signal of light intensity, the phase-
sensitive signal was greatly disturbed by noise. By analyzing
the dynamic and steady-state performance of the system,
we found that the open-loop gain of the system varied with
the heater voltage and affected the dynamic performance. The
steady-state error at constant temperature was proportional
to the rate of temperature and inversely proportional to the
heater voltage. The steady-state error at variable temperature
increased due to the introduction of the cumulative error and
increase in the rate of temperature.

To address the shortcomings of the original frequency
stabilization system, we introduced wavelet filtering in the
demodulation of the phase-sensitive signal, which effectively
reduced the noise in the pass-band and improved the SNR
of the phase-sensitive signal. Increasing the variable gain in
the forward channel stabilized the dynamic performance of
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the frequency stabilization control system. A temperature-
compensated feed-forward control system achieved full com-
pensation for the temperature-induced steady-state error. The
optimized frequency stabilization control system improved
the accuracy of the frequency stabilization by 1.5 orders
of magnitude compared to the original system in the full
temperature range and improved the gyro’s accuracy by more
than 40%.

APPENDIX
A. RELATIONSHIP BETWEEN LIGHT INTENSITY AND
OPTICAL PATH LENGTH
Under the condition of Doppler-based broadening, gyro light
intensity is calculated as follows:

I (ξ) = Ime−ξ
2

(11)

where Im is the maximum gain of light intensity and ξ =
(ω − ω0)/(ku).

Differentiating (11), we have

dI
dω
=

dI
dξ

dξ
dω
= −2I

ω − ω0

(ku)2
(12)

Since dω/d 〈L〉 = −ω/〈L〉,

1I (s)/1 〈L〉 (s) = K1 (13)

where K1 = 2I ω−ω0
(ku)2

ω
〈L〉 .

B. CHARACTERISTICS OF THE HEATER
The heater structure is illustrated in Figure 15.

FIGURE 15. Structure diagram of the heater.

To obtain the transfer function for the changes in the optical
path length of the X3 channel and the heater voltage, the law
of thermodynamics is applied as follows:

CM
d (1T )
dt

+ HA1T = 1Q (14)

where the quality of the heater isM , the specific heat isC , the
coefficient of heat transfer is H , the area of heat transfer is A,
the air temperature inside the heater is T , the voltage across
the heating wire is U , the resistance of the heating wire is R,
and the heat generated by the heating wire per unit time is Q.

SinceQ = U2/R, there is a nonlinear relationship between
Q and U , which can be linearized near the balance point
(Q0,U0), which is calculated as 1Q = 2U1U/R, so

CM
HA

d (1T )
dt

+1T =
2U
RHA

1U (15)

If the time constant of the heater is Th = CM/(HA), then

1T (s)
1U (s)

=
K2U
Ths+ 1

(16)

where K2 =
2

RHA .
According to the state equation for an ideal gas,

P1V1 = N1RT1/NA and P2V2 = N2RT2/NA, where P1 is the
internal pressure of the heater, V1 is the volume of the gas,
N1 is the number of molecules, T1 is the temperature, P2 is
the internal pressure of the X3 channel, V2 is the volume of
the gas, N2 is the number of molecules, T2 is the temperature,
NA is Avogadro’s constant, and R is the Molar gas constant.
When P = P1 = P2, then V1/V2 = N1T/(N2T2), and the
relationship between the temperature changes of the heater
and the changes in density of the gas molecular number in
the X3 channel is described by:

1n2 =
1N2

V2
=

N1

V1T2
1T1 (17)

The relationship between the air refractive index and the
density of the molecular number in the X3 channel is na =
1+ (αn2)/(2ε0), where α is the average polarizability for air
and ε0 is the vacuum capacitance ratio. Combining this with
equation (17):

1 〈L〉 (s)/1T (s) = K3 (18)

where K3 =
αL2
2ε0

N1
V1T2

.
In summary, the transfer function for the change in the

optical path length of the frequency stabilization channel and
the heater voltage variation is

1 〈L〉 (s)
1U (s)

=
K2K3U
Ths+ 1

(19)
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