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ABSTRACT Time reversal (TR) is regarded as a potential future transmission scheme for multi-user (MU)
multiple-input single-output (MISO) ultra-wideband (UWB) communication systems. In spite of TR’s good
performance in MU-MISO UWB systems, it suffers from performance degradation due to spatial correlation
and imperfect channel-state information. In this paper, a comprehensive performance analysis of MU-MISO
UWB systems with a TR pre-filter is provided. Both spatial correlation and channel estimation errors (CEE)
are taken into account in the propagation channel model, and the system performance is mainly studied
in terms of its effective signal-to-interference-plus-noise ratio (SINR), channel capacity, and bit error rate.
The novel closed-form expressions for the average effective SINR are derived in order to characterize the
influence of propagation conditions such as channel impulse response duration, spatial correlation, and CEE
on TR performance metrics. The expressions reveal more precisely to us that spatial correlation and CEE
have different effects on the average power of the desired signal, inter-symbol interference, and inter-user
interference. Moreover, the impacts of spatial correlation and CEE on the performance of MU-MISO TR
system are thoroughly investigated. In particular, the capacity loss of MU-MISO TR system due to spatial
correlation and CEE is quantified and fully discussed at the end of this paper. It is shown that high spatial
correlation and CEE cause a remarkable reduction in bandwidth efficiency. Finally, all theoretical results are
confirmed by numerical simulations.

INDEX TERMS Beamforming, channel estimation errors, fine-grained analysis, spatial correlation, time
reversal, UWB.

I. INTRODUCTION
As the demand for high speed wireless services has continued
to grow dramatically, the design of energy efficient and green
networks has become a trend [1]–[4]. Market forecasts show
exponential growth of data traffic, and approximately 95% of
data traffic will come from indoor locations in the next few
years [4]. In an indoor environment, radio signals often expe-
rience rich multipath propagation, which makes the design
of 5G indoor communication systems even more challenging
due to the severe inter-symbol interference (ISI). To resolve
this problem, multiple-input multiple-output and/or com-
plex equalization are needed at the receiver. Although the
performance is satisfactory, it often results in a high cost
and complexity of wireless terminals [3], [5]–[7]. TR is a

linear precoding technique, which uses the time-reversal
channel impulse response to pre-filter the transmit signals.
This pre-filter can fully harvest energy from the environ-
ment and focus energy in space and time on a point of
interest [4], [8]. Importantly, the focusing property of TR
can reduce ISI, co-channel interference and multi-access
interference effectively. In addition, spatial focusing com-
bats channel fading and maximizes delivered power to the
intended receiver, saving energy of the transmitter and/or
increasing channel capacity of wireless communication sys-
tem. Therefore, TR offers a great potential of low-complexity
energy-efficient communications for future wireless network
[3], [4], [8], [9]. On the other hand, spatial focusing suggests
that the systemmay have low probability of intercept features.
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In other words, spatial focusing can improve the system
security also [10]–[12]. With respect to secrecy aspects,
the experimental results in [12] show that the received signal
power at the eavesdropper is significantly lower compared
with the power at the legitimate receiver whether the eaves-
dropper is located near the legitimate receiver or not [9].

Thanks to high spatial resolution, most of the works in TR
has focused on ultrawideband (UWB) systems over multipath
channels [8], [13]–[19], although some studies show that TR
technique is suitable to conventional broadband systems as
well [20], [21]. In broadband systems, the transmission band-
width is reduced along with less scattering in the propagation
channel compared with the UWB systems. When users are
near to each other with less scattering signal, channels may
become correlative to each other. Hence, the spatial correla-
tion effect should not be ignored. Moreover, many channel
models are based on the assumption of the perfect CSI at
the transmitter [4]–[9], [20], [22]. However, in practice, it is
hard to estimate the realistic CSI accurately. Furthermore,
many papers as mentioned above focus only on the impact
of spatial correlation or CEE to the system performance sep-
arately, or focus only on BER performance, without consid-
ering the spectral efficiency which is one of the main design
purposes for any spatial multiplexing scheme. There is still
a lack of system-level experimental investigation and com-
prehensive performance analysis of a multi-user TR-based
communication system over correlated multipath channels
with imperfect CSI.

In this paper, a comprehensive performance analysis of
MU MISO-TR system is presented. The system model is
generalized with practical considerations (i) the spatial corre-
lation at both transmitter and user sides, and (ii) the channel
estimation errors.Moreover, a number of system performance
metrics, including the effective SINR at every user, chan-
nel capacity and BER are defined and evaluated. Further-
more, the more detailed derivations for the desired signal
power, ISI power and IUI power are provided. Through
these derivations, we find that strong correlation results in
a marked increase in interference powers (i.e. ISI and IUI),
but spatial correlation has no effect on the desired signal
power. On the contrary, CEE monotonically reduces the
desired signal power, but ISI and IUI power are independent
from the effect of CEE. Additionally, we incorporate and
examine quantitatively the impacts of spatial correlation and
CEE to system performances to gain more comprehensive
understanding ofMUMISO-TR system. All the experimental
results are based on Monte-Carlo simulation.

The rest of this paper is organized as follows: In Section II,
the system model is formulated. The performance analysis of
TR technique based on the power components of the received
signal is presented in Section III. In Section IV, numerical
simulation results and corresponding discussions are pro-
vided. Finally, concluding remarks are drawn in Section V.
Notation: E, *, and ⊗ denote expectation, discrete-time

convolution, and the Kronecker product, respectively. The
boldface lowercase a and uppercase A indicate vectors and

matrices, respectively. In addition, (.)T represents transpose
of a matrix. |·| and ‖·‖ stand for the absolute value and the
vector Euclidean norm, respectively. For a complex value,
we denote Re{.} as the real part. The notation Cm×n denotes
m× n complex matrix.

II. SYSTEM MODEL
The block diagram for the MU MISO-TR system is depicted
in Fig. 1. The system is equipped with M transmit antennas
and N single-antenna users. Firstly, BS records the CIR of
each links and then applys the complex-conjugated time-
reversed CIR as a pre-filter to the transmitted sequence at
the transmitter. Such pre-filter acting as a beamformer in the
spatial domain focuses the RF power on the receiver.

FIGURE 1. The diagram of multi-user MISO system using TR.

It is assumed that hk (t) is the complex CIR, and h∗k (−t)
is the complex-conjugated time-reversed version of the CIR.
Accordingly, heq(t) = hk (t) ∗ h∗k ′ (−t) is defined.
When k = k ′, heq(t) is the autocorrelation function of
hk (t), or else heq(t) is the cross-correlation function of hk (t)
and hk ′ (t). Importantly, the CIRs associated with differ-
ent users are uncorrelated or weakly correlated and differ-
ent paths of one CIR are also uncorrelated. For simplicity,
we assume that amultipath channel is modeled as three fading
paths, and the delays of these paths are 0, τ1, τ2, respectively.
When k = k ′, heq(t) is derived as follows

heq(t) = (hk0h∗k0 + hk1h
∗

k1 + hk2h
∗

k2)δ(t)

+ hk1h∗k0δ(t − τ1)+ hk2h
∗

k0δ(t − τ2)

+ hk0h∗k1δ(t + τ1)+ hk0h
∗

k2δ(t + τ2)

+ hk1h∗k2δ(t − τ1 + τ2)+ hk2h
∗

k1δ(t − τ2 + τ1).

(1)

As shown in (1), the main lobe is strong (the first term on
the right-hand side (rhs) of (1)), concentrating major part of
the signal energy at the center of equivalent channel impulse
response (i.e. t = 0). This is because the peaks add up coher-
ently as all components have zero phase here. Meanwhile,
the sidelobes are minimized (the remainder except for the
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first term on the rhs of (1)) as the sidelobe components are
added incoherently. Therefore, the effect of ISI can be mit-
igated dramatically. Indeed, TR beamforming can make full
use of an unavoidable but rich multipath radio propagation
environment to create a spatial-temporal resonance effect and
also does not require complicated channel processing and
equalization. Besides, increasing the number of the transmit
antennas M would contribute to enhance the focusing capa-
bility of TR.

In order to develop an analytical expression, we only con-
sider the discrete-time signals. The maximum length of each
CIR is L. The CIR from the i-th transmit antenna to the
n-th user is modeled as

hin[k] =
L∑
l=1

αin,lδ(k − l), (2)

where αin,l is the complex amplitude of the l-th tap and
hin[l] ∈ hin. In the following derivation process, we assume:
(i) The channel coefficient at the l-th tap of the CIR (αin,l)
is an independent and identically distributed (i.i.d.) Gaussian
random variable with the real and imaginary parts having zero
mean and variance 0.5 σ 2

in,l (E[hin[l]] = 0, E[|hin[l]|2] =
σ 2
in,l). (ii) Different taps of the CIR are statistically inde-

pendent (uncorrelated scattering). (iii) The channel coeffi-
cients between two CIRs at the same tap index are mutually
uncorrelated.Moreover, the average power of each tap decays

exponentially described as E[|hin[l]|]2 = e−
lT
σT .

Furthermore, the M × N spatially correlated channels can
be modeled as [23]

H [k] = ((R1/2
r )T )⊗ (R1/2

t ))Hw [k], (3)

where [H[k]]in = hin[k], i ∈ {1 · · ·M}, n ∈ {1 · · ·N }, and
k ∈ {1 · · · L}. TheM×M positive-definematrixRt represents
the correlation between transmit antennas (the correlation
coefficient ρt ∈ Rt ). The N × N positive-define matrix
Rr represents the correlation between different end-users
(the correlation coefficient ρr ∈ Rr ). Hw[k] ∈ CMN×L

is the channel matrix containing the independent CIRs for
a given k .

However, in a practical scenario, the true channel hin is
not available to the transmitter. Considering the effect of
CEE, the estimated CIR from the i-th transmit antenna to the
n-th user can be defined as

ĥin = hin + ein, (4)

where hin[l], ĥin[l] and ein[l] are the true value, the estimated
value, and the estimation error of the CIR, respectively. Here,
the estimation errors ein are approximated as zero mean and
i.i.d. Gaussian variables and ein are statistically independent
of hin (i.e. error vector ein and channel vector hin are mutually
uncorrelated). Thus, we obtain

E[|ĥin[l]|2] = E[|hin[l]|2]+ E[|ein[l]|2],

E[ĥ∗in[l]hin[l]] = E[|hin[l]|2].

Then, a error factor φ is defined as [24]

E[|ein[l]|2] = φE[|hin[l]|2]. (5)

Hence, E[|ĥin[l]|2] = (1+ φ)E[|hin[l]|2] can be obtained.
If the CIRs of all channels ĥin are known at the trans-

mitter, the pre-filter for the communication link between the
i-th transmit antenna and the n-th user can be given by

f̂in[k] = ĥ∗in[L + 1− k]/

√√√√ M∑
i=1

L∑
l=1

|ĥin[l]|2. (6)

Accordingly, the equivalent time-reversed CIR (TR-CIR)
from the i-th antenna to the n-th user is formulated as

ĥTRin [k] = f̂in[k] ∗ hin[k]

=

∑k
l=1 ĥ

∗
in[L + 1− l]hin[k + 1− l]√∑M

i=1
∑L

l=1 |ĥin[l]|2
(7)

with k = 1, 2, · · · , 2L − 1, and

ĥTRin [L] =

∑L
l=1 |ĥin[l]|

2√∑M
i=1

∑L
l=1 |ĥin[l]|2

. (8)

Note that ĥTRin [k] is the autocorrelation function of hin[k].
When k = L, ĥTRin [k] correspondingly reaches to the
maximum-power peak of the autocorrelation function. There-
fore, the signal energy is concentrated at sample point L, and
the focusing effect is achieved.

The signal received at user n is

yn[k] =
M∑
i=1

N∑
j=1

sj[k] ∗ f̂ij[k] ∗ hin[k]+ n[k], (9)

where each of {s1, s2, · · · , sN } represents a sequence of infor-
mation symbols that are independent complex random vari-
ables with zero mean and variance of θ , and n[k] is zero mean
Gaussian noise with variance of σ 2.

III. PERFORMANCE ANALYSIS
Benefiting from the focusing property of TR, the one-tap
receiver is used to sample the signal at the central tap
(i.e. k = L) and thus the complexity of TR systems can
be significantly reduced. The symbol sn[k − L] is estimated
solely based on the observation of yn[k]. And yn[k] can
be further separated into the desired signal, inter-symbol
interference (ISI), inter-user interference (IUI) and noise.
ISI power PISI , is derived here from (9) as the sum of the
power in the TR-CIR at instants other than the focusing time
(k ∈ {1, · · · , 2L − 1} , k 6= L).
In a multi-user network, because of severe inter-user inter-

ference, SINR is always a crucial performance metric used to
measure the extent to which a signal is corrupted. We study
the effective SINR at each user and focus on the changes of
the desired signal power and interference powers(i.e. PISI and
PIUI ) as a result of spatial correlation and CEE.
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We define the average effective SINR at the n-th user
SINRnavg as the ratio of the average signal power to the average
interference-and-noise power, i.e.

SINRnavg = E
[

Pns
Pnisi + P

n
iui + σ

2

]
, (10)

Pns = θ

∣∣∣∣∣
M∑
i=1

(f̂in ∗ hin)[L]

∣∣∣∣∣
2

, (11)

Pnisi = θ
2L−1∑
k=1

k 6=L

∣∣∣∣∣
M∑
i=1

(f̂in ∗ hin)[k]

∣∣∣∣∣
2

, (12)

Pniui = θ
N∑

n′=1

n′ 6=n

2L−1∑
k=1

∣∣∣∣∣
M∑
i=1

(f̂in′ ∗ hin)[k]

∣∣∣∣∣
2

. (13)

The closed-form expression for (10) using multiple integra-
tion is very complex. Thus, we can rewrite it by using [25]
as follows

SINRnavg ≈
E[Pns ]

E[Pnisi]+ E[P
n
iui]+ σ

2 . (14)

Note that the expression in (10) bears difference with the
expression in (14) in general. The latter can be treated as an
approximation of the former quantity. Such an approximation
is especially simpler and more useful when calculating the
average SINR in some cases, e.g., this work, [9] and [24].
The performance of this approximation will be tested in the
numerical results shown in Figure 5.
Theorem 1: For the multipath channels given in Section II,

the expected value of each term for the average effective
SINR (14) at user n can be obtained as shown in (27), (29),
and (32).

In the (14),E[Pns ],E[P
n
isi], andE[P

n
iui] can be obtainedwith

the help of the useful formulations as (15)-(18). Considering
the correlated channel matrix, the expectation of product of
two random variables can be derived as

E
[
ĥin[l]ĥ∗i′n′ [l]

]
= σ̂in,l σ̂i′n′,l (Rt)ii′ (Rr )nn′ . (15)

Accordingly, we also have

E
[
ĥ∗in′ [L + 1− l]hin[k + 1− l]

]
=

(Rr )nn′
σ̂ 2
in,L+1−l

1+ φ
, k = L

0, otherwise.
(16)

For mathematical simplification, in the following derivation
process, we assume that σ̂in′,l = σ̂in,l , and σ̂i′n,l = σ̂in,l .
In addition, the following analytic expression is defined

ξ =
1

(
∑M

i=1 E
[∥∥∥ĥin∥∥∥2]) .

Then, the expectation of product of four random variables
which are jointly Gaussian distributed is given by [26]

E [X1X2X3X4] = E [X1X2]E [X3X4]

+E [X1X3]E [X2X4]+ E [X1X4]E [X2X3]

− 2E [X1]E [X2]E [X3]E [X4]. (17)

Moreover, the expectation of the expression of∣∣∣∣ M∑
i=1

(f̂in′ ∗ hin)[k]

∣∣∣∣2 is given by [12]

E

∣∣∣∣∣
M∑
i=1

(f̂in′ ∗ hin)[k]

∣∣∣∣∣
2

=

M∑
i=1

E
[∣∣∣(f̂in′ ∗ hin)[k]∣∣∣2]

+E

Re


M∑
i′=1
i′ 6=i

M∑
i=1

(f̂in′ ∗ hin)[k](f̂i′n′ ∗ hi′n)
∗[k]


.
(18)

According to (7), the first term on the rhs of (18) can be
formulated as

E
[∣∣∣(f̂in′ ∗ hin)[k]∣∣∣2]

= ξE

∣∣∣∣∣
k∑
l=1

ĥ∗in′ [L + 1− l]hin[k + 1− l]

∣∣∣∣∣
2. (19)

Based on (18), we also have

E

∣∣∣∣∣
k∑
l=1

ĥ∗in′ [L + 1− l]hin[k + 1− l]

∣∣∣∣∣
2

=

k∑
l=1

E
∣∣∣ĥ∗in′ [L + 1− l]hin[k + 1− l]

∣∣∣2
+

k∑
l′=1
l′ 6=l

k∑
l=1

E[ĥ∗in′ [L+1−l]hin[k+1−l]

× ĥin′ [L+1−l
′]h∗in[k+1−l

′]]. (20)

Then, applying (16) and (17) into (20), we obtain

E
∣∣∣ĥ∗in′ [L + 1− l]hin[k + 1− l]

∣∣∣2

=


(Rr )2nn′

(
σ̂ 2
in,L+1−l

1+ φ

)2

+
σ̂ 4
in,L+1−l

1+ φ
, k = L

σ̂ 2
in′,L+1−l σ̂

2
in,k+1−l

1+ φ
, otherwise,

(21)
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and

E
[
ĥ∗in′ [L+1−l]hin[k+1−l]ĥin′ [L+1−l

′]h∗in[k+1−l
′]
]

=


(Rr )2nn′

(
σ̂ 2
in,L+1−l σ̂

2
in,L+1−l′

)
(1+ φ)2

, k = L

0, otherwise.

(22)

Next, the last term on the rhs of (18) can be further derived as

E
[
Re
{
(f̂in′ ∗ hin)[k](f̂i′n′ ∗ hi′n)

∗[k]
}]

= ξE

{
k∑
l=1

ĥ∗in′ [L + 1− l]hin[k + 1− l]

×

k∑
l′=1

ĥi′n′ [L + 1− l ′]h∗i′n[k + 1− l ′]

}
. (23)

When k = L and n′ = n, the second term on the rhs of (23)
may be expressed as

E

[
L∑
l=1

ĥ∗in[l]hin[l]
L∑

l′=1

ĥi′n[l
′]h∗i′n[l

′]

]

=E

[
L∑
l=1

(
h∗in[l]+e

∗
in[l]

)
hin[l]

L∑
l′=1

(
hi′n[l

′]+ei′n[l
′]
)
h∗i′n[l

′]

]
.

(24)

Note that E[e∗in[l]hin[l]] = 0. Thus, we have

E
[
e∗in[l]hin[l]ei′n[l

′]h∗i′n[l
′]
]

=


φ (Rt)2ii′

(1+ φ)2
σ̂ 2
in,l σ̂

2
i′n,l, l = l ′

0, otherwise.
(25)

According to (11) and (18), Pns can be re-written as

E[Pns ]

= θE

∣∣∣∣∣
M∑
i=1

(f̂in ∗ hin)[L]

∣∣∣∣∣
2

= θ

M∑
i=1

E
[∣∣∣(f̂in ∗ hin)[L]∣∣∣2]

+ θξE

Re


M∑
i′=1
i′ 6=i

M∑
i=1

L∑
l=1

ĥ∗in[l]hin[l]
L∑

l′=1

ĥi′n[l
′]h∗i′n[l

′]


.

(26)

If n = n′, (Rr )nn′=1. Substituting (21)-(25) (k = L, n = n′)
into (26), E[Pns ] can be formulated as

E[Pns ] =

θ
M∑
i=1

(
(2+ φ)

L∑
l=1
σ̂ 4
in,l +

(
L∑
l=1
σ̂ 2
in,l

)2)

(1+ φ)2
M∑
i=1

L∑
l=1
σ̂ 2
in,l

+

θ
M∑
i′=1
i′ 6=i

M∑
i=1

(
L∑

l′=1

L∑
l=1
σ̂ 2
in,l σ̂

2
i′n,l′ + (1+ φ)

L∑
l=1
σ̂ 4
in,l (Rt)

2
ii′

)

(1+ φ)2
M∑
i=1

L∑
l=1
σ̂ 2
in,l

.

(27)
From (27), the desired signal power is inversely propor-

tional to φ, i.e. the desired signal power is reduced by the error
of estimated channels. Moreover, only transmit correlation
has slight effect on Pns .
Furthermore, when k 6= L, n′ = n, and l ′ = l, the second

term on the rhs of (23) may be also expressed as

k∑
l=1

(Rt)2ii′
(
σ̂ 2
in,L+1−l σ̂

2
in,k+1−l

)
. (28)

Substituting (21) and (28) (k 6= L, n = n′) into (12), E
[
Pnisi
]

can be further derived as

E
[
Pnisi
]
= θE

2L−1∑
k=1
k 6=L

∣∣∣∣∣
M∑
i=1

(f̂in ∗ hin)[k]

∣∣∣∣∣
2


= 2θE

L−1∑
k=1

∣∣∣∣∣
M∑
i=1

(f̂in ∗ hin)[k]

∣∣∣∣∣
2

= 2θ

L−1∑
k=1

M∑
i=1

(
k∑
l=1
σ̂ 2
in,k+1−l σ̂

2
in,L+1−l

)
(1+ φ)

M∑
i=1

L∑
l=1
σ̂ 2
in,l

+ 2θ

L−1∑
k=1

M∑
i′=1
i′ 6=i

M∑
i=1

k∑
l=1
(Rt)2ii′

(
σ̂ 2
in,L+1−l σ̂

2
in,k+1−l

)

(1+ φ)
M∑
i=1

L∑
l=1
σ̂ 2
in,l

.

(29)
From (29), it is easy to see that only transmit correlation
has significant influence on ISI power whereas inter-user
correlation does not affect it. Hence, ISI power increases fast
with the increase of (Rt )ii′ .
Similarly, when k = L and n 6= n′, the second term on the

rhs of (23) is equal to

=

(
1

1+ φ

)2 L∑
l′=1
l′ 6=l

L∑
l=1

σ̂in′,l σ̂in,l σ̂i′n′,l′ σ̂i′n,l′ (Rr )
2
nn′

+

L∑
l=1
l′=l

(
σ̂in′,l σ̂in,l σ̂i′n′,l′ σ̂i′n,l′

(1+ φ)2

)(
(Rr )2nn′ + (Rt)

2
ii′

)
.

(30)
In addition, when k 6= L, n 6= n′, and l ′ = l, the second term
on the rhs of (23) may be represented as

=

k∑
l=1

(Rt)2ii′
(
σ̂in′,L+1−l σ̂i′n′,L+1−l σ̂in,k+1−l σ̂i′n,k+1−l

)
.

(31)
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Substituting (21), (22), (30), and (31) into (32), we will get
intended result of E[Pniui]. Based on (21), (22), (30), and (31),
it is worth noting that both inter-user correlation and transmit
correlation have significant influence on IUI power. As spa-
tial correlation increases, IUI power increases faster than ISI
power.

E[Pniui] = = θE

 N∑
n′=1
n′ 6=n

2L−1∑
k=1

∣∣∣∣∣
M∑
i=1

(f̂in′ ∗ hin)[k]

∣∣∣∣∣
2


= θE


N∑

n′=1
n′ 6=n

2L−1∑
k=1

{
M∑
i=1

∣∣∣(f̂in′ ∗ hin)[k]∣∣∣2+

Re

 M∑
i′=1
i′ 6=i

M∑
i=1

(f̂in′ ∗ hin)[k](f̂i′n′ ∗ hi′n)
∗[k]



.
(32)

Based on the above formulas, one can see that the desired
signal power increases linearly with the number of antennas,
but the average interference powers (i.e. ISI and IUI) are
independent from it, which is due to an enhanced focusing
capability with multiple transmit antennas leveraging the
multipaths in the environment. This will be demonstrated in
the numerical results shown in Table 1. Hence, an increase in
M would increase the ratio between Ps and Pisi + Piui + σ 2.
As a result, it would improve the BER at high SINR.
In some scenarios, we do not need to consider the inter-user

interference. The usable power ratio is a parameter that will
compare different scenarios through a single metric. From the
received signal in (9), since there is no inter-user interference,
we know that the total received power is Pr = Ps+Pisi+σ 2.
Ignoring the effect of noise, the usable power ratio is
defined as

utr =
Pns
Pnisi

. (33)

Moreover, we define the effective spatial focusing param-
eter as the ratio between the usable power at the receiver and
the usable power at the unintended receiver (without con-
sidering the ISI in the signal). This parameter measures the
spatial focusing ability of the TR beamforming and has been
used previously in related literature, e.g. [22]. The spatial
focusing parameter is calculated as

ηtr ∼=
Pns
Pun

. (34)

In addition, the desired signal power captured by the unin-
tended receiver is equal to the power of the sample at instant
L in its equivalent TR-CIR. Hence, the interference power is
expressed as

Pun =

∣∣∣∣∣
M∑
i=1

(fin ∗ hin′ )[L]

∣∣∣∣∣
2

. (35)

IV. SIMULATION EXPERIMENTS AND
NUMERICAL ANALYSIS
In this section, the time compression property of TR is
assessed by analyzing the CIRs under different propagation
conditions. Then, numerical evaluation for the performance
parameters defined in Section III are provided and discussed.
The channel model is used with bandwidth (B) = 1 GHz,
the number of taps (L) ∼ 11 to 110, and root mean square
delay spread (σT ) = L ∗ 0.9 ∗ Ts. Moreover, the signal to
noise ratio (SNR) is normally kept at 25 dB (θ = 25 dBm for
all n, and σ 2

= 0 dBm). It is noted thatM×N MISO denotes
a MISO system having M transmit antennas transmitting to
N users. All results were obtained by averaging those powers
over 10000 channel realizations.

A. TIME COMPRESSION VALIDATION TEST
Fig. 2 shows samples of the original and the equivalent ampli-
tude of the CIR at the intended receiver (setting L = 110).
The magnitudes of CIR have been normalized to their maxi-
mum value. Clearly, the original CIR before TR shows larger
delay spread. Without using the TR-based transmission, all
the multipath components at each tap have power contribu-
tions to the original CIR of one transmit antenna, which leads
to a significant residual ISI power. Typically, this problem can
be solved with equalization method at the receiver, RAKE
receivers. But this would increase computational complexity
at the receiver [22]. However, as shown in Fig.2b, the equiv-
alent CIR after TR show that the delay window over which
the effective CIR is significant is reduced, and a substan-
tial portion of signal power is aggregated at the center tap
(i.e. k = 110) of the equivalent CIR while suppressing the
interference (i.e., k ∈ {1,2· · · , 219}, k 6= 110) as much
as possible. This indicates that there is temporal focusing.
Thanks to the temporal focusing effect, the receiver can
perform a simple one-tap detection and achieve good energy
efficiency. On the other hand, in Fig.2c, it can be seen that
the focusing gain of TR is weakened by the CEE. According
to the experimental results, CEE causes a reduction in the
desired signal power, and power focalization is decreased.

B. BEAMFORMING PERFORMANCE PARAMETERS
The expressions of the average effective SINR, Utr , and
ηtr are analyzed numerically in the previous section. Fig. 3
shows these results in terms of the number of channel tap.
The experiments are based on the assumption of independent
channels with perfect CSI.

As shown in Fig.3, the average effective SINR, Utr , and
ηtr is significantly improved when the number of antennasM
increases. Especially, from Fig.3b, one can see that approxi-
mately a 3 dB gain is obtained in Utr as M is doubled.

On the other hand, when CIR length L increases (more
taps imply more multipaths), the effective SINR and Utr
keep steady and are not improved. This is because PS , PISI
and PIUI synchronously increase with the number of taps.
In addition, as seen in Fig.3c, ηtr is improved quickly as
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FIGURE 2. CIRs and temporal focusing effect obtained from experiments.
(a) Original CIR obtained from one antenna without TR. (b) Equivalent CIR
with TR without CEE. (c) Equivalent CIR with TR (CEE φ = 0.5).

moremultipaths are available, which demonstrates clearly the
spatial focusing properties of TR pre-coding. This is due to
the increasing number of resolvable multipath components
in the CIR, which are all coherently added at the intended
receiver thanks to TR pre-filter. Therefore, more multipaths
can improve the spatial focusing capacity of TR. Indeed,
spatial focusing may be utilized in lowering co-channel

interference in multi-cell/user systems, which leads to more
efficient use of the bandwidth.

FIGURE 3. Performance parameters introduced in Section III. (a) effective
SINR per user in multi-user network, (b) usable power ratio in the
single-user case, and (c) apparent spatial focusing in multi-user network.
(a) SINR versus L (N=2).

Comparing Fig.3a with Fig.3b, it is clear that the effective
SINR is far inferior to Utr . Note that the calculation of SINR
considers the impact of IUI in the multi-user system whereas
the calculation of Utr is suitable for one-user case. Fig.3a
reveals that in a multi-user transmission scenario, inter-user
interference can be notably severe and cause crucial perfor-
mance degradation.
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FIGURE 4. The effects of correlation and the number of users on
performance parameters. (a) SINR versus ρ, given N=2.

Fig. 4 shows the results of the effective SINR, Utr, and
ηtr in terms of spatial correlation or/and the number of end-
users. Note that ρt and ρr denote transmit-side correlation

coefficient and receive-side correlation coefficient, respec-
tively. In Fig. 4, at the low correlation regime (ρt and ρr from
0 to 0.2), the more transmit antennas the system has, the bet-
ter performance the system can achieve. This is because Ps
increases linearly with the number of antennas whereas PISI
and PIUI keep constant, as listed in Table 1. But when the
correlation is strong, more transmit antennas tend to result in
a faster performance loss due to spatial correlation. Indeed,
as shown in Fig. 4a, when ρt and ρr are greater than 0.4,
the performance of the 6×2 MISO system is already close
to the performance of the 8×2 MISO system. More antennas
at the transmitter do not better the system performance.

TABLE 1. The effect of the number of transmit antennas.

Moreover, the effective SINR, Utr , and ηtr deteriorate
drastically as the correlation coefficients (ρt and ρr ) increase.
According to the measuring results of the numerical simu-
lations, it is clear that significant increase in PISI and PIUI
causes the performance deterioration of the effective SINR,
Utr , and ηtr . As shown in Table 2 (the number of transmit
antennas M = 8), Ps remains unchanged whereas PISI
and PIUI increase significantly with increasing ρ. Obviously,
when the correlation is strong, the interference cannot be mit-
igated effectively any more and spatial correlation degrades
the focusing effect of TR.

TABLE 2. The impact of spatial correlation on PS , PISI , and PIUI .

Fig. 4b is plotted with M = 8 and ρt = 0, demonstrating
the impact of the number of users to the effective SINR at each
user. Relying on the simulation results, when N increases
from 2 to 4, the effective SINR per user decreases by 3 dB.
Due to the IUI, more co-existing users will result in higher
interference among users. That implies a tradeoff between
signal reception quality at each user and the network capacity
(in terms of number of serviced users). In fact, how to sup-
press interference effectively is still a huge challenge for the
future wireless communication systems.
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Furthermore, comparing the effective SINR curves
(M = 8, N = 2) in Fig. 4a and Fig. 4b, both transmit-side
correlation and inter-user correlation are considered in Fig. 4a
while only inter-user correlation is considered (i.e. ρt = 0,
transmit-side correlation is not taken into account in this
simulation experiment) in Fig. 4b. When ρt and ρr rise from
0 to 0.9, the effective SINR at each user decreases by 10 dB
in Fig. 4a. However, when ρr rises from 0 to 0.9 (ρt = 0),
the effective SINR at each user decreases by 6 dB in Fig. 4b.
This implies that double correlation will doubly degrade the
performance of system. In addition, it is worth reminding
that the degradation speed of the effective SINR, Utr , and
ηtr varies within the different ranges of ρ. In the lower range
of ρ (e.g. from 0 to 0.2), the effective SINR and Utr degrade
slowly. On the contrary, ηtr degrades rapidly. This is due to
the faster increase of Pun.

FIGURE 5. Effective SINR as a function of CEE and spatial correlation,
given N = 2.

Fig. 5 is plotted with M = 8 and L = 110, demonstrating
the variation of the effective SINR vs. CEE and spatial corre-
lation. Note that in Fig. 5, the solid curves are collected from
simulations which numerically compute E

[
Pns

Pnisi+P
n
iui+σ

2

]
as

shown in equation (10), and the star curves are obtained
according to the analytical results given by Theorem (1).
In Fig. 5, it is observed that the analytical results based on
Theorem (1) are well matched with simulation results in the
presence of spatial correlation and CEE, which demonstrates
that equation (14) approximates well (10), and validates the
effectiveness of the Theorem (1). Furthermore, the variation
of the effective SINR may be seen as the function of CEE
and spatial correlation. The effective SINR degrades with the
increasing of CEE due to the loss of signal focalization.

C. CHANNEL CAPACITY
Channel capacity is used as an important metric of the effi-
ciency of a wireless downlink scheme. It presents the infor-
mation rate achieved per unit bandwidth (often referred to as
spectral efficiency).

For any instantaneous realization of the random chan-
nels modeled in Section II, its corresponding instantaneous

effective SINR of user i with symbol variance θ is defined as

SINR(i,P/N ) =
Pns

Pnisi + P
n
iui + σ

2 , (36)

where each term is specified in (11), (12) and (13), and the
total transmit power is P (P = N ∗ θ ).
Then, the expected value of sum channel capacity can be

obtained as

Cavg = E

[
ϕ

N∑
i=1

log2(1+ SINR(i,P/N ))

]
(bps/Hz), (37)

where ϕ serves as a discount factor, and log2(1 +
SINR(i,P/N ) represents the instantaneous channel capacity
of user i.

In the following, without loss of generality, we use ϕ ≈ 1.
The numerical evaluation of the channel capacity is shown
with the CIR length L = 110 in the system model. The
average channel capacity of every user (setting ϕ = 1, θ =
25 dBm, and SNR= 25 dB) is plotted in Fig.6 with different
system configurations.

TABLE 3. Sum channel capacity comparison.

As shown in Fig. 6a, the channel capacity per user increases
monotonically with M in the low range of correlation, as a
result of improved SINR achieved by enhanced spatial focus-
ing. In Fig. 6b, it can be seen that even when ρt and ρr
are equal to zero, a larger N (i.e. more co-existing users)
degrades channel capacity of each user due to stronger inter-
ference among users, but it still gives rise to the sum channel
capacity listed in Table 3. In more details, when increas-
ing the number of co-existing users from 2 to 4 (ρt =
ρr = 0), the channel capacity per user reduces to 63% of
the original while the sum channel capacity increases from
4.626 bps/Hz to 6.328 bps/Hz, i.e. the available bandwidth
per user is reduced if the system serves more users. Further-
more, based on Table 3 and Fig. 6, it is observed that the
more spatial correlation, the more serious IUI, there is the
less the channel capacity. In fact, IUI is introduced due to the
non-orthogonality of the channel impulse responses among
different users. To solve this problem, signature waveform
design techniques can be utilized to combat the interference.
The basic idea of signature waveform design is to carefully
adjust the amplitude and phase of each tap of the signature
waveform based on the known CSI and thereby optimize
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FIGURE 6. Channel capacity comparisons under different experimental
conditions. (a) Channel capacity versus ρ, given N = 2. (b) Channel
capacity versus #users, given M = 8. (c) Channel capacity versus CEE,
given M = 8,N = 2.

the received signal to achieve low bit error rate. However,
in practical systems, a mismatch between the known CSI
and the true channel characteristics may occur. For example,
the CSI may be outdated due to channel variations. Fig. 6c
demonstrates the combined impacts of CEE and spatial cor-
relation on channel capacity per user. It is obvious that the
more errors in CSI, the less capacity is achievable.

D. BER PERFORMANCE
The average BER of the TR system under different channel
conditions is investigated in Fig. 7. BPSK modulation is
used.

FIGURE 7. The impacts of CEE and spatial correlation on BER. (a) Average
BER versus SINR. (b) Average BER versus ρ, given φ = 0. (c) Average BER
versus CEE, given ρ = 0.

It is worth reminding that we calculated the BER of
TR as a function of SINR while keeping SNR at 25 dB.
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Moreover, according to (10), (11), (12), and (13), the users
can receive better SINR as transmit power scales up in low
SNR regime. But in the high SNR regime where the inter-
ference power dominates the noise power, the impact of
the increased interference will be more prominent and thus
interference power will cause an upper bound on SINR. This
is because the interference power increases as transmit power
scales up. Indeed, when we increase SNR from 25 dB to
30 dB, SINR keeps stable.

Fig. 7a reveals that lower BER can be achieved at high
SINR. In Fig. 7b and Fig. 7c, the effects of spatial correlation
and CEE on the BER performance are tested respectively.
In Fig. 7b, BER performance improves significantly as the
number of antennas is doubled in the lower range of ρ
(i.e. from 0 to 0.2). However, if the correlation is strong,
more transmit antennas will more rapidly degrade the system
performance. In addition, more errors existing in CSI also
lead to the BER performance loss, but increasing the number
of transmit antennas still can significantly improve the BER
performance of the system, as shown in Fig. 7c.

V. CONCLUSION
We have analyzed a TR beamforming system over correlated
multipath channels with imperfect CSI. We defined and eval-
uated a variety of performance metrics such as the effective
SINR, channel capacity and the BER. The impacts of spatial
correlation and CEE on system performances were mainly
studied and discussed. Also, we derived a novel closed-form
approximations for the desired signal power, ISI power and
IUI power.

Through theoretical analysis and simulation results,
we found that TR performance is strongly dependent on
propagation conditions. As observed from simulation results,
more transmit antennas can improve the system performance
significantly due to the transmit diversity gain at the low cor-
relation. However, when spatial correlation is high, deploying
more antennas to transmitter is unable to improve the perfor-
mance of the TR system any more. Furthermore, our study
demonstrates:
• Spatial correlation has negligible influence on the
desired signal power, but high spatial correlation causes
a rapid growth of interference powers, especially the
growth of IUI power, consequently resulting in a signif-
icant deterioration in SINR performance.

• On the other hand, SINR performance is scaled down
due to imperfect CSI. Actually, it is because imperfect
CSI causes a reduction in desired signal power, but it
does not affect ISI power and has only a slight effect on
IUI power.

Hence, it is concluded that in order to get the higher
obtainable performance of TR, the following conditions
need to be satisfied: (i) The channels must be uncorre-
lated or weakly correlated so that the interference power is
minimized. (ii) CEE must be minimized, therefore maximiz-
ing the desired signal power. If TR technology can be well
utilized, it will yield satisfactory performance and achieve

good energy efficiency without the need for deploying com-
plicated receivers or a large number of antennas. TR is to be
a promising platform for future 5G wireless communication
systems.
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