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ABSTRACT In this paper, a barrier Lyapunov function (BLF)-based backstepping control design is proposed
for uncertain rigid spacecraft with both input and output constraints. A modified BLF (MBLF) is constructed
to extend the application scope of the traditional logarithmic BLF. Through using the MBLFs in each step
of the backstepping design, an adaptive constrained control scheme is presented to guarantee the tracking
performance and the constraint requirement of spacecraft systems, and the differentiation of the virtual
control is avoided with the employment of the tracking differentiator. The uncertainty bounds are estimated
by designing adaptive update laws, such that no prior knowledge is required on the bound of the lumped
uncertainty including input saturation and faults. Numerical simulations demonstrate the effectiveness of

the proposed scheme.

INDEX TERMS Barrier Lyapunov function, rigid spacecraft, backstepping design, input and output

constraints.

I. INTRODUCTION

Spacecraft attitude tracking control is essential to rotate the
craft to a required attitude, and it is the key factor for the
success of the missions, such as formation flying, satellite
communication, rendezvous of a space shuttle with the inter-
national space station, etc [1]. However, due to the nonlinear
and highly coupled dynamics, it is a challenging work to
design an attitude tracking controller with high precision
and fast convergence for spacecraft systems with considering
external disturbance and physical limitations. The problem of
the spacecraft attitude control has been extensively investi-
gated since the 1960s [2]. As two of the major issues encoun-
tered in practical spacecraft systems, the input saturation and
actuator fault should be taken into account in the spacecraft
attitude tracking control. In [3] and [4], the adaptive slid-
ing mode control laws were presented for rigid spacecraft
with the input saturation to achieve the attitude stabilization
and tracking control, respectively. In [5], an inverse tangent-
based tracking function in the backstepping-based control
was designed to reduce the peak control torque for spacecraft
attitude maneuver. In [6], an adaptive control method was
proposed to deal with the input saturation in the spacecraft

attitude stabilization without using any prior knowledge on
the uncertainties. In [7], two actuator failure cases were con-
sidered for spacecraft systems, and the asymptotic stability
was guaranteed by employing the sliding mode controllers.
In [8], the thruster distribution matrix was utilized to deal with
the actuator saturation and faults in the spacecraft system.
In [9], the fuzzy logic systems (FLSs) were employed to
approximate the actuator saturation and faults, and an adap-
tive control scheme was proposed to guarantee the satisfac-
tory attitude tracking performance.

Driven by the theoretical challenges and practical require-
ments, the controller design with the constrained states has
become an important research topic, and the widely used
output-constrained techniques mainly include prescribed per-
formance control (PPC) [10]{18], barrier Lyapunov function
(BLF) [19]-[27], funnel control [28]-[30] and so on. The
BLF is a class of Lyapunov like function, and its value can
reach the infinity when the state approaches to the boundary,
such that the state is constrained within the boundary [19].
In [20] and [21], a constant logarithmic BLF and a time-
varying logarithmic BLF were proposed for a class of single-
input single-output (SISO) nonlinear systems to ensure the
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constant output constraints and time-varying output con-
straints, respectively. In [23], a tangential barrier Lyapunov
function (TBLF) was proposed and suitable for both the con-
straint and unconstraint situations, however, the introduction
of the tangent function might increase the complexity of the
controller design. In [24], a BLF based adaptive controller
was developed for nonlinear pure-feedback systems with all
the system states being constrained. In [25], a BLF based
Nussbaum gain controller was constructed for SISO nonlin-
ear systems with unknown control direction, such that all
the signal constraints were guaranteed. As for the spacecraft
attitude control, the constraint of angular velocity is usually
imposed due to the work scenarios or sensor limitation [31].
In [32], a robust adaptive control scheme was developed for
a flexible spacecraft by constructing a logarithmic BLF, and
the uniform ultimate boundedness of the attitude tracking
error was guaranteed as the time goes to infinity. In [33],
a robust nonlinear controller was designed for the space-
craft stabilization with input saturation, and the constraint
of velocity was guaranteed by using the logarithmic BLF.
In [34], a logarithmic BLF based adaptive backstepping con-
trol scheme was presented for spacecraft rendezvous and
proximity operations, such that the full-state constraint of the
relative pose motion was achieved. In [35], an adaptive fault-
tolerant controller combining the PPC and BLF was proposed
to guarantee the transient and steady-state performance of the
spacecraft attitude tracking.

In practice, the actuator cannot provide boundless torque
and maintain health forever, hence, the input constraint
including actuator saturation and faults are two unavoidable
issues for spacecraft attitude control. Besides, the output con-
straint of the spacecraft is also a valuable practical problem
for security reasons or limited by work scenarios even sen-
sor limitation. However, the controller design of spacecraft
systems with both input and output constraints remains a
challenging work. On the one hand, the use of the output
constraint could force the system output to converge within
a prescribed bound, which is helpful to improve the system
transient performance. When the initial system state is far
away from the equilibrium state, the required control input
is usually set relatively large to guarantee the fast transient
response. But on the other hand, due to the effect of the input
saturation and actuator fault, it is a hard work to keep the
satisfactory transient response as usual. Consequently, it is
difficult and challenging to guarantee the satisfactory tran-
sient response in the attitude control design with considering
both input and output constraints.

Inspired by the aforementioned discussions, a barrier
Lyapunov function based adaptive constrained control prob-
lem is addressed for the rigid spacecraft system with iner-
tia uncertainty, external disturbance, input saturation and
actuator fault. The main contributions of this paper include
(i) A modified barrier Lyapunov function (MBLF) is con-
structed to extend the application scope of the traditional
logarithmic barrier Lyapunov function, and it is suitable for
both the constraint and unconstraint situations; (ii) Through
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FIGURE 1. Definition of the orbit reference frame.

using the modified barrier Lyapunov functions in each step
of the backstepping design, an adaptive constrained control
scheme is presented to guarantee the tracking performance
and the constraint requirement of spacecraft systems with
input saturation and faults.

The rest of this paper is organized as follows. Section II
states the formulation of the spacecraft attitude tracking prob-
lem. In Section III, a novel modified barrier Lyapunov func-
tion (MBLF) is proposed and compared with existing barrier
Lyapunov functions, and an adaptive backstepping control
law is presented for the spacecraft with inertia uncertainty
and external disturbance. In Section IV, an adaptive fault-
tolerant control scheme is proposed for the uncertain space-
craft with the input saturation. Simulation results are provided
in Section V followed by the conclusion in Section VI.

Il. PROBLEM FORMULATION

As shown in Fig.1, there are three main coordinate frames
for the rigid spacecraft system, i.e., the inertial axis frame
F (X1, Y1, Zp), the orbit reference frame % (Xo, Yo, Zo) and
the spacecraft’s axis frame .#(Xp, Y, Zg). In this paper,
due to the convenience of calculation without singularities,
the spacecraft’s attitude with respect to any reference frame
is defined by the unit quaternion, which is formulated as [2]

nsin(%) qv
= = 1
I [ cos(9) | = [ au M
where ¢ is the rotation angle, n = [ny, ny, nZ]T denotes the
Euler axis, ¢ = [q1, q2, q3]T and ¢4 are the vector and

scalar components of the unit quaternion, respectively, and
satisfy g7 g, + ¢5 = 1.

Then, the kinematics equations of the rigid spacecraft in
terms of unit quaternion are given by

) 1 %
qv 5(%13 + g, )
1
— 54w )

q4
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where I3 is the 3 x 3 identity matrix, and w € R is the angular
velocity of the spacecraft. The character * denotes a skew-
symmetric matrix operator for any vector a = [a1, a2, a3]T:

0 —a3 ar
a*=| a 0 —a 3)
—ap a; 0
which has following properties: a*b = —b*a and a*a = 0,

where b = [by, ba, b3]7 is another vector.
The dynamics equation of spacecraft is

Jo=—-o"Jo+u+d )

where J € R3*3 denotes the symmetric positive definite total
inertia matrix of the rigid spacecraft, u € R3 is the control
torque, and d € R3 is the external disturbance with unknown
upper bound.

Setting a4 = [q},. gaa)" (qav = [qa1. qa2. qa3]") as
the unit quaternion of desired attitude motion, the ori-
entation error presented by quaternion is defined as
e= [evT, e4]T(ev = [ey, €2, e3]T) in the form of

ey = qaaqy — 4,9y — q49dv 6))
es = qhqv + qaqas . (6)

Based on (5) and (6), the transformation from g4 to g is

q1 €4 es —ey e qdd1
Q@ | _ | —e3 () el €2 qd2 G
q3 e —eq €4 e3 qa3
q4 —ey —ey —e3 e4 qda

From (7), it is clear that when the quaternion errors reach
ey = [0,0,0]7 and es = 1, the accurate attitude tracking
is achieved, i.e. ¢ = g4. Then, the angular velocity error is
defined as

we = w — Cwy (8)

where wy € R® denotes the bounded target angular velocity
with the corresponding bounded derivative, w, € R> is the

angular velocity error, the orthogonal matrix C = (eﬁ —
ZeVT ez + Zeveg — 2e4e) is the rotation matrix from the
target frame to the body frame, satisfying ||C|| = 1, and
C= —w)SC.

From (2)-(8), the attitude tracking error dynamics and
kinematics are obtained by

. _l el + e
[
Jw, = —(we + Cwa)*J(we + Cwyg)
+ () Cwg — Cig) +u+d (10)
where J = Jop + AJ, Jp denotes the nonsingular known

nominal value of the inertia matrix, and AJ is the bounded
uncertainty. Substituting J = Jo + AJ into (10) leads to

@e = Jy ' [~ AT de — (@e + Cwg)* T (we + Cwq)
+H () Cog— Cig)+u+d]=F+J5'u (11)
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where

F:=[F, F,F"
=Jy' [-ATde — (@e + Cwg) T (we + Cag)
+J () Cwg — Civg) +d]. (12)
Due to the boundedness of AJ, wy, wg, d and the fact

ICIl = 1, |oX] = llwell, the following inequality
holds [36], [37]:

IFI <

55 | nagn e + a5 11 e
+ 5 [ 10 1wl + 757 | 191 el eoel
o U R v N
< b+ Do el + b3 el + balloe|> = b7 (13)

where b = [by, ba, bz, bs]" with by, by, b3, bs being un-
known positive constants, and ® = [1, [lwe]l , [|@el . IIwellz]T.

From (9) and (11), the attitude tracking error dynamics and
kinematics equations are formulated by

{é‘v = Gw,

e =F+Jy'u (14

where G = 1 (esl3 + €)). To ensure G in (14) is invertible,
the condition det(G) = e4 # 0,VYt € [0, 0c0) should be
satisfied. It means that the initial value of e4 is set to be
nonzero, and the controller is designed to guarantee e4 # 0
for all the time.

The control objective in this paper is to design an adaptive
attitude tracking controller for rigid spacecraft (4) subject to
inertia uncertainty, external disturbance, input constraint and
actuator fault, such that angular velocity w of the system is
constrained, and the attitude tracking errors w, and e converge
to a small region of the origin.

lll. MBLF BASED ADAPTIVE BACKSTEPPING CONTROL
In this section, a novel modified barrier Lyapunov func-
tion is proposed for the backstepping control design of
rigid spacecraft systems with inertia uncertainty and external
disturbance.

A. MODIFIED BARRIER LYAPUNOV FUNCTION

The modified barrier Lyapunov function (MBLF) is presented
in the form of

Van = L1 ke (15)
" _2nk§—z2

where In(-) is the natural logarithm, e is Euler’s number, kj is
a positive constant, and the initial value of the state z is set to
satisfy |z(0)| < kp.

When kj, tends to the infinity, the constraint is not required
and (15) becomes

~7 (16)
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From (16), it is found that when k; tends to the infinity,
the MBLF turns into a traditional quadratic form of Lyapunov
function. Therefore, compared with the trezlditional logarith-
mic BLF in [20], i.e. Vp(t) = %ln kszhz” the proposed
MBLEF is suitable for both the constraint and unconstraint
situations, and thus extends the application scope of the
traditional logarithmic barrier Lyapunov function. In order
to guarantee kp > |z(0)|, the value of the parameter should
be selected slightly large, which may lead to unconstraint
situation. However, the proposed MBLF is suitable for both
the constraint and unconstraint situations, and thus the satis-
factory system performance could still be guaranteed with a
larger kp.

In [23], a tangential barrier Lyapunov function (TBLF) is
given by

k2 2
Vi) = 2 tan (”—2) 120)] < k. (17
T kb

When k;, tends to the infinity, (17) has the similar property
with that of MBLF, i.e.,

k? 2 1
lim -2 tan T = —zz.
kp—>00 TT k2 2

However, differentiating (15) and (17) yields
v, 1+ ! 2 (18)
= 2z
" k2 — 22

Z

2
cos (2k2 )

Compared with (18), the form of (19) is more complex due
to the existence of cosine function in the denominator, which
may hinder its application in the backstepping control design.

Lemma 1: For any positive constant kp, the following
inequality holds for the vector z = [z1, z2, z3]7 in the interval
llzll < kp:

and

V= 19)

T RN i (20)
- | 2= ——5——F
kf — 2Tz kg — 2Tz

Proof of Lemma 1: For the proof convenience denoting

K = kg, X, = L'z and defining F(x;) = Ko, — In =2— K
the derivative of F(x;) is given by

. Xz

Fix;)) = ——= > 0. 2D

(K — xz)2 B

From (21), F(x;) is a monotonic increasing function, with

F(0) = 0, and it is concluded that F(x;) > 0 for any

X, = Zz2>0,ie.,

T 2
7z ki,

> In .

k2 -7z kg -2z

(22)
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Adding 77 7 to both sides of (22), the following inequality
is easily obtained

[ ros B (23)
- | Z=21N——F5——F.
kg — 7Tz kg — 7'z

This completes the proof.

B. CONTROL DESIGN
The detailed design procedures of the adaptive controller are
given as follows.

Step 1: For the system (14), define two virtual states as

71 = ¢y
24
{Z2=we_wc @4

where w, is the virtual control which is designed later.
Then, the following MBLF candidate is chosen as
1 k2 eZ|TZI
Vi=—-In "—— (25)
2k -2z
where kp is the constraint on z1, satisfying ||z;(0)|| < kp1.
According to (14), the time derivate of V| is given by

Vi = 012] 21 = 0121Gw, (26)
where 01 = 1 + ﬁ
o kymha . .
Considering w, = w, + z2, the virtual controller w, is
designed as
we = —k1G 1z 27)

where k1 > 0 is the tunable parameter.
Substituting (27) into (26) yields

Vi = —ki012} 21 + 0121 Gz2 - (28)

Step 2: Under the condition of ||z2(0)|| < kp2, another BLF
V, is given by
1 klfzeZg 2 1 ops

Vo=Vi+sIn5——+—0b'b (29)
2 kb2 - Zz 22 27’1

where 7; is a positive parameter, and b = b — b with b being
the estimation of b.

Taking the time derivative of V; yields

. . T. I -7
Vo=Vi+o2 — U_b b (30)
1

1
kt%z_zg 2’

Using (14) and (24), the time derivative of 7, is

where op = 1 +

D= —dc=F+Jy u—dr. (31)

Employ the following tracking differentiator [38]

D1 = Vi
. 32
{ﬁzl: —r - sgn(d1; — we + 2402 i = 1,2, 3, (52)
where r represents the acceleration limit of w,.
60779
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Then, the practical controller « in (31) is designed as

2 & 1 o1e4e
u=-—Jg (ngz—i——szCD + —0220 + 1A% ﬂZ) (33)
llz2 |l 2
and the update law of bis given by
b=m (o2ll22|® — kib) (34)

where «3,7n1,k1 > 0 are design parameters, ¢ =
[1 el el IIweII2]T, and 9, = [D21, V22, ¥23]7 is the
output of the TD (32).

Remark 1: In most of practical applications, the derivative
signal @, in (31) is always difficult to obtain precisely due to
the inevitable noise amplification problem. To deal with this
problem, the tracking differentiator (TD) (32) is employed
to approximate @., which means that the TD applied in
this paper can be viewed as an observer of the deriva-
tive signal w, = [wc1, Wc2, a)c3]T. From the expressions
of (14), (24) and (27), it is concluded that the bounded-
ness of w, is related to the boundedness of quaternion
variables ¢,, g4 and the angular velocity w. For practical
spacecraft systems, the quaternion variables ¢, and g4 are
obviously bounded because of q% + qﬁ = 1, and due to
the effect of input and output constraints, the angular veloc-
ity o is reasonable to be considered as a bounded signal.
Therefore, it is feasible to employ TD (32) to estimate the
bounded signal ., and the rigorous proof of the TD’s con-
vergence is given in [39]. It means that there exist positive
constants py;, i = 1, 2, 3, satisfying

[P2i — @eil < pyii=1,2,3 (35)

fort > Ty4, where Ty, is the settling time of the TD. It follows
from (35) that

92 — @cll < o (36)

with & = [@c1, @2, @317, and wp a positive but unknown
constant.

Remark 2: The controller (33) is discontinuous when zp;
crosses the equilibrium point, which may lead to undesirable
chattering and energy waste. This issue can be alleviated by
employing the boundary layer technique [40], in which the
function Hiﬁ in (33) is replaced by

221 ) 223
lz2ll +8" llzall + 87 llzall +8

where § > 0 is the bounded layer parameter and its value
should be chosen sufficiently small.

sigs(z2) = [ ] 37

C. STABILITY ANALYSIS
The following theorem summarizes the stability results of the
closed-loop spacecraft system.

Theorem 1: For the spacecraft system (14) with the virtual
controller (27), the practical controller (33) and the update
law (34), the tracking errors e, and w, can converge into an
arbitrarily small region of the origin when the time goes to
infinity.
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Proof of Theorem 1: Substituting (25) into (29) yields

T T
L Bels 1 et

1 e
Vo=-In2" 4+ —In 22"+ —blh (38)
2k —zla 2 kp—Zm 2m
Using (28) and (31), the time derivative of V; is
Vo < —kjo1z{ 21 + 012] Gza

A

0223 (F+ 5w = o) - %BTb. (39)
Substituting (33) and (34) into (39) leads to
v, < —K101Z1TZ1 - KzUzzgzz + o1 (ZlTGZZ - e4z§ev)
+0:2 (92 = 60) + o2llza|| (IF ]| — B & — BT )
303 Il 4+ kibTh, (40)

Using the fact e{evX = [0,0,0], leng = evT(e413 +
ez = e4zg ey is derived. According to Young’s inequality
and (36), the following inequality hold:

o? llzall>
2 2

Using (13) and (41), the time derivate of V; is further
simplified as

. 1
Vi<—ki |1+ 55—z a
( kg —zlz

1+ : 4
—K2 | n2
ki — 2z

iT? fo®
+k1b” b+ - (42)

o2llz2llpmy = (41)

According to the Lemmal, (42) is rewritten as

. 1 k}flezlrZl
V2 < —2K1 —In > T
2 kbl - Zl Zl

T
1 k2 eZ| 21
25| =1n 2b2—T
2 kp—n2

2
i BTh + ‘% : (43)
Using Young’s inequality, the following inequality is
obtained as

ki
2

Substituting (44) into (43) yields
Vo < —MVa+ 45)

JON k e
kbl b < 5‘17719 BTh . (44)

where A1 = min{2«y, 2«3} with n1 = 2«1/k; , and
k 2
np = T]bTb + M% .

From (45), it is clear that the uniformly ultimate bound-
edness of the system tracking errors are guaranteed, and the
V> converges to the region Vo < ’)f—ll, ie.,

T
1 k;l et

—1In

ket 1 1
2 k}%] - Z{Zl 2

k2 elezl 1 e
b2 —bTh <=, (46)

In -=—=——
ki —z  2m 1
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By solving (46), the region of quaternion tracking error is
obtained as [le,|| < Az, where A, is

-2
p—eo, 2ol g
A
=21
e, 2Rl g
Al

From (47) and the property of BLF, the e’ e, is bounded
by kp1 for all the time. Therefore, with the proper selection of
kp1 < 1, e4 # 0 can be easily obtained from the constraint
el'e, + eﬁ = 1. Hence, the boundedness of the matrix G
is valid. According to the definition (27), the virtual control
w, is also bounded, and there exists a positive constant A,
satisfying [lwc|| < Ay, . Therefore, considering that w, =
o + 22, the angular velocity errors converge to the region
lwell < Aw,; = Az, + Ay, - Based on the property of BLF,
it is a fact that the z; and 7z, are constrained by kp| and kpp,
respectively. Then, from the definition of w, = w. + z2,
w = w, + Cwy and the fact ||C|| = 1, it is concluded that the
angular velocity w of the system (4) is always constrained.
This completes the proof.

Remark 3: As shownin (47), the tracking error z; will con-

=2 3
_ A 123
1—e *1 | =

Az, = min {kbl

and the region of z; is

lz2ll < Az, = min {kbz

verge into a small region ||z1 || <min {kp

with A1 = min {2k, 2k>} , which means that by choosing
sufficiently large parameters 1 and k> , the tracking error z;
can converge into an arbitrarily small region when the time
goes to infinity. It is equivalent to mean that for any given
constant ¢ > 0, there exists a finite time #y such that

=211
lz1l < min ki V1 —e 1, /240 4 ¢ holds for t > 1

. Therefore, the tracking error z; will enter the specified
-2
bound min {kblv 1—e *1 ZA—’LII} + ¢ within a finite

time.

Remark 4: The values of the parameters kp1, kp2 should
be chosen to satisfy k1 > ||z1 ()|, kp2 > [lz2 (0)||. The
smaller kp1, ko may lead to stronger constraint, and the
overshoot and steady state errors could be reduced. However,
too small k1, kpr usually lead to the energy waste. There-
fore, the tradeoff between the transient performance and
energy saving must be weighed carefully when choosing the
parameters.

IV. ASYMMETRIC MBLF BASED CONTROL

As a more general case of symmetric MBLF, the asymmetric
MBLF is more applicable to practical systems. By adding
an additional parameter to the symmetric MBLF, the upper
and lower bounds of the asymmetric MBLF could be
defined separately. In this section, an asymmetric MBLF
is further developed for the backstepping control design
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of rigid spacecraft with inertia uncertainty and external
disturbance.

A. CONTROL DESIGN
Step 1: For the system (24), the following asymmetric
MBLF is proposed and given by

3 2 2 2 2

1 k el k .e*li
Wi==> j[q @) In 54—+ (1—¢ (z1)) In 21— 2}
2 i=1 ki — 21 ki — 21

(49)

where k;1; > 21:(0) > —kp1i,i = 1,2, 3 are the designed
upper and lower bounds of the states, and g(x) is satisfied

aw={o 5170

ifx<0~
As pointed out in [20], W) is piecewise smooth within
each of the two intervals z;; € (—kp1;,0] and z1; €
(0, kq17). Together with the fact that lim dW;/dz; =

71—071

lim dW;/dz; = 0, the conclusion is that the first derivative
21 -0~

of W) is continuous.
Taking the time derivative of W} along (14) yields

3
=3 (1+ @) 1- Q(Zli) i
k2. — 72 k2. — 51

i=1 ali — 2li bli — 11

(50)

= leFm =z F]Gwe

where 'y = diag {T'11, Tiz, Ti3} with Ty = 1+ W“) +
1— Q(le) l—l 2 3. all l
k=2
The virtual controller w, is designed as
we =—k1G" 'z (52)
where k1 > 0 is a design parameter.
Substituting (52) into (51) leads to
Wi = —k1z{ T1z1 + 2] Gz . (53)

Step 2: Under the condition of kg > 22i(0) > —kpoi,
i =1,2,3, another asymmetric MBLF is chosen as

3 k2 4eZ%i
Wo=Wi+ > Z Q(Zzz)lnkzﬁ
i=1 a2i i
k2, &% | Q.
+ (1 —q@))In 22— |+ —b"h (54)
ki =] 2m
where 71 is a positive parameter, and b = b — b.

The time derivative of W, is

Wy < Wy +20T, (F I - a)) L <

m
where T'y = diag{T'»1, T2, a3} with Tp; = 1 + qu(fz’% +
= q(ZZI =1.2.3. a2i i
k=23 T
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The practical controller # in (55) and update law of b are
designed as

1
=—Jy <K2Z2 + W”F 2| BT @

T2yt _
+T212 +T, Tyeqe, — 92 (56)

A

b=m (IC2llz2ll ® = ki) (57)

where x2,1n1,k; > (0 are positive parameters, & =
. T .

[ llwell, el s lwell?], and ¥ = [921, 922, P23]” is the

output of the TD (32).

B. STABILITY ANALYSIS

Theorem 2: For the spacecraft system (14) with the virtual
controller (52), the practical controller (56) and the update
law (57), the tracking errors e, and w, can converge into an
arbitrarily small region of the origin when the time goes to
infinity.

Substituting (53) into (55) yields

Wy < —kiz] Tizi + 2 ' Gz
1 ~7x
+2 T (F 4+ J5 u—ac) = —b'b (59)
m

Using the control law (56) and update law (57), the time
derivative of W5 is

W, < —/qleFlzl — K2z§F2z2 + lef'lez — e4nglev

+2 202 = 00 + [Tl 2l (I1F) = 57 @ — 7 @)

1 N
= lz2 1> 17211 + ki BT b. (59)

According to Young’s inequality, the following inequality
holds:

IT201% 22> pos?
lzall ITall ey < ==+ =~ (60)

From (13), (44) and (60) and using the fact zerzz =
6425 ey, it is obtained that

3 3
ki ~p~
Wy < —kq Z Flizi — K2 Z FZiZ%i — 5bTb
i=1 i=1
ki 7. Mo’
—b'b+ —. 61
+ 5 + 5 (61)

Ifz1; > 0, ¢g(z1;) = 1, then I'y; = l+ Accordmg

.2
. li
to Lemma 1, it has <1 + )zi > In kah 2’ , and if
all 1i 2 ali21i
2. <0,(1+ ﬁ Zn >1In “’ 5> holds. Consequently,
k=21 khli 1,
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the following inequalities hold with a similar deduction
for zp

3 ) k ez%i
_Zrlizli _Z q (z17) In —*—- k2
i=1

=<
i=1 ali — le
kl%liez%i
+ (1 —-g@))Inh—=—— (62)
bli — 2li
3
— Tz < - Z [q (220 In 52—
i=1 a

21 - Z21

kbz'ezg"
+ - Q(Zzi))lnﬁ . (63)
ki — 23

With the help of (62) and (63), the time derivative of W5 is
simplified as
Wy < =Wy + (64)

where A = m;n{qu,ZIQ} with n1 = 2k1/k; , and
m=50Tb+

By solving W, < ’}f—ll, the final region of quaternion track-

—2p
l1—e ™t 1/

1,2, 3, where K1; = max {ky1;, k»1;}. The final region of z;
1 — e%ﬁ”’ 2#1

ing errors are e¢; = z; < min { Ky;

is z2; < min | Ky; ,i = 1,2,3, where
K> = max {kyj, kpp;}. Considering o, = —k1G71z; and
we = wc + 22, w, can converge into an arbitrarily small
region of the origin when the time goes to infinity. According
to [20], the signals zj; and zp;,i = 1,2,3 remain in the
compact (—kp1i, kq17) and (—kppi, kq2i), respectively. Hence,
all the states of the system are bounded, and the transient and
steady-state performance of the output @ can be improved
by tuning the asymmetric MBLF parameters. As pointed
out in Remark 3, if the parameters «; and k» are chosen
sufficiently large, 211 /A1 leads to 0, which implies that w,
can converge into an arbitrarily small region A, in infinite
time. It is equivalent to mean that for any given constant
e > 0, the tracking error w, will enter the specific bound
[[well < Age2 4+ € within a finite time. This completes the
proof.

V. FAULT-TOLERANT CONTROL WITH INPUT
SATURATION

In this section, the input constraint and actuator fault are both
taken into account. By incorporating MBLF in the adaptive
backstepping design, the adaptive fault-tolerant controller is
developed to ensure that the tracking errors are driven into a
small region of the origin in the presence of angular velocity
constraint.

A. CONTROL DESIGN
Considering the input saturation and actuator fault, the equa-
tion (4) is re-expressed as

Jo =—w*Jw + Dsat(u) +d (65)
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where D = diag {D1, D7, D3} is the actuator effectiveness,
D;(t) = 1 means that the ith actuator is totally health, 0 <
Dj(t) < 1 represents that the ith actuator has lost its effec-
tiveness partially, and sat(u) = [sat(uy), sat(uy), sat(u3)] is
the saturated control given by

Upni s if uj > Uy
sat(u;) = § Ui, if — i < Ui < i (66)
Uiy, I W < —Up

where u,,; and —u,,; are the maximum and minimum torque
that ith axis provides, respectively.

For the convenience of the controller design, the saturation
function sat(u) is expressed as

sat(u) = x (u(t)) - u(t) (67)
where x (u(t)) = diag {x1(u1(t)), x2(u2(2)), x3(u3(t))} and
Umi /Uiy I Ui > Ui
xiwi(t)) =1 1, if —umi < ui <y . (68)

—Upi /Wi, If W < —Uyy

The coefficient 0 < y;(u;(t)) < 1 reflects the saturation
degree of the ith axis of the control torque. Since 0 < D;(t) <
1 and 0 < x;(u;(¢)) < 1, it is reasonable to assume that there
exists a constant £ satisfying

0 <& <min{D;(#)x;(ui(¢)),i=1,2,3} < 1. (69)

From (9), (65) and (67), the rigid spacecraft attitude track-
ing dynamics and kinematics equations with input saturation
and actuator fault are obtained by

{év = Gw,

G = F +J5" D) - () 70

Following the similar backstepping procedures of the for-
mer sections, the virtual controller and the practical controller
based on the MBLF (15) are designed as

we = —k1G ™'z, (71)

and

u=-—Jo |: K222 + —)/ <— leal llev |l + um):| , (72)

llz2]l

where k1, kp are tunable parameters, y is the estimation of

el o =14+51— o ,00 = 1+ the function uy, is
bl ]

N 1
Uy = b1 @ + |92 + so2lzl, (73)

where b is the estimation of b, ® = [1, |we|l, llél, ||a)e||2]T,
and ¥y = [971, D22, 1923]T is the output of the TD (32). The
update laws of b and y are

b= (o2lzl®—kb), (74)
7 =m[P @ el el 22l + o2llz2lun) +kap ] 75)
where 11, 2, k1, ko are positive parameters.
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B. STABILITY ANALYSIS

Theorem 3: For the spacecraft system (70) subject
to input saturation and actuator fault, with the virtual
controller (71), the practical controller (72), and the update
laws (74) and (75), the tracking errors e, and w, can converge
into an arbitrarily small region of the origin when the time
goes to infinity.

Proof of Theorem 3: Define a positive MBLF as

1 k2 et 1 k2 ez
V3= -1In 2bl - - 2b2 -
2 kbl - Zl 21 2 kbz - Zz 22
1o 1,
+—bTh+ —7 (76)

21 22

where z1 = ey, 70 = o, —wc,i):b—l;,and)? =t&—p L
Using (70) and (71), the time derivative of V3 is

. | 1 _ aA_D A
Vi3 < —/qallem +G1ZlTG22 ——bTb+—yp?p
m n2
+0223 (F +Jg ' Dsar(u) = i) (77)
Substituting (72)-(75) into (77) and using the property (69)
lead to
V3 < —k10121 21 — k202EZ0 22

+o1 [0 Gz = € = )7 leal leul 12
ol [IF) = € = )7b" & — BT o]
ralial 1] — € = P71%1]

—5 2l —9)p +kib b+ kapp~t. (78)

From (36), (41) and using the fact 2/ Gz = eszle,,
g€ — 7 = p~!, the time derivate of V; is further simplified
as

Vi < 1+ ! r
3= —KI o SRS
klfl —leZ1 !

R 55
—K2 S |§n2
klfz - zgzz 2

2
kb h+ koj ! 4 ’% (79)

According to Lemmas 1, (79) is rewritten as

. 1 k}flezlrZl
V3 < —2K1 —1In ST
2 k-

1 k2,2
—2k2E | =In =222——
(2 ki — 2z

2
BT+ ko + ’% (80)
Using Young’s inequality, the following inequality is
obtained as
YA - - k2 ky .
kyp~ =ky € —p) = S8 - 77

> 1)
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Substituting (44) and (81) into (80) yields
V3 < —haVi+ 12 (82)

where Ay = min {21, 2§k3} w1th m = 2k1/k1, n2 = 2k1/ka
,and uo = ki bTb+ kzg_—Z 4 ll«ﬂ
From (82) itis concluded that V3 < % when the time goes
to infinity, and the uniformly ultimate boundedness of the sys-
tem tracking errors are guaranteed. Furthermore, the quater-
nion tracking error e, and angular velocity error a)e converge

to the region |le,|| < A, = min !kbl 1—e Az /2/‘2}

and ||well < Ay, = A, + Ay, respectively. Ay, =

—2uy
min {kbz\/ l—e™ ,,/ 2}\—?} is region of z» and A, is the

region of w,. Using the property of MBLF, it is obtained
that z; and zp are constrained by kp; and kp. Therefore,
considering the definition of w, the constraint of the angular
velocity w in the system (65) is guaranteed. This completes
the proof.

VI. NUMERICAL SIMULATIONS

In order to illustrate the effectiveness of the proposed adaptive
controllers, the simulations and corresponding discussions
are presented in this section. The spacecraft model is given
by (14), where the initial state values are set as

q(0) = [-0.1,0.5, —0.2,~/0.7]",
(0) = [0.01, —0.01, 0.011" rad/s.

The desired attitude motion is given by

g4 =10,0,0,1]",
wgq = 0.1[cos(t/40), — sin(t/50), — cos(t/60)]T rad/s.

The nominal inertia matrix Jo = diag {45, 42, 37.5}, and
the uncertainty AJ is

AJ = diag{4,3.5,2} (1 + ¢ 1) — 2AJ; kg - m?

where

0, t<5

AJ1={]3, t>5"

The external disturbance is

d = 0.5 |||l [sin(0.8¢), cos(0.5¢), sin(0.3)]" N - m.

A. ATTITUDE TRACKING FOR SPACECRAFT WITH INERTIA
UNCERTAINTY AND EXTERNAL DISTURBANCE

In this subsection, the attitude tracking control perfor-
mance with inertia uncertainty and external disturbance is
shown to illustrate the effectiveness of the proposed control
scheme (27), (33)-(32) in Section III. The parameters of the
controllers and update laws are set as k] = 0.2, k3 = 0.4,
kpt = 08,k = 02,7 = 2,r = 0.5, and the initial
values of b is set as [0.01, 0.01, O.OI,O.OI]T. In order to
verify the effect of the MBLF parameter kj, on the tracking
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FIGURE 3. Angular velocity tracking errors we.

performance, the compared simulations are conducted with
different selection of kpp, i.e., kpp = 0.6, 0.9, and 1.2.

Fig.2 and Fig.3 depict virtual state z, and angular veloc-
ity errors w, of the spacecraft system, respectively. From
Figs.2 and 3, it is seen that the satisfactory attitude tracking
performance is achieved, and the overshoot is smaller when
the parameter kp; is set to be 0.6. It means that the constraint
effect is better with the smaller kj>. The control torque u is
shown in Fig.4, which states that the undesirable chatter-
ing is eliminated in the controller by using the boundary
layer technique (37). Fig.5 shows that the for k;; = 0.6
quaternion errors e = [ey, €2, €3, es]” converge to the small
neighborhoods of zero and es # 0, which is consistent
with the theoretical analysis. Fig.6 depicts the performance
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FIGURE 5. Quaternion tracking errors e with kp, = 0.6.

of the tracking differentiator, which shows that the TD is
capable of approximating @, within 3 seconds. The conver-
gence performance of the estimated parameter b is shown
in Fig.7, and it is clear that the parameter b converges to
the positive constant. The uncertainty estimation is depicted
in Fig.8, which shows that the inequality (13) is reasonable
and the update law accomplishes the scheduled purpose.
From Figs.2-8, it is concluded that the proposed controller
can achieve precise attitude tracking in the presence of the
external disturbance and inertia uncertainty, and the smaller
ki reduces the overshoot of the constrained angular velocity.

B. ATTITUDE TRACKING FOR SPACECRAFT WITH
ASYMMETRIC MBLF

In this subsection, two schemes including the asymmetric
MSLF (AMBLF) based control in Section IV and symmetric
MBLF (SMBLF) based control in Section III are provided for
the comparison.
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FIGURE 6. Tracking differentiator approximation with kp, = 0.6.
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FIGURE 7. Estimated parameter b with kp, = 0.6.

TABLE 1. Constraint parameters for z,.

States 291 223 223
kagl =04 k‘a22 =0.6 k‘azg =04
AMBLF kb21 =0.6 kbgg =04 kbzg =0.6
SMBLF kpo = 0.6 kpo = 0.6 kpo = 0.6

Most parameters in both schemes are set the same,
ie, k1 = 02,60 = 04,k = 02,m = 2,r = 0.5,
kaii = kp1i = kp1 = 0.8,i = 1,2, 3, and the initial values
of b is set as [0.01, 0.01, 0.01, 0.01]7. The different con-
straint parameters are set and shown in Table 1.

The comparative simulation results of AMBLF and
SMBLF are shown in Figs.9 and 10, which depict virtual
state zp and angular velocity errors w, of the spacecraft
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FIGURE 9. Virtual state z,.

system, respectively. From Figs.9 and 10, it is seen that
compared with SMBLF method, the AMBLF has the better
convergence rate and less overshoot, which means that the
AMBLF based control can achieve the improved transient
performance by tuning parameters.

C. ATTITUDE TRACKING FOR SPACECRAFT WITH INPUT
SATURATION AND ACTUATOR FAULTS

In this subsection, the attitude tracking control performance
for the spacecraft with input saturation and actuator faults
is provided, and to show the good property of the proposed
MBLEF, the conventional logarithmic BLF [20] based control
scheme is employed for the comparison.

For the notation convenience, the two control schemes are
given as follows.

C1: The proposed control scheme based on the MBLF,
including virtual control law (71), control law (72), update
laws (74) and (75).

C2: The control scheme based on the logarithmic BLF [20].
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The constraint of the input is |u;| < SN -m,i = 1,2,3
and the actuator fault condition D = diag{D;, Dy, D3}
is

Di(t) = 1, if t <10s
771 0.75 + 0.15in(0.57 + i /3), if t > 10s

The control parameters in C1 and C2 are set the same,
ie, k1 = 025,k = 0.4,k; = 0.01,kp = 0.15, 71 = 50,
n = 1/3,r = 0.2. The initial values of b and y are set
as [0.01,0.01, 0.01, 0.01]7 and 0.15, respectively. In order
to express the unconstraint situation, kp; and kpp are set
sufficiently large, i.e., k1 = 10, kpp = 10.

The comparative simulation results of C1 and C2 are
shown in Figs.11-14. The attitude tracking angular velocity
errors of C1 and C2 are depicted in Figs.11 and 12, and the
average angular velocity errors after 20s are 3.347 x 10~#
and 0.013, respectively. As shown in Figs.11 and 12, the pro-
posed C1 scheme can still achieve the satisfying attitude
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tracking performance with larger kp; and kpp, but the
performance of C2 scheme becomes worse with the same
parameters. The quaternion errors of C1 and C2 are shown
in Figs.13 and 14, and the average quaternion errors after 20s
are 0.013 and 0.056, respectively. Fig.13 shows that the
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quaternion errors of C1 converge to the small neighborhood
of zero. However, as shown in Fig.14, the static quaternion
errors of C2 are larger than those of C1. The convergence
performance of the estimated parameters b and 7 of Cl is
shown in Fig.15. From Figs.11-15, it is concluded that the
proposed C1 scheme can achieve the precise tracking per-
formance in the presence of the external disturbance, inertia
uncertainty, actuator fault, as well as input and output con-
straints. Furthermore, it is verified that the novel MBLF can
be effective for both constraint and unconstraint situa-
tions, which is consistent with the theoretical analysis given
in Section III.

VII. CONCLUSION

The attitude tracking problem has been investigated in this
paper for spacecraft systems with both input and output
constraints. The application scope of the traditional logarith-
mic barrier Lyapunov function is extended by constructing a
novel modified barrier Lyapunov function (MBLF) suitable
for constraint and unconstraint situations. Then, the adap-
tive controller is proposed through the backstepping design
with MBLEF, and the derivative signal of the virtual controller
is estimated by using the tracking differentiator. With the
proposed control scheme, the knowledge on the bound of the
lumped uncertainty is not required in prior, and simulation
examples are provided to verify the effectiveness of the pro-
posed scheme.
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