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ABSTRACT To improve the interpolation accuracy for the non-uniform rational B-spline (NURBS) curves,
this paper proposes a novel bidirectional adaptive feedrate scheduling (BAFS) method based on S-shaped
acceleration/deceleration (ACC/DEC) algorithm. The NURBS interpolator with the proposed BAFSmethod
is also presented. The BAFS method has two meanings. First, to consider the continuous constraints of
feedrate especially in the areas near the endpoints of each NURBS curve segment, an adaptive feedrate
scheduling method is designed, which can improve the interpolation accuracy compared with the conven-
tional method only considering the constraints of endpoints. Second, a bidirectional adaptive interpolation
strategy including an adaptive task scheduling method and a meeting processing method is proposed to
conduct the acceleration and deceleration interpolation stages of each NURBS segment separately in two
directions. The two directions interpolation can be realized orderly by the adaptive task scheduling and the
smoothness of feedrate profile can be guaranteed by the meeting processing method whose solvability is
also proved. Therefore, the feedrate constraints at both the start and end points areas can be considered,
which can improve the interpolation accuracy. Meanwhile, the round-off errors caused by cycle sampling
are also considered and compensated in the bidirectional feedrate scheduling process to maintain the motion
smoothness. In addition, an optimized look-ahead strategy is designed to ensure the correctness of the
endpoints feedrate. Finally, a series of simulations and experiments are conducted to validate the good
performance and applicability of the proposed method.

INDEX TERMS NURBS interpolation, bidirectional adaptive feedrate scheduling, S-shaped ACC/DEC
algorithm, meeting processing method, round-off error compensation.

I. INTRODUCTION
Computer numerical control (CNC) machining plays an
important role in modern manufacturing fields with growing
demands for high-speed and high-accuracy machining [1].
Conventional CNC machine tools only with straight line
and circular interpolation suffer from frequent acceleration
and deceleration transformation and abrupt direction changes
resulting in low accuracy and poor surface finish. In con-
trast, parametric curve interpolation has lots of advantages in
surface quality, machining efficiency, memory consumption

and motion smoothness [2]. Non-uniform rational B-splines
(NURBS) has gotten the most attention as it offers a common
mathematical form for the precise presentation of standard
analytical shapes as well as free-form curves and surfaces [3].
And parametric interpolation for NURBS curves has become
a crucial feature of high-end CNC machine tools.

Feedrate scheduling is one of the most important factors in
NURBS interpolation and determines the smoothness, accu-
racy and stability of the machining process. However, there
is no analytical relation between the arc length, curvature and
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parameter of NURBS curves. It is more difficult to realize
the feedrate scheduling of NURBS interpolation than conven-
tional analytical curves such as straight line and circular arc.
Therefore, many methods have been developed to schedule
the feedrate. Some simple constant feedrate methods were
proposed in [4]–[6]. However, constant feedrate profile with-
out considering the curvature features of NURBS curves will
cause large chord errors especially at the break points with
only C0 continuity and the critical points with large curva-
ture. Later, some improvements were made in [7]–[9] for the
constant feedrate profile. But these methods did not consider
the kinematic and dynamic constraints of machine tools such
as the acceleration and jerk, which can cause vibration and
shock. Therefore, three constraints need to be satisfied in
feedrate scheduling: chord error, acceleration (including tan-
gential and centripetal acceleration) and jerk.

Considering these constraints, some methods have
been proposed with different acceleration/deceleration
(ACC/DEC) algorithms. Annoni et al. [10] proposed a
real-time configurable interpolation algorithm with limited
acceleration, jerk and chord error. Heng and Erkorkmaz [11]
proposed a numerically efficient feedrate modulation strategy
based on the trapezoidal acceleration profile to guarantee
that the final trajectory is jerk-limited in all axes. Dong
and Stori [12] proposed a time-optimal feedrate scheduling
algorithm based on the dynamics of machine tools and the
capabilities of individual motion axis but the jerk constraint
is not considered. Beudaert et al. [13] took full account of
the kinematic characteristics of the machine tools to obtain
time-optimal feedrate profiles. However, the chord error
constraint might not be satisfied.

Although there are many kinds of ACC/DEC algorithms
including the polynomial and trapezoidal jerk-limited meth-
ods [14]–[18] and the jerk-continuous methods [19]–[21],
the S-shaped ACC/DEC algorithm is widely used for its
simplicity, smoothness and high motion efficiency [22]–[25].
Lin et al. [22] proposed a dynamic-based interpolator with
look-ahead algorithm (DBLA) considering the confined
chord error and curvature of the curve detected by a geometric
module. Liu et al. [23] developed a NURBS interpolator with
feedrate scheduling (NIFS) which employs curve spitting and
feedrate look-ahead for each segment. Du et al. [24] used
a bidirectional scanning strategy to obtain the feedrates of
critical points and also proposed a round-off error compen-
sation strategy. However, the compensation strategy cannot
maintain the continuous of the acceleration profile as well as
the method given in [16], [26], and [27]. Ni et al. [25] pro-
posed a composite round-off error compensation method for
feedrate scheduling, which can guarantee the continuous of
the acceleration profile. However, these methods only consid-
ered the constraints at the endpoints of eachNURBS segment.
But the feedrate in the middle part of each segment cannot
be guaranteed to satisfy the multiple constraints because the
constraints are continuous but the scheduled feedrate only
compliances with standard ACC/DEC profile, which reduces
the interpolation accuracy.

For the curve segment being machining, if the continu-
ous constraints of the remaining part which have not been
interpolated can be obtained, the interpolation accuracy can
be improved. In order to obtain the constraint information of
the remaining part, some similar adaptive feedrate schedul-
ing strategies based on different deceleration profiles were
proposed in [28]–[31]. They considered both the endpoints of
each segment and their adjacent areas which have chord error
constraint. But the centripetal acceleration constraint was still
not included. Moreover, it is difficult to satisfy both the chord
error and centripetal acceleration constraints through a stan-
dard ACC/DEC profile. Luo et al. [32] proposed a bidirec-
tional optimization interpolation (BOI) method creatively on
the condition of unknown arc length. However, the meeting
processing based on the maximum feedrate proposed in [32]
cannot generate continuous acceleration profile. In addition,
the round-off error was not considered and compensated in
these papers, which can affect the machining accuracy and
motion smoothness.

In this paper, a novel bidirectional adaptive feedrate
scheduling (BAFS) method based on S-shaped ACC/DEC
algorithm is proposed to improve the machining accuracy.
Correspondingly, the NURBS interpolator with the proposed
BAFS method is also illustrated. The BAFS method has two
meanings. Firstly, an adaptive feedrate scheduling method
is designed to consider the continuous constraints of fee-
drate and improve the interpolation accuracy. Secondly, a
bidirectional interpolation strategy including an adaptive task
scheduling method and a meeting processing method is pro-
posed to realize the acceleration and deceleration stages of
each NURBS segment interpolation separately in two direc-
tions. Therefore, the feedrate constraints at both the start and
end point areas are considered and the interpolation accuracy
can be improved. Meanwhile, the round-off errors caused by
cycle sampling are also considered and compensated in the
bidirectional feedrate scheduling process while maintaining
the continuity of acceleration. In addition, an optimized look-
ahead strategy is designed to ensure the correctness of the
endpoints feedrate.

The remainder of this paper is organized as follows.
In section II, preliminaries including the definition of
the NURBS curve, arc length calculation method and the
S-shaped ACC/DEC algorithm are introduced. Section III
illustrates the NURBS interpolator based on the proposed
feedrate scheduling method. Simulation and experimental
results are analyzed and compared with previous research
works in section IV. The conclusions are given in section V.

II. PRELIMINARIES
A. DEFINITION OF A NURBS CURVE
A NURBS curve C(u) can be defined as follows [3]:

C(u) =

n∑
i=0

Ni,p(u)ωiPi

n∑
i=0

Ni,p(u)Pi

(1)
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with the control points {Pi}, weights {ωi}, the number of con-
trol points (n+ 1), the degree p and the p-th degree B-spline
basis functions {Ni,p(u)} defined on the knot vector U =
{u0, u1, . . . , um} = {a, . . . , a︸ ︷︷ ︸

p+1

, up+1, . . . , um−p−1, b, . . . , b︸ ︷︷ ︸
p+1

} ·

(m + 1) is the number of knots. Generally, we assume that
a = 0, b = 1 and ωi > 0 for all i. There is a relation between
p, (n+ 1) and (m+ 1) as follows:

m = n+ p+ 1 (2)

The p th-degree B-spline basis functions {Ni,p(u)} are
defined as follows:

Ni,0(u) =
{
1 ui ≤ u ≤ ui+1
0 otherwise

(3)

Ni,p(u) =
u− ui

ui+p − ui
Ni,p−1(u)+

ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u)

(i = 0, 1, . . . , n) (4)

B. ARC LENGTH CALCULATION OF A NURBS CURVE
The arc length of NURBS curve is necessary for feedrate
look-ahead and real-time interpolation. In general, the arc
length of a NURBS curve C(u) over parameter interval [a, b]
can be expressed as follows:

l(a, b) =
∫ b

a

∥∥C ′(u)∥∥du (5)

where ||C ′(u)|| is the norm of C ′(u) and denoted by g(u) =∥∥C ′(u)∥∥. However, it is difficult to calculate the arc length
with this integral formula directly because there is no ana-
lytical expression for g(u). Hence, some numerical integra-
tion methods are proposed to approximately estimate the arc
length of a NURBS curve. Considering the computational
efficiency and accuracy, the adaptive quadrature method [33]
based on Simpson rule is employed in this paper. According
to the theoretical conclusions derived in [34], the estimated
values can be kept within a specific tolerance of its true value.
By means of a composite Simpson rule, the initial interval
[ul, uu] is divided into two equal subintervals (i.e. [ul,

uu+ul
2 ]

and [ uu+ul2 , uu]). And the estimated arc length of each interval
can be expressed as follows:

l ′(ul, uu) =
uu − ul

6
[g(ul)+ 4g(

ul + uu
2

)+ g(uu)] (6)

l ′(ul,
uu + ul

2
) =

uu − ul
12

[g(ul)+4g(
3ul+uu

4
)+g(

ul+uu
2

)]

(7)

l ′(
uu + ul

2
, uu) =

uu−ul
12

[g(
ul+uu

2
)+4g(

ul+3uu
4

)+g(uu)]

(8)

Assuming that the tolerance δarc is specified, if

1
10

∣∣∣∣l ′(ul, uu+ul2
)+l ′(

uu+ul
2

, uu)− l ′(ul, uu)

∣∣∣∣<δarc (9)

then it can be prove that∣∣∣∣l ′(ul, uu + ul2
)+ l ′(

uu + ul
2

, uu)− l(ul, uu)

∣∣∣∣ < δarc (10)

Thus the arc length l(ul, uu) over the parameter interval
[ul, uu] can be approximated by l ′(ul,

uu+ul
2 )+ l ′( uu+ul2 , uu)

when Eq. (9) is satisfied. If Eq. (9) fails to be satisfied,
the two subintervals [ul,

uu+ul
2 ] and [ uu+ul2 , uu] should be

further divided for calculation and judgment until Eq. (9)
holds in each subinterval of [ul, uu]. Finally, the whole arc
length of a NURBS curve can be obtained by summing up
the length of each subinterval as follows:

l(a, b) =
TotNum∑
i=1

l(uli, uui) (11)

where TotNum denotes the total number of subintervals
in [a, b].

C. S-SHAPED ACC/DEC ALGORITHM
As shown in Fig. 1, the S-shaped ACC/DEC profile consists
of seven phases. The phase time {[T1,T2,T3,T4, T5,T6,T7]}
can be calculated according to the given motion parameters
including the maximum jerk Jmax, acceleration amax, com-
mand feedrate F , displacement l, start and end feedrates vs
and ve. Then, based on the phase time and the kinematic
characteristics of S-shaped ACC/DEC algorithm, the start
feedrate {[v1, v2, v3, v4, v5, v6, v7]} and the cumulative dis-
placement {[S1, S2, S3, S4, S5, S6, S7]} of each phase can be
obtained. Therefore, the feed length in each interpolation
period can be calculated easily.

FIGURE 1. The S-shaped ACC/DEC profile with seven sections.

III. NURBS INTERPOLATOR WITH THE BIDIRECTIONAL
ADAPTIVE FEEDRATE SCHEDULING METHOD
In this section, the NURBS interpolation procedures with
the proposed feedrate scheduling method is described in
detail. The overall structure of NURBS interpolator is shown
in Fig. 2, which consists of the pre-processing stage and
real-time interpolation stage.
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FIGURE 2. The overall structure of NURBS interpolator with BAFS method.

A. PRE-PROCESSING STAGE
In the stage of pre-processing, four modules which are curve
splitting at breakpoints, arc length and curvature calcula-
tion, partitioning segments at critical points and feedrate
look-ahead with the optimized strategy will be performed to
obtain the necessary features of NURBS curves and prepare
for real-time interpolation.

1) CURVE SPLITTING AT BREAKPOINTS
Breakpoints are the points at where it is visually discontinu-
ous on the curve. The feedrate of the breakpoint is always set
to zero. In addition, C1 continuity is the essential condition
of calculating curve arc length precisely by the adaptive
quadrature method and composite Simpson rule given in
subsection II.B. Therefore, it is necessary to find the break-
points and split the whole curve into several blocks.

There are two situations for detecting the breakpoints on
the curve [23]. Firstly, the points with only C0 continuity are
the breakpoints. Secondly, it is possible for the points with
C1 continuity to be classified as the breakpoints when the
corresponding control points are multiple [3].

With these two kinds of breakpoint detection, the whole
curve can be divided into several blocks and the each block
buffer {[ublosi , u

blo
ei ]} can be obtained and stored where u

blo
si and

ubloei are the start and end knots of i-th block, respectively.

2) ARC LENGTH AND CURVATURE CALCULATION
With the adaptive quadraturemethod given in subsection II.B,
the arc length can be obtained approximately with a series of
parameter subinterval [uli, uui]. In addition, the curvature κ is
needed for segment partitioning of each block and feedrate
scheduling. Therefore, during the calculation of arc length,
the curvature of each subinterval boundary knot should be
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obtained. The curvature κ(uj) at the point with parameter uj
of a NURBS curve C(u) can be expressed as follows [20]:

κ(uj) =

∥∥C ′(uj)× C ′′(uj)∥∥∥∥C ′(uj)∥∥3 (12)

Through the arc length and curvature calculation module,
a series of feature data buffer {[ui, κi, li]} of each block can
be generated where ui is the end point parameter of i-th
subinterval, κi is the curvature and li is the cumulative arc
length.

3) PARTITIONING SEGMENTS AT CRITICAL POINTS
Sharp corners with large curvatures in a NURBS curve block
have chord error and centripetal acceleration constraints on
feedrate. Therefore, each block should be further partitioned
to several segments by the sharp corners which are called
critical points. And each segment is the basic unit of feedrate
scheduling with one acceleration and deceleration process.
To find the critical points, three steps should be applied.
Firstly, the candidate points which are the boundary knots
with larger curvature than the two neighbor boundary knots
are found through scanning the feature data buffer {[ui, κi, li]}
of each block. Secondly, the restricted feedrate of each can-
didate point under chord error and centripetal acceleration
constraints can be calculated. As for chord error, the feedrate
should satisfy the inequality as follows [22]:

vresi ≤
2
Ts

√
1

κ2i
− (

1
κi
− δcho)2 (13)

where vresi is the restricted feedrate of i-th candidate point,
κi is the corresponding curvature, δcho is the maximum
allowable chord error and Ts is the interpolation period.
As for centripetal acceleration, the feedrate should satisfy the
inequality [23]:

vresi ≤
√
amax c

κi
(14)

where amax c is the maximum allowable centripetal accelera-
tion. Therefore, vresi can be expressed as follows:

vresi = min(
2
Ts

√
1

κ2i
− (

1
κi
− δcho)2,

√
amax c

κi
) (15)

Finally, the candidate point whose restricted feedrate is
smaller than the command feedrate F is the critical point.
Hence, each NURBS curve block is partitioned into sev-
eral segments. Meanwhile, for i-th segment, the data buffer
{[usegi , vresi ,L

seg
i ]} can be obtained with the end point parame-

ter usegi , the corresponding restricted feedrate vresi and the arc
length of the segment Lsegi .

4) FEEDRATE LOOK-AHEAD FOR EACH SEGMENT WITH THE
OPTIMIZED LOOK-AHEAD STRATEGY
In order to conduct the feedrate scheduling, the start and
end feedrates of each segment should be calculated at first
through look-ahead. The bidirectional feedrate look-ahead

method [23]which consists of back-tracemodule and forward
module is employed in this paper. Firstly, the end feedrate
of each block is assumed to be 0 mm/s. And the back-trace
module is performed based on S-shaped ACC/DEC algo-
rithm to calculate the start feedrate of each segment from
the last segment to the start segment. Secondly, the forward
module is applied to recalculate the end feedrate of each
segment from the start segment to the last segment. Through
these two modules, it can be sure that the start feedrate can
speed up or slow down to the end feedrate in each segment
according to standard S-shaped ACC/DEC algorithm. Fur-
thermore, the segment feature data buffer should be updated
by {[usegi , vsegsi , v

seg
ei ,L

seg
i ]}where vsegsi and vsegei are the start and

end feedrates of i-th segment, respectively.
However, with the bidirectional look-ahead method and

standard S-shaped ACC/DEC algorithm, only the feedrate
constraints at the endpoints of each segment can be consid-
ered. Nevertheless, the multiple constraints are existing con-
tinuously especially in the areas near the endpoints. In some
situations, the look-ahead results might affect the motion
smoothness. For example, if vsegsi > vsegei , v

seg
ei might not

be able to accelerate to vsegsi in reverse direction under the
continuous constraints, which means that the feedrate profile
is not smooth enough in forward interpolation. To cope with
this problem, an optimized look-ahead strategy is proposed
and its flowchart is shown in Fig. 3.

A back-trace correction module is introduced to correct
the start feedrates of each segment in the same direction
of back-trace module. For the k-th segment where vsegsk >

vsegek , the backward interpolation is conducted step by step
based on the adaptive feedrate scheduling method which is
introduced in subsection III.B.2 until the maximum backward
feedrate vbackdk with zero acceleration is bigger or equal to
vsegsk . At the same time, the remaining arc length lrk between
current interpolation point and start point of current seg-
ment is updated in every interpolation step. If lrk ≥ 0 and
vbackdk ≥ vsegsk , v

seg
sk can be accepted. Otherwise, vbackdk needs

to be adjusted downwards to guarantee that lrk = 0 and
vsegsk should be updated by vbackdk . Therefore, the data buffer
{[usegi , vsegsi , v

seg
ei ,L

seg
i ]} can be corrected after the backward

correctionmodule. The backward interpolation results should
also be stored to the data buffer {[uj,C(uj)]}. Meanwhile,
it is of great significance to apply the back-trace correction
module to ensure the real-time performance of the real-time
interpolation stage given in subsection III.B.

B. REAL-TIME INTERPOLATION STAGE WITH THE
BIDIRECTIONAL ADAPTIVE FEEDRATE
SCHEDULING METHOD
In real-time interpolation stage, the main tasks are to obtain
the feed length and calculate the corresponding target inter-
polation point in each period. A novel bidirectional adaptive
feedrate scheduling method is proposed and implemented
in real-time to improve the interpolation accuracy. In addi-
tion, the round-off errors caused by cycle sampling are also
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FIGURE 3. The optimized feedrate look-ahead strategy.

considered and compensated to maintain the smoothness of
the feedrate profiles.

1) THE FUNDAMENTAL THEORY OF BIDIRECTIONAL
ADAPTIVE FEEDRATE SCHEDULING
Bidirectional adaptive feedrate scheduling has two mean-
ings. Firstly, the feedrate is scheduled adaptively in real-time
under the various constraints, which is introduced in
subsection III.B.2. Therefore, the continuous constraints of
feedrate can always be considered especially in the areas
near the endpoints of each NURBS segment, which improves
the interpolation accuracy. Secondly, the feedrate schedul-
ing and interpolation for the acceleration and deceleration
stages of each NURBS segment is conducted separately in
two directions, which is presented in subsection III.B.3. The
acceleration stage is realized by forward interpolation and
the deceleration stage is performed by backward acceleration
interpolation. At the meeting point of two directions interpo-
lation, the forward and backward feedrates can be adjusted
to be equal to each other with zero acceleration to generate
smooth feedrate profile. Therefore, compared with the uni-
directional feedrate scheduling, the various constraints in the
terminal areas of each NURBS segment can be considered
and the interpolation accuracy can be improved.

To reduce the computational load, a special output strategy
of the two directions interpolation results is adopted. Before
the meeting of two directions interpolation, only the for-
ward interpolation results are output and the results of back-
ward interpolation are stored. After the meeting, the stored
backward interpolation data is taken out in reverse order as
forward output until the interpolation of current segment is
completed.

2) ADAPTIVE FEEDRATE SCHEDULING METHOD BASED ON
S-SHAPED ACC/DEC ALGORITHM
Since both forward and backward interpolation are accel-
eration processes, only forward feedrate scheduling is dis-
cussed in this subsection. During machining, the kinematic
parameters of each interpolation point should satisfy various
constraints. Firstly, the inequalities should be satisfied as
follows:

vi ≤ F (16)

ai ≤ amax t (17)

Ji ≤ Jmax (18)

where vi, ai and Ji are the target feedrate, tangential accel-
eration and jerk of i-th interpolation period respectively, F
is the command feedrate, amax t is the allowable maximum
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FIGURE 4. Feedrate scheduling based on S-shaped ACC/DEC algorithm.

tangential acceleration, Jmax is the allowable maximum jerk.
Secondly, vi should satisfy the chord error and centripetal
acceleration constraints shown in Eq. (15). Thirdly, as shown
in Fig. 4, vi, ai and Ji can be derived based on S-shaped
ACC/DEC algorithm as follows:

vi = vi−1 +1S1 = vi−1 +
ai + ai−1

2
Ts (19)

ai = ai−1 + JiTs (20)

Ji =

Jmax, phase 1
0, phase 2 or phase4
−Jmax, phase 3

(21)

where phase 1, 2, 3 and 4 indicate the increasing acceleration
phase, constant acceleration phase, decreasing acceleration
phase and constant feedrate phase shown in Fig. 1, respec-
tively. Before ai−1 = amax t , the interpolation should be in
phase 1 and Ji = Jmax. When ai−1 = amax t , the interpolation
should enter phase 2 and Ji = 0. The conditions of entering
phase 3 and 4 will be analyzed later.

Based on Eq. (15)-(21), the target acceleration ai and fee-
drate vi can be expressed as follows:

ai = min[amax t ,max(ai−1 + JiTs, 0)] (22)

vi = min(F,
√
amax c

κi
,
2
Ts

√
1

κ2i
− (

1
κi
− δcho)2,

vi−1 +
ai + ai−1

2
Ts) (23)

Considering the computational load, since the feed length
in one interpolation period is small and the curvature profile
of a NURBS curve is continuous, the curvature of target point
κi can be replaced by the current point value κi−1 rather
than through a complex iterative process to calculate. Further-
more, the target acceleration ai should be updated because the
final feedrate vi might not be obtained by Eq. (19). Therefore,
ai can be updated as follows based on Eq. (19):

ai = 2
vi − vi−1

Ts
− ai−1 (24)

The corresponding target feed length of i-th period1li can be
derived based on Eq. (20)-(21) and (23)-(24) as follows:

1li = vi−1Ts +
ai−1
2

T 2
s +

Ji
6
T 3
s (25)

where Ji is updated by Ji =
ai−ai−1
Ts

.
Finally, if the interpolation is in phase 1 or 2, it should

be guaranteed that the kinematic parameters will be within
allowable range when ai is reduced to zero. As shown
in Fig. 4, the corresponding decreasing acceleration time tdi
and the maximum feedrate vdi can be expressed as follows:

tdi =
ai
Jmax

(26)

vdi = vi +1S2 = vi +
a2i

2Jmax
(27)

The corresponding length from vi to vdi can be derived as
follows:

1ldi = vitdi +
ai
2
t2di −

Jmax

6
t3di (28)

Since1ldi might be much bigger than1li, the correspond-
ing κdi cannot be replaced by κi−1. However, accurate calcu-
lation of κdi is time-consuming but not necessary. Therefore,
the linear interpolation method based on the feature data
buffer {[ui, κi, li]} given in subsection III.A.2 is utilized to
estimate κdi as follows:

κdi = κm+1
lcumi−1 +1li +1ldi − lm

lm+1 − lm

+ κm
lm+1 −1li −1ldi − lcumi−1

lm+1 − lm
(29)

where lcumi−1 =
i−1∑
j=1
1lj and lm ≤ lcumi−1 + 1li + 1ldi ≤ lm+1.

If vdi ≤ min(F,
√

amax c
κdi

, 2
Ts

√
1
κ2di
− ( 1

κdi
− δcho)2), the target

feedrate vi can be accepted. Otherwise, vi and ai need to be
adjusted downwards. In particular, if vdi > F , the feedrate
scheduling should enter phase 3 in next period. In order to
adjust vi and ai, an equation can be constructed as follows:

h(a′′i) = vdi(a′′i)

−min(F,
√
amax c

κdi
,
2
Ts

√
1

κ2di
− (

1
κdi
− δcho)2) = 0

(30)

where a′′i is the adjusted target acceleration. From the cal-
culation results of last period, vdi−1 is in allowable range
with the target acceleration a′i where a′i = ai−1 − JmaxTs.
Meanwhile, because of the monotonically increasing relation
between ai and vdi and no more than one stationary point of
the curvature curve in one segment, there must exist a unique
solution a′′i in [a′i, ai) for Eq. (30). Since Eq. (30) is a high
order equation, the dichotomymethod can be utilized to solve
a′′i and the flowchart is shown in Fig. 5 where δdic denotes the
allowable error.
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FIGURE 5. The flowchart of solution based on dichotomy method.

In general, the feedrates in phase 3 scheduled from vi to vdi
with negative jerk can always satisfy the multiple constraints.
Therefore, to simplify the calculation, the feedrates between
vi and vdi are not judged whether the various constraints can
be satisfied. During the interpolation in phase 3, if ai = 0,
the feedrate scheduling should enter phase 4 in next period.

3) BIDIRECTIONAL ADAPTIVE INTERPOLATION STRATE-GY
There are three main tasks to realize the two directions inter-
polation orderly with high efficiency and smooth feedrate
profile. Firstly, an adaptive task scheduling method is needed
to determine whether to make forward or backward interpo-
lation in a period. Secondly, a meeting processing method
should be proposed to adjust the forward and backward fee-
drates to equal with zero acceleration at the meeting point
to guarantee the motion smoothness. Thirdly, the round-off
error caused by cycle sampling needs to be compensated
while maintaining the smoothness of feedrate profile. There-
fore, a bidirectional adaptive interpolation strategy with three
sub-stages is proposed and its flowchart is shown in Fig. 6.

3.1) Sub-stage 1: bidirectional feedrate scheduling and
interpolation based on the forward maximum feedrate vfdi and
backward maximum feedrate vbdj.

In this sub-stage, the two directions interpolation are per-
formed synchronously in phase 1, 2, 6 and 7 of S-shaped
ACC/DEC profile. But only forward interpolation pointC(ui)
will be output to servo system and the backward interpolation
results should be stored in the data buffer {[uj,C(uj)]}.
In order to perform the two directions interpolation orderly,

an adaptive task schedulingmethod is proposed where vfdi and
vbdj are selected as the scheduling conditions. In each period,
forward interpolation takes a step with the target feedrate
vfi . The corresponding feed length 1l fi and the predicted
decreasing acceleration length 1l fdi can also be calculated.
Meanwhile, if vfdi ≥ vbdj, backward interpolation takes a few

steps further with vbj ,1l
b
j and1l

b
dj until v

f
di < vbdj. Otherwise,

backward interpolation is not implemented in this period.
Therefore, through this adaptive scheduling principle, it can
be guaranteed that the forward interpolation is applied once
in every period and the maximum feedrates of two directions
always satisfy the inequality after every interpolation period
as follows:

vfdi < vbdj (31)

which is an important condition for the meeting processing.
It can be seen that the optimized feedrate look-ahead algo-
rithm given in subsection III.A.4 is very useful to ensure the
real-time performance especially when the start feedrate is
much bigger than the end feedrate of NURBS segment.

In order to prevent overshoot of two directions interpo-
lation and generate smooth feedrate profile at the meeting
point, a novel meeting processing method is proposed which
consists of two modules namely meeting detection and fee-
drate adjustment. After every forward or backward feedrate
scheduling, the meeting detection module should be applied
with the obtained parameters. If

1l fi +1l
f
di +1l

b
j +1l

b
dj +1lcon < lrij (32)

where lrij is the remaining length of the current segment and

1lcon = max(vfdi, v
b
dj)Ts which is of great significance to

round-off error compensation and will be introduced in Sub-
stage 2, it means that the two directions interpolation cannot
meet each other under the current scheduled feedrate. There-
fore, the corresponding target point position C(ui) or C(uj)
can be calculated. Otherwise, the meeting will happen and
the backward interpolation should be stopped. In particular,
if 1l fi + 1l

f
di + 1l

b
j + 1l

b
dj + 1lcon = lrij and v

f
di = vbdj,

the feedrate scheduling results can be accepted exactly. But if
1l fi +1l

f
di+1l

b
j +1l

b
dj+1lcon > lrij or v

f
di 6= vbdj, the feedrate

adjustment module should be performed.
Considering the feedrate scheduling direction which is

being processed and the relation between vfdi and v
b
dj, there are

various situations of feedrate adjustment. As shown in Fig. 7,
the situation that vfdi > vbdj and forward feedrate is under
scheduling is discussed and the other situations have similar
analysis steps and adjustment results. The feedrate adjust-
ment module consists of three sub-steps and can be described
as follows:

• Step 1: adjust vfdi to v
′f
di where v

′f
di = vbdj

The adjusted target feedrate can be expressed as follows:

v′fi = vfi−1 +
afi−1 + a

′f
i

2
Ts (33)

where a′fi is the adjusted target acceleration. The maximum
feedrate v′fdi can be derived correspondingly as follows:

v′fdi = vbdj = v′fi +
(a′fi )

2

2Jmax
(34)
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FIGURE 6. Flowchart of the bidirectional adaptive interpolation strategy.

Therefore, the constructed equation can be obtained based on
Eq. (33)-(34) as follows:

1
2Jmax

(a′fi )
2
+
Ts
2
a′fi + v

f
i−1
+
Ts
2
afi−1 − v

b
dj = 0 (35)

Eq. (35) is a quadratic equation. Therefore, a′fi can be
solved directly as follows:

a′fi = −
JmaxTs

2
+ Jmax

√
T 2
s

4
−

2
Jmax

(vfi−1 +
Ts
2
afi−1 − v

b
dj)

(36)

Correspondingly, the adjusted target length1l ′fi and the pre-
dicted decreasing acceleration length 1l ′fdi can be obtained
based on Eq. (25)-(28). Then, the comparison should be
conducted as follows:

if 1l ′fi +1l
′f
di +1l

b
j +1l

b
dj +1l

′
con ≤ lrij, go to Step 3;

if 1l ′fi +1l
′f
di +1l

b
j +1l

b
dj +1l

′
con > lrij, go to Step 2;

where 1l ′con = vbdjTs.

• Step 2: readjust v′fdi and v
b
dj

In this situation, a′fi and abj should be further reduced to

maintain v′′fdi = v′′bdj where v
′′f
di and v

′′b
dj are the readjusted

maximum feedrates. According to Eq. (33)-(34), v′′fdi and v
′′b
dj

can be expressed as follows:

v′′fdi = vfi−1 +
afi−1 + a

′′f
i

2
Ts +

(a′′fi )
2

2Jmax
(37)

v′′bdj = vbj−1 +
abj−1 + a

′′b
j

2
Ts +

(a′′bj )
2

2Jmax
(38)

where a′′fi and a
′′b
j are the adjusted target acceleration of two

directions, respectively. The corresponding lengths can be
derived as follows based on Eq. (25)-(28):

1l ′′fi +1l
′′f
di = vfi−1Ts +

afi−1
3

T 2
s +

a′′fi
6
T 2
s

+ v′′fi t
′′f
di+

a′′fi
2

(t ′′fdi)
2
−
Jmax

6
(t ′′fdi)

3 (39)
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FIGURE 7. Distribution of forward and backward feedrate and
acceleration profiles.

1l ′′bj +1l
′′b
dj = vbj−1Ts +

abj−1
3

T 2
s +

a′′bj
6
T 2
s

+ v′′bj t
′′b
dj+

a′′bj
2

(t ′′bdj)
2
−
Jmax

6
(t ′′bdj)

3 (40)

where v′′fi = vfi−1 +
afi−1+a

′′f
i

2 Ts, v′′
b
j = vbj−1 +

abj−1+a
′′b
j

2 Ts,

t ′′fdi =
a′′fi
Jmax

and t ′′bdj =
a′′bj
Jmax

.
Finally, the various lengths should satisfy the equation as

follows:

1l ′′fi +1l
′′f
di +1l

′′b
j +1l

′′b
dj +1l

′′
con = lrij (41)

where 1l ′′con = v′′fdiTs. According to Eq. (37)-(41),
the adjusted target acceleration of forward interpolation a′′fi
can be selected as the independent variable and Eq. (41) can
be rewritten as follows:

f (a′′fi ) = 0 (42)

Since Eq. (42) is a high order equation of a′′fi , Newton-
Raphson method is employed to solve a′′fi with the following
iterative format:

do : am = am−1 −
f (am−1)
f ′(am−1)

, m = 1, 2, . . .

until :

∣∣∣∣am − am−1am

∣∣∣∣ ≤ δnew, then : a′′fi = am
(43)

where δnew denotes the maximum relative root error, a0 is the
initial value.

From Eq. (27), it can be derived that vfdi is monotoni-
cally increasing with afi . Hence, based on the adaptive task
scheduling method and Eq. (31), the maximum feedrate
vfdi−1 calculated last period is smaller than vbdj as shown

in Fig. 7. Therefore, there must exist a unique solution a′′fi
in (afiLast , a

f
i ) where a

f
iLast = afi−1 − JmaxTs and the solv-

ability of the proposed meeting processing method is proved.

Furthermore, based on the calculation results of Step 1, it can
be derived that a′′fi ∈ (afiLast , a

′f
i ). Hence, a0 in formula (43)

can be selected as
a′fi−a

f
iLast

2 . After a′′fi is solved, it should go
to Step 3.
• Step 3: output the forward interpolation results and store
the backward interpolation results

In this step, the adjusted forward and backward inter-
polation results should be output and stored, respectively.
Meanwhile, the Sub-stage 1 of the bidirectional interpolation
is completed. In next period, the interpolation should enter
Sub-stage 2which consists of the phase 3, 4 and 5 of S-shaped
ACC/DEC profile.

There is another situation that the interpolation should
switch to Sub-stage 2. For long segment, the constant feedrate
phase is existing. Hence the Eq. (32) is always satisfied.
But both vfdi and v

b
dj should not be larger than the command

feedrate F . Therefore, when vfdi and v
b
dj are both equal to F ,

the interpolation should enter Sub-stage 2.
3.2) Sub-stage 2: unidirectional feedrate scheduling and

interpolation with round-off error compensation
In this sub-stage, the feedrate scheduling and interpolation

of phase 3, 4, and 5 should be performed with the remain-
ing length lrij. After Sub-stage 1, the each phase time can
be obtained and assumed as tp3, tp4 and tp5, respectively.
However, it is hard to guarantee that both tp3, tp4 and tp5
are integer multiple of the interpolation period Ts. Therefore,
the existence of round-off error is inevitable.

To reduce the round-off error, the time rounding principle
given in [25] is employed in this paper and tweaked according
to the particularity of the bidirectional interpolation. The total
interpolation period number in Sub-stage 2 can be calculated
as follows:

N345 = [
tp3 + tp4 + tp5

Ts
] (44)

where the operator ‘[]’ denotes rounding down. Therefore,
the round-off error 1lerr is only the length corresponding to
1t which can be expressed as follows:

1t = (tp3 + tp4 + tp5)− N345Ts < Ts (45)

In order to avoid the discontinuity of acceleration pro-
file, the compensated interpolation time 1t and length 1lerr
should be taken from the constant feedrate phase. Hence,
it should be ensured that the constant feedrate phase is exist-
ing and tp4 is bigger than 1t . In Sub-stage 1, 1lcon is intro-
duced to meeting detection module and feedrate adjustment
module, which can guarantee that the constant feedrate phase
has at least one interpolation period whether the segment is
long or short. Correspondingly, 1lerr can be calculated as
follows:

1lerr = vfdi1t (46)

After 1lerr is obtained, the composite ACC/DEC algo-
rithm [25], which consists of S-shaped ACC/DEC algo-
rithm and the improved trapezoidal ACC/DEC algorithm,
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is employed to complete the round-off error compensation.
Therefore, the feed length 1li of each interpolation period
can be calculated as follows:

1li = 1lSi +1lTi (47)

where1lSi is calculated by the S-shaped algorithm and1lTi is
the compensated length obtained by the improved trapezoidal
algorithm.

When the interpolation of Sub-stage 2 is finished, Sub-
stage 3 should begin in next period.

3.3) Sub-stage 3: extracting the backward interpolation
data in reverse order

In this sub-stage, the feed length and the corresponding
target point position do not need to be calculated because
the remaining part has already interpolated by backward
interpolation performed in Sub-stage 1. Therefore, the stored
backward interpolation data {[uj,C(uj)]} can be extracted in
reverse order and sent to servo system in each period until all
the stored data is taken out.

4) TARGET INTERPOLATION POINT CALCULATION
The target interpolation point calculation includes two sub-
steps. The first step is to determine the parameter ui of the
target interpolation point based on the feed length 1li. Then
in second step, the target interpolation point position C(ui)
can be calculated by substituting ui into the path description
C(u). The second step can be realized by de Boor-Cox algo-
rithm [3] with high efficiency. A large number of previous
researches on NURBS interpolation have focused on finding
an efficient algorithm for the calculation of ui including the
first- and second-order approximation of Taylor series expan-
sion [35], [36], the predictor-corrector interpolation (PCI)
method [37] and re-mapping techniques [23], [33], [38]–[40].
The PCI method is easy to understand and implement with
arbitrarily set accuracy and fast convergence rate. Therefore,
it is employed in this paper. In the predictor stage, the initial
value u0 can be obtained by second-order expansion and
expressed as follows:

u0 = ui−1 + Ts
du
dt

∣∣u=ui−1 + T 2
s

2
du2

d2t

∣∣u=ui−1
= ui−1 +

1li√
x ′2 + y′2 + z′2

−
1l2i (x

′x ′′ + y′y′′ + z′z′′)

2(x ′2 + y′2 + z′2)2

(48)

Then in corrector stage, Newton-Raphson method shown
in formula (43) is utilized with the specified tolerance of
feedrate fluctuation δflu and the equation can be constructed
as follows:

F(ui) = ‖C(ui)− C(ui−1)‖ −1li = 0 (49)

IV. SIMULATION AND EXPERIMENTAL RESULTS
In this section, simulations of two NURBS curves are con-
ducted to evaluate the good performance of the proposed
bidirectional adaptive feedrate scheduling (BAFS) method

compared with feedrate scheduling (NIFS) method [23] and
the bidirectional optimal interpolation (BOI) method [32]
in IV.A. In addition, the experimental results of the test
NURBS curves are shown in IV.B to evaluate the accuracy,
applicability and real-time performance of BAFS method.

A. SIMULATION RESULTS AND ANALYSIS
1) TEST CASEs AND SIMULATION ENVIRONMENT
The butterfly-shaped curve and the∞-shaped curve [21] are
selected as the case studies, which are wildly used as the
test cases. Meanwhile, the simulations are conducted on a
personal computer with similar configuration as given in [21].

Through the arc length and curvature calculation module
given in III.A.2 with the parameter sampling length 1u =
0.0001, the test curves with the critical points and their cur-
vature curves are shown in Fig. 8(a)-(d). The interpolation
parameters used for simulations are listed in Table I. It can
be seen that the curvature curve of butterfly-shaped curve
changes more violently and has bigger maximum curvature
than∞-shaped curve. Meanwhile, the motion parameters for
the butterfly-shaped curve are smaller than another group.
Through these two kinds of curves with different features and
motion parameters, the performance of the proposed BAFS
method can be evaluated.

2) ANALYSIS AND COMPARISONS OF
BUTTERFLY-SHAPED CURVE
The simulation results of butterfly-shaped curve obtained by
the proposed BAFSmethod are shown in Fig. 9(a)-(e). As can
be seen, the tangential acceleration profile is continuous and
the feedrate profile is smooth. Meanwhile, the centripetal
acceleration and chord error of each interpolation point can
satisfy the specified tolerances. However, because of the
round-off error compensation, the jerk of some interpolation
points exceeds the tolerance but still keeps in a certain extent.

The simulation results obtained by NIFS method and BOI
method are shown in Fig. 10(a)-(e) and Fig 11(a)-(e), respec-
tively. However, the round-off error compensation methods
for NIFS and BOI are not given. Therefore, the total machin-
ing times in Fig. 10 and Fig. 11 are not integer multiple of Ts
and the jerk profile is limited in the given range. As can be
seen, the tangential acceleration profile in Fig. 11(b) is dis-
continuous with abrupt changes in some interpolation points
because of the unreasonable meeting feedrate adjustment
method. In contrast, the tangential acceleration profile of
NIFS method is continuous owing to the standard S-shaped
ACC/DEC profile. In addition, the chord error and the cen-
tripetal acceleration of NIFS and BOI methods are within the
allowable tolerance. The total machining times andmaximum
chord errors of NIFS, BOI and BAFS methods are shown
in Table II. The machining time of BAFS is slightly longer
than NIFS and BOI because the proposed round-off error
compensation method adds a constant feedrate period for
some short segments. Furthermore, κi is replaced by κi−1
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FIGURE 8. Test curves and their curvature curves. (a) Butterfly-shaped curve. (b) Curvature of butterfly-shaped
curve. (c) ∞-shaped curve. (d) Curvature of ∞-shaped curve.

TABLE 1. Interpolator parameters.

to reduce the computational load in Eq. (26), which also
increases the machining time slightly.

It can be seen from the simulation results of butterfly-
shaped curve that NIFS method and the proposed BAFS
method can generate similar results for the machining situ-
ations with smaller Jmax, amax t , F and NURBS curves whose
curvature curve changes sharply especially in the areas near
the critical points.

3) ANALYSIS AND COMPARISONS OF∞-SHAPED CURVE
The simulation results for∞-shaped curve by BAFS, NIFS
and BOI methods are shown in Fig. 12(a)-(e), Fig. 13(a)-(e)
and Fig. 14(a)-(e), respectively. As can be seen, the tangential
acceleration profile shown in Fig. 14(b) obtained by BOI
method still has abrupt changes for the same reason explained
in IV.A.2. But the chord error and centripetal acceleration are
always within the tolerances. For the results of NIFS method,
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FIGURE 9. Simulation results of butterfly-shaped curve by BAFS method. (a) Scheduled feedrate. (b) Tangential acceleration.
(c) Chord error. (d) Centripetal acceleration. (e) Jerk.

FIGURE 10. Simulation results of butterfly-shaped curve by NIFS method without round-off error compensation.
(a) Scheduled feedrate. (b) Tangential acceleration. (c) Chord error. (d) Centripetal acceleration. (e) Jerk.

the chord error and centripetal acceleration in some interpola-
tion points exceed the confined tolerances. Correspondingly,
the feedrate profile shown in Fig. 13(a) cannot be within the

restricted feedrate range in some areas because the constraints
in the middle part of each segment are ignored. In contrast,
the chord error and centripetal acceleration profiles shown
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FIGURE 11. Simulation results of butterfly-shaped curve by BOI method without round-off error compensation.
(a) Scheduled feedrate. (b) Tangential acceleration. (c) Chord error. (d) Centripetal acceleration. (e) Jerk.

TABLE 2. Static comparisons of maximum chord error and machining
time of butterfly-shaped curve.

in Fig. 12(c)-(d) obtained by the proposed BAFS method are
always within the confined tolerances. The jerk profile shown
in Fig. 12(e) is oscillatory in some areas, which is different
from the standard S-shaped ACC/DEC profile, because these
parts on the∞-shaped curve have stronger continuous con-
straints on feedrate than ACC/DEC algorithm and the jerk
needs to be adjusted adaptively with some oscillations. There-
fore, the jerk cannot be guaranteed to be a fixed value but
the tangential acceleration profile shown in Fig. 12(b) is still
continuous. Although the jerk profile has some oscillations
and exceeds the maximum jerk limit caused by round-off
error compensation, it still keeps in a certain extent and has
little effect to interpolation accuracy and motion smoothness.

The machining times and maximum chord errors of NIFS,
BOI and BAFS methods for ∞-shaped curve are shown
in Table III. The BAFS method has smaller chord error
and longer machining time because the adaptive scheduled
feedrate under the continuous constraints is smaller than
that obtained by standard S-shaped ACC/DEC algorithm.

TABLE 3. Static comparisons of maximum chord error and machining
time of ∞-shaped curve.

In addition, the reasons given in subsection IV.A.2 also
extend the machining time.

It can be seen from the simulation results of ∞-shaped
curve that the proposed BAFS method can improve the inter-
polation accuracy while maintaining the motion smoothness
for the machining situations with larger Jmax, amax t , F and
NURBS curves whose curvature curves change slowly espe-
cially in the areas near the critical points.

B. EXPERIMENT RESULTS
In this paper, the experiments are conducted on a two-axis
motion platform with Panasonic MBDH series servo derives
and MHMD series motors. The layout of the experimental
system is shown in Fig. 15. The experiment is implemented
in a PC-based motion controller which is self-developed by
our team [21]. The Kithara real-time suite (KRTS) [41] is
installed to the controller to guarantee the real-time perfor-
mance. Based on KRTS, the OS of motion controller can
be divided into two sub-systems: the non-real-time operat-
ing system (non-RTOS) which can conduct the tasks with
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FIGURE 12. Simulation results of ∞-shaped curve by BAFS method. (a) Scheduled feedrate. (b) Tangential acceleration.
(c) Chord error. (d) Centripetal acceleration. (e) Jerk.

FIGURE 13. Simulation results of ∞-shaped curve by NIFS method without round-off error compensation.
(a) Scheduled feedrate. (b) Tangential acceleration. (c) Chord error. (d) Centripetal acceleration. (e) Jerk.

no real-time requirements and the KRTS-Kernel which is
a real-time system with excellent real-time performance.
Therefore, the pre-processing stage illustrated in Fig. 1 can be
implemented in non-RTOS while the real-time interpolation

stage is conducted in KRTS-Kernel where the interpola-
tion period is set to 1 ms. In addition, the axis control
data can be sent to the corresponding servo derives by
EtherCAT.
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FIGURE 14. Simulation results of ∞-shaped curve by BOI method without round-off error compensation. (a) Scheduled
feedrate. (b) Tangential acceleration. (c) Chord error. (d) Centripetal acceleration. (e) Jerk.

FIGURE 15. Layout of the experimental system.

TABLE 4. Static comparisons of the experiment results.

Because the acceleration profiles obtained by BOI method
are discontinuous with huge impact to the experiment struc-
ture, only the experiments and comparative analysis of the

BAFS method and the NIFS method are performed. The
experiment results of the two test curves are shown in
Fig. 16 and Fig. 17, respectively. And the statistical data
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FIGURE 16. Contour error of the butterfly-shaped curve obtained by different method. (a) BAFS
method. (b) NIFS method.

FIGURE 17. Contour error of the ∞-shaped curve obtained by different method. (a) BAFS
method. (b) NIFS method.

TABLE 5. Statistical data of the computational time by BAFS method.

is summarized in Table IV. There are a lot of calculation
methods of contour errors [42]–[44], the method in [44] is
employed in this paper. As can be seen, the experiment results
of butterfly-shaped curve obtained by NIFS method with
0.0260 mm maximum contour error and 0.00903 mm root-
mean-square (RMS) of contour error are similar to the results
obtained by the proposed BAFS method with 0.0256mm
and 0.00902 mm respectively, which is consistent with the
simulation results. But for the∞-shaped curve, themaximum
contour error obtained by BAFS method is 0.0432 mmwhich
is 19.25% smaller than 0.0535mm obtained byNIFSmethod.
The corresponding RMS of contour error is 0.0280mmwhich
is smaller than 0.0301 mm obtained by NIFS method. There-
fore, the proposed BAFS method has higher accuracy espe-
cially for the NURBS curves with slowly changing curvature
curves and larger motion parameters.

The real-time performance of the proposed BAFS method
is also tested. The computational time in each interpolation
period is measured in real-time and illustrated in Table V.
As can be seen, both the maximum and the average com-
putational times of butterfly-shaped curve and ∞-shaped
curve are smaller than 50 µs. Therefore, the real-time
requirement can always be satisfied with 1 ms interpolation
period.

V. CONCLUSION
This paper proposes a bidirectional adaptive feedrate schedul-
ing method of NURBS interpolation based on S-shaped
ACC/DEC algorithm. The main conclusions of the study are
as follows:

• The continuous constraints of feedrate in the mid-
dle part of each segment can be considered by
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the proposed bidirectional adaptive feedrate schedul-
ing method. Therefore, the interpolation accuracy is
improved especially for the NURBS curves with slowly
changing curvature curves and large motion parameters.

• To realize the two directions interpolation orderly, an
adaptive task scheduling method is designed. Mean-
while, a novel meeting processing method is proposed
to adjust the forward and backward feedrates at the
meeting point and generate smooth feedrate profile. Its
solvability is also proved. Furthermore, the round-off
error is also considered and compensated to maintain the
motion smoothness.

• The feedrate look-ahead method is optimized with a
back-trace correction module, which considers the con-
tinuous constraints of feedrate, to correct the look-ahead
results obtained by traditional method.

• A serious of simulations and experiments are performed
to validate the performance in accuracy, applicability
and real-time of the proposed method.
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