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ABSTRACT A self-tuning fusion estimation problem is addressed for multi-sensor (MS) linear discrete-time
stochastic systems subject to unknown model parameters (UMPs) and missing measurement rates. The
phenomena of missing measurements for different sensors are described by random variable sequences
obeying Bernoulli distributions. The UMPs and missing measurement rates are identified online by the
recursive extended least squares (RELS) algorithms and correlation functions, respectively. A distributed
fusion identifier for UMPs is presented by using matrix-weighted fusion estimation (MWFE) algorithm in
the linear unbiased minimum variance sense. Furthermore, the corresponding self-tuning state estimation
algorithms are obtained by substituting the identified model parameters and missing measurement rates into
the local optimal filters, cross-covariance matrices (CCMs), and distribution optimal fusion filter. Finally,
the convergence of the presented algorithms is analyzed. A numerical example shows the effectiveness of
the presented algorithms.

INDEX TERMS RELS, correlation function, multi-sensor system, unknown model parameter, unknown

missing measurement rate, self-tuning fusion filter.

I. INTRODUCTION

Recently, the research on MS information fusion filter has
achieved much attention owing to its wide applications in
practical systems, such as industrial monitor, navigation and
guidance, object identification, and so on. The classical
Kalman filtering theory [1] requires the known model param-
eters and noise statistical characteristics, which restricts its
application fields. This pushes the development of the adap-
tive or self-tuning estimation theory.

For MS systems subject to unknown variances of noises,
the self-tuning distributed fusion state predictors are obtained
in [2]-[4] where unknown variances of noises are identi-
fied by correlation functions and weighted average meth-
ods. Using the same identification methods as [2]-[4],
a self-tuning full-order weighted measurement fusion (WMF)
Kalman filter is proposed in [5] for MS descriptor systems
subject to unknown variances of noises. For systems sub-
ject to UMPs, the self-tuning fusion estimation problems

are discussed in [6]-[8]. The weighted average method is
adopted to obtain the fused UMPs, and then a self-tuning
fusion filter is proposed in [6]. Then, the corresponding WMF
self-tuning fusion filter is also proposed for multi-channel
signals in [7]. The RELS algorithm is adopted to identify
the UMPs, and then the self-tuning WMF Kalman filter is
presented for MS discrete systems with correlated measure-
ment noises in [8]. In the aforementioned literature, the self-
tuning fusion estimation algorithms proposed are all by the
complete measurement data. However, the sensor data may
be incomplete or disturbed in sensor networks or networked
systems because of the aging, fault, saturation, and bias of
sensors, or fading measurements, packet droppings and ran-
dom transmission delays induced by unreliable networks, and
so on [9]-[13].

For discrete linear stochastic systems subject to multi-
ple random transmission delays and packet droppings, opti-
mal linear estimators have been designed in [14] and [15].
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For nonlinear systems subject to missing measurements,
the event-based filtering algorithms [16], [17], the receding
horizon filtering algorithm [18], and the variance-constrained
approach [19] have been designed, respectively. However,
multiple sensors are not considered in [14]-[19]. For MS
systems subject to random transmission delays, centralized
fusion (CF) estimators are proposed in [20]. However, CF has
the bad reliability, which means that a faulty sensor may bring
the divergence of CF estimators. Distributed fusion (DF)
filters have good reliability because of the parallel structures.
Therefore, DF filter obtains much attention in the recent
years. DF estimators are presented for sensor networks sub-
ject to packet droppings in [21] and [22] and for networked
systems subject to transmission delays and packet droppings
in [23] and [24]. The estimation algorithms proposed in the
above literature have assumed the known missing measure-
ments rates, delay rates and packet dropping rates.

Thus far, the research on self-tuning DF estimation prob-
lem for systems subject to unknown missing measurement
rates has been rarely reported, particularly, as well as UMPs
together. In this paper, the RELS algorithm is adopted to
identify the UMPs and the correlation function is adopted to
identify the unknown missing measurement rates of different
sensors. A self-tuning DF state filter is presented for MS
systems subject to UMPs and unknown missing measurement
rates. The main contributions include: 1) the studied systems
are subjected to both UMPs and unknown missing measure-
ment rates; 2) the correlation functions are utilized to identify
the unknown missing measurement rates; 3) a DF identifier
for model parameters is presented by using the MWFE algo-
rithm in the LUMV sense in [25]; 4) a self-tuning DF state
filter is obtained based on the identified model parameters
and missing measurement rates; and 5) the convergence of
the presented algorithms is analyzed by using the dynamic
error system analysis (DESA) method and dynamic variance
error system analysis (DVESA) method in [26].

Il. PROBLEM FORMULATION
Consider the following MS discrete-time stochastic system
with missing measurements

x(k +1) = ®x(k) + I'w(k) ey
yitk) = pitk)Hix(k) +vi(k), i=1,---,L (2)

where x(k) € R" is a state, y;(k) € R is a scalar measurement.
The subscript i means the ith sensor. L is the number of
sensors. {i;(k)} is a random variable sequence obeying the
Bernoulli distribution with the probabilities Prob{u;(k) =
1} = «; and Prob{u;(k) = 0} = 1 — ;. ni(k) = 1 means
the perfect signal delivery and (k) = O means the missing
measurement. ¢; is a receiving measurement rate. 1 — «; is
a missing measurement rate. p;(k) is independent of other
stochastic variables. @, I" and H; are time-invariant matrices
of suitable dimensions.

Assumption 1: w(k) and v;(k) are uncorrelated white noises
of zero mean and variances Q,, and Q,,.
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Assumption 2: The initial value x(0) is uncorrelated with
w(k) and v;(k), and satisfies

E{x(0)) =up, E [[x(O) — uo] [x(0) — uO]T} — P,

where E is the mathematical expectation, the superscript T
denotes the transpose.

Assumption 3: @ is a stable matrix.

Assumption 4: yj(k),i =1, --- , L are bounded.

Assumption 5: «; and part parameters of ® are unknown.

Assumptions 1 and 2 are general in estimation problem.
Assumptions 3 and 4 will be used in the convergence proof
of the proposed algorithms in later text. Assumption 5 shows
the problem to be solved.

Our objective is to design the self-tuning DF filter
Xs(k|k) for the state x(k) based on the measurement data
i(1), ...yi(k)),i = 1,...,L by identifying the unknown
parameters in Assumption 5 and then substituting them into
the optimal DF filter.

lll. OPTIMAL FUSION FILTERING ALGORITHM
In this section, one first need drive the distributed optimal
fusion filter under the condition of the known model param-
eters and missing measurement rates. Next, one will present
it under Assumptions 1-3.

Eq. (2) can be rewritten as

vitk) = a;jHix(k) + Vi(k) 3)

where V;(k) = (ui(k) — a;)H;x(k) + v;i(k) is a fictitious white
noise with zero mean and the variance matrix Qv, (k) = o;(1—
o)) H; X (k)HiT + 0,,. The state second-order moment X (k) =
E[x(k)xT (k)] is recursively calculated by

Xk +1) = dXKk)d' +T0,I'T )

under the initial value X (0) = ug ug +Pgy. From Assumption 3,
it follows that X (k) is bounded.

The following Lemma 1 introduces the algorithm of local
optimal filter. Lemma 2 presents the formula of computing
the CCMs. The distributed optimal fusion filter by using
MWEE algorithm is given in Lemma 3.

Lemma 1 [25]: Under Assumptions 1-3, the local optimal
filtering algorithm based on the measurement data of each
sensor subsystem for systems (1) and (3) is given as

Xi(k + 11k) = ®x;(klk) ©)
Citk+1)=yik+1)— Fixi(k + 1]k) (6)
ik + 1]k) = ®Pi(k|k)®T + T 0, I'T (7
Qc,(k + 1) = FZik + 1OFf + Qy(k + 1) (8)
Ki(k + 1) = Zi(k + 1OF] Q¢ (k + 1) )

Pi(k + 11k + 1) = [I, — Ki(k + DFi]1%Zi(k + 1]k) (10)
Xitk + 1k + 1) = Wa(k + Dxi(k|k) + Ki(k + Dyi(k + 1)

(1)

where F; = oa;H;, Wik + 1) = [I, — Ki(k + 1)F;]®. Xi(k|k)

and X;(k + 1]k) are the filter and predictor with corresponding
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variance matrices P;(k|k) and X;(k+1|k). K;(k) is the filtering
gain matrix. The initial values are x;(0|0) = ug and P;(0|0) =
Py.

Lemma 2 [25]: Defining the filtering error CCM between
arbitrary two local filters as Pj(k|k) = E[fci(k|k)5cf (k|k)]1,
i,j = 1,---,L, i # jwith Xj(klk) = x(k) — xi(k|k), one
has the recursive computational formula as

Pij(k + 1]k + 1)
= (I, — Ki(k + DF;][®P;(k[k)®" + TQ, ']
x [y — Kj(k + DFj]" (12)
under the initial value P;;(0]0) = Py.

Lemma 3 [25]: Under Lemma 1 and Lemma 2, the MWFE

filter in the LUMYV sense is calculated as

L
Ro(klk) =Y Wilk)Ri(k[k) (13)
i=1
where the optimal weighting coefficient matrices are
calculated as

[Wi(k), ..., Wr()] = (TP~ (klk)e) 'eTP~ (klk)  (14)
where e = [I,, ..., 1,7 € R"™" and P(k|k) = [P;(k|k)] €

R™>nL The variance matrix of the DF filter is calculated as
Po(klk) = (¢" P~ (k[k)e)™! (15)
Also, the relation P,(k|k) < Pj(klk),i =1, ---, L holds.

IV. FUSION IDENTIFIER OF UNKNOWN
MODEL PARAMETERS
When @ contains unknown parameters, one identifies the
UMPs based on the RELS algorithm in this section.

From (1), it follows that

x(k) = (I, — g~ @) g7 Tw(k) (16)
where ¢! is the backward shift operator, i.e., g~ 'x(k) =
x(k — 1). Substituting (16) into (3) leads to

yitk) = eiHi(l, — g~ ' ®)"'q ' Twk) + Vi) (17)
From (17), one can obtain a new measurement model
Alg~Myitk) = aiBi(g Ywlk) + A(g~HVitk)  (18)
with
A(g™") = det(l, — g~ ' @) (19)
Bi(q™") = Hiadj(l, —q~'®)q~'T (20)

where the ‘det’ denotes the matrix determinant and the ‘adj’
denotes the adjoint matrix. A(g~!) and B;(¢~!) are polynomi-
als with forms as

AgHh=1+ag '+ +anqg™™,

Bi(q_l) = Bilq_l 4+t Bl.nB[q—an
a, t = 1,...,n, and By, t = 1,...,np, are the coeffi-

cients of A(q_l) and B(q_l), and n, and np, are their orders,
respectively.
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From [26], two moving average (MA) processes in the
right hand side of (18) are equivalent to a stable MA process
Di(q_l)ei(k), where ¢;(k) is the white noise with unknown
variance 08%, and D;(g~") is the polynomial with the form as

Dig ) =1+dug '+ + dinp.q "

dit,t = 1,...,np, are the coefficients of Di(g~") and np; is
the order of D;(¢g™1).
One can rewrite (18) as

Alq~"yitk) = Di(g Heik) 1)
Setting
o (k) = [=yitk = 1), -, =yilk = ng),
gitk — 1), -+, &i(k — ninp))],
v = lay, - »anasdils"'dinpi]T
one has

Yitk) = @] (k)i + £i(k) (22)

Then, one has the parameter estimator based on the RELS
algorithm as follows [26]:

dilk + 1) = Dik) + Mk + Déik + 1) (23)

Bilk + 1) = yilk + 1) — ] (k + D)d(k) (24)

Zi(k)pi(k + 1

- i(k)pi(k + 1) (25)

1+ ¢, (k + DZi(k)pi(k + 1)

Zitk + 1) = Ung4np, — Mi(k + Do/ (k + D1Zi(k) (26)

Mitk +1) =

under the initial values 19[(0) = 0 and Z;(0) = Bil, with a
sufficiently large positive number 8;, &;(k) = yi(k) = 0,
(k < 0). From [26], one has that the parameter estimator
based on the RELS algorithm is consistent, i.e., the estimates
converge to the true values with probability 1, Dik) —
as k — oo.

Based on the measurements of single sensor, one can obtain
the local estimators f?,-(k) at time k of unknown parameters ¥J;
by above algorithms. From the definition of ©;, one knows
that the parameters a;, t = 1, ..., n, have been estimated
L times based on L sensors, so one can obtain the fusion
estimates of parameters a; by applying MWFE algorithm
in [26]. One needs to calculate the estimation error variances
of the local parameter estimators and the CCMs between any
two local parameter estimators. Next, one will solve them.

From (23), the local estimation error 9;(k) = 19,-(k) —
satisfies the equation

Dik + 1) = [y 4np, — Mik + Do/ (k + D]9i(k)
+Mik + Deitk +1)  (27)

The CCM Py, (k) = E[[?l-(k)éjT(k)] between any two local
parameter estimation errors can be solved by

Py;(k + 1) = [Uny4np, — Mi(k + Dei (k + 1)1Py, (k)
Xy np; — Mj(k + D/ (k + DT
+Mitk + D62 (k+ DMk +1)  (28)
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where the cross-covariance 0521,] between ¢;(k) and ¢;(k) can
be approximately computed by the following recursion

i

1 k
~2 _ § 2.2
O'Si.(k) = k ot 81(1)8](1)

N L. N
=6, (k= D+ L LBiRh) - Go (k=11 (29
The initial value is &3217 (0) = yi(0)y;(0). Py, (k) is the local
parameter estimation error variance Py, (k) when i = j.

Setting ¥4 = [a1, -, an,]T, then ¥4 = [I,,, 0]¥;. One
has local parameter estimators and estimation error CCMs of
T4 as

9pi(k) = L, O10i(k), Py, (k) = [, 0Py, (k) Iy, 017
(30)

where Py, (k) is the local parameter estimation error variance
Py,.(k) when i = j.

Based on the local parameter estimators f}A,-(k) and esti-
mation error CCMs Py, (k), applying the MWFE algorithm
in the LUMV sense [25], one can obtain the DF parameter
estimator.

Theorem 1: The matrix-weighted DF parameter estimator
in the LUMYV sense is calculated as

L
Daolk) =Y W A(H)Daick) 31)
i=1
The parameter fusion weighted matrices are calculated as

[WPAK), ... WAK)] = (5 Pyl (Kep) " ey Pyl (k) (32)

where ey = [Ln, =+ In, 1y 1 en > Poatk) = [Poy )], |

i,j=1,---,L,is an ngL X nyL matrix.
The parameter fusion estimation error variance is given as
T p—1 -1
Py, (k) = (ey Py, (k)ey) (33)

Also, the relation Py, (k|k) < Py, (klk),i =1, ..., L holds.

From (19), one knows that the parameter ¥4 =
lag, -, ana]T is a function of the unknown parameters of .
If the unknown parameters of ® can be uniquely identified
by ¥4, one can obtain the unknown parameter fusion estima-
tor of ® based on the identified fusion parameter estimator
1§A0(k). Further, one gets the estimator CiJ(k) of ®. From the
above analysis, one can see that (k) converges to @ with
probability 1, i.e., <i>(k) — dask — oo.

V. IDENTIFICATION OF THE UNKNOWN RECEIVING
MEASUREMENT RATES
Substituting (k) into (4), one obtains

Xk +1) = D)X (k)@ (k) + T Q, T (34)

One introduces the zero-step correlation function R;(k) =
E[y?(k)], from (2) it is computed as

Ri(k) = c;HX(HT + 0, (35)
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The correlation function can be approximated by the sam-
pling correlation function which can be recursively calculated
as [26]:

k
A 1 A 1 A
Ritky = 2 3 570 = Ritk = D + 215700 = Rik = D]
=1
(36)

under the initial value ki(O) =0.
From (35) one can obtain the receiving measurement rate
of the ith sensor at each time as

_ Rk -0,

ai(k) = —
HX(HT

(37)

From Section 3, CiD(k) — & as k — oo. From the stability
of ® and (34), )A((k) — X(k) as k — oo. From the ergodicity
of stochastic process [26], IAi’i(k) — Ri(k)ask — o00.Onecan
obtain that the estimate &;(k) converges to the true value o;,
i.e., @j(k) — «j as k — oo. Further, one has

Ov,(k) = ai(k)(1 — &;(k)HX(OHT + 0y,

— ai(l —a)HX()H! + Q. = Qv.(k), k — o0

Substituting the estimates Ci>(k) and @;(k) into the local
optimal filter in Lemma 1, CCMs in Lemma 2 and distributed
MWEE algorithm in Lemma 3, respectively. One can obtain
the corresponding self-tuning filtering algorithms. To save
space, the detail is omitted. Denote the corresponding self-
tuning local filter, prediction error variance, filtering error
CCM, and fusion filter by Zy(k|k), Sy, (klk — 1), Pg;(klk),
and X;(k|k), respectively.

VI. CONVERGENCE ANALYSIS OF SELF-TUNING
FUSION FILTER
A. PRELIMINARY LEMMAS
The following Lemma 4 and Lemma 5 present a stability
criterion in terms of Lyapunov equations, which constitutes
the DVESA method and DESA method. Further, utilizing the
two methods, the convergence of the proposed self-tuning
fusion filter is proven.

Lemma 4 [26]: Consider a time-varying Lyapunov
equation

J(k) = T1(k)J (k — T3 (k) 4 U (k)

where J(k) € R"*" and U(k) € R"". The matrices T (k) €
R™™ and Ta(k) € R™" are uniformly asymptotically stable,
i.e., there are constants ¢; > 0 and 0 < p; < 1, such that

I Tk, O < cipf ™', Vk>1>0,i=12

where Ti(k, k) = I, Ti(k,t) = T;(k)Ti(k — 1)---T;(t +
1), k > t. Then, J (k) is bounded if U (k) is bounded, further
Jk)—> 0ask - occif Uk) > 0as k — oo.

Lemma 5 [26]: Consider the dynamic error system

8(k) = T8k — 1) + u(k)
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where 8(k) € R" and u(k) € R". The matrix T(k) € R™"
is uniformly asymptotically stable. Then, §(k) is bounded if
u(k) is bounded, further §(k) — 0 as k — oo if u(k) — 0 as
k — oo.

B. CONVERGENCE OF THE SELF-TUNING LOCAL
FILTERING AND PREDICTION ERROR

VARIANCE MATRICES

Denote the systems (1) and (3) with known model param-
eters and receiving measurement rates by the notation
(®, T, Fi, Qw, Qv,(k)), and the systems (1) and (3) with
UMPs and unknown receiving measurement rates by the
notation (®(k), T, Fi(k), Q. Qv.(k)).

Lemma 6 [26]: For system (&, I, F;, Oy, Qv,(k)) under
Assumptions 1-5, the state transition matrix Wg(k) =
[, — Kij(k)F;]® of local optimal filter and the state
transition matrix Wy;(k) = @[, — K;(k)F;] of local
optimal predictor are both uniformly asymptotically sta-
ble. Both ¥;(k|k — 1) and Kj(k) are bounded. For sys-
tem (CfD(k), r, I:",-(k), Ow, Qvi(k)), the state transition matrix
Wysi(k) = I, —Kyi(k)Fi(k)]® (k) of local self-tuning filter and
the state transition matrixlilspi(k) = &D(k)[l,, — ksi(k)ﬁi(k)]
of local self-tuning predictor are uniformly asymptotically
stable. Both 2;(k|k — 1) and K,;(k) are bounded.

Theorem 2: Under Assumptions 1-5, the self-tuning pre-
diction error variance matrix % si(k + 1]k) with the consistent
estimates CiD(k) and &;(k) converges to the optimal prediction
error variance matrix ¥;(k + 1|k) with the true values ® and
o; with probability 1. The local self-tuning filtering error vari-
ance f%i (k|k) converges to the optimal filtering error variance
Pi(k|k) with probability 1, i.e.,

[S4ilk + 1]k) — Zi(k + 1]k)] — 0,
[Pyi(k|k) — Pi(k|k)] — O,

k—oo  (38)
k—o0o (39

Further, one has [Kyi(k) — K;(k)] — 0, k — oo.
Proof: From Lemma 1, ¥;(k 4+ 1]k) and XZ;(k + 1]k)
satisfy the Riccati equation

Ssitk + 1k) = D) [Esi(klk — 1) — Ki(k)F(k)
x Ssiklk — DO (k) + 1 Q,I'T (40)
Bi(k + 1]k) = O[Ti(k + 11k) — Kik)F; Zi(k + 1]k)] D"
+ro,rt 41)

Let Ad(k) = d(k) — . Substituting (k) = ® + AD(Kk)
into (40) and subtracting (41) from (40) yield

Stk + 1k) — Zik + 1]k)
= Ok [Zyklk — 1) — Sitk|k — 1)
—Ki()Ei(k) Zgi(k |k — 1)
+K(k)F;Zi(klk — D]®T + Uiy (k) (42)
Un(k) = ()L, — K F(0)] Zgi(k |k — DADT (k)
+ ADR)[L, — Ki(K)FAZiklk — DOT  (43)
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From the definitions of \ilspl-(k) and W,;(k) in Lemma 6,
it follows that
Wpi(k)(Sgilklk — 1) — Biklk — 1)W)(k)
= ()[Byitklk — 1) — Zik|k — 1)
— Kyi()Fi(k) Syi(k |k — 1)
+ Ki(F;Zitklk — D1®T + Unk) (44
Un(k) = U)Kk F(k)Si(k|k — 1)
+ K,k Fi(k) Syik |k — DFTKT (k)
— Si(klk — DF K (k)
— Ki(OFi()Zik |k — DFFKT()10T (45)
Setting Fj(k) = F; + AF;(k), one has
Ka(k)Fi(k) Sk |k — DF]
= Ka(O)F () Sk lk — DF] (k)
—Ki(k)Fi(k) ik |k — DAFT (k)
= Sklk — DF] (k) — Ki(k)Qv, (k) (46)
—Ki(h)Fi(l) Zsi(k |k — DAF] (k)
Filozitklk — DFTKT (k)
= F;Zi(klk — DFTKT (k)
+ AFi(k)Ziklk — DFTK (k)
= FiZiklk — 1) — Qv,()K/ (k)
+ AF () ik k — DFTKT (k) (47)
Substituting (46) and (47) into (45) yields
Ui (k)
= O(O[Ki()AF (k) Zi(k|k — 1)
+ Sk lk — DAEFT(OKT (k) — Ki(k)(Qv, (k)
— Qv (kDK (k) — Kyi()Ei(k) Egi(k |k — DAFT (K] (k)
— Ki() AFi()Zi(kk — DFI K (k)10T (48)
lfrom (42) and (44), and defining the variance error Y;(k) =
Ysi(klk — 1) — Zi(k|k — 1), one has the dynamic variance
error system as
Titk + 1) = W) Vi)W (k) + Ui(k) — (49)
Uik) = Ui (k) — Up(k) (50)
To prove (38), one only needs to prove Yj(k) — Qask — oo.
Considering the dynamic variance error systems (49)
aAnd (50), according to Lemma 6 one knows that X;(k 4 1|k),
Ki(k), ZAi(k + 11k) anq K;(k) are bouncled as k — oo, then
from A®(k) — 0, AFi(k) — 0 and Qy,(k) — Qy,(k) as
k — o0, it holds that
Untk) > 0, Upk)—0 (29

Then, U;j(k) — 0 as k — oo. From (49), according to the
uniformly asymptotic stability of \ilspi(k) and W,;(k), based
on Lemma 4, one has Y;(k) — Oas k — o0, i.e., (38)is true.
Sirpilarl)i, (39) is also true. Further, using IA(,-(k) = f]si(klk —
DEL (00! (), Kitk) = Si(klk — DFT Q! (k), (38), and
X(k) — X(k), then Kyi(k) — Ki(k) as k — o0 is true. The
proof is completed.
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C. CONVERGENCE OF SELF-TUNING FILTERING
ERROR CCM

Substituting the estimates &)(k) and &;(k) into (12), one can
obtain the self-tuning cross-covariance matrix as

Pyij(k + 11k + 1) = [I, — Ky(k + DEF;(k + 1)]
x [D(k)Py;(k|k)®T (k) + T, (I,
— Kyi(k + DFjk + DIT (52)
Theorem 3: Under Assumptions 1-5, the solution of self-

tuning Lyapunov equation (52) converges to the solution of
optimal Lyapunov equation (12), i.e.,

[Pyik|k) — Pik[k)] = 0,k — o0 (53)

Proof: Let Ay(k) = Pgj(klk) — Py(klk), Ku(k) =

Ki(k)+ AKi(k), Wgs(k) = Wg(k)+AWz(k). Then, AK;(k) —
0, AWgs(k) — Oas k — oo.

By subtracting (12) from (52), the dynamic variance error
satisfies the following Lyapunov equation as

Ak = Walk) Ak — DS (k) + Uy(k) (54)
Uyitk) = AWk Pk — 11k — 1) (k)
+ AWk Pk — 11k — DAY (k)
+ Wk Pk — 11k — DAY (k)
+ [y — Ka(OFi(0)ITQ, T T, — Kyg(k)Fj(k)]™
— [l — Ki(k)FT QLTI — Ki()F,]"  (55)
Using the boundness of Kyi(k), Kyj(k), Fi(k) and Fj(k),
one has [I, — Kgi(k)F;(k)IT QT [1, — Ky (k) Fj (k)™ — (1, —
Ki(k)FAT Q,,I'M[1, — K;j(k)F;]T — 0 as k — oo.
Using Lemma 4, Lemma 6 and the uniformly asymptotic
stability of W;(k) and Wy(k), one can obtain that Pyg;j(k|k)
is bounded. Hence, from &;(k) — «; and AK;(k) — O,

A\ilﬁ(k) — 0ask — oo, onehas Ujj(k) — 0. Using (54) and
Lemma 4, one has that (53) is true. The proof is completed.

D. CONVERGENCE OF LOCAL AND FUSION
SELF-TUNING FILTERS

Theorem 4: Under Assumptions 1-5, the local self-tuning
filter X5;(k|k) converges to the local optimal filter x;(k|k), i.e.,

[Xsi(k|k) — Xi(k|k)] = 0, &k — o0 (56)
Proof: From (11), the local self-tuning filter is given as
Roi(k|k) = Wy()Ri(k — 1k — 1) + Kyi(k)yi(k) (57)

Because K, si(k) and y;(k) are bounded and \i'xﬁ(k) is uniformly
asymptotically stable, X,;(k|k) is bounded from Lemma 5. Let
3i(k) = xsi(k|k)—x;(k|k). Subtracting (11) from (57), one has
the dynamic error system

Si(k) = W(k)di(k — 1) + ui(k) (58)

where u;(k) = AV(Ei(k — 1k — 1) — AK;(k)yi(k).
From the bgundedness of xs(k|k) and y;(k), and AK;(k) —
0 and AWYgj(k) — 0, one obtains u;i(k) — 0.
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Applying Lemma 5 to (58) leads to §;(k) — 0, as k — oo,
i.e., (56) is true. The proof is completed.

Theorem 5: Under Assumptions 1-5, the self-tuning DF
filter X4(k|k) converges to the optimal DF filter x,(k k), i.e.,

[%s(klk) — Xo(k|k)] — 0, k — o0 (59)

. Proof: From (53); one has [Wsi(lc) — Wi(k)] — 0. Let
Wiitk) = Wi(k) + AW;(k). Then, AW;(k) — 0. Using (56)
and the boundedness of Xy;(k|k), one obtains

L
Xs(k|k) — Xo(klk) = Z Wilk)[%si(k k) — Xi(k|k)]
i=1

L
+ 37 AWkl = 0 (60)
i=1

i.e., (59) is true. The proof is completed.

Remark 1: From the preceding sections, one can find that
the main difficulties and keys of the work in this paper
include: 1) introduction of the fictitious white noise V;(k)
in (3) and construction of ARMA model (21); 2) the computa-
tion of cross-covariance matrices (28) for parameters; 3) Con-
vergence analysis (Theorem 2-Theorem 5) of the proposed
algorithms.

VII. SIMULATION EXAMPLE

Considering a numerical example as (1) and (2) with 3 sen-
sors. In the simulation, the parameters are taken as & =
[gg _“(1)25] r= [8:2], H =[112],H=[1215],
H3y=[041],0,=2,0, =121,0,, =0.81,0,, =0.3.
The UMPs are setas aj; = 0.8, ajp = —0.2 and the unknown
receiving measurement rates are set as o1 = 0.3, ap = 0.7,
a3 = 0.9. The initial values are x;(0]0) = 0, P;(0|0) = 0.1/,
and P;(0|0) = 0.1, i,j =1, 2, 3.

Our aim is to identify the unknown receiving measurement
rates «; and UMPs aj; and ajp, and solve the self-tuning
fusion filter X;(k|k).

Applying the algorithm proposed in Section 5, the identifi-
cation results of unknown receiving measurement rates for 3
sensors by the correlation function method are given in Fig 1.
As the time increases, one sees that the identified results of
receiving measurement rates converge to the true values of
receiving measurement rates.

Applying the algorithm proposed in Section 4, the fusion
identification results of the UMPs are shown in Fig 2. As the
time increases, one sees that the identification results of
UMPs converge to the true values of model parameters.

To show the advantage of our MWFE parameter identifier,
one does the comparison with weighted average (WA) fusion
estimation algorithm in [6] and [26]. So, the weighted average
fusion estimation algorithm is also given in the simulation.
The local estimation error variances, weighted average esti-
mation error variances and MWFE error variances for UMPs
a1 and ajp can be computed below.
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A. LOCAL ESTIMATION ERROR VARIANCE
From (19), one obtains the relationship between a;, t = 1, 2
and the model parameters of & as:

ajn = —(ar +axn) (61)

ap = E(az —anai) (62)

From (30), one can obtain local estimates a; ;(k), t = 1,2,
= 1,2, 3 for a;. Then, local estimates of aj; and a;p are
obtained as

—(ay,i(k) + a),
=L (G, i(k) — azan i(k)),

az

an,itk) =
an,itk) =
Defining the local estimation error variances as Py, (k) =
Ela], (k)] and Pap,,(k) = Elan(k)af, (k)] where
an,i(k) = an,i(k) — an = ay (k) and ap,i(k) = a,i(k) —

ap = E(GZ’(k) + axay i(k)). Then, one has the local

estimation error variances of a1 and aj; as

Pay,, (k) = Py D(k),

Payy (k) = —(19(2 D(k) + 2a0 Py P (k) + a3, Py V().

21

B. WEIGHTED AVERAGE ESTIMATION ERROR VARIANCE
Defining the WA estimate of a; as

R 3
ak) =33 ag k),
i=1
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From (61) and (62), the WA estimates of a;; and a;, are
given as

—(@1(k) + az),
=L@y (k) — azari(k)),

azy

an (k) =
ap(k) =

Defining the WA estimation error variances as Pt:m(k) =
E[a?, (k)] and P; (k) = E[a3,(k)],

~ N 3
ai(k) = ant) —ay = %Z Li(k)) and apk) =

where

antk) —an = - Z (G2,i(k) + axay i(k)). One has the

WA fusion estlmatlon error variances of aq; and aj; as

P (k) = 5@ P + P ) + P D)

a2 Va3

+2P5 Vi) + 2P Vi) + 2P D (k)),

Ya12 JA13 VA23
1 (2,2) (2,2) (2,2)
alz(k) 911%l (PﬁAl (k) + P19A2 (k) + PﬁA} (k)

+ad, (P V) + P D) + P D k)

a2

(2,2)
Va12

+2(PG (k) + PSD (k) + Pl 2 (k)

(2,1)
Ua13

(k) + P2 (k)

DA23

+anP} k) + anP

Va12

+anPi) () + anPy k)

+anP (k) + anPy (k) + Pl k)

a3

+anPy () + a3, Py (k) + 3Py, (k)

A13

+a5,PY D)),

D423

C. MWFE ERROR VARIANCE

From (31), one can obtain the fusion estimates a; ,(k) and
ay,0(k) of parameters a; and a, respectively. Then, from (61)
and (62) one has the fusion estimates of a; and a;; as

ai,e(k) = —(ay,o(k) + axn),
=L (a,o(k) — anan o(k)),

azy

a12,0(k) =

Defining the fusion estimation error variances as
Py, k) = E[a11 L)) and Py, (k) = E[a12 o(k)] where
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FIGURE 5. Self-tuning DF filter. (a) The first state component.
(b) The second state component.

arn,o(k) = aro(k)—ar = ay o(k)and apn o (k) = an,o(k)—
ap = é(ag’o(k)-f—azza]’o (k)). Then, one hasthe MWFE
error variances of aj; and aj, as

Py, (k) = PV (k).

I 22 1,2 1,1
Py, , (k) = aT(Pfﬂ‘é (k) + 2a0 P 2 (k) + ad, PV (k).
21
The local estimation error variances, WA fusion estimation
error variances and MWEE error variances of UMPs a1 and
ajp are shown in Fig 3 and Fig 4, respectively, where S;,
i = 1, 2, 3 denote the local estimation error variances. It can
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FIGURE 6. Variances of local, fusion optimal and self-tuning filters.
(a) Variance of the first state component. (b) Variance of the second state
component.

be seen that our MWEE variances are lower than local vari-
ances and WA variances.

The self-tuning DF filter is given in Fig 5. One sees that the
self-tuning DF filter is effective. The local and fusion error
variances of optimal and self-tuning state filters are given
in Fig 6 where §;, i=1,2,3 denote the self-tuning local esti-
mation error variances, the SF denotes the self-tuning fusion
variance, and the lines denote the corresponding optimal vari-
ances. From Fig 6, one sees that the variances of self-tuning
local filters converge to those of optimal local filters, and
the variance of self-tuning fusion filter converges to that of
optimal fusion filter. So, they have the asymptotic optimality.
Moreover, the self-tuning DF filter has better accuracy than
any self-tuning local filter.

Under the case of missing measurements, the self-tuning
algorithms in the existing literature [6] that do not con-
sider missing measurements will lose the asymptotic opti-
mality. Fig.7 shows the comparison of the mean square
errors (MSEs) by 30 times Monte Carlo runs for the
self-tuning fusion filter without considering the missing mea-
surements in [6] and our self-tuning fusion filter with con-
sidering the missing measurements. It can be seen that our
self-tuning fusion filter with considering the missing mea-
surements has better accuracy under the case of missing
measurements.
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VIIl. CONCLUSION

A self-tuning DF filter has been proposed for MS systems
subject to UMPs and unknown missing measurement rates.
The model parameters and missing measurement rates are
identified online based on the RELS algorithm and corre-
lation function, respectively. A DF identifier for UMPs is
proposed by using MWFE algorithm in the LUMV sense.
The corresponding self-tuning state filtering algorithms are
obtained by substituting the identified model parameters and
missing measurement rates into the optimal local and fusion
filtering algorithms. By utilizing the DVESA method, it has
been proven that the local self-tuning filtering error variance
converges to the optimal filtering error variance, and the
solution of self-tuning filtering error CCM converges to that
of optimal filtering error CCM. By utilizing DESA method,
it has been proven that the self-tuning local filter converges to
the optimal local filter, and the self-tuning DF filter converges
to the optimal DF filter.
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