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ABSTRACT Latin hypercube designs are frequently used in estimating the mean output value of computer
simulations given random environmental factors. Sliced Latin hypercube designs are designs that can be
partitioned into a number of batches so that both the whole design and the batches achieve optimal univariate
uniformity. Such designs are useful for computer simulations that are carried out in batches, come from
multiple resources, or have categorical variables. All existing sliced Latin hypercube designs have equal
batch sizes. In this paper, we propose a new type of sliced Latin hypercube design that has unequal batch

sizes and show their advantages theoretically and numerically.

INDEX TERMS Computer simulation, data integration, emulation, sampling methods, uncertainty.

I. INTRODUCTION

Computer simulations are frequently used in product and
engineering design. In many scenarios, the output of com-
puter experiments is influenced by environmental factors that
can be assumed to follow random distributions [1]. To solve
the problem of uncertainty, we need to compute the mean
output value using sampling techniques. Let X denote an
input value in [0, 1]‘1 and f(X) denote the output value, then
the mean output value of f(X) is u = f[o,l]d f(x)dx. Using
a design D C [0, 1]‘1 with n runs, we usually transform
the variables to the uniform distribution on [0, 1] and use
A =73 ..pf(x)/ntoestimate .

Clearly, the accuracy of /i is closely related to the design.
We can also write a design with n runs as an n X d matrix,
where each row gives one design point. Using this defini-
tion, a design with n points is called an Latin hypercube
design (LHD) if each column of it has exactly one point
in each of the n bins of (0, 1/n],---, ((n — 1)/n, 1]. LHDs
achieve optimal univariate uniformity. As a result, ft com-
puted from an LHD is more accurate than that obtained from
independent runs [4]. Also because LHDs can be constructed
for any d and n, it is desirable to use an LHD to estimate ,
especially for large d problems. Reference [5] proposed the
first type of LHD, referred to as ordinary LHD hereinafter.

A sliced Latin hypercube design (SLHD) is an LHD that
can be partitioned into a number of small LHDs called slices
or batches [6]. In some applications, for some uncontrollable

reasons the computer runs in one or more batches may break
down. In this case an SLHD is desirable because when no
batch breaks down, the whole design achieves optimal uni-
variate uniformity while when one or more batches break
down, the remaining runs still have some uniformity prop-
erties. SLHDs are also useful for computer experiments with
categorical variables, from multiple sources and model vali-
dation.

The original SLHD proposed in[6] and its variants
(see [7]-[10]) have the restriction that sizes of the batches
must be equal. However, in some applications we may want
designs with unequal batch sizes. For instance, consider the
situation that computer experiments are carried out by a
number of computers, where the runs from each computer
consist of a batch. If all computers have the same computing
capability, then the batch sizes should be equal. On the other
hand, if some computers have faster computation speed than
others, in order to finish all computer runs in a fixed time,
the batch sizes should be assigned according to the speed of
computers and should be unequal. This calls for SLHDs with
unequal batch sizes. One method that generates sliced designs
with unequal batch sizes is flexible sliced designs (FSD)
proposed in [11]. From an FSD, each batch is an LHD and
the whole design has some uniformity properties. However,
the whole design of an FSD does not achieve optimal uni-
variate uniformity and are not LHD. Finally, the method given
in [12] constructs designs with two batches for which both the

2169-3536 © 2018 IEEE. Translations and content mining are permitted for academic research only.

60396

Personal use is also permitted, but republication/redistribution requires IEEE permission.

VOLUME 6, 2018

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-3187-7046

J. Xu et al.: Sliced Latin Hypercube Designs for Computer Experiments With Unequal Batch Sizes

IEEE Access

first batch and the whole design are Latin hypercube designs.
However, from this method, the second batch is not a Latin
hypercube design.

In this paper, we propose a new type of SLHD called sliced
Latin hypercube designs with unequal batch sizes (referred to
as USLHDs hereinafter). Both its whole design and its slices
are LHDs. Furthermore, its number of slices is flexible and its
batch sizes are unequal. We give the construction of USLHDs
in Section II and provide some properties of USLHDs in
Section III. In Section IV, we corroborate the usefulness of
USLHDs in estimating the mean output value by numerical
comparisons on two toy examples and two real examples in
engineering and circuit analysis. Section V concludes this
paper. All proofs are provided in the Appendix.

Il. CONSTRUCTIONS

A. CONSTRUCTION FOR DESIGNS WITH TWO SLICES

In this section, we give two algorithms to construct USLHDs.
In this subsection, we give our first algorithm that is applica-
ble to USLHDs with two slices. This algorithm serves as the
building block for our general algorithm.

We first give some definitions. For an integer n > 0, let
Z, denote the set {1, --- , n}. For two positive integers a, b,
let mod(a, b) denote the integer ¢ € Z; which is congruent
to a modulo b. For sets A and B, let A \ B denote the relative
complement of B in A. Let n and n; denote the sizes of the
two batches, n = nj + ny, g be the greatest common divisor
of ny and np, n}| = n1/g,ny = ny/g, and n’ = n/g. Our first
algorithm is given below:

Algorithm 1

Step 1: Generate an nj-dimensional vector o =
(aq, ..., ). The oy is generated from the discrete
uniform distribution on Z,. For i = 2,---,ny,
generate r; from the discrete uniform distribution on
{0,1,--- ,n/z} and compute o; = mod(a;—1 — ri, ')+
n'(i — 1), where the «; and the r;’s are generated
independently. Randomly permute « to get o™,

Step 2: Generate an np-dimensional vector S =
Bi,...,Bn,). Let [; denote the ith smallest
element of Z, \ {[a1/n|],---, Tan/n}1}. For
i = 1,---,ny, generate pB; independently
from the discrete uniform distribution on
W, =D+ 1, iy 0’ = 1)+ 1,--- ,in'}.
Randomly permute f to get 8*.

Setp 3: Generate €, and €g independently from uniform dis-
tributions on (0, 1] and (0, 1]"2, respectively, and let
p = (" —€)/(nin) and T = (B* — €p)/(nyn). Let
h(l) — ('OT7 'L'T)T.

Setp 4: Repeat Steps 1-3 to obtain KD .. hD andletH =
(WD, ... BD) The H, its first n; rows and its last p
rows give the USLHD and its two slices, respectively.

This algorithm guarantees that all of the first slice, the second
slice, and the whole design are Latin hypercube designs.
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FIGURE 1. The probability mass function of «; and «,. The probability in
the black zones is zero and the probability in white zones is 1/20.

Meanwhile, each run of the design obeys uniform distribution
on (0, l]d. These results are given in Theorem 1 and Theo-
rem 2.

We remark that we cannot use the first column of an ordi-
nary LHD with n; runs as p. This is because not every LHD
can be extended to an LHD with more runs. For instance,
consider the case with ny = 2, np = 3 and n = 5.
The p = (0.42,0.53) is a probable column of an ordinary
LHD. However, based on this p there is no t that makes
hD a column of an LHD, because both 0.42 and 0.53 lie in
[2/5,3/5) but a column of an LHD should contain exactly
one point in [2/5, 3/5). To solve this problem, we force the
difference among entries of p to be larger than 1/n. This is to
guarantee that no two p;s fall within the same interval among
©, 1/n],---, ((n — 1)/n, 1]. In the meantime, from Proposi-
tion 1 that will be given in Section III, our Step 1 guarantees
that the set {n(l; — D)+ 1, --- , b} N {n'(i—= 1D +1, --- ,in}
is non-empty, insuring the validity of our Step 2. We provide
a simple example to illustrate Algorithm 1.

Example 1: Consider ny = 2,np = 3 and d = 1. Clearly,
g =1n =n=>5n, = 2andn, = 3. Figure 1
shows the probability mass function of o and «». Suppose
we sample «; = 2. Then ap = mod(2 — rp) + 5 and
ro follows the discrete uniform distribution on {0, 1, 2, 3}.
When r, = 0, 1,2, 3, the mod(2 — rp) = 2, 1,5, 4, respec-
tively. Therefore, the range of «y is {6,7,9, 10}. Suppose
we sample ap = 6 and a* = (6, 2)". Then the set Z, \
{Tor/n1, - -+, [an, /n1} in Step 2 is {2,4,5}. So Bi, B2
and B3 are sampled from {4, 5,6} N {1, 2, 3,4, 5} = {4, 5},
{10,11,12} n {6,7,8,9,10} = {10} and {13, 14,15} N
{11,12, 13, 14, 15} = {13, 14, 15}, respectively, with equal
probability. Suppose we sample 81 = 5, f» = 10,
By = 13, p* = (13,5,10)7, ¢, = (0.7580, 0.7430)T
and € = (0.392,0.6560,0.1705)7. Then AV =
(T, tHT = (0.5242,0.1257,0.8405, 0.2896, 0.6553)7 .
Clearly, exactly one entry of A1) falls within each of the
©, 1/5],---,(4/5, 1], exactly one entry of p falls within
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each of the (0,1/2] and (1/2,1] and exactly one entry
of 7 falls within each of the (0,1/3], (1/3,2/3] and
(2/3,1].

We remark that the probability mass function given in
Figure 1 is not the only choice to construct USLHDs. Any
function that makes the (5, 6) cell black and that each column
and row contains exactly one black cell works.

B. CONSTRUCTION OF DESIGNS WITH ARBITRARY
NUMBER OF SLICES

In this subsection, we give our general algorithm to construct
designs with arbitrary number of slices, assuming that there
are 11 slices of size my, t; slices of size my and m; # my. Let
ny = tymy, ny = tymy and g, n, '}, n, and n’ be defined in the
same way as in Section II-A. The algorithm is given below:

Algorithm 2

Step 1: Generate an nj-dimensional vector o and an nj-
dimensional vector 8 by Steps 1 and 2 in Algorithm 1.

Step 2: Generate a* = (af, ...,a,’jl). Fori = 1,---,my,

randomly permute {ot(—1),+1, ", } to obtain
1 .
{a((ill)tl+1’ - -l, aitll}' For j l= 1,---,t, randomly
permute {a; ), O‘t(. i/ cee ,a((m)lfl)tlﬂ.} to  obtain
* *
Gty 10 o - .
Step 3: Generate g* = (B}, ..., ,fz). Fori = 1,---,mp,
randomly permute {B(_1)n+1,- ", Bi,} to obtain
1 1 .
{/3((i—)l)t2+l’ .- (1,) ﬂl(t%)li For j (1=) 1,---, t, randomly
permute {,Bj , ,3t2+j, e ﬂ(mz—l)tﬁj} to  obtain
sk

{ﬁé—l)M2+l’ e ﬂjmz ;
Setp 4: Generate €, and €g independently from uniform dis-

tributions on (0, 1] and (0, 1]*2, respectively, and let
p = (@* — €)/(min) and T = (B* — €p)/(nyn). Let
h(l) — (pT’ 'L'T)T.

Setp 5: Repeat Steps 1-4 to obtain KD, oo WD andletH =
(WD, ... WD), The H, rows (i — 1)m; + 1 to im; and
rows (j — 1)my + 1 4 np to jmy + n; give the USLHD,
its ith m-run slice and its jth my-run slice, respectively.

We remark that Algorithm 1 is a special case of
Algorithm 2 when 1] =1, = 1.

Ill. PROPERTIES

In this section, we give some sampling properties of designs
constructed from Algorithm 2. Firstly, Proposition 1 below
validates our algorithms.

Proposition 1: We have [a;/n|] # [aj/n}] for any i,
j=1--,n,i#jand ny( —D+1,--- , Ly} O {n'(k —
D+1,--- kn'} #@foranyk =1, -, no.

Next, we show that our generated designs are SLHDs.

Theorem 1: Let h = (hy,...,h,) denote an arbitrary
column of H. We have

(i) Exactly one entry of h falls within each of the
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(ii) Exactly one entry of {h;—1ym;+1, - - , him, } falls within
each of the (0, 1/m], - - -, ((m; —1)/my, 1] forany i =
1’ N TN

(iii) Exactly one entry of {h¢—1ymy+1+4n;> -+ » Rjmy4n, } Talls
with each of the (0, 1/ma], -- -, ((my — 1)/mgy, 1] for
anyj=1,---,1;

(iv) Exactly one entry of {hy, - - - , hy, } falls within each of
the (0, 1/ny], - -+, ((ng — 1)/ny, 1].

(v) Exactly one entry of {h,,+1, - - -, h,} falls within each
of the (0, 1/m2], - -+, ((no — 1)/ny, 1].

Theorem 1 (i)-(iii) verify that the whole design and each
batch are LHDs. Theorem 1 (iv) and (v) further show that the
combination of the mj-size batches and the combination of
the mj-size batches are also LHDs. Finally, [i is an unbiased
estimator of w and 1 — @ asn — oo if and only if the design
points are uniformly distributed [13]. Theorem 2 shows that
this is true for USLHD.

Theorem 2: The (", -- -, K*”) follows the uniform dis-
tribution on [0, 1)" fori=1,---,n.

From above results, similar to SLHD with equal batch
sizes, USLHD achieves optimal univariate uniformity for
both the whole design and its batches.

IV. NUMERICAL COMPARISON

In this section, we compare USLHD to some other schemes.
Assume there are 3 low configuration computers and 3 high
configuration computers for a numerical integration task, and
from the time constraint we can arrange at most 6 and 8 com-
puter trials for each low and high configuration computers,
respectively. As discussed in Section 1, we propose to use
a USLHD withty =3, m; = 6,1, =3, mpy = 8,n; = 18,
ny = 24 and n = 42 to accomplish this task, where each 6-run
batch is used for each low configuration computer and each
8-run batch is used for each high configuration computer. We
consider four other strategies as follows.

OLHD: Use one ordinary LHD [5] with 42 runs. Randomly
assign 6 runs to each low configuration computer and 8 runs
to each high configuration computer.

OneSLHD: Use one SLHD [6] with 6 slices of 6 runs. Assign
each slice to one computer.

TwoSLHD: Use two SLHDs, one with 3 slices of 6 runs and
the other with 3 slices of 8 runs. Assign each 6-run slice to
one low configuration computer and each 8-run slice to one
high configuration computer.

FSD: Use a flexible sliced design with 3 slices of 6 runs
and 3 slices of 8 runs [11]. Assign each 6-run slice to one
low configuration computer and each 8-run slice to one high
configuration computer.

We consider two circumstances. In the first situation, /1
is computed using all experiments. In the second situation,
one low configuration computer fails and (i is computed
from runs of two low configuration computers and three high
configuration computers. We compare the root mean square
errors(RMSE) of & under the two circumstances from the five
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schemes. The RMSE is defined as follows.

1 N
D (i — w2
N i=1

Here, N is the times we repeat to compute the RMSE. Four
examples are provided to show the advantage of the USLHD
scheme.

RMSE =

A. EXAMPLE 1
The first model is:

F1: f(x) = log(x1x2x3x4X5),

where x is uniformly distributed on [0, 11° [14]. This function
is also used for numerical comparison in [6] and [11]. Table 1
gives the RMSEs of [t under the two circumstances from the
five schemes. The results are averaged among 10* indepen-
dent trials. Clearly, OLHD and USLHD perform the best for
Situation 1 when all runs are used and USLHD performs the
best for Situation 2 when one slice is removed.

TABLE 1. Root mean square errors for F1.

TABLE 1: Root mean square errors for F1

| OLHD  OneSLHD TwoSLHD FSD USLHD
Situation 1 | 0.0555  0.0641 0.0772 0.0760  0.0550
Situation 2 | 0.1542  0.0995 0.0974 0.0965  0.0837
B. EXAMPLE 2

We employ the function

F2: f(x) = log(1/ /51 + 1/3/3)

as the computer model, where x is uniformly distributed on
[0, 11°. The RMSEs are given in Table 2. Similarly, OLHD
and USLHD perform the best for Situation 1 when all runs
are used and USLHD performs the best for Situation 2 when
one slice is removed.

TABLE 2. Root mean square errors for F2.

| OLHD  OneSLHD TwoSLHD FSD USLHD
Situation 1 | 0.0068  0.0077 0.0090 0.0088  0.0068
Situation 2 | 0.0156  0.0110 0.0110 0.0109  0.0094

C. EXAMPLE 3: BOREHOLE FUNCTION

Our third example is the borehole function, which character-
izes the flow of water through a borehole which is drilled from
the ground surface through two aquifers [15]. The model for-
mulation is based on assumptions of no groundwater gradient,
steady-state flow from the upper aquifer into the borehole and
from the borehole into the lower aquifer, and laminar, isother-
mal flow through the borehole. The output of this model is
the flow rate through the borehole, which is computed by the
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equation

27 x3 (x4 — X6)

log (x2/x1) [1 N

log(x /x) )x?xs

F3: f (x) =

+x3/ XS]
Table 3 gives the eight inputs and their ranges.

TABLE 3. Inputs and their ranges of the borehole model.

Factors Ranges Unit
x1: the radius of the borehole [0.05, 0.15] m

xo: the radius of influence 100, 50000] m

x3: the transmissivity of the upper aquifer 63070, 1156001  m?/yr
x4: the potentiometric head of upper aquifer 990, 1110] m

[
[
[
x5 the transmissivity of the lower aquifer [63.1, 116]
[
[
[

m?Jyr
ze: the potentiometric head of lower aquifer 700, 820] m
x7: the length of borehole 1120, 1680] m
xg: the hydraulic conductivity of borehole 1500, 15000] m/yr

We compute the mean output value using the five schemes
and report the RMSEs in Table 4. Seen from the results,
OLHD performs the best and USLHD takes the second place
for Situation 1, while USLHD is the best for Situation 2.

TABLE 4. Root mean square errors for F3.

‘ SLHD ~ FSD USLHD
1.5484 1.5641 1.5278
1.7432 1.7566  1.7223

D. EXAMPLE 4: OTL CIRCUIT FUNCTION

The Output Transformer Less (OTL) circuit function
describes an OTL push-pull circuit [16]. OTL is a term used
to describe amplifiers that do not have an output transformer.
Usually, the output transformer is a major source of distortion.
Amplifiers without the output transformer therefore produce
cleaner and less distorted sound. The output V,, of the OTL
circuit function is the midpoint voltage given the six input
factors. The OTL circuit function is given as follows:

F4:V,, = Vo1 + 0‘74):3(RC2 +9) 1135Rf
B(R2 +9) + Ry B(R:2 +9) + Ry
0.74RrB(R:2 +9)
(B(R2+9) + Re)Rc1
where
Vi = ﬂ.
Rp1 + Ry

The six input factors are shown in Table 5.

TABLE 5. Inputs and their ranges of the OTL circuit model.

Factors Ranges Unit

Rp1: Resistance bl [50, 150] K — Ohms
Rys: Resistance b2 [25, 70] K — Ohms
Ry: Resistance f [0.5, 3] K — Ohms
Rc1: Resistance cl [1.2,2.5] K — Ohms
Reo: Resistance ¢2  [0.25,1.2] K — Ohms
3: Current Gain [50, 300] Amperes

Tables 6 gives the results on RMSEs. Again, OLHD per-
forms the best and USLHD takes the second place for Situa-
tion 1, while USLHD is the best for Situation 2.
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TABLE 6. Root mean square errors for F4.

| OLHD OneSLHD  TwoSLHD FSD USLHD
Situation 1 | 0.0162  0.0191 0.0188 0.0189  0.0169
Situation 2 | 0.0747  0.0264 0.0242 0.0242  0.0230

Results from the four examples are very consistent. OLHD
and USLHD perform the best for Situation 1 when all runs
are used. This is probably because OLHD, OneSLHD and
USLHD are LHDs, TwoSLHD and FSD are not, and that
OneSLHD has fewer total size than other schemes. USLHD
performs the best for Situation 2 when one slice is removed.
This is probably because USLHD achieves optimal univariate
uniformity for both the whole design and the removed batch.
Comparing to USLHD, OLHD has inferior uniformity for
removed runs, OneSLHD has smaller size, and TwoSLHD
and FSD have inferior uniformity for the whole design. To
sum it, USLHD has the uniformly best performance.

V. CONCLUSIONS AND DISCUSSION

In this paper, we propose new SLHDs with unequal batch
sizes, for which both the whole designs and their slices are
LHDs. Numerical results show our designs are desirable in
estimating the mean output value of computer experiments
that are carried out in batches. Compared to SLHD proposed
in [6], our method allows the batch sizes to be unequal. One
shortcoming of our method is that it only allows two different
batch sizes. Nevertheless, it is possible to apply our method to
wider applications. For instance, for experiments with three
distinct batch sizes, m;, my and m| + my, we can construct
a USLHD with batch sizes m; and m; and then merge
some batches to obtain (m; + mp)-run batches. MATLAB
codes for generating USLHDs are available in supplementary
materials.

APPENDIX
PROOFS

Proof 1 (Proof of Proposition 1): Fori = 1,--- ,n; — 1,
we have

i1 — o = mod(a; — r, n)+in — o
>n' + ) —n')=n].

Then, foranyi,j = 1,---,nyandi # j,lo;—a;| > n}. There-
fore, [ar;/n}] # [a;/n]. It suffices to show n}(ly — 1)+ 1 <
kn' and n'(k — 1) + 1 < lxn), withk =1, - - -, n. Because Ix
is the k-th smallest element of Z, \ {Tety /n}1, - - -, [an, /01,
we have that |—Ol1k_k/nﬂ <L -1, |—Ol[k_k+1/n/1-| > I + 1
and I > k. Firstly, we show the proof of n}(ly — 1)+ 1 < kn’
by two cases.

Case 1: [y = k. It is easy to know it holds.

Case 2: [y — k > 1. Clearly,
oL —k p
ffl—/T <hk—1=a <nml—-1
1
=l —k—1D+1< o —k Sn/l(lk—l)

=yl — D+ 1<k
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Then, n(lx — 1) + 1 < kn' holds. Secondly, from
|-Ol1k,k+1/n/1-| > Ik + 1, we have oy, 41 > lkn/l + 1. Then,
weprove n'(k — 1)+ 1 < lkn/2 in cases.

Case I: Iy —k =ny.

We have lyny, = (k +npn, = (k — Dn' + 1.

Case 2: I — k < ny.

Clearly,

o —k41 > leny +1
=n'(lk—k+1)>n| +1
= Lny > (k—Dn' +1,

which completes this proposition.

Proof 2 (Proof of Theorem 1): From Proposition 1 and
the process of generating 8, we have [y;] # [y;] with
i,j =1,---,n,i # j, where y; = a;/n| fori < nj and
Yi = Bi—m/n, for i > ni. So we have [hn] # [hn].
Therefore, exactly one entry of /& falls within each of the
©,1/n], -+, ((n = D/n, 1].

Clearly, {[e1/n'1, -+, [on, /W' 1} = {1,--+,n1} holds.
Then {[er”/(n't1)]. Tal /e, - Tl i/ (/1))
equalsto {1,--- ,mj} foranyi=1,---, 1. So the elements
of

(T 1y 41 /AT -+ Tetgh, 1 /(1)T}

arein {1, - - - , m;} and not equal to each other. Hence, exactly
one entry of {AG_1ym+1, ", himy,} falls within each of
the (0, 1/mq], - - -, ((m; — 1)/mq, 1]. Similarly, Exactly one
entry of {h¢—1ymy+14n;> - » Ajmy+n, } falls with each of the
O, 1/mp],--- ,((my — 1)/mp, 1] for any j = 1,---, 1.
Clearly, {[a1/n'1, -+, [y, /0 1} = {1, -+ -, n1} leads to that
exactly one entry of {hy, -, hy,, } falls within each of the
O, 1/n1], - - - , ((ny—1)/n1, 1]. Similarly, exactly one entry of
{hn,+1, -+ , hy} falls within each of the (0, 1/n2], - - - , ((n2—
1)/n>, 1]. This completes the proof.

Proof 3 (Proof of Theorem 2): We consider the probabil-
ity mass function of « firstly. Fora € Z), P{ey = a} = 1/n’

is satisfied. Then, fora =n' + 1, ---, 21/,

Play = a} = P{mod(ay —r,n) +n' = a}
&
= ZP{r = k}P{o; = k + a(mod n')} = 1/n.
k=0
Similarly, fori = 3, --- , ny, P{la; = a} = 1/n/, forany a =
n'(i—1)+1, .., in’. Then, we consider the probability mass
function of 8. Fori = 1,--- ,np andanya = n'(i — 1) +
1,---,in,letk = {a/n’2'| and L be the number of elements
in{n'G—1D+1,---,in'yn{ny(k —1)+1,--- , kn}}. Simple
analysis shows thati < k < i+ n’1 Then, we have
P{B; = a} = 1/L % P{k is the i-th smallest element of
Zo \A{Tar/n}1, -+, T, /0y 1. (D)
When k =i, then L = in, —n'(i — 1) = n' —in}. So
= 1/(n —in}) x (n' — in})/n’
=1/n.
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And when k = i+ n, then L = in' — (k — D)n, = in| —
ny(ny — 1). Thus

P{fi = a} = 1/L x Play, < (k — Dy}

= 1/[in} — ny(n1 — D] * [in] — n(ny — 1)]/n’
=1/n

When i < k < i+ ny, the number of elements of the set {x :
x <k —1,x € {Jar/n}1,---, [an/n]1}} is k — i. Namely,
[otge—i/ n’l'l < k—1. Meanwhile, k is the i-th smallest element,
s0, [ax—i+1/n}1 = k + 1. Simple analysis shows that the
necessary and sufficient condition of the i-th smallest element
ke(,itny)is (ak_,'l/nﬁ <k—1and (ak_,-+1/n’]] >k+1.
Therefore, (1) turns to

P{B; = a}
= 1/L *«P{lag—i/n|]1 <k — 1, [ox—i1/n}] = k + 1}
= 1/L % Plog—; < n\(k — 1), oax—it1 = knj + 1}.

We discuss it in three cases.

Case I:nh(k — 1)+ 1 <n'(i —1).

In this case, L = kn) — n'(i — 1). Besides, it is clear that
n’l(k —D=ntk—-i)+n@i— 1)—n’2(k —D>nk—=i)+1,
so Plag—; < nj(k — 1)} = 1. Besides, kn' + 1 =n'(k — i) +
in' —kny +1, then P{ayg i1 > kn| +1} = [kn), —n/(i—1)]/n’.
SoP{Bi=a} =1/n.

Case 2: ny(k — 1) > n|(i — 1) and kny, < in’.

For this situation, we have L = n’2 Besides,

P{B; = a}
= 1/L % Plog—; < n\(k — 1), oax—i1 = knj + 1}
in’ —kny4-n', n

1y Y Plog—; =n'(k —i—1)+p,
p=1 g=in'—kny+1
dp—ip1=n'tk—i—1)+q} (2)
When in’ — kn), = 0, then (2) is expressed as

ny, oy
P(Bi=a}=1/myY Y Plaxj=n'(k—i—1)+p,
r=14g=1
ap—iy1 =n'tk —i—1)+q}
= 1/n.

And when in’ — kn/, > 0 and n, + 1 > in’ — kn),

in’—kn/2
Pipi = a) = 1/ln'ny(ms + D2 Y (h+1~p)
p=1
+ ((k 4+ Dby — in’ + D(ny(k + 1) — in)]

=1/n.
Moreover, when in’ — kn), > 0 and n, 4+ 1 < in’ — kn),. Then,

n’z
P(Bi = a} = 1/[n'ny(ny + DI2 Y (nh + 1 —p)l = 1/n
p=1

VOLUME 6, 2018

Case 3: kn), > in’+1. We have that L = in’ —n)(k—1) and
kn'+1 =n'(k —i)+in' —kn, +1 < n'(k —i), so Plag i1 >
kny 4+ 1} = 1. Moreover, nj(k — 1) = n'(k — i) + n'(i —
1) —njy(k — 1) = n'(k — i)+ 1, s0 Plog—; < nj(k — D} =
[in" — n)(k — 1)]/n’. Then, P{B; = a} = 1/n’.

Clearly, we have P{a} = a} = 1/(mn’)foranyi =
Lewoma = 1.~ mn and P(ff = b} =
1/(mpn)foranyj = 1,--- ,np,n = 1,---, npn’. For any
xel[0,Dandi=1, -, ny,letxg = [xnn'], so

a=xg
Pihi <x) = ) (Plof = alP{(a— e)/(mn) < x})
a=1
a=xp—1
=1/l ) Plla—e)/(mun) <x)
a=1

+ P{(xo — €)/(mn') < x}]
= 1/(n1n/)[x0 —14+1—-x +xn1n/]

=X
Thus, A; is a U[0, 1) random variable withi = 1,--- , nj.
Similarly, fori = n;+1,--- ,n,x € [0, 1) and xg = [xnpn'],
b=xg
P{hi <x} = Z {P{B},, = bIP{(b — €)/(nan")} < x}}
= b=xp—1
= 1/(nn’)[ Z P{e > b — xnyn'}
b=1
+ Ple > xg — xnon'}]
= 1/(mn)xo — 1 + 1 — xg + xnon’]
=x
Therefore, for i = 1,---,n, h; is a random vari-
able on U[0, 1). Because of the independence, we have
D, - i) follows the uniform distribution on [0, 1) for
i=1,---,n. This theorem holds.
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