IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received July 31, 2018, accepted September 5, 2018, date of publication September 17, 2018, date of current version October 12, 2018.

Digital Object Identifier 10.1109/ACCESS.2018.2869414

Models for Safety Assessment of Construction
Project With Some 2-Tuple Linguistic
Pythagorean Fuzzy Bonferroni Mean Operators

XIUMEI DENG', GUIWU WEI"“2, HUI GAO?, AND JIE WANG 2

lCollege of Mathematics and Software Science, Sichuan Normal University, Chengdu 610066, China
28chool of Business, Sichuan Normal University, Chengdu 610101, China

Corresponding author: Jie Wang (jw970326@163.com)
This work was supported in part by the National Natural Science Foundation of China under Grant 71571128, in part by the Humanities

and Social Sciences Foundation of Ministry of Education of China under Grant 17XJA630003, and in part by the Construction Plan of
Scientific Research Innovation Team for Colleges and Universities in Sichuan Province under Grant 15TD0004.

ABSTRACT For this paper, to consider both Bonferroni mean (BM) operator and two-tuple linguistic
Pythagorean fuzzy numbers (2TLPFNs), we combine the weighted BM (WBM) operator, the generalized
WBM (GWBM) operator, and the dual GWBM operator with 2TLPFNs to propose the two-tuple linguistic
Pythagorean WBM (2TLPFWBM) operator, the 2TLPFWGBM operator, the generalized 2TLPFWBM
(G2TLPFWBM) operator, the generalized 2TLPFWGBM operator, the dual G2ZTLPFWBM operator, and
the dual G2TLPFWGBM operator. Then, some MADM procedures are developed based on these operators.
At last, an applicable example for a safety assessment of construction project is given.

INDEX TERMS MADM, 2TLPFSs, 2TLPFWBM operator, G2TLPFWBM operator, DG2TLPFWBM

operator, safety assessment, construction project.

I. INTRODUCTION

Pythagorean fuzzy set (PFS) [1], [2] is the generalization
of the intuitionistic fuzzy set(IFS) which the square sum
of the membership degree(MD) and the non-membership
degree(NMD) is equal or less than 1. The PFS is proved
to be more flexible than IFS since it has greater space
than that of IFS. Hence, PFS can deal with the situations
that can’t be dealt with by the IFS. The PFS has received
more and more attention, which has been investigated and
applied broadly [3]-[12]. Some MADM methods in PFS
have been developed. TOPSIS method was extended to
solve MADM problems in PFS [13]-[18]. Ren et al. [19]
developed the Pythagorean fuzzy TODIM approach which
consider the DMs’ psychological behaviors. Zhang [20]
proposed the hierarchical QUALIFLEX approach in PFS.
Chen [21] developed the Pythagorean fuzzy VIKOR models.
Peng and Dai [22] studied the Pythagorean fuzzy stochastic
MADM with prospect theory. Xue et al. [23] studied the
Pythagorean Fuzzy LINMAP model with entropy theory.
Wan et al. [24] studied Pythagorean fuzzy mathematical pro-
gramming mean for MAGDM with Pythagorean fuzzy truth
degrees. Garg [25] proposed linear programming for MADM
with interval-valued PFS. Liang et al. [26] gave the projec-
tion method for MAGDM with PFNs based on GBM. Peng
and Yang [27] proposed the MABAC Method for MAGDM

with PFNs. Some information measures were investigated
by many scholars [10], [22], [28]-[32]. Information aggrega-
tion operators are of great importance to the application of
MADM and decision support [33]-[49]. The PFS had been
generalized to accommodate interval values [50], linguistic
arguments [51]-[55], hesitant fuzzy value [56], [57], etc.

Although, PFSs theory has been broadly applied to many
domians, however, all the above approaches are unsuitable to
depict the MD and NMD of an element to a set by 2TLSs.
In order to overcome this issue, we develop the definition
of 2TLPFSs based on the PFS [1], [2] and 2TLSs [58]. And
Bonferroni mean (BM) [59]-[61] is a famous aggregation
operator which can depict interrelationships between any two
arguments. Thus, the BM can supply a flexible mode to
deal with the information fusion problem to solve MADM
problems. Because 2-tuple linguistic Pythagorean fuzzy num-
bers (2TLPFNs) can easily describe the fuzzy information,
and the BM can capture interrelationships between any two
arguments, it is necessary to extend the BM operator to deal
with the 2TLPFNs. The paper’s goal is to expend some BM
operators with 2TLPFNSs, then to study some properties of
these operators, and applied them to cope with the MADM
with 2TLPFNSs.

The structure of our article is organized as follows.
Section 2 develops the 2TLPFSs. Section 3 combines
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2TLPFNs with WBM operator to develop 2TLPFWBM
and 2TLPFWGBM operators. Section 4 combines 2TLPFNs
with GWBM operator to develop G2TLPFWBM and
G2TLPFWGBM operators. Section 5 combines 2TLPFNs
with DGWBM operator to develop DG2TLPFWBM and
DG2TLPFWGBM operators. Section 6 briefly introduces
an application for safety assessment of construction project.
Conclusions are given in Section 7.

Il. PRELIMINARIES

In this section, we briefly introduce some fundamental
concepts and theories of the 2TLPFSs [16] based on the
PFS [1], [2] and 2TLSs [58].

A. 2TLSs
Definition 1 [58]: Let 1y, l», ..., I; be alinguistic term set.
Any label [; shows a possible linguistic variable, and [ is
defined:
lo = extremely bad, 1} = very bad, l, = bad,
| = { I3 = medium, 4 = good, ls = very good,
le = extremely good.

B. PFSs
Let X be a space of points (objects)x. A Pythagorean fuzzy
set (PFS) is characterized as following [1], [2]:

A={{x,uq (x),va @) Ix € X} (1

where the MD function u4 (x) and NMD v4 (x) are nonnega-
tive real number in [0,1], thatis, us (x) : X — [0, 1], va (x) :
X — [0,1] . And the sum of uy (x) and vy4 (x) satisfy the
condition (1 (x))> + (va (x))?> < 1.

C. 2TLPFSS

Definition 2: Assume that P = {po, p1, ..., p:}is a 2TLSs.
If p = {(s¢,9) (sg, )} is defined for (sg, @), (s9,P) €
P and ¢, v € [0, t], where (s¢, @)and (s, ) express inde-
pendently the MD and NMD by 2TLSs, then 2TLPFSs is:

p={(s¢.9). (s, M)} (2
where 0 < M <1, 0< M < 1,and 0 <

_ 2 _ 2
() o () <

Definition 3: Assume that p = {(s¢, (p), (sel, 19)} is a
2TLPFEN, then the score function s (p) and accuracy function
h(p) can be defined:

s(p)
2, A1 2_A-! 2
:A{(t +A (sp, 0P — A (59’19))}, 0<sp) <t
2t
3
h(p)
_1 2 -1 2
:A{A (59, ¢)"+A ™" (s, 9) } 0<h(p) =t
2
4
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Definition 4: Let p; = {(s¢1,901), (s(;l, 191)} and pp =
{(5¢,. ¢2), (56, ¥2)} be two 2TLPNs, then

(D if s (p1) < s(p2), then p1 < p2;

(2)if s (p1) > s (p2), then py > pa;

() if s (p1) = s (p2),,if h (p2) > h(p1) then py > py;

@ if s (p1) = s (p2),, if h (p2) = h (py) then p, = p;.

Definition 5: Let p1 = {(sq;l,qo]), (591, 191)} and pp =
{(Sd)z , (pz), (saz, 192)} be two 2TLPFNSs, then p1 ®p2, p1 ®p2,
Ap1, (p1)*, as shown at the top of the next page.

D. BM OPERATORS
Definition 6 [59]: Let o, B > 0 and (b1, b2, --- ,by,) be a
group of crisp values,b; > 0, then the BM can be defined:
ﬁ
1 SN
BM*P (by, by, -+ by) = | ——— ) bib!
(b1, b2 m) m(m_l)i;l,

oy
i#]

()
lll. TLPFWBM AND 2TLPFWGBM OPERATORS
A. 2TLPFWBM OPERATOR
To pay attention to weights, the weighted BM (WBM)
operator is:

Definition 7 [59]: Leta, B > 0, and (b1, b2, --- ,by) bea
group of crisp values, weight vectoris w = (w1, w2, - - - W)’
which satisfies 0 < w; < 1 and ) 7" | w; = 1. Then

1/(e+8)
| 5
WBMEA(by, by, -+, by)= m;wi@,b?@,
1
# ©)

We expand WBM operator to 2TLPFNS.

Definition 8: Assume that p; = {(s¢;, ¢i) (s9,, 9i)} is a
group of 2TLPFNs. The 2-tuple linguistic Pythagorean WBM
(2TLPFWBM) operator is:

2TLPEWBM%A (p1, p2, ..., pm)
1/(etp)

LB mren)] o
m(m—1)ij=1\ 7 Pi 2P
i#]
Theorem 1: Assume that p; = {(s(pi, O, (se,., 19,-)} is a

group of 2TLPFNs. The fused result by 2TLPFWBM opera-

tor is a 2TLPEN, (8), as shown at the top of the next page.
Proof:

s

= A<_A_l (S¢i"pi)a>, Alr 1—(1_<.A1(S9,~7 l‘f‘i)>z)a
o1 t

©)
A

N (sg, 9)f &7 (55, )
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Alr|1- 1_<A 1(”‘:)1"”1))2) 1_<A_1(St¢27¢2)>2 ’
p1dp2 = ;
A (t (Al (s0,,91) A7 (50, 1‘/‘2)))
t t
A<I<A1(S¢p<m) A (Smwz)))’
t t
pP1®p2 = 2 2 ;
1 ®p2 NG 1_(1_<A—1(st0|,191)>)(1_<A—1(st02,15‘2)>
\
2 A
N? 1_(1_<A—1<st¢],¢1>>) |
APl = \ , A>0;
A I(A_l(sel’ﬂ1)>k
t
. t(A—wsW))k |
1t
(0t = AR )
A IJI 1_<_A_1(St9n191)>

2TLPEWBM% (p1, p2, ..., pm)
1/(@+p)
55, ot 1)
| mm=1) ;,,621 <wle (p,- 2P
i
1/(@+p)
) 2ﬂ o] m(m—T1)
m _ o —1
A (sy, 0 A7 (sg:, ¢7)
NARE 1_( (s¢,<p,>) ( ¢,¢,) ’
i,j=1
i#]
_ N Veeth)
N NASEAYE
m A1 (sp., 0 A1 (sg., 0
NI 1—(M P (AT (%)
i,j=1
i#]

®)

Thus, (11), as shown at the top of the next page. Thereafter,
(12), as shown at the top of the next page. Thus, (13), as
shown at the top of the next page. Furthermore, (14), as shown
at the top of the next page. Therefore, (15), as shown at the
top of the page 5. Hence, (8) is satisfied.
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Then we give the proving process of that (8) is also a
2TLPFN.

A (s9.9) A~ (sp.9)
OO0 =7~ =<1,0= 5722 <1,

@0< (—Afl(f‘p’q)))z + (—Nl(,”’l’))z <1
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N S S Y )i
a1 ' A1 ’
B
AL (sg,, 0 A~ (sp., O
N 1—(M) 1_<M)
t t
28\ ¥i%j
A=sp. oI\ 22 [ A= (sy, @;
A tl 1—11= ( (S¢la (Pz)> . ( ( [ §0]) ,
t t
i) (P?’ ®P}S)= N B\ (12)
A~ (s, 0 A~ (s, O
Al 1= 1—(—(9’ ‘)) : 1—<—(Gf ’)>
t t
m _ 2a -1 . 2B\ @i
A= (sy., ©; A 1(sy.,
NI (—(S‘”' ‘p’)) .<—( % q)’)) :
= t t
i,j=1
m /=
- (wiwj (P? ®P}3 )) = g " AN (13)
ij= 2 2
i R fﬁ e (A—l (se,,ﬁ,-)) - (Al(sej,ﬂj))
st t t
ij=1
i#f
L& (o o)
m(m — 1) i j=1 ! 7
i#]
=y
m _ 2 —1 28\ 1
A= (sy., i AT (s¢;5 95)
aleft=|TT |1 (—(S¢’ "”)> .<—¢’-’ Y ) :
ij=1 ! !
_ i#j (14)
1
WiWj\  n(m—=T1)
2\ ¢ 2\ A
" A1 (sg., O AL (sg,, O
Al T1 1— 1—< (561, %) 1— M
ij=1 ! !
i#]
-1 _ 2 2
Let, A (ts¢’(p), A ](:9’0), as shown at the top of the next @ Since 0 < <A1(W¢,‘"Pi)) i (AI(Sepﬂf)> <1, we get
p— t t J— b
page.
o A (sg,.00) A~ (se;.1) -1 ) -1 )
Proof: Since 0 < —+— < 1,0 < —+—= <1 the following inequality Qw + M ,
we get
& as shown at the top of the page 6. That means 0 <
2 2 . .
_ AL (s ,9)) + Afl(sa,ﬁ) < 2, so is maintained.
Ail(sqji, ®i A 1(s¢j’ o ( ( ¢ )) ( )

t t

2 28
051—< )) ( )> <1 (6

Then, (17) and (18), as shown at the top of the next page. By
-1
the same way, we can get 0 < w < 1.so (D is right.
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Example 1:Let{(s3, 0.4), (s2, —0.3)}, {(s2, 0.3), (51, 0.2)}
be two 2TLPFNs, («,8) =(2,3),w=(0.4,0.6) according to
(8). we have 2TLPFWBM(7 6 ({(s3.0.4) (s2. —0.3)}
{(s2,0.3) (s1, 0.2)}), as shown at the top of the page 6. The

2TLPFWBM has three properties.
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2TLPEWBM%? (p1, pa, ..., pm)
1/(a+B)
1 m o o B
{ mm—1) i,JGzl <wlw] (pi opj >>
i
1/(a+B)
2 AN
m _ o -1
A= (sgp, 0i) A= (sg., @)
Alt] [1- - —) |—————
H < t t ’
i,j=1
ij
B S 1/(a+B)
) o 2 ,B w,-a)j m(m—
" A1 (Sg. 19,') A1 (Sg. 19')
Ale|l1-]1- - (2% o (2
I - (5 t
i,j=1
i#
(15)
1/(a+B)
. m " 2 . 28 wiw; m(m—T)
A se0) |, (- (A <s¢,.,<oi>> . (A (swﬂ)
t - t t
i,j=1
i#
1\ Y@+p)
N 2 B w;wj m(m—1)
A (50.9) < A~ (s, 1) A (54 95)
= 1= TT[t-[1- - —XZ
t + t t
i,j=1
i#]
ﬁ
za B zﬁ wla)j m(m—
m -1 1 .
A7 (¢, i) A7 (sg; 9))
Sl (> t : &
i,j=1
i#]
1/(a+B)
m 2a 1 2p @ij e
A~ (g, 90) A~ (sg: @)
0< 1-— ] - ——= | —) <1 13
- H ( t t B 1o
i,j=1
i
Property 1 (Idempotency): 1f p; = {(sg. @i} (56, 1)} (= If A_I(S(p).,., @y) = A_I(S@i, @) and A™!(sg s Oy) =
1,2, ..., m) are equal, then A_I(SGX,-v D) i=1,2,...,m,then
o, B —
XTLPFWBMZ (1, pa, ... pm) = p (19) STLPEWBME (. pr - p)
Proof: Since p; = {(s¢i, oi) (Se,-, z?i)}, then = 2TLPFWBMSJﬁ (Pyn s Pyas -+ ’me) (20)
2TLPEWBM%? (01, pa, . .., pm), as shown at the top of the
page 7. Proof- Let 2TLPFWBMS(p,.pur.....px,) =

Property 2 (Monotonicity): Letpy;, = {(s%, ©Ox;) (sexl,, Uy}

and py, = {(s¢yi, ) (SG.\'i’ y,)} be two lists of 2TLPFNs.

p}’m) {(s¢yi ’ (Py,-)a (Seyi ’ ﬂyl‘)}v l
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(8¢, @) (50, 02))  and  2TLPFWBMG  (py, . py,. ...

1,2,...,m,
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(A_I(S@a ‘Pi))z n (A_l (6, ﬂi))2
t t

2a _
|, ﬁ S O A N S G
t t

28\ @i
)>

1 1/(a+B)

m(m—1)

i
L\ @th)
m A (009 A (s 9)\ ) T
S;» Vi 56;» Uj
1—|1= 1— (1= i - (=
i,j=1
i
L V@)
o\ @ 5 ﬁ W;wj m(m—
" A (s, 0 A (sg,, 0
<|1- 1_[ 1— 1_(M 1= M
e t t
i,j=1
i
1 e
5 o 5 13 W;Wj m(m—
n AL (Sg. ﬁl‘) A1 (S@- 19)
1—|1- 11— (=% = —=
+ (- 12 t
i,j=1
i
=1
2TLPFWBM(3 7y ) (((53, 0.4), (52, —0.3)}, {(52,0.3), (51, 0.2)})
o\
0.4x0.6 0.6x0.4\ 2
34\*  723\%\ 23\*  /3.4\%\
Alex | [1=(1=(ZZ) x (== xli—(Z22) x (== ,
6 6 6 6
3
_ ) 3\ 0.4x0.6 7\
1.7\? 1.2\?
- {1—(= x|1- (==
6 6
Al6x [1—]1-— 0.6x0.4 )
2\ 2 3\ -0x0-
1.2 1.7
sxli—[1-(=2 xl1—(==
6 6
\
= {(s2, 0.4427), (52, 0.8738)}
i A1 (sy. . o) < AL ), we have - g 2P\
x> Pi) = S¢y;» Pyi)> 1 A <T¢x," (Px,) A (%xi’ §0x,->
B t s
- 2a - 28
A (s¢x," ‘pxz') A (s¢x," (pxi> ) 2a ) 28\ Wiwj
EEE— S e e— A~ (S¢,.,§0,-) AT (qu.,‘P,-)
t t > |- yi? 7Y ) i > Y
5 )\ (87 o)\ | |
S Rl i N Rl Vi
B D TG I Bl TR 22)
t t

2
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Thereafter, (23), as shown at the next page. Furthermore,
(24), as shown at the next page.
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2TLPEWBM% (p1, pa, ..., pm)
1/(a+B)
1 m o p
| mm=—0 ij‘il (wlw] (Pi ®p; ))
i#j
1/(a+B)
o\ mm=T)
" - 2a . 28\ 2
A 1(s¢.,g0,~)) (A (54, )
At 1—- 1_[ 1— <—! 2 Y b ’
ij=1 ! t
ij
) 1/(a+B)
- CROIRE o\ ) o)
A1 (s, O A1 (sq,, 9
Al B Rl e o (22
ili_—II < ¢ ¢
i
1/(a+B)
N\ mm=D
m 2a 28\ @i
Al <s¢,w>) (A1<s¢,¢>>
Ale] [1- H 1— (_ (AT (50, 9) |
ij=1 ! t
i#j
) 1 1/(x+pB)
m(m—1)
m 2\ & > B W)
Al (sg, 1) Al (sg, D)
Ay e
ij=1 t t
i
= {(S¢,(p), (S@, '(9‘)} :p
-1 2 o 2B\ @i\ =)
ﬁ A (quxl. ’ (Px,-> A (S%l- E ‘Pxi)
1—- 1— = e )
ij=1 ! t
i#j
1
m A_l 20 A_l 2B\ @i®j\ mm=T)
S¢yi » Py S¢yi s Py,
= - (23)
i,j=1 t t
i
1/(e+B)
m A—] (S ) 2a A71 ( ) 28 Wjwj\ m(m—1)
(pxi ) (ﬂxi S(pxi s (pxi
1— 1— = U Y )
1 t :
l,j:l
i
1/(a+B)
2 28\ @i\ mm-T)
m Al (quy[, ‘pyi) “ A-l (quy[, ‘py,-) B j
[ - (24)
ij=1 4 t
\ i#j
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By the same way, we have A~
If AL (qux,%c) < A1
A~ (sq,, 9y)

(Sgy’ v ) S (S@X, )
(s¢y,g0y) and A~ (sex,ﬁ) >

2TLPFWBME? (pyy, pays -+ » Py

< 2TLPFWBM%? (py,, pys. -+, i)
If A~ (sg,.00) = A7 (sg,.0y) and A7 (sg,,0,) =
A (sg,. Dy)
2TLPEWBM%? (py,, Prss -+ + Py )

= OTLPEWBM%? (py,, pyas -+ » Py, )

So property 2 is right.

Property 3(Boundedness): Let p; = {(s¢;, i) (56;, Ui)}
(i = 1,2,...,m) be a set of 2TLPFNs. If pt =
(max;(Sg;, p;) min;(Sy;, ¥;)) and p~ = (mini(Sy;, ;)
max;(Sg;, U;)) then

p~ < 2TLPFWBMS (p1.p2, -+ .pw) <p* (25

By property 1,

2TLPFWBM® (p7,py. - pm) =P~
2TLPEWBM%? (pt, pt, -, ph) = p*
By property 2,
p~ < 2TLPFWBM%? (p1,p2, -+, pm) <p™

B. TLPFWGBM OPERATOR

Similar to WBM operator, WGBM operator can be defined:
Definition 9 [62]: Assume that o, > 0 and

(b1, by, - - -, by) be a group of non-negative real values with

the weights @ = (w1, w2, - - - )", thereby satisfying 0 <

w; < land ) ;' w; = l.then

1 & oo
+bm) = [T (ebi + py)™

WGBM%? (by, by, - - -
o (b1, b2 a1 B

ij=1
(26)

We expand WGBM to 2TLPFNs
2TLPFWGBM operator.

Definition 10: Let p; = {(s¢;» @i} (se;, 9} (I =
1,2,...,m) be a group of 2TLPFNs with their weight be
w; = (w1, wa, ..., wy)!, thereby satisfying w; € [0, 1] and

2TLPEWGBM% (p1, pa, ..., pm)

and develop

m(rr}fl)
1 m wjwj
= ® op; @ i g 27
a+p i,,/=1( Pi @ bp)) @7
i#]

Theorem 2: Let p; = {(s¢i, Oi) (Se,-y 19[)} (i=12,...,m)
be a group of 2TLPFNSs. The fused result by 2TLPFWGBM
operator is also a 2TLPFN where, (28), as shown at the top
of the next page.

52112

Proof:

ap; =

A t\ll—(l <—A I(S;”“(p’)>> ,
. 29)
a(o(=52))
t
A sy o\
NI 1—<#¢’) ,

t
Bpj = (30)

_ B
Al (A 1 (“;91’ ﬁj))

Thus, (31), as shown at the top of the next page. Therefore,
(32), as shown at the top of the next page. Then, (33), as
shown at the top of the next page. Thereafter, (34), as shown
at the top of the page 10. Furthermore, (35), as shown at the
top of the page 10. Hence, (28) is proven.

Then we give the proving process of that (28) is also a
2TLPFN.

@0 <2t <0<

©0< <A_l(:'¢s¢7))2 n (A‘l(tSe,ﬂ))z <1

ATl -1
Let, (tvw)’ A1p.9)

-1
A (;910) S 1’

, as shown at the top of the
page 10.

Proof: Since 0 <
we get

A Vs 00\
0<1- 1_<_ t¢,-,¢,>

A s\
1—(#) <1 36

Then, (37) and (38), as shown at the top of the page 11. That
21
is 0 < A (e0)

A sy, A (sg,0)
(§¢, e - 1.0 < 9% 1

—= —= 1 —=

o

< 1, so (D is satisfied, similarly, we have
0< —Nl(ts‘“’?) <1

2 2
Since 0 < [ AT Goe0) A (s 00) ) ‘
@Since0 < | ——) +|—F—) <l wege

2
A (sp;.00) n A (sg,.9)
t t ’

as shown ag the top of the page 11. That means 0 <
-1 _ 2
(M) + (M) < 1, so is maintained.

t

Example 2: Let {(s3,0.4), (s2, —0.3), (52, 0.3), (s1,0.2)}
be two 2TLPFNs, («,8) =(2,3),w=(0.4,0.6) according to
(28), we have 2TLPFWGBM( ) ¢ ({(s3. 0.4) (52, —0.3)},
{(s2,0.3) (s1, 0.2)}), as shown at the top of the page 12. The
2TLPFWGBM has three properties.

Property 4 (Idempotency): If p; = {(s¢,., O (sei, ﬂi)} (i=
1,2, ..., m) are equal, then

the following inequality (

2TLPFWGBM%? (p1, p2, -+, pm) =P (39)
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2TLPFWGBM% (p1, pa, . .., pm)
m(m=T)
1 m wiw;
— ® o @ . %7
a+p i,j=1( Pi ﬁp])
i#f
1
) DO} =Ty a+p
m 2\ ¢ _
A=y, o; A= 1(sg:, @;
NPT 1—[ 1_<1_( (S¢I<Pz)>> . 1_( (¢,‘/’J)) ’
fd t t
i,j=1
i#]
= 1
T\ o F
20 28\ @i eh
- AL (sq,, B A~ (sg,, 0
ale] 11111 1-( (s %) ) ™ (53, %)
d t t
ij=1
i#f
(28)
2\ B
A1 0\ 2\ A (s, @
NP 1_(1_< (S¢,w,>>)_ 1_( (59> 9)) |
t t
ap; ® Bp; = 31
_ _ B
A (se, 01)\© (A7 (sp, O
NG ( (s z>> ( (5.%)
t t
{l)ill)j
A1y 20 )\ A Gy )\
Als 1_<1_(#>>. 1_<—f’/) ,
t t
(api @ Bp)) ™ = (32)
2a 28\ @i
A1 (sg., O A~ (sg,, O
t t
/3 (Ul'(l)j
m _ 2 o —1 2
A=y, 9i) A= (S0 @)
Al 1—(1-(/—=222 - /—2
H ( ( t t ’
m 0w l’-/:~l
® (api® ppy)” = 7 (33)
z,{;/l m A_l (Se 19-) 2a A-l (Sg ﬁ‘) 28\ @i%
Ale 1= 1— =% 7Y B [ VA
i,j=1
i#]
Property 5 (Monotonicity): Letp,, = {(s¢xl_, ©x;) (sexl_, Uy)} i=1,2,...,m,then
(i = 12,....m) and py, = {(s4,,, ¢y} (s6,,, Oy} = «.p
1,2,....m) be two lists of 2TLPENs. If A~'(s4, , ¢x) < 2TLPFWGBM " (pyy. pry. - P,
A (g ) and A7N(sp, 0) = AT(sg,, D)), < 2TLPFWGBMZ? (py,,py, -+ py,)  (40)
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@iy ﬁ
m _ 2\ « 1 2
A~ (sy, @i A= (syp:, @i
Al TT 1_<1_< (54, cp;))) _ 1_( (59, %))
d t t
_1 1)]:]
n(n—1) l;éj
m iwj
® (pi® fp) = 1
ij=
175/ 2 2/3 wio; n(n—1)
mn A~ (sg., O A1 (sg,, O
Alr 1= 1_[ 1_( (Qt l) . ( j J)
= t t
i,j=1
i#j
(34)
2TLPEWGBM% (p1, pa, . .., pm)
1
m(m—1)
1 m wiw;
= ® (api® Bp;) "’
oa+p i,j:l( Pi ﬁp])
i#]
. 1
N @i\ = \ “7
m _ 2\ ¢ -1
A~ (sg;, @i A~ (g, 9))
Al [1=11-1T] 1—(1—(—(%’“")))- 1—(—"”‘”’) :
- t t
i,j=1
i#
= _1
1 at+p
2a 2/3 wiw; m(m—1)
" A1 (sg., O A1 (sg,, O
Al 1— H 1_< (56, 1) ) (s6; )
d t t
i,j=1
i#j
(35)
1
N N = T
- 2\ @ _
A (9. ) “ A= (sg,. ¢) A5y, ¢))
:11—1_[1—1—— 1= —)—
t - t t
i,j=1
i#
1
1 ath
2a 28\ %% mm=1)
A~ (59, 9) - A~ (sg,, ) A~ (sq,. 1))
= 1-— l_[ 1- — | —
t =+ t t
i,j=1
i#]

Property 6 (Boundedness): Letp; = {(s¢;, ¢i) (sg;, V1)}(i =
1,2,...,m) be a set of 2TLPFNs. If p* = (max;(Sg,, ¢i),
min;(Sy,;, ¥;)) and p~ (min;(Sy;, @i} max;(Se;, ¥;))
then

p~ < 2TLPFWGBM%*? (1, pa, - ,pm) <pt  (41)

52114

IV. THE G2TLPFWBM AND G2TLPFWGBM OPERATORS
A. G2TLPFWBM OPERATOR

This section fuses the GBM operator proposed by
Beliakov et al. [60] and the GWBM operator proposed by
Zhu et al. [62] with the 2TLPFNs.
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2 o wle
— iz A (sg, 92)
m t
0=T] 1 5 <1 (37)
i,.'j:'l 1 — AT (s@'a goj)
i#j ;
1 -i—ﬂ
R A= A
0< [1-|1- ﬁ Lo (1= (A 6o 90 \ P ) ' <1 (3
- ij=1 ! ! -
i
2 2
(A_I(S¢,, </7i)) (A] (s;» ﬁi))
— T 4+
t t
s — L\ &P
N\ @ » L) m(m—1)
N ﬁ P P ) L (A0
ij=1 ! !
i
1
L\ atp
" _1 2 . 26\ @i m(m—1)
-{T11 1_<A (Sewﬁi)> _(A (Sej’ﬂj)>
i t t
i#
1
wjw; —l a+p
" ' ’ o ' ﬂ L) m(m—1) +
AL (sg,, O AL (sg., 0
<|i—t=[[]|t-(1- 1-( (ZQ’ ’)> - 1-(#)
ij=1
i#

Definition 11 [62]: Leta, B,y > 0and (by , b2, -+, by)
be a group of non-negative real values, the weights being
w = (w1, w, - ~a)m)T, thereby satisfying 0 < w; < 1 and
>, wi = 1. The GWBM is:

GWBMEAY (b1, by, -+, by)
1/(a+B+y)

m
=| > wijexbfb] (42)

iyjk=1
ik

We expand GWBM to 2TLPFNs and propose generalized
2TLPFWBM (G2TLPFWBM) operator.

VOLUME 6, 2018

Definition 12: Let p; = {(s¢l., Oi) (Se,-, ﬁi)} be a group
of 2TLPFNs. The G2TLPFWBM operator is, (43), as shown
at the next page.

Theorem 3: Let p; = {(S(p,«, i) (Se,-, 291-)} be a group
of 2TLPFNs. The fused result by G2TLPFWBM operator is
also a 2TLPFN, (44), as shown at the next page.

Proof: Equations (45)-(47), as shown at the next
page.

Thus, (48), as shown at the top of the page 13. Thereafter,
(49), as shown at the top of the page 13. Furthermore, (50),
as shown at the top of the page 13. Then, (51), as shown at
the top of the page 13. Therefore, (52), as shown at the top of
the page 14. Hence, (44) is proven.
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OTLPEWGBMZY, ¢ ({(s3. 04), (52, ~0.3)}. {(s2. 0.3), (s1.0.2)})

(-G (- ()

Al6x [1—]1-— 0.6x0.4 ’

: L) (-6)

D=
N
Fl=
ol

0.4x0.6

\
1
) 243
0.4x0.6 0.6x0.4\ 2
L7V /12)\0) 12\ 717\0\ Y
Al6x 1— 1—— ) x|— X[(1—{— ) x|— ,
6 6 6 6
= {(ss, 0.4803), (s5, 0.8212)}
1/(@+6+7)
GatLpEwBMeSy — [ 1 & (i (2 @] @1} )) 43)
® mim — 1)(m —2) ijk=1 \ 7 PR Tk
i#j#k
G2TLPFWBM%AY (1, 2, ..., pm)
1/@+B+y)
1 m o B V))
=\ mm—m—2.,% (w’wfw" Q)" Qpj O
i#j#k
1/@+B+y)
) y A o ooy
m _ o — A — v
. t t t
i,j,k=1
i#jEk
- N
ﬂ WjWjWk\ m(m—1)(m—
m —1 3\ 2 “ AL (sg., 0 —1 27
ale [i=[1=] T 1—(1_(A (591"19'))) .(1_( (91 /))Z) ,(1_<A (S9k”’k)>)
. t t t
ij,k=1
i#j£k

(44)

A (sg,, 01) ) A= (sq,. i) 2\
Ay A (s 9)\ 2\

pf: A t(%) Al 1= 1_(+-’> (46)
A (s 00\ A (o000 \ )

Pl = A(t<+> ),A t]1- 1—(—tk’ ) (47)
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“sg 1)

A Y54, 9))

A
A,(

t

) |

t

)ﬂ_< 1(S¢k,<ﬂk) )

B 4
PP ®r; ®p = 2\ ¢ 2\ B 2\ ¥
Alrl1=(1= M 1 — M 1— A1 (sg,, Ox)
t t t
(48)
wiwior (p* @ pP @ p?
[Aad ] k pi ®pj ®Pk
— 2 —1 . 2,3 _ 2 WjWjWi
NPT (A 1(S¢l-,<pi)> “.<A (S¢j,<p/)) ‘<A 1(s¢k,(pk)> v ’
t t t
= - N - N - ) Wiwjwk
Al . A (Sei, 191') - A (saj, 19]-) - A (Sek, ﬁk)
(49)
s . o B 4
EB ) w;wjwk | p; ®pj ®pk
I, =
t;é k
2 B 28 2 WiWjwk
u A= (sp o)\ (A (590 9) A (s 000\
Afe =TT (1-(—2=) - . ’
L t t t
i,j,k=1
_ i#j#k N
m 2\ ¢ 1 o\ B ) ik
A t 1_[ 1 _ 1 _ <A_l (Sgl.’ ﬁl)) _ (A_ (Sej’ ﬁj)) 1 . (A_l (S@k, 19]())
i,j,k=1
ij#k
(50
; gg (a)iijk (p‘-x ®p/3 ®p1}</>>
m(m — 1)(m — 2) ijk=1 ! J
i#j#k
2 28 29\ DiwjwK T
m _ o _ . _ i Wj
Al 1= l_[ 1— (A l(S¢l-,(0i)> ] (A 1(S¢j,(0])> . (A l(s¢k,(pk)> y)
- t 1 t
ij,k=1
_ i#j#k
a 1
2\ B Qi®jOkN mim=T)m=2)
m -1 W2\ A1 (9., 9; -1 2\7
Al 1_[ - 1_(A(59i’§’)) i (9/ ") ) 1_<A (S6k~l7k))
i k=1 ! t !
iitk
(51
— —1/. X
Then we give the proving process of that (44) is also a Proof: Since 0 < A l(iqﬁis(ﬂi) < 1.0 < A (stay"/’./) <
2TLPFN. Zigg
A (sp.9) A~ (s9.1) 1,0 = w <1 we get
Q0= =752 <1,0= 202 <1, 2o
A71 2 —1 2 0 < 1 A_I(S¢l., (pl)
0= (2l y (2w’ S
—1 _ . B 2 2
Let 2 EY"”(/)), = lf“”ﬁ), as shown at the top of the next . A 1(s¢,j,¢j) ’3. A (s 1) Y .
page. t t -
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G2TLPFWBME Y (p1, pa, . . . Pm)

1/(@+B+y)
1 m o B )’))
mm — 1)(m — 2) ,-f?:l( i "(p’ P O Pk
itk
1/@+B+y)
2 28 29\ ©i%Pk m
Al 1= ﬁ 1(A_1(S¢M"i)) a,<A_l(s¢/""f)> ,(A_l(sd’k’(pk))y
ket t t t
itk
- Vetprn
X s e mataem)
N ﬁ - 1_<A—1(s9i,z9i)) |, Al (Y‘?j’ﬁj) . 1_<A" (Sew%))
ket t t t
iEjtk
(52)
A 6y, 9)
t
1/@+B+y)
1
) B 28 )\ ik
| 1= ﬁ - (_A_I(Sw%)) " (A I(Sasw‘ﬂj)) _(A_l(srpwﬂk)) !
. t t ‘
i,j,k=1
i#jk
AV s, )
t
i\t
a NP o\ Y\ QU@ mm= e
B " AN(sg, ) A7 (s, ) A (sg,. Ok)
= -p-{ [T pP-t-(—==) ) -1-—=2Z) | p-[—
Pkl 1t 1t t
itk

Then, (54) and (55), as shown at the top of the next page. If A‘l(s¢y’_, V) = A‘l(s%, ¢y;) and A_I(SQXI_, Uy,)

—1 .

Thatis 0 < w < 1, by the same way, we have 0 < A_I(Seyl., Wyhi=1,2,...,m,then
A~ (s9,0) <1

St <.

—1 2 1, 2
(@ Since 0 < (w) + (M) < 1, we get

-1 3\ 2 -1 1\ 2
the following inequality <w) + <w> ,

as shown at the top of the next page. That means is

G2TLPFWBMSEY (pyy, paas -+ » Py
< G2TLPFWBMZAY (py,,pys -+ 1 py,)  (57)

Proof: Let G2TLPFWBMEY (0, pays -+ 1 pxy) =
(5, @) (56, D)) and G2TLPFWBMS" (py, . py,. - -

maintained. . 1 )

The G2TLPFWBM operator has three properties. Pyn )1 = gy o0 (50, Dy)h i A7 (sg0 0) =

Property 7 (Idempotency): If p; = {(s¢i, O (se,., 19[)} (i= A (S¢y[’ ®y,), then
1,2, ..., m) are equal, then

A (o) \ (A7 (0o) )
G2TLPFWBM%AY (o1, pa, -+, pm) = p (56) 5¢y; 0 Py . x> P
t t
Proof: Since p; = p = {(s¢.9).(s9.9)}, then

G2TLPFWBM%?Y (01, pa, . . ., pm), as shown at the page 16. Al (s¢x , (px;() 2

Property 8 (Monotonicity): Let py, = {(sg,, x;k (soy,» Ux;)} . L
and py, = {(s¢yi, ) (SG.\'i’ y,)} be two lists of 2TLPFNs. ¢
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1
n(n—1)(n-2)

2a _ 28 29\ @ik
m —1 1 . -1
A N i [ A (S i ) A S £
o<i-| [ 1_( (¢,¢,)) ( o @)\ (A Gne 00 o 54)
et t t t
i£j£k
1/(@+p+7)
1
m(m=T)(m=2)
- 5 B 28 B ) w;wjwi
o< . ﬁ . (A 1(S¢,~,(Pi)) * ' <A 1(s¢j,<ﬂj)) '(A l(sq;k,(ﬂk)) v <1
- o t t t -
i,j,k=1
i#j#k
(55)
(AI(S¢,-,¢1')>2 (Al(se,-,ﬂi)>2
+
t t
1 1/(a+B+y)
2u 28 2\ ©i%i%k D)
1, ﬁ (1 B (Al(s¢,-,§0i)> .<A1(s¢j,§0j)> .<A1(S¢k,(ﬂk)) y) '
B L t t t
ij,k=1
ik
: 11)( - 1/e+B+y
N B B y WO\ m(m—1)(m—
el ]m_[ i Al (Sgi,ﬁi) 2 |, A l(sgj,ﬁj) i A (sgk,ﬂk)
et ! ! !
ik
1/(@++7)
. B N y Wjwjwk\ mm—1)(m—2)
|, ﬁ e N (s6;+ %) 2 iz A (ng’ﬂ-/) - At (58, V%) 2
- L t t t
ij,k=1
i#j#k
- 11) 5 1/@+B+y)
g ;@K\ mm—1)(m—
o ] Y
e Al (59,-~ ﬁl) ’ A <Se./" ﬂ) A (Sgk, ﬂk) :
+1-]1- ij]:[:] (1—(1_< ; J1- . 1= p
ik
=1
4 2a . 28 4 2a 4 28
A <S¢yi ’ (py;) A (S¢y/’ (py/') A <S¢yi ) (py;> A <S¢>j/’ g‘)Yj)
< . >|l1-|—= [ [ S
t t t t
), = 2y Wivjek
A~ (S¢. 9, ) (s‘p-"k ' w«“k)
;k Vi (58) p (59)
) Thereafter, (60), as shown at the next page. Furthermore,
Al <S¢ 0 ) “ (61), as shown at the next page. That is A™! (sg,, ¢)) >
1— i A~"(sg,. @r). By the same, we have A™! (s, 9,) <
! A~ (sq,, 9y).
-1 -1 -1
y 2 g H; A7V (spy. ) < A7 (sg,.0x) and A7 (sp,, 0y) =
A-l (S » (px/_) A (S%, wtk) A~ (sp,, D)
p ; G2TLPEWBMG Y (py;. pyy. -+ . Py,)
< G2TLPFWBM%AY (py), prys -+ s D)
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G2TLPEWBM®?Y (01, pas - .. pm)
1/@+B+y)
= ! A . o B b
B ECECESInE (oreyen (o 4 @27))
itk
1 1/@+B+y)
2 28 AL L )
_ o 1 ) . Y\ @i
Al ﬁ 1_<A 1<s¢,-,<o,-)> .<A <s¢_,.go,>> .<A 1<S¢,k,¢k>) |
ijk=1 ! t t
ik
. SR E— 1/e+B+y)
B ;@R\ mm-T)(m—2)
2\ ¢ —1 (e ) N VY
a A g, 9 A (sg.. 9 Al (sp, . 0
Al [1=11-] T] 1_(1_<(91:)>) : 1_((1) A )
| t t t
i,j,k=1
ik
. 1/@+B+y)
) 2 2 x s DD
" A (g, A\ T (A7 (g, A sy o\
NAREEs 1( 6o fﬂ)) (A 6o 9\ (A 6. 9) ’
ijk=1 ! t t
itk
i 1\ Vetst+y
o 8 A @iojok m(m=1)(m=2)
m [t
A_l %) A_] ¥ A—] &
ale [1=]1=] ] (1—(1—(@’))3 (1_<(‘9))Z> (1_<(Y9))Z>)
| t t t
i,j,k=1
ik
= {6¢.9). 60. 0} =p
1
1 2a i 28 | 2\ @O0k M=
m A (S¢Xl_ ’ (pxi) A (s(lﬁxf ) ‘Px,) A <S¢Xk s (ka)
1— 1— .
k=1 4 t t
i#j#k
1
-1 20 1 28 . 2\ @iOOK\ mm=1)m=2)
m A (S¢yi , QD)-I.) A <S¢).j , §0yj) A (S¢yk s q)yk>
<t—| ] |-
. t t t
i,j,k=1
itk
1/(a+B+y)
1
20 28 2\ @iwjor\ D2
m A—l (S(le» s ng,-) A_l (s¢xjv ¢Xj) A_l (S‘pxk 5 ¢Xk>
1= IT - — %
. t t t
i,j,k=1
i#j#k
1
1 2o | 2B . 2\ @WK\ mm—1m—2)
m A (qu‘.i s fﬂyi) A <s¢)'j s (py,) A (s(p.vk , (pyk>
< - IT |-
. t t t
i,j,k=1
ik
52120
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If A (s, 00) = A7 (sp,.9y) and A7 (so,. 0x) =
A_l (SQ)" ﬁY)
G2TLPFWBMEAY (s, prys -+ s D)

= G2TLPFWBM%Y (py,, pyys -+ Pyn)

So property 8 is correct.

Property 9 (Boundedness): Let p; = {(sq;l., Oi) (s(;i, 19[)
be a set of 2TLPFNs. If p* = (max; (Sg;, ¢;), min; (S, )
and p~ = (min; (Sg,, ¢i), max; (Sg,, 97)) then

p~ < G2TLPFWBMZAY (py,py, -+ . pm) <pt (62)
From property 7,

G2TLPFWBMEAY (p7,p3, -+, p)
G2TLPFWBMEAY (pf,p3, -+, ph)

o
pt

From property 8,
p~ < G2TLPFWBMZAY (p1,py, -+ . pm) < p*

B. G2TLPFWGBM OPERATOR
To pay attention to the attribute weights, the generalized
WGBM (GWGBM) operator is:

Definition 13 [62]: Leta, B,y > Oand (by , b2 ,--- , by )
be a group of non-negative real values, the weights vector
ISw = (wl,w2,~~a)m)T, thereby satisfying 0 < w; < 1,
Y wi = Lif

GWGBMEPY (by, by, -+, by)

1 - [OHOHO)
- ab; + Bb; + ybr) " (63)
a+B+y i}:L( ' ! )

Then we expand GWGBM to 2TLPFNs and propose gen-
eralized 2TLPFWGBM (G2TLPFWGBM) operator.

Definition 14: Assume that p; = {(545,-» Oi) (se,., 171‘)} is
a group of 2TLPFNs, and their weight vector is w; =
(Wi, w2, ..., wy)!, thereby satisfying 0 < «w; < |1,
Z;Tl:] w;=1.1f

G2TLPFWGBM%AY (p1, p2, ..., pm)

m(m—ll)(m—Z)
L & posme
— ap; .
atBty |ijie Pi Pj © VPk
ik

)w,-wja)k

(64)

Theorem 4: Assume that p; = {(S¢i, O (s(;,., 19,-)} is a
group of 2TLPFNs. The fused value by G2TLPFWGBM
operators is a 2TLPFN where, (65), as shown at the next page.

Proof: Equations (66)—(68), as shown at the next page.

Thus, (69), as shown at the next page. Therefore, (70), as
shown at the next page. Thereafter, (71), as shown at the top
of the page 19. Then, (72), as shown at the top of the page 19.
Furthermore, (73), as shown at the top of the page 19. Hence,
(65) is proven.

Then we give the proving process of that (65) is also a
2TLPFN.
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A (s.9) A~ (s9.0)
D0< —*=<1,0< == <1,

@0< (—A_l(f"”*"))2 + (—Afl(ff“’))2 <1

AL -1
Let, (tw»w), A71G0.9)

, as shown at the page 20.

. A~ sy i A (sg,.0)
Proof: if 0 < M <1,0< #

A s, .00)
t

=1,0=

< 1, then

ATl )\’
0<|1- (—(s"”"(p’ )
t
2
. (A—1<s¢,-,¢j>>
t

-1 2\ 7
1_<A (stqwk>> o

o

Then, (75) and (76), as shown at the page 20. That means
=1
0< w < 1, so (D is maintained, similarly, we have

0< A0t o,

—1. 2 _ 2
@ Since 0 < (M) + <M) < 1, we get

-1 3\ 2 -1 1) 2
A (igb,-s(/’t) n (A (iﬁivﬁz)) Las
shown at the page 20. That means is maintained.
The G2TLPFWGBM has three properties.
Property 10 (Idempotency): If p; = {(s(pi, Oi) (Se,-, 19,-)} are
equal, then
G2TLPFWGBM%AY (p1,p2, - ,pm) =p (77
Property 11 (Monotonicity): Letp,, = {(s(bxt,, ©x,), (sexl,, Uy,)}
and py, = {(S‘Py," Oy (59},,, y,)} be two sets of 2TLPFNs.
If A_l(s¢)’j ’ (p}'i) 5 A~ (S¢x,~ ’ (p)Ci) and A_I(SQyi ) ﬁy,-) Z
A‘l(sexl,, D) (i =1,2,...,m), then
G2TLPFWGBMEAY (py,, pyss -+ 4 Dy,
< G2TLPFWGBMZAY (py,, pay, - -

the following inequality, (

Px,)  (78)

Property 12 (Boundedness): Let p; = {(s¢,., O, (50,, 19,-)
be a set of 2TLPFNs. If p™ = (maxi (S,;),., goi), min; (Sg,., 19,~)
and p~ = (min; (Sg,, ¢i), max; (Sg,., 9;)) then

p~ < G2TLPFWGBM%AY (p1,pa, -+ ,pw) <pT™  (79)

V. DG2TLPFWBM AND DG2TLPFWGBM OPERATORS

A. DG2TLPFWBM OPERATOR

Zhang et al. [63] proposed the dual GWBM (DGBM).
Definition 15 [63]: Assume that (b1, ba,--- ,by,) be a

group of non-negative real values, the weights vector is

o = (w,wy, - ~wm)T, thereby satisfying 0 < w; < 1,

> w; = 1.Suppose that R = (r1, r2, ..., rm)’ and r; > 0

(i=1,2,...,m). then

DGWBME (b1, by, ..., by)
1/ 3

m m

i1,02,...,im=1 \J=

i1 i F... Fim

w,»jbgi (80)
1
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G2TLPFWGBME?Y (01, pa. ... pm)

m(m— ll)(m—Z)
——— (api ® Bpj ® ypir) "I %
a+B+y |ijk=1 /
i#j#k
1
| _ 1
2N @ B L e
n A~ (g, @i A (sg;, 9)) A sy, ,
Atl—l—ﬂl—l—(w .1_¢ .I_M
iik=1 ! ! !
itk
= 1
1 atp+y
2/3 wiwja)k n(n—1)(n=2)
_ 2 -1 ) _ 2
u A (sg )\ (A (S"j’ﬂ) A~ g, )\
Alef 1= T |- . .
. t t t
ij,k=1
i#jFk

api

Bpj

Y Pk

ap; @ Bp; ® ypr=

W;Wjwg

(api ® Bp; ® vpi)

At<
t

[

2 o
A—1<s¢i,<p,»)) )
l‘ 9

(-

2
A= (sg; §0j))
t

E¥

A_l(s¢k, (Pk)>2>y
t

A

(65)

(66)

(67)

(68)

A~ (5o %)

() (o
) |

A71 (ng, ﬁj)

A1

B
<S¢,,,¢j>>2 ( (
— ey 1=
t

Al (Sgl., g

=)

=)

A_l(s¢>k ) @k)

t

)

A

t l—(l—

(A_I(S¢,~7 %))2)&
t

. (A-l(s@,go,-)
t

2\ B
) . (1 B <A_1(S¢kvfpk)
1

t|1— l—(
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ATl (S9k’ ﬁk)

a)iijk

=)

A (;9,-’ ﬂj))w . (

A1 (s, ﬁi)>2a

t

))

(69)

W;wjwi

(70)

VOLUME 6, 2018



X. Deng et al.: Models for Safety Assessment of Construction Project With Some Two-Tuple Linguistic Pythagorean Fuzzy BM Operators I E E E ACC@SS

m . .
® (txp,- ® Bp; ® ypk) "
I,
ik
m 1 2\ ® _ N B 1 ~ WiWjwk
A~ (s¢i’ wl) A (S¢j7 (p]) A~ (S¢k’ (pk)
Al ] -1 —=2 22 B [ i i e o (2 ,
- t t t
i,j,k=1
— i#j#k
2 2 2 [OHOHO) S
- A~ (SGk, ﬁk) ’ A1 (59-» 19j) P A1 (Sgl., 191-) “ !
Afe =TT (1- _ .
- t t t
i,j,k=1
i#j#k
(71)
o
m(m—1)(m—2)
m Wi Wjwk
8 (cpi ® Bpj @ i)
i,j,k=
i;e]' k
S T
m 2\ @ _ n B N Wi\ m(m—1)(m—2)
[ [ () ()Y (- ()
L t t t
ij,k=1
i#j#k
B o
m 2 _ ) ) 28 2 W;wjw m(m—=T1)(m—2)
. t t t
i,j,k=1
i#j#k
(72)
G2TLPFWGBM%AY (p1, pa, ..., pm)
m
= ; % ((Xp o) ﬂp P ypk)wiijk
a+pB+v \ij k:l ! 4
i#]
1
2\ ¢ 2\ B o\ ¥ [enene W oty
m —l(s, o AL(sy., 0 )
NEE R (l_(l<A<w>> ) (1<<M>) ) (1_<A<w>) ) )
L t t t
ij,k=1
i#j#k
) ——
28 Wjwjwk m(m=1)(m-2)
m _ 2 —1 . _ 20
At 1— 1_[ (1<A 1(S9k”9k)) y.(A (sej’ﬁl)) '<A 1(3‘9,-,191‘)) )
. t t t
i,j,k=1
i#j#k
(73)
Then we expand DGWBM@ to 2TLPFNs and propose dual 1 m V2=
G2TLPFWBM (DG2TLPFWBM) operator. = pax (,® wi,py ) (81)
m! 11 12,00y im=1

Definition 16: Let p; = {(s¢l., i) (Sel-, ﬂi)} be a group
of 2TLPFNs. The DG2TLPFWBM operator is:

DG2TLPFWBMR (1, p2, ..., pu)
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Theorem 5: Let p; = {(sg;. @i} (s6,. ¥i)} be a group

of

2TLPFNs.

The fused value by g DG2TLPFWBM
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A~ (s, 9)
t
_1
o ) B » W;wjwi m oty
n A1 (S¢l-, §01) AT (S¢ja (pj) AT (S¢k ) ‘Pk)
= 11| IT (- (—22) ) |- (—2=) | 1-(—2
L t t
i,j,k=1
ik
A~ (sp, 9)
1t
1
a+p+y
m(m=T)(m=2)
_ 2y _ 28 B 20\ @ik
-l 1_(A 1<wk>) (M) (M)
L t t t
i,j,k=1
i£j#k
2\ ® 2 2\ 7\
n —1 —1 , —1
A oy AT (s¢;5 A ,
o< . 1_( (54, <p,>> 1_( (¢, <p1)) 1_( (S m) 1 s
ijk=1 ! ! !
ijtk
1
. N )\ ik s\
n _ 1 _
Al(sy, @i A7 (5, ©7) A (s, ,
o< [1-[i-| [T 1_<1_< (5S¢, %))Z) . 1_( > ) _ 1_( (Sgy @k))
o t t
i,j,k=1
ik
<1 (76)
(A_I(S¢,-,<Pi)>2 (A_] (Sei,ﬂi))z
+
t t
Ty T
- 2\ ¢ —1 W2\ A _ o\ ¥ Pk
i N 1_(A ‘<s¢,-,so,-)> _(1_<A (S¢j,@,>) .(1_<A ‘<s¢k,¢k>)
ijk=1 ! ! !
ik
V) w7
28 wjwjwy \ mm=1)m—
m Al (A7 (s, 9 A= (55 0) \ 2%
dol @ 1( (sek,ﬂk)> (A (o) ( (;a,,@,)>
et t t t
ik
1
1 oy
B WO\ m(m=1)(m-2)
m 1 2\ ¢ A (sq., 0; -1 WA\
< li=l1= H 1-l1= ]_<A(S9’<’ﬁk)) )) 1= 1_((ij> . ]_(]_(A(Sm) ))
ijk=1 ! t
ik
D= w7
28 Wjwjwi mim—1)(m—.
m Al y (A (sg,. 0 A (5o 9\ 22
dol i 1( (sek,ﬂk)> (A7 () ( (39,,19,)> _,
et t t t
ij£k
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DG2TLPFWBM® (p1, pa, ..., pm)
1/ 30
5 ()
n! i, im=1 \j=1 5P
i1 i F...Fim
" R 2L
2r; ij m!
N ﬁ 1 ﬁ . A_1<s¢""’%)
I . t ’
01,02,y im=1 j=1
i1 £ F.. . FEim
- w2\ VEE (82)
i\ \ ™
m m A1 (Seij’ 29[})
Alt |[1—1]1- 1— 1—]1—-]1-
I -l :
i1,00,.yim=1 j=1
i1 FEDFE . Fin
rj 2 r!
p={alr t Al |1i=|1- t (83)
N
operators is o a 2TLPFN where, (82), as shown at the top Then,
of this page. 2\ Wi
Proof: Equation (83), as shown at the top of this page. n A1 <S¢I-j, <,0ij>
Thus, o<1-JJfrt-|1- — <1
w-prj =
lj lj 90
2\ "5 0
ATl <S¢i1’ ‘Pij) Furthermore,
Alt |1—|1 -] ——= ,
t m
0<1-
= Wi, - PR 1_[
T J 01,02,y im=1
A1 (se“ 191/) 1702 i
At 1—11- ! 25N\ Wi %
t m A~ (Sq}ij, §0ij) !
X 1—1_[ -1 -]— <1
(84) =1 !
Thereafter, (85), as shown at the next page. Furthermore, (86), ©n

as shown at the next page. Then, (87), as shown at the next
page. Therefore, (88), as shown at the next page. Hence, (82)
is proven.

Then we give the proving process of that (82) is also a
2TLPFN. A1 (50.9) Al

M0 < =% <1,0< 802 <,

@0 = (Aen)) | (e o

A~ -1
Let (tsw) and 2 (:9,19)

, as shown at the top of the
page 23.

) Afl (Sd’ij’(p[j)
Proof: Since 0 < —F= = 1, we get

A_l (S¢ij s (pl:,,)

t

2rj

0<1- <1

(89)
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Therefore, (92), as shown at the top of the page 23. By the

—1
same, we can get 0 < w <1.

1 2 _ 2
@ Since 0 < (M) + (M) < 1, we get

2 2
+ : l(:eiﬁi)) , as
shown at the top of the page 23. That means is maintained.
The DG2TLPFWBM operator has two properties.
Property 13 (Monotonicity): Letp,, = {(s¢'\_i J0x;) (59x,~ U}
and py, = {(S¢‘.v,~’ Oy (Se)’i’ y,)} be two sets of 2TLPFNGs.
If A (sg,, 00) < A7 '(sg,, 9x) and A7 (sg, , 0y) >
A~ sg, O} i=1,2,....m, then

—1 . X
the following inequality (A (‘;¢i’¢1)

DG2TLPEWBME (py,, pys, -+, Py,y)

< DG2TLPFWBM® (py,, pay, -+ 1 px)  (93)
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m

2

m ”j
. . . Wijp"/ =
01,02,y im=1 =1 -

i| FDF. Fin

A i
® Wipi; =
J=1 !

m
r]_[ 1—]1-
j=1

. wi.
2rj Ui

A1 (Sdﬁj ) (Pij>

t
2\ Ti\ Vi
m A1 <s9ij’ 1.9,]>
t|1— 1—]1—11-—
[ ;
Jj=1
m n A1 (S¢i,, (p,t)
aleft= IT |t-TI|r-|1- A
01,02,y im=1 j=1 f
iWFi#.. . Fin

m m A_l (SG,-]., 19[])
At 1 - 1—11—-11-
! [1 t
i1,00,.0nyim=1 j=1
i1 FDFE . Fin
1
A 1( 2rj m!
m m I R <,0i]—>
t|1— 1— 1—]1- !
! [ t
01,02, im=1 ]=1
| ” " . i1 Fir Tl
m! iy in, . im=1 \j=1 J
I Fi 7 Fim m m A-l <S9- ’ 191‘-)
t 1- —fi-l1-|—
! [1 t
01,02, im=1 j=1
il?éiZ#-“?éim
DG2TLPFWBM® (p1, pa, ..., pm)
/3
1 m m )
=15 S2] </® Wi/'pir-j)
n! i, ip=1 \j=1 7
i\ Fi - Fim
/X
A ( 2r;\ Vij ml
m m B R Wij)
Alt 1— 1— 1-|l1-—r 7
1 | t
01,00,y ip=1 j=1
I Fi 7 Fim
- NN
m m A1 (_5‘91./, 19,})
Alt [1—-]1- 1-— 1-J11-Jj1-|—
1 | ;
01,02,y im=1 j=1
iWFED 7 Flm
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(86)

2=

87)

(88)
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A 1 2”j Wij m!
Al (S¢,<P) m m - (s¢ij,<p,-j>
— = - 1— = 77
/ I -] :
01,00,y im=1 J:]
il7ﬁi27&"-#im
| 2\ N Wi\ 2L
A~ (sp, 0 n " A~ (sel._,ﬁ,-)
D _h-fi- 11 L1102
: i1,02, s im=1 j=1 t
i1 #ir#...Fip

/3L

E-

2rj i

m m A1 <S¢ij’ (pii)
0< 1-— 1- 1-|J1 -} —= <1 2
= - I -l ; : )
01,02,y im=1 j=1
i1 £ #.. . Fim

<A_1(St¢,-, <Pi)>2 n (A_l (:9,-’ 191')>2

1 X

Al ( 2\ Wiy ml
- 5 — (e wij)
=" =TI fi-]1-——X
I t
i1,i2,...,im=1 j=1
iV £ ... Fim
2\ 1\ Wi % /¥
m m AL (S@I._, ﬁij_)
+11-11- 1_[ 1— 1_[ oo o 2% )
01,02, im=1 j=1 t
i1 Fi ... Fim
2\ 1\ Wi L 13
m m N (sgij, l?ij)
=|1- 1 - [ I I I N A
=\t I - ,
i1,02,sim=1 j=1
iV Fi ... Fim
2\ i\ Wi mi, 1/ 35
m m A—l (S@[.., ﬁij)
(T 1—[ - 1—]11-—-11- !
1,02, ip=1 j=1 t
i F#D 7. Fin
=1

Proof: Let DG2TLPFWBMZE(p,,, ps,, - --

2ri\ Wi
) pxm) = A_l (S¢x-, ) ¢Xi.) ! !
{(5g,,» ) (56, D)} and DG2TLPFWBMR (py,, py,. -+, 1 — t'./ i
pym) = {(S(ﬁyi ’ (py,-)’ (seyl- 5 ﬁy;)}v if A_l (S¢X,‘ 5 ¢X,‘) <
A—l(s%., ®y;), then 1 —
2 2 1 A <S¢”fj ’ (py’&')
— rj _ i > _
A l(sd’xl-i ) (pxlj) ! A 1(S¢Yi/~ s (py,/) ! - t
— < | — 94)
t t ©5)
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=

01,02, im=1

! 2\ Wi
m m A™ (s¢x- "/’xr)
1— 1=l1=- - 77
ISREN ;
01,02, im=1 j=1
il#iZ#---?&im
2ri\ Wij %
n n A 1(S¢,yl,g0y,/)
> ]_[ 1—]_[ 1—|1- ! 97)
1,00, ip=1 j=1
iWFEiF .. Fim
; 1/ 370 1
2r\ Vi m
m m Al (S¢~"i‘ , (/JX[.)
- 1 =TTfr-1- U
01,0250y im=1 j=1
il#iZ#---#im
. 1/ 30
2ri\ Wi ml
n n Ail (S(pyi.’ (pyl)
< - TI =TT 1-|1- U (98)

i FD 7. Fin

Thereafter,
1 2\ Vi
m A~ (S¢x,-, , @xi/.)
1 _ l _ J K
. t
j=1
1 2\ Vi
< -l1-|— 96
< E p (96)

Furthermore, (97) and (98), as shown at the top of this page.
By the same, we have A™! (s, 9y) < A™1 (sg,, D).

If A7! (s¢v, <py) > AL (s¢x, (px) and A1 (sey, ﬂy) <
AT (s0, 0%)

DG2TLPFWBME (py,, prss -+, Py

< DG2TLPFWBM® (py,. py,. -+ . Pyy)

If A~ (sg.0x) = A7 (sp,.9) and A7 (5o, 0,) =
A (59, Oy)
DG2TLPFWBMR (py,, pxy. -+ s Py,

= DG2TLPFWBMY (py,. py,. =+ . Py,,)

So property 13 is correct.

Property 14 (Boundedness): Let p; = {(545,-» Oi), (sa,., 171‘)}
be a group of 2TLPFNs. If p~ = (min;(Sy;, ;) max;(Sy,, ¥;))
and p* = (max; (Sg;, ¢;), min; (Sp,, ¥;)) then

p~ < DG2TLPFWBMZX (o1, pa, -+, pm) <p™  (99)

From theorem 5, we can obtain DG2TLPFWBMR
(py.Py. Py and DG2TLPFWBMR (o}, pS, -, p}),

m
52128

as shown at the next page. From property 13,

p~ < DG2TLPFWBME (p1,p2, -+, pm) <p™

B. DG2TLPFWGBM OPERATOR
In order to pay attention to the attribute weights, the dual
GWGBM (DGWGBM) is:

Definition 17 [63]: Assume that (b1, ba,--- ,by,) be a
group of non-negative real values, the weights vector is
o = (w1,wy, - ‘wm)T, thereby satisfying 0 < w; < 1,
> w; = 1.Suppose that R = (r1, r2, ..., )’ and r; > 0
(i=1,2,...,m). then

DGWGBME (b1, by, -, by)

1_[;'":1 Wi

m m

1
= | T (e

. I
J=1T N\ dig,im=1 \j=1
i1 i F . Fim

Then we expand DGWGBM to 2TLPFNs and propose dual
G2TLPFWGBM (DG2TLPFWGBM) operator.
Definition 18: Let p; = {(sg,, i) (s5;, 9i)} be a group
T

(100)

of 2TLPFN:Ss, their weight vector is w; = (W1, wa, ..., wp)",
thereby satisfying g0 < w; < 1, ) 1" w; = L. If
DG2TLPFWGBME (p1, p2, ..., pm)
1
: ; Cm ( )>W=I "1 o
Yimi 1\ ininein=1 \j=1 Py

i| £ Fim

Theorem 6: Let p; = {(sg;. @i} (s, ¥i)} be a group
of 2TLPFNSs. The fused result by DG2TLPFWGBM operator
is, (102), as shown at the next page.
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DG2TLPFWBME (1. p5, -+ . p}y)
= X
. 21\ Wij m!
m m min A~! (sq;l._, (p,-j)
Ale] 1= ] =TI 11- d ,
i1,00,eunyim=1 j=1 !
i F#DFE. Fin
- e A\ VI
m m max A~1 (Sel-., ﬁi])
Afeji=f1=T] =TTfr=(r=11- !
01,02, im=1 j=1 !
i\ £ ... Fim
DG2TLPFWBME (pf,p3 .-+ . p)
R L
2rj\ Wij m
m m max A~1 <s¢i,, (p,-j)
Al 1= ] =111~ d ,
01,02, im=1 j=1 t
i1 £y .. Fim
- NN o 1/
m m min A~! (Sgl._, l?,})
Al |1=11= ] 1— 1—|1-]1- d
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i FD ... Fim
DG2TLPFWGBMR (01, p2. ..., pm)
1
e (Be)™)
= riD;.
S it Ut P
i1 i F.. . Fim
1 1
w\ 21
1 N 1—[71=]W’J j=1"J
" " A~ (S¢,-.,</?i->
Alrji=11- T] 1— 1— A ,
01,0250y im=1 j=1 !
i1 £ F . Fim
- 1 (102)
" L Y
2\ hzomwi\
m m (A (sg,. 93 )
Ale] 1= ] 1-T1 d
i1,00,.yim=1 j=1 !
i1 £ Fim

Proof: Equation (103), as shown at the top of the next
page.

Thus, (104), as shown at the top of the next page. There-
fore, (105), as shown at the top of the next page. Thereafter,
(106), as shown at the top of the next page. Then, (107), as
shown at the top of the next page. Furthermore, (108), as
shown at the top of the page 27. Hence, (102) is proven.
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Then we give the proving process of that (102) is also a
2TLPFN. .
0 <2 lwe) <y g < dllud) o

©0< (A*‘(tsw))z n (A-l(tsg,ﬂ))z <1

-1 1y,
Let A (:q’"p) and 2 (t“”’ﬁ), as shown at the top of the
page 27.
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2\ i 1 rj
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(107)

AL (S¢:‘j JPij)
————2 <1, then

1
m A <S¢,-j,§0,'j)
_1_[ 1— —

j=1

Proof: if 0 <

rj

<1 (109)

Then, (110) and (111), as shown at the top of the next page.

—1
That means 0 < w < 1, by the same, we have 0 <
As0.0)
; <1.
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—1 2 1, 2
@ Since 0 < (M) + (M) < 1, we get
l(s91*’9")

t

o)) A

. +
shown at the bottom of the page 28. That means is
maintained.

The DG2TLPFWGBM has two properties.

Property 15 (Monotonicity): Letpy, = {(Stbx,- 0%, (s(;xl_ )}
and p,, = {(s¢vl_,<pyl.), (S9v,-f Uy,)} be two sets of
2TLPFNs. If A7'(s,.¢0) <  A7'(ss,.py) and

the following inequality (A , as
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TABLE 1. 2TLPFN decision matrix (R,).

G

G,

Gs

Gs

A
Ay
Aj
Ay
As

<(s3,0), (s2,0) >
<(S4:0)’ (SI,O) >
<(s3,0), (s3,0) >
<(s1,0), (84,0) >
<(s1,0), (s4,0) >

<(S4,0), (SI,O) >
<(84,0), (s2,0) >
<(s1,0), (84,0) >
<(s1,0), (s5,0) >
<(s3,0), (s3,0) >

<(52,0), (s4,0) >
<(s4,0), (81,0) >
<(s3,0), (s3,0) >
<(82,0), (84,0) >
<(s2,0), (81,0) >

<(52,0), (s2,0) >
<(84,0), (s2,0) >
<(84,0), (s2,0) >
<(s1,0), (52,0) >
<(52,0), (52,0) >

TABLE 2. 2TLPFN decision matrix (R;).

G G, G; Gy
A <(s3,0), (81,0) > <(s2,0), (81,0) > <(s1,0), (81,0) > <(s5,0), (81,0) >
A, <(s5,0), (s1,0) > <(84,0), (s1,0) > <(4,0), (s2,0) > <(s5,0), (s1,0) >
As <(s3,0), (81,0) > <(84,0), (81,0) > <(s3,0), (81,0) > <(82,0), (81,0) >
Ay <(s1,0), (s3,0) > <(s2,0), (4,0) > <(s3,0), (s3,0) > <(82,0), (52,0) >
As <(52,0), (83,0) > <(84,0), (s2,0) > <(s1,0), (s1,0) > <(s5,0), (s1,0) >

VI. PRACTICAL APPLICATION OF THE

PROPOSED OPERATORS

A. ILLUSTRATIVE EXAMPLE

The current safety situation of construction in our country
is still not optimistic, large-scale construction of the huge
investment and large numbers of participants in construction

would easily result in more serious accidents. Frequent con-
struction accidents, would not only increase the cost of
construction enterprises, result in waste of social resources,
but also threaten people’s lives. Safety evaluation for con-
struction projects could help construction companies effec-
tively forecast dangerous factors in order to put forward
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TABLE 3. 2TLPFN decision matrix (R3)

Gl G2 G3 G4
Ay <(82,0), (52,0) > <(83,0), (s1,0) > <(s1,0), (s3,0) > <(81,0), (s3,0) >
Ay <(s5,0), (51,0) > <(s3,0), (52,0) > <(s4,0), (51,0) > <(54,0), (53,0) >
Aj <(82,0), (52,0) > <(s1,0), (52,0) > <(s2,0), (51,0) > <(s1,0), (52,0) >
Ay <(s1,0), (84,0) > <(s1,0), (85,0) > <(51,0), (82,0) > <(52,0), (82,0) >
As <(s1,0), (84,0) > <(s1,0), (52,0) > <(s2,0), (51,0) > <(s1,0), (83,0) >

TABLE 4. The fused values by 2TLPFWAA operator.

Gl G2 G3 G
Ar {(5,,0.66).(5.062)}  {(5,,0.75).(5,0.00)}  {(5,0.39),(5,,0.35)}  {(55,0.45),(s,,0.91)}
Ay {(55,0.00),(5,000)}  {(s,,0.67),(5.0.62)} {(5,,0.00),(5,023)} {(s,,039),(5,,0.91)}
Ay {(5,,0.66),(5,083)}  {(5,,0.53),(5,,0.00)  {(s,,0.66).(5,,0.39)} {(s,,0.68).(s,,0.62)}
Ay {(5,000),(5,067))  {(5,0.39),(5,,068))  {(5,,0.12).(5,,0.78)}  {(5,0.77),(5,,0.00)}
As {(5:039),(5,0.67)}  {(5,,0.94),(s,,026)}  {(5,0.77),(5,,0.00)}  {(s,,045),(s,,0.91)}

TABLE 5. The fused results by DG2TLPFWBM (DG2TLPFWGBM) operator.

DG2TLPFWGBM

DG2TLPFWBM
A, {(50,0.17),(5,,0.91)}
As {(5,,0.68),(s,,0.81)}
As {(5,,0.17),(s,,0.89)}
Ay {(50,0.04),(s,,0.53)}
As {(50:0.14),(s,,0.08)}

{(5,,0.21),(5,,0.05)}
{<s4,os4>,<so,oos>}
{(5,,0.20),(5,,0.05)}
{(5,,0.86),(5,,0.36)}
{(5:,0.17),(5,,0.10)}

5,,0.17),(5,,0.10

TABLE 6. The s (A;) of the construction projects.

DG2TLPFWBM DG2TLPFWGBM

A (5,,0.73) (s,,0.00)

A, (5,,0.83) (5,,0.00)

A, (5,,0.74) (55,0.00)

Ay (5,,0.29) (5,0.00)

As (5,,0.62) (5,,0.00)

TABLE 7. Order of the construction projects.
Order

DG2TLPFWBM AP>AP>A>ASA,
DG2TLPFWGBM A>A>A>A>A,

reasonable measures to prevent accidents occurring. So the
research in this paper has important theoretical and prac-
tical meaning. Thus, we propose a numerical example to
select best construction projects with 2TLPFNs. There are
five possible construction projects A; (i =1,2,3,4,5) to
choose and four attribute to assess these construction projects:
(D G is the human factors in construction projects; @ G is
the building materials and equipment factors; @) G3 is the

VOLUME 6, 2018

management factors; 3@ Gy is the environmental factors. The
five possible construction projects A; (i = 1, 2, 3, 4, 5) are to
be evaluated with 2TLPFNs with the four attributes (attributes
weight ® = (0.15, 0.35, 0.30, 0.20), experts weight ® =
(0.3,0.3,0.4) .), which are listed in Table 1-3.

Then, we utilize these operators developed to select best
construction project.

Definition 19: Let p; = {(s¢j, ®j), (sej, ﬁj)} be a group
of 2TLPFNs with weight values bew; = (wy, wo, ..., wn)T,
thereby satisfying w; € [0, 1] and) 7, w; = 1, then we can
obtain

2TLPFWAA (p1, p2, . ..

n
> wipj
=

7pn)

(114)
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TABLE 8. Order by altering parameters of the DG2TLPFWBM operator.

P A, A, Aj Ay As Ordering
(LLL1) (5,040)  (s5,078)  (5,044)  (s5,092)  (5,028)  A>ASASASA,
(2.22,2) (s,0.73)  (s,0.83)  (s,0.74)  (s5,029)  (5,0.62)  A>A>A>As>A,
(3.33.3) (5,0.01)  (5,,007)  (s,,0.02)  (5,055)  (5.,0.90)  ASASASASA,
(4,4,44) (5,,017)  (5,,0.23)  (5,,0.18)  (5,0.71)  (5,,0.07)  AASASASA,
(5,5.5,5) (5,,028) (s,,0.34)  (5,,029)  (s,,0.82) (5,,0.18)  A>A>A>ASA,
(6,6,6,6) (5,,035) (5,,041)  (5,,037)  (5,090)  (5,027) ASASASASA,
(7,77,7) (5,,041)  (s,,047)  (5,,042)  (5,097)  (5,,033)  ASASASASA,
(8,8,8,8) (5,,046) (5,,051)  (5,047)  (5,002)  (5,038)  AA>ASASA,
(9,9,9,9) (s2,0.49) (s2,0.55) (s2,0.50) (s2,0.06) (s2,0.42) A>AS>A>ASA,
(10.10,1010) (s,,0.52)  (s,,0.58) (s,,0.53) (s,,0.10) (s2,0.45) A>A>A>ASA,

TABLE 9. Order by altering parameters of the DG2TLPFWGBM operator.

P A A, Az Ay As Ordering
(L1 (5,,0.89)  (5,0.26)  (5,,0.88)  (5,,043)  (5,,0.82) AZAZAAA,
(22,2,2) (s5,,048) (5,,095)  (5,047)  (5,023)  (s5,045) APAPASASA,
(3.3.3,3) (5,,020) (s,,0.74)  (5,,020)  (5,096)  (5,,0.17) A>A>AFA>A
(4,4,4,4) (5,,0.04)  (s,,0.61) (,,0.04) (s,,0.80) (55,0.00)  A>A>A>As>A4
(5,555 (5,093)  (s,0.53)  (5,093)  (5,0.69)  (5:,0.89)  AAPSASASA,
(6,6,6,6) (5,0.85)  (5,,047)  (5,0.86)  (5,0.62)  (5,0.81)  ASASASASA,
(7,7,7,7) (55,0.80)  (5,,042)  (5,,081)  (s5,0.56)  (5,,0.75)  A>A>A>As>A,
(8,8,8,8) (5,0.75)  (5,038)  (5,076)  (5,0.51)  (s,0.71)  ASASASASA,
9,9,9.9) (s.071)  (s,,036)  (5,0.73)  (5,048)  (5,,0.67)  A>ASAPSASA,
(0101010 (s,,0.68)  (s,,033)  (s,,0.70) (5,,0.45) (55,0.64)  ASAA>ASA,

2TLPFWGA (p1, p2, .-, Pn)

= 1_[ ()"
A tﬁ 1(S¢”(p]> )
]=1

= o
_ 1 _ _A_l (56 ﬁj)>2 '
Jj= 1 !

Step 1: In accordance with 2TLPFNs r;(i = 1,2, 3,4, 5,
J = 1,2,3,4), we fuse all 2TLPFNs r;; by 2TLPFWAA
(2TLPFWGA) operator to calculate the overall 2TLPFNs
A;(i=1,2,3,4,5) of the construction projects A;. The fused
values are listed in Table4.

Step 2: By table 4, we fuse all 2TLPFNs r; with the
DG2TLPFWBM (DG2TLPFWGBM) operator to get the

(115)
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aggregation values of the construction projects A;. Suppose
that P = (2, 2, 2, 2), then the results are in Table5.

Step 3: According to the score function and Table 5, we can
get the score values of the construction projects which listed
in Table 6.

Step 4: By Table 6 and the order of the construction projects
are listed in Table 7.

VII. INFLUENCE ANALYSIS

By altering parameters of P in the DG2TLPFWBM
(DG2TLPFWGBM) operators, we can depict the effects on
the ordering, the calculating results are shown as follows.

VIil. COMPARATIVE ANALYSIS

In this section, we compare DG2TLPFWBM, DG2TLPFW-

GBM method with LPFWAA and LPFWGA operator [64].
From above analysis, we can have the same best construc-

tion project. However, the LPFWAA and LPFWGA oper-

ator have the shortcoming to consider the interrelationship
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TABLE 10. Order of the construction projects.

Order
LPFWAA[76] Ay >A1>A3>As> Ay
LPFWGA[76] Ay >A3>A 1> As> Ay

between 2TLPFNs. The DG2TLPFWBM and DG2TLPFW-
GBM operators can overcome the shortcoming to consider
the relationship among the 2TLPFNs.

IX. CONCLUSION

Considering the relationship among the 2TLPFNs, we utilize
the WBM operator, GWBM operator and DGWBM operator
to propose some BM operators with 2TLPFNs: 2TLPFWBM
operator, 2TLPFWGBM operator, G2ZTLPFWBM operator,
G2TLPFWGBM operator, DG2TLPFWBM operator, and
DG2TLPFWGBM operator. Shortcomings have been over-
come by considering relationship of 2TLPFNs. We present
the new MADM method based on the new aggregation
operators. Numerical example for safety assessment of con-
struction project has been proposed to illustrate the new
method and some comparisons are also conducted to fur-
ther illustrate advantages of the new method. In subsequent
studies, the application and methods of 2TLPFNs needs to
be investigated in the any other uncertain decision making
environments [65]—[82].
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