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ABSTRACT A comprehensive method is presented to investigate nonlinear dynamic responses of func-
tionally graded rectangular plate with arbitrary boundary conditions under a moving mass, based on
Rayleigh–Ritz solutions together with the penalty method (PM) and the Newmark with inverse Broyden
quasi-Newton method. Different from the existing methods, all inertial effects associated with the moving
mass, which affect the mass, damping, and stiffness matrices of system, are taken into account. The
formulations are derived based on classical plate theory and von Kármán geometric nonlinearity, which
considers large deformation without violating stress failure criteria. Material properties of FG plate vary
continuously in the thickness direction according to the power law. The PM is employed to deal with
the troublesome arbitrary constraints, which excludes an orthonormalization process for determining these
admissible functions, and where only one set of admissible functions is used for arbitrary boundary
conditions. The Newmark method together with the rank-one inverse Broyden quasi-Newton method is
adopted to solve the nonlinear coupled differential equations of second order in timewithmore computational
efficiency and avoiding numerical instability. Formulation and method of solution are validated by studying
their convergence behavior and performing the comparison studies with existing results in the literature in
the limit cases. In addition, influences of different material distribution, velocity of moving mass, different
conventional, and unconventional boundary conditions on forced and free vibration responses are discussed.

INDEX TERMS Functionally graded plate, nonlinear response, moving mass, penalty method, arbitrary
boundary conditions.

I. INTRODUCTION
With the intensive research efforts during the last several
decades, large spectrums of high technology materials are
available today. As novel advanced materials in the fam-
ily of engineering composites, functionally graded materi-
als (FGMs) are made of two or more constituent phases
with continuously and smoothly varying composition [1].
Compared with homogeneous material composed of similar
constituents, the material properties of FGM can be adjusted
in the preferred direction/orientation to meet the specific

requirements in different engineering applications. These
desired performances can be achieved by varying the volume
fraction of the constituent materials. These excellent advan-
tages have made it possible for the century’s most astonishing
technological achievements in the fields of mechanical [2],
aerospace [3], optoelectronics [4], biomedical [5], and other
engineering applications.

As important elements in several complex structures,
FGMs are always made for beams, plates and shells. There-
fore, it is of great importance to study the dynamic behaviors
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of FGM structural elements so as to design effective and
strong structural elements for building durability and yet
cost optimized structures. Nguyen et al. [6] obtained the nat-
ural frequencies and vibration modes of thin-walled I- and
channel-sections FG beams. Wang et al. [7] investigated free
vibration of a bi-direction functionally graded beam. As for
rectangular plates, Baferani et al. [8] found an exact ana-
lytical solution for free vibration characteristics of thin
FG rectangular plates with different boundary conditions.
Mantari et al. [9] used Carrera unified formulation with five
new displacement fields of the non-polynomial form to ana-
lyze the static characteristic of FG single and sandwich plate.
The dynamic analysis of FG plate based on a novel first shear
deformation theory (FSDT) [10] and quasi-3D and 2D shear
deformation theories [11] were also conducted.

Moving load problems, which are one of the most impor-
tant problems in the structural dynamics, have been studied
for well over a century. For large deformation, the non-
linear vibration analysis of different FG beams was con-
ducted, where von Kármán geometric nonlinearity with
Euler-Bernoulli beam theory or Timoshenko beam theory
was used to derive the system’s energy equations [12], [13].
For moving load of large mass, Simsek [14] took the iner-
tial effects of moving mass including the centripetal and
Coriolis effects into consideration. Other moving mass prob-
lems of axially and bi-directional FG beams were also pro-
posed [15], [16]. Similar with the moving mass problems
of FG beams, the responses of FG plate and shell subjected
to moving load were also analyzed by many researchers.
Akbarzadeh et al. [17] studied the mechanical behavior of
FG rectangular plate based on the FSDT and the third-order
shear deformation theory with a lateral mechanical load on
its upper surface. The transverse vibrations and stability
of a moving skew FG plate were investigated in oblique
coordinate system by the method of coordinate transforma-
tion [18]. Malekzadeh and Monajjemzadeh [19] studied the
nonlinear response of FG plate subjected to moving load
with constant speed. FEM in conjunction with Newmark’s
time integration scheme and Newton–Raphson method were
employed to solve the system with different boundary con-
ditions. Mamandi et al. [20] also presented the nonlinear
dynamic analysis of a simple supported rectangular plate
subjected to an accelerated/decelerated moving mass/force.
Besides moving load, some nonlinear responses of FG shells
and plates subjected to immovable time varying loads were
studied [21], [22]. Additionally, the topic of dynamic analysis
of FGM structures in thermal environment has also continu-
ously attracted great attention of many researchers [23]–[25].
However, only temporal inertial component (i.e., simplified
partial time derivative) associated with the moving mass
was considered in the most studies mentioned above, while
the convective inertial components were ignored, except
for Rofooei et al.’s works [26], where conventional nonlin-
ear method (i.e., total Lagrangian technique) together with
Newmark-Beta method was employed to study the dynamic
response of rectangular plate including the all inertial effects

induced by moving mass. Meanwhile, the restrictions of con-
ventional finite element (FE) codes were reviewed in [26],
e.g., required very finemesh for accuracy results in extremely
time consuming, only weight and transverse inertial compo-
nent (i.e., simplified moving mass effect) of moving mass
would be considered with neglecting all other inertial compo-
nents because of the nature of Contact-Target elements used
in codes to present the interaction between main structure and
moving mass.

Most of the studies on the vibration analysis of FG struc-
ture elements are with classical boundary conditions, such
as free edges, simply supported, or clamped. In real systems
while there are some derivations from the ideal boundary
conditions, and it is quite hard to find the ideal constraints.
As a result of this demand, some unconventional bound-
ary conditions should be considered to analyze the dynamic
characteristics of the FG beams, plates and shells. However,
a large number of studies on FG structure elements have
been confined to classical constraints, studies on FG struc-
ture elements with unconventional conditions and the meth-
ods to deal with them are very rare. Najafizadeh et al. [27]
modeled one edge of FG plate with non-ideal constraints
where there was a small non-zero deflection and moment.
In [28]–[30], the natural frequency and modal shape of FG
plates resting on elastic foundation were obtained. Similarly,
Simsek and Cans?z [31] studied the dynamic response of
an elastically connected double-functionally graded beam
system subjected to a moving harmonic load with some
classical boundary conditions. However, point constraint was
assumed in the form of supports to be linear springs of
large stiffness. Simsek [14] adopted Lagrange multiplier
method to treat the simple-supported boundary condition,
where the space-dependent polynomial terms were selected
as x0, x1,. . . , xN-1 and Lagrange multipliers were used to
reflect the constraint. In addition, Sari and Butcher [32]
and Wattanasakulpong and Mao [33] proposed the model
of FG beams with damaged boundary condition. In these
literatures, boundary damage factors were adopted, which
allows for a wide range of boundary conditions between fixed
(i.e. undamaged) and free ends. Apart from damage bound-
ary, Gupta et al. [34] established a model of FG plate with
mixed boundary condition. The results were accomplished
by employing a C0 continuous isoparametric finite element
formulation.

The above reviews clearly indicate that there are two
critical issues need to be investigated extensively. One is
the inertial effect of moving mass, especially the convective
inertial components are notably significant when the weight
of moving mass becomes considerable in comparison with
the main structure’s mass [26]. In this regard, the moving
mass inertial effects were restricted only to the weight and
simplified moving mass effect in the most of the existing
studies. The other is that the majority of the aforementioned
works focused on the dynamic analysis of FG structure
elements with classical boundary conditions. Further, the
works [27]–[30] and [32]–[34] related to vibration analysis
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of FG beams and FG plates with unconventional constraints
were limited to obtain the linear natural frequency and modal
shape, while the process to solve the nonlinear transient
response of moving load problem was more difficult. Also,
in the works [27]–[30], [32], and [33], these unconventional
boundary conditions were uniformly distributed along the
edge of the plates or concentrated on one end of the beams.
For the mixed boundary condition in [34], the FEM was used
to avoid finding the proper spatial function. However, this
mixed boundary condition was still similar to the uniformly
distributed constraint to some degree when it comes to certain
area of the edge.

Therefore, based on the above reviews, there is a strong
encouragement to gain an understanding of the all iner-
tial effects of moving mass and the vibration response of
unconventional constrained structure, as well as the mathe-
matical modeling of such phenomena. As a first endeavor,
this paper focuses on the nonlinear dynamic behaviors of
unconventional constrained FG rectangular plate subjected
to a moving mass based on classical plate theory (CPT) and
von Kármán geometric nonlinearity, which is not available
in the open literatures. To deal with the troublesome uncon-
ventional constraints, penalty method (PM) is adopted. The
equations of motion are derived with the aid of Lagrange’s
equations, where the pseudo-mass, pseudo-damping and
pseudo-stiffness effects are presented obviously to reveal the
all inertial effects of moving mass. To avoid the numeri-
cal instability, the Newmark method together with rank-one
inverse Broyden quasi-Newton method (N-IBQNM) is
employed to find the nonlinear dynamic responses of FG
plate. Finally, the influences of different material distribution,
velocity of moving mass, different conventional and uncon-
ventional boundary conditions on forced and free vibration
responses are presented in detail.

II. THEORETICAL FORMULATIOINS
A. DEFINITIONS OF GEOMETRY AND
MATERIAL PROPERTIES
Figure1 shows a thin FG plate with length L, width W
and thickness h, which is subjected to a moving
mass (M ) traveling on an arbitrary trajectory on its surface.

FIGURE 1. Model of FG plate under moving mass.

Although the method is capable of solving the dynamic
problem for nonlinear FG rectangular plates with arbitrary
mass moving trajectories, only rectilinear trajectories are
considered here to avoid unnecessary complexity. Without
loss of generality of the formulation and the method of
solution, the material properties of a ceramic-metal FG plate
are assumed to vary continuously through the thickness. The
material points of the FG plate with unstressed reference
configuration are labelled in a Cartesian coordinate system
(x, y, z). The displacement components of an arbitrary mate-
rial point (x, y, z) of the plate are denoted as ū, v̄, and w̄ along
the x, y, and z-directions, respectively.

As mentioned previously, the effective material properties
of the FG plate are obtained according to the rule of mix-
ture. Here, the power-law (or Mori-Tanaka model) [34] is
adopted as,

P(z) = Pm + (Pc − Pm)
(
Vf
)p
, p ≥ 0 (1)

where the subscripts m and c refer to the metal and ceramic
constituents, respectively. p is the power law index or the
material property graded index, andVf (= 2z+h

2h ) is the ceramic
volume fraction.

B. CONSTITUTIVE RELATIONSHIPS
Due to the large length-to-thickness ratio of thin plate, the
classical plate theory (CPT) based on Kirchhoff hypothesis,
seems to be sufficient for modeling of the dynamic response
of this type of plate. Accordingly, the variation of displace-
ment components ū, v̄, and w̄ of an arbitrary material point of
FG plate are approximated along the thickness direction as,
respectively,

ū(x, y, z, t) = u(x, y, t)− zw,x
v̄(x, y, z, t) = v(x, y, t)− zw,y
w̄(x, y, z, t) = w(x, y, t) (2)

where, u, v, and w represent the displacement components of
the material point (x, y) on the mid-plane along the x, y and
z-directions, respectively. ( ),x and ( ),y represent the partial
differentiations with respect to x and y, respectively.

Using the nonlinear Green’s strain tensor together with von
Kármán assumptions [35], the nonzero strain (i.e., Green-
Lagrange strain) tensor components at an arbitrary material
point (x, y, z) of the FG plate can be expressed in terms of the
displacement components of the material point (x, y) on the
mid-plane as,

εxx = u,x +
1
2
w2
,x − zw,xx

εyy = v,y +
1
2
w2
,y − zw,yy

2εxy = u,y + v,x + w,xw,y − 2zw,xy (3)

where ( ),xx , ( ),xy, and ( ),yy represent the second-order partial
derivatives with respect to x and y, respectively. Also, based
on the plane stress assumption, the nonzero components of
the stress (i.e., the 2nd Piola-Kirchhoff stress) tensor at an
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TABLE 1. Stiffnesses of extension spring and torsion spring for classical boundary conditions.

arbitrary material point of the FG plate can be expressed in
terms of the displacement components as,

σxx =
E(z)

(1− µ2)

[
u,x + µv,y +

1
2
w2
,x +

µ

2
w2
,y

− z
(
w,xx + µw,yy

) ]
σyy =

E(z)
(1− µ2)

[
µu,x + v,y +

µ

2
w2
,x +

1
2
w2
,y

−z
(
µw,xx + w,yy

) ]
σxy = G(z)

(
u,y + v,x + w,xw,y − 2zw,xy

)
(4)

where E , G, and µ are Young’s modulus, the shear rigidity
and Poisson’s ratio of the FG plate, respectively.

C. RAYLEIGH-RIZE SOLUTION WITH PENALTY METHOD
FOR ARBITRARY BOUNDARY CONDITIONS
From (2)-(4), it can be seen that only three unknown displace-
ment parameters are needed to determine the total energy of
the FG plate. Considering the restrains of available FE pro-
grams aforementioned, here Rayleigh-Ritz method (RRM) is
used to approximately express the displacement components,

v =
N∑
i=1

N∑
j=1

qij(t)φi(x)ϕj(y)

v =
N∑
i=1

N∑
j=1

qij(t)φi(x)ϕj(y)

w =
N∑
i=1

N∑
j=1

wij(t)φi(x)ϕj(y) (5)

where wij, pij, and qij are Ritz coefficients (or modal coordi-
nates) and φi(x) and ϕj(y) are admissible functions.
In conventional RRM, the choosing of admissible func-

tions and the accuracy of the approximation are the two

main difficulties. These problems arise mainly because of
the need to satisfy the geometrical constraints of a specific
system, which makes the derivation of governing equation
very complex and complicated. For some unconventional
boundary conditions, such as local restrictions, it will bemore
difficult to find proper admissible functions. To study the
nonlinear responses of FG plate under different boundary
conditions and provide a general process of deriving govern-
ing equation for different boundary conditions, in this paper,
the penalty method (PM) is employed to handle constraints,
and the admissible functions adopted here just satisfy a totally
unconstrained condition, thereby avoiding the process of
finding suitable admissible functions for different boundary
conditions. That is, only one set of admissible functions is
used for arbitrary boundary conditions. The spirit of this
method is the use of artificial stiffness or concentrated mass
with very large magnitude so that a rigid constraint could be
approximately modeled by a constraint [36], [37]. Therefore,
the higher the stiffness of the spring or the concentrated mass,
which may be referred to as a penalty parameter, the harder it
is to violate the constraint. Based on this spirit, the stiffness
PM, inertial PM and bi-PM were proposed. The stiffness PM
is easier to understand and acceptable to replace different
constraint, so this typical PM is employed here. To realize
this method, extension spring and torsion spring are adopted
to constrain the translation and bend, respectively. Normally,
the penalty parameter is taken as 1×109 (N/m or N/rad).
Table 1 lists the combination of the stiffnesses of extension
spring, kt , and torsion spring, kr , for four classical bound-
ary conditions (F-free, S-simply supported, C-clamped and
G-guided), where P is penalty parameter value.

As known, trigonometric functions and hyperbolic
functions are generally used to be as the admissible func-
tions. However, the solutions presented using these func-
tions are slow to convergence, and the most admissible
functions are associated with constraints, that is, differ-
ent sets of admissible functions are necessary for different
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boundary conditions. On the other side, polynomials are
commonly applied to express the displacement solutions [38].
However, high order polynomials are the cause of numeri-
cal instabilities and ill-conditioning, so the combination of
polynomials and trigonometric functions seems to be the best
choice. To improve the numerical stability and convergent
rate, the following admissible functions, satisfying the totally
unconstrained condition, are adopted

φi(x) =


( x
L

)i−1
, i = 1, 2, 3

cos
(i− 3)πx

L
i = 4, 5, . . . ,N

and

ϕj(y) =


( y
W

)j−1
j = 1, 2, 3

cos
(j− 3)πy

W
j = 4, 5, . . . ,N

(6)

It should be emphasized that, an orthonormalization pro-
cess is commonly required to obtain the proper admissi-
ble functions, such as Gram-Schmidt procedure is widely
used to generate the orthogonal polynomials satisfying the
appropriate boundary conditions in boundary characteris-
tic orthogonal polynomials (BCOPs) [38]. However, the
orthonomalization process isn’t included here to determine
admissible functions due to PM, so the present method can
be used to deal with arbitrary boundary conditions avoid
employing different admissible functions associated with dif-
ferent constraints.

D. ENERGY FORMULATIONS
The kinetic energy of plate, T , can be expressed as

T =
1
2

∫∫
A

∫ h/2

−h/2
ρ(z)

(
˙̄w2
+ ˙̄u2 + ˙̄v2

)
dzdA

= I0

∫∫
A

(
ẇ2
+ u̇2 + v̇2

)
dA− 2I1

∫∫
A

(
u̇ẇ,x + v̇ẇ,y

)
dA

+ I2

∫∫
A

(
w2
,y + w

2
,x

)
dA (7)

where ˙(·) is partial derivatives with respect to time, and I0, I1,
and I2 are defined as

Ii =
1
2

∫ h/2

−h/2
ρ(z)zidz, i = 0, 1, 2 (8)

The potential energy, U , of plate is

U = E0

∫∫
A

[(
u,x +

1
2
w2
,x

)2

+

(
v,y +

1
2
w2
,y

)2

+
(1− µ)

2

(
u,y + v,x + w,xw,y

)2 ] dA
− 2E1

∫∫
A

[
w,xx

(
u,x +

1
2
w2
,x

)
+ w,yy

(
v,y +

1
2
w2
,y

)
+ 2(1− µ)w,xy

(
u,y + v,x + w,xw,y

)2 ] dA
+E2

∫∫
A

[
w2
,xx + w

2
,yy + 2(1− µ)w2

,xy

]
dA

+ 2E0

∫∫
A

[
µ

(
u,x +

1
2
w2
,x

)(
v,y +

1
2
w2
,y

)]
dA

− 4E1

∫∫
A

[
µw,xx

(
v,y +

1
2
w2
,y

)
+ µw,yy

×

(
u,x +

1
2
w2
,x

)]
dA+ E2

∫∫
A

(
2µw,xxw,yy

)
dA (9)

where E0, E1, and E2 are defined as

Ei =
1

2(1− µ2)

∫ h/2

−h/2
E(z)zidz, i = 0, 1, 2 (10)

In (9), the first three terms mean linear part of the potential
energy of plate, while the last three terms stand for the
nonlinear part of the plate’s potential energy due to large
deformation. If these terms were ignored, the final equation
derived from (9) would be the linear governing equation of
FG plate. And, the potential energy of moving mass, W , can
be expressed as (11), as shown at the bottom of this page.

In the brace of (11), there are seven distinct terms to
introduce the inertial effects induced by themovingmass. The
first term is the weight of mass,Mg, which corresponds to the
moving load problem (see (A.10) in Appendix). For the case
of moving mass problem, while the other six terms influence
the overall mass, damping and stiffness matrices of system
(as shown in (13)). That is, the second term corresponding to
the simplified moving mass effect influences the mass matrix
(see (A.2) in Appendix), and the third, fourth and fifth terms
determine the stiffness matrix (see (A.6) in Appendix), and
the last two terms corresponds to the damping matrix (see
(A.4) in Appendix). Noted that here the in-plane moving
acceleration terms (üij and v̈ij) of mass are neglected due to
the constant or lower moving velocity hypothesis. If these
two terms were added, there would be nine distinct terms in
the brace of (11), which are consistent with those presented
in [26]. In fact, these terms which affect the stiffness matrix,
are generally ignored for response of thin plate due to the
weaker effect than that of transverse acceleration (ẅij).

It should be also mentioned that, due to the introduction
of virtual spring, the additional strain energy arising from the

W = −
∫∫

A
[Mg+Mẅ0 (x0(t), y0(t), t)] δ(x − x0)δ(y− y0)w0(x0, y0, t)dA

= −M

g+
N∑
i=1

N∑
j=1

 ẅij(t)φi(x0)ϕj(y0)+ 2 ẋ0ẏ0wij(t)φi,x(x0)ϕj,y(y0)
+ẋ20wij(t)φi,xx(x0)ϕj(y0)+ ẏ

2
0wij(t)φi(x0)ϕj,yy(y0)

+2ẋ0ẇij(t)φi,x(x0)ϕj(y0)+ 2ẏ0ẇij(t)φi(x0)ϕj,y(y0)

×
N∑
i=1

N∑
j=1

[
wij(t)φi(x0)ϕj(y0)

]
(11)
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translational and rotational springs should be considered and
expressed as V = Vw + Vu + Vv. Here

VJ =
1
2

(
kJ1,t

∫ W

0
J2
∣∣∣∣
x=0

dy+ kJ1,r

∫ W

0
J2,x

∣∣∣∣
x=0

dy

+ kJ2,t

∫ L

0
J2
∣∣∣∣
y=0

dx + kJ2,r

∫ L

0
J2,x

∣∣∣∣
y=0

dx

)

+
1
2

(
kJ3,t

∫ W

0
J2
∣∣∣∣
x=L

dy+ kJ3,r

∫ W

0
J2,y

∣∣∣∣
x=L

dy

+ kJ4,t

∫ L

0
J2
∣∣∣∣
y=W

dx + kJ4,r

∫ L

0
J2,y

∣∣∣∣
y=W

dx

)
(12)

where, J = w, u, v. kJ,t and k
J
,r are stiffness coefficients of

the translational and rotational springs and determined by
the boundary conditions. It is noted that, the unconventional
boundary conditions can be easily achieved by changing the
range of integration and stiffness coefficients. For example,
to satisfy the mixed boundary condition of F and S, it just
needs to divide the integral interval according to different
constraint ranges, while the corresponding stiffness coeffi-
cient is determined by its boundary condition.

E. GOVERNING EQUATION OF MOTION
For this system presented previously, the Lagrange is
L = T -U-V-W. The governing equation of motion of the
system can be obtained by using Lagrange’s equation, and
expressed asM11 +M∗11 M12 M13

M21 M22 0
M31 0 M33

{ẅ}{p̈}
{q̈}

+
C∗11 0 0

0 0 0
0 0 0


×

 {ẇ}
{ṗ}
{q̇}

+
K11 +K∗11 K12 K13

K21 K22 K23
K31 K32 K33

 {w}{p}
{q}


+{f ({w}, {p}, {q})}NL =

 {F}{0}
{0}

 (13)

where 0 isN×N zeromatrix, {w}=[w11 w12 . . . w1N w21 . . .

wNN ]T , {p}=[p11 p12 . . . p1N p21 . . . pNN ]T , {q}=[q11 q12
. . . q1N q21 . . . qNN ]T . Matrices M∗11, C

∗

11 and K∗11, known
as pseudo-mass, pseudo-damping and pseudo-stiffness matri-
ces, are caused by themovingmass, all of which are functions
of time and correspond to the later six terms in the brace of
(11). All these sub-matrices are listed inAppendix. The influ-
ences of different inertia components on natural frequencies,
responses and stability have been revealed using the prepared
nonlinear FE codes in [26]. Therefore, the paper moves the
emphasis on the dynamic responses of nonlinear FG plate
subjected a moving mass with arbitrary constraints including
all the inertial effects. As shown in (8) and (10), due to the
properties of the FG plate, I0, I1, I2, E0, E1, and E2 are all
non-zero value. Correspondingly, the noted sub-matrices are
also all non-zero matrices. However, for isotropic plate, due
to its constant value of density and elasticity modulus along

the thickness, both I1 and E1 are of zero value. Therefore,
sub-matrices M12, M13, M21, M31, K12, K13, K21, and K31
degrade to null matrix. It also should be emphasized that
the first three terms in the left side of (13) are responsi-
ble for linear response of the plate, while the fourth term,
{f({w},{p},{q})}NL , of (3 × N × N ) × 1, are aroused from
the nonlinear part of potential energy of the plate. Therefore,
neglecting the fourth term on the left side of (13), this gov-
erning equation of motion degenerates to linear equation for
calculating the linear response of FG plate. For convenience
of the following calculation, the fourth term is rewritten in the
following form

{f({w}, {p}, {q})}NL = KNL

 {w}{p}
{q}


=

KNL
11 ({w}) 0 0

KNL
21 ({w}) 0 0

KNL
31 ({w}) 0 0


 {w}{p}
{q}

 (14)

where the sub-matrices in (14) are also listed in Appendix.
Noted that the nonlinear stiffness matrix KNL is not unique
and can have different forms, which only need to satisfy (14).

When the traveling mass leaves the plate, some correlative
items equal to zero, such as M∗11 = C∗11 = K∗11 = 0 and
{F}={0}. Thus, the solution of (13) represents the nonlinear
free vibration of the FG plate in this case.

Additionally, equation (13) can also be written in the com-
pact form

M{ÿ} + C{ẏ} +K{y} +KNL ({y}) {y} = {Q} (15)

where matricesM,C,K, andKNL are of order (3×N ×N )×
(3×N ×N ). {y} and {Q} are general modal vector and force
vector, and expressed as

{y} =
{
{w}T , {p}T , {q}T

}T
︸ ︷︷ ︸

(3×N 2)×1

and {Q} =
{
{F}T , {0}T , {0}T

}T
︸ ︷︷ ︸

(3×N 2)×1

(16)

F. RESPONSES ANALYSIS
Mathematically, equation (15) is a system of nonlinear
coupled ordinary differential equations of second-order in
time, which can be solved using various explicit or implicit
time step methods. However, as mentioned in [26], it is
very challenging to achieve numerical stability for this
kind of equations due to the variable kinematic parameters
(such as variable mass, damping and stiffness matrices).
Newmark-Beta method (known as constant average acceler-
ation method) was employed to numerical solve the equa-
tion derived in [26]. To avoid the numerical instability and
deal with the nonlinear terms in equation with more com-
putational efficiency, therefore the constant-average accel-
eration method from Newmark’s time integration family in
conjunction with rank-one inverse Broyden quasi-Newton
method (IBQNM) is employed here to solve (15) and deter-
mine the dynamic response of the plate at any time instant.
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With Newmark’s time integration scheme, equation (15) is
transformed into a set of nonlinear algebraic equations in the
following form

K̄e(ys+1)ys+1 = F̄es+1 (17)

where the subscript s + 1 for a variable means the value of
that variable at the time t = ts+1. K̄e(ys1) and F̄es,s+1 are
the effective stiffness matrix and the load vector, respectively,
which according to Newmark’s scheme can be expressed as

K̄e(ys+1) = a0Ms+1 + a1Cs+1 +Ks+1 +KNL(ys+1)

F̄es+1 = {Fs+1} +Ms+1 (a0ys + a2ẏs + a3ÿs)

+Cs+1 (a1ys + a4ẏs + a5ÿs) (18)

where

a0 =
1

γ dt2
, a1 =

β

γ dt
, a2 =

1
γ dt

, a3 =
1
2γ
− 1,

a4 =
β

γ
− 1, a5 =

dt
2

(
β

γ
− 2

)
, a6 = dt(1− β),

a7 = βdt (19)

where dt is the time step and based on the constant-average
acceleration method the values of γ = 0.25 and β = 0.5
should be used, in which condition the solution will be of
unconditional convergence [40].

Since the effective stiffness matrix K̄e(ys+1) is a non-
linear function of the generalized modal coordinates ys+1,
an iterative solution procedure is needed to solve (17) at
each time step. As mentioned previously, rank-one IBQNM
is adopted here, which is of more computational efficiency
than the commonly used Broyden quasi-Newton method and
Newton–Raphson method [39]. The important feature of this
method is that it deals with the updating of the inverse of the
effective stiffness matrix and not with the effective stiffness
matrix itself.

According to this method, at any time step,

yi+1 = yi − BiZ (yi) (20)

where i is the iteration number, and

Z (yi) = K̄e(yi)yi − F̄ei (21)

Bi+1 = Bi −
(Biqi − pi) (pi)TBi

(pi)TBiqi
(22)

here

pi = yi+1 − yi and qi = Z (yi+1)− Z (yi) (23)

As can be seen from (22), the above computation involves
only matrix multiplication at each step, which improves the
computational efficiency of solving this nonlinear algebraic
equation. To start the procedure we need an initial approxi-
mation y0 and B0. In this paper, the y0 is taken as zero vector
of (3×N×N )×1 and B0 is unit matrix of (3×N×N )×(3×
N×N ). Then at each iteration, according to (20), y is updated.
This procedure is continued until the difference between two

successive solution vectors is less than a selected tolerance
criterion, i.e.,√

(yi+1 − yi)T (yi+1 − yi)

yTi yi
≤ 10−4 (24)

where the superscript T means the transpose of a vec-
tor or matrix.

After achieving the convergence, the general modal vec-
tor y at time t = ti+1 is obtained, and consequently,
the new acceleration vector ÿ and the new velocity vector ẏ
at time t = ti+1 are computed from the following equations,
respectively,

ÿi+1 = a0(yi+1 − yi)− a2ẏi − a3ÿi (25)

For the next time step, all the steps mentioned above should
be repeated to evaluate the general modal vector, acceleration
vector, and velocity vector. In this study, all models, calcu-
lation procedures and required analysis are performed and
accomplished using MATLAB software.

III. CONVERGENCE AND ACCURACY
Before conducting parametric analysis of FG plate, the con-
vergence and accuracy of present method are estimated. The
calculated results by the proposed method are compared
with those given in published literatures for the following
two examples, respectively. Since the information regarding
the nonlinear response of FG plate under moving mass is
not available, the plate with isotopic material is considered
here.

A. MODAL ANALYSIS
Firstly, the convergence and accuracy of the proposed method
are verified based on the natural characteristic analysis.
Here, the linear non-dimensional frequency parameters, ω =
$L2

√
12ρ(1− µ2)/Eh3, of an isotopic square plate are cal-

culated and compared with the results given in [8]. Based
on (1), when the power law index equals to zero, the FG
plate degenerates into isotopic plate made of the ceramic
constituents. In this case, all of matrices M∗11, C

∗

11, and K∗11
are zero as well as both nonlinear terms {f}NL and force
vector {F} are zero in (13). All Stiffness coefficient combi-
nations used are listed in Table 2. The boundary conditions
mentioned in the following sections include SSSS, FSFS,
SSFS, FCFF, SSXF, and SFS̄F.

The natural frequencies of the plate can be obtained by
solving the characteristic equation of (13) with these assump-
tions mentioned above. Table 3 gives the non-dimensional
frequency parameters of the plate with penalty parameters
changing from 103 to 109. It is evident that the present results
are in excellent agreement with those generated in [8]. It is
also clear that the performance of the present method is better
in terms of solution accuracy when the penalty parameters are
larger than 107. In order to get accurate results, the penalty
parameter is selected as 109 in this paper, that is P = 1× 109

in Table 2.
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TABLE 2. Stiffness coefficient combinations for four edges with different boundary conditions.

TABLE 3. Influences of penalty parameters on the non-dimensional frequency parameters for six boundary conditions isotopic plate (in Hz).

B. RESPONSE ANALYSIS
In this example, the convergence and accuracy of the pro-
vided method are verified through response analysis. Similar
with the descriptions presented previously, a simple sup-
ported 2m×2m square isotropic plate with a modulus of
E = 71GPa, mass density ρ = 2700kg/m3, 1cm thickness
and Poisson’s ratio µ = 0.33 is used. The moving mass
trajectory is assumed to be parallel to x axis passing through
the middle of the plate. The moving mass velocity, vm, is seen
as constant.

The dynamic response of the plate undergoing a moving
mass is generally described by its center point time history
amplitude that is normalized with respect to its static deflec-
tion. Thus, the dynamic amplification factor (DAF), which
is defined as the ratio of the dynamic displacement of the
plate to its static deflection at its center point, is used to
present the dynamic responses. The static deflection of the
center point of a simple supported square plate subjected
to a concentrated mass M , located at the same position is
equal to 1static = 0.0116MrMplategL2/D [35], where g is the
gravitational acceleration, Mplate is the mass of the FG plate,
and Mr is the mass ratio of the moving mass to the plate.
Figures 2 and 3 show convergences of the DAFs of center

point for the prescribed plate subjected to a moving mass

with mass (Mr = 0.2) and velocity (vm = 9.852m/s). All
the time are normalized with respect to the contacting time tf
(= L/vm) during which the mass moves on the plate. There-
fore, as separated with a red dashed line, all these response
diagrams can be divided into two parts: forced vibration and
free vibration. The first part corresponds to the period in
which the mass contacts with the plate, while the second part
occurs due to the separation between them. It can be seen
from Fig. 2, no matter what the number of Ritz terms N is,
the converging trend of solutions with decrease of the time
step size, which results in the increase of the number of the
adopted time points, is obvious. It is not difficult to find that
time ratios 1t of 10×10−3 and 5×10−3 are small enough to
get the convergent results, where the time ratio 1t is defined
as the ratio of the time step size dt used in the Newmark
method, to the contacting time tf . A similar converging trend
also can be found in Fig. 3 with increasing of Ritz terms (N )
and the use of only 7-8 Ritz test functions are sufficient to
achieve accurate solution.

Table 4 shows the accuracy and convergence of the maxi-
mum DAFs of the previous responses. The calculated results
with different Ritz terms and time step sizes are compared
with those given by [35]. A similar conclusion can be made
that when N ≥ 7 and1t ≤ 10×10−3, the results are in good
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FIGURE 2. Convergence of DAF time history of center point for a simple supported isotropic plate subjected to a moving mass with respect
to time ratio. (a) 1t = 5× 10−3. (b) 1t = 10× 10−3. (c) 1t = 20× 10−3. (d) 1t = 40× 10−3.

TABLE 4. Maximum DAFs of center point of a simple supported isotropic plate subjected to a moving mass with Mr=0.2 (M=21.6kg) and vm=9.852m/s.

agreement with the ones got in [35]. Therefore, considering
the accuracy of the solution and the amount of the calculation,
here the Ritz terms and time ratio are compromised and taken
as 7 and 10× 10−3, respectively.

IV. PARAMETRIC ANALYSIS
After being satisfied about the validity of the solution tech-
nique, FG plates with arbitrary boundary conditions are dis-
cussed, and the instantaneous dynamic vertical deflection of
central point of plate is calculated in the following section.
In the all solved examples, otherwise specified, the following
parameters are used: L = W = 1m, h = 0.01m, N = 7, and
1t = 10 × 10−3. The moving velocity of mass is constant,
and the moving path is y = W /2. For FG plate, material
properties of ZrO2 (ceramic) and aluminum (metal), given
in Table 5, are used in numerical calculations. Noted that here
the mass ratio Mr is defined as the ratio of moving mass to

TABLE 5. Material properties of ZrO2 (ceramic) and aluminum (metal).

mass of aluminum plate which is of the same size with the
FG plate. For the sake of brevity, a counterclockwise notation
starting from x = 0 is utilized to identify the boundary
conditions of the plate; for example, the symbol ‘CSFC’
represents a plate with the clamped edge (C) at x = 0, simply
supported (S) at y = W , free (F) at x = L and clamped (C) at
y = 0.

Here, in contrast to the classical boundary conditions,
the arbitrary boundary conditions mean that the constraint
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FIGURE 3. Convergence of DAF time history of center point for a simple supported isotropic plate subjected to a moving mass with
respect to Ritz terms. (a) N = 5. (b) N = 6. (c) N = 7. (d) N = 8.

FIGURE 4. FG plate with arbitrary boundary conditions. (a) Partly simple supported plate. (b) Triangular stiffened plate.

is unevenly distributed along the same edge. In this case,
it is hard to find a suitable function to satisfy this kind
of boundary condition. However, by adopting the penalty
method, the admissible functions just need to satisfy a totally
unconstrained condition while the artificial spring is used to
deal with the constraint. Without loss of generality, two kinds
of arbitrary boundary conditions are analyzed here. In the first
one, one edge of the plate is partly simple supported while
the other place of this edge is free, as shown in Fig. 4(a).

In the second case, the constraint varies linearly along one
edge of the plate, such as the triangular stiffened plate shown
in Fig. 4(b).

In open literatures [34], [41]–[45], some studies are avail-
able in which free vibration analysis of square plate with
mixed boundary conditions has been observed, which are
valuable for basic understanding. In general, there is no
numerical solution of forced vibration of functionally graded
material plate with mixed boundary conditions are available
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FIGURE 5. FG plate with SSXF. (a) Local constrained FG plate. (b) Constraints with different positions (Edge 3).

TABLE 6. Maximum DAFs during forced vibration period and free vibration period for FG plate with five different local constraint positions and
Mr=1, p=2.

as per the authors’ knowledge. Therefore, some computed
results are shown here by using the present computational
approach for the vibration characteristics of FG plate.

A. LOCAL CONSTRAINT WITH DIFFERENT POSITIONS
Firstly, the local constraint with different positions is con-
sidered. As shown in Fig. 5a, along the edge x = 1m
(Edge 3), five places, namely 0∼0.2m (Position 1), 0.2∼0.4m
(Position 2), 0.4∼0.6m (Position 3), 0.6∼0.8m (Position 4)
and 0.8∼1m (Position 5), are partly simple supported, which
share the same constraint size and the other parts of the edge
are in free. Therefore, this unconventional constraint can be
seen as a mix of simple supported boundary condition and
free boundary condition. For the sake of brevity, ‘X’ is used
to represent the local constraint. For example, the boundary
condition shown in Fig. 5(a) is expressed as SSXF. The cor-
responding penalty parameters are listed in Table 2. It should
be mentioned that the integral in (10) should be divided into
different parts since the penalty parameters have different
values along the Edge 3. Fig. 5(b) describes the constraint dis-
tribution along Edge 3. It can be seen that the free boundary
condition dominates the most place of the edge. Therefore,
this unconventional SSXF is similar as the classical SSFF.

Figure 6 depicts the center point responses ((a)-(c)) and
forced vibration responses ((d)-(f)) of the contacting points
with Mr = 1, p = 2 and vm = 20m/s. From Fig. 6(a)-(c),
it can be seen that when t/tf is smaller than 0.5, there is

little difference for the center point responses with five dif-
ferent local constraint positions.When this value exceeds 0.5,
the gap between these responses is enlarged. This is due to the
effect of the constraints in edge x = 0 m (Edge 1) dominating
the center point response in the beginning. As the mass moves
away from x = 0m, the impact of local constraints becomes
more important. A similar phenomenon can also be found
in Fig. 6(d)-(f). From the results shown in Fig. 6, one can
clearly see the effect of local constraint position, i.e., as the
local constraint closes to the Edge 4 (y = 1m), such as
Position 5, center point response and dynamic response are
all mitigated. This effect is because when the local constraint
closes to the x axis, the simple supported edge, y = 0m, has
more influence on the response of plate while the effect of
local constraint (i.e., Position 1) can be neglected. On the
contrary, for Position 5, with free boundary condition in
Edge 4, the local constraint can totally display its ability of
constraint. It also can be observed that the displacements in z
direction ((a) and (d)) are much larger than those in x and y
directions ((b), (c), (e), and (f)), which means more attention
should be paid to the traverse displacement.

In Tables 6 and 7, the maximum DAF during force vibra-
tion period and free vibration period for FG plate with local
constraint distributed in five different positions are listed. The
power law index p is 2 and the mass ratios Mr are 0.2 and 1,
respectively. From the data of Table 6, the effect of configura-
tion position on critical speed is easy to be observed. For both

VOLUME 6, 2018 51161



Q. Song et al.: Dynamic Response and Parametric Analysis of Geometrically Nonlinear FG Plate

FIGURE 6. Responses of FG plate subjected to moving mass with five different local constraint positions and Mr=1, p=2, vm=20m/s.
(a), (b), and (c) tie history for center point responses; (d), (e) and (f) forced vibration responses of the contacting points.

forced and free vibrations, their critical speeds all increase
when the configuration moves from y = 0m (Position 1) to
y = 1m (Position 5). For example, the critical speeds of
both forced vibration and free vibration for Position 1 are
20m/s. However, when it comes to Position 5, the critical
speed of forced vibration increases to 50m/s, while that for
free vibration exceeds 90m/s. Another interesting result is
that when comparing theMaximumDAFs of SSFF and SSXF
with size of 0.2m, this value with SSXF reduces signifi-
cantly. For example, even for Position 1 and with the critical
speed of the SSXF plate, the maximum DAF decreases from
3.23 to 1.91 for forced vibration, and 4.11 to 1.83 for free

vibration, which means even small local constraints can
provide high performance of vibration suppression. Similar
results are also found in Table 7. Comparing Table 6 with
Table 7, it is clear that increasing the mass ratio from 0.2 to 1
not always results in improvements of the critical speed.

Figure 7 gives the maximum three-dimension deforma-
tions of FG plate at critical speed with Mr = 1 and p = 2.
It is clear that the local constraint position has significant
effect on the shape and themagnitude of deformation of plate.
With local constraint configured in Position 1, the maximum
deformation is maximum (about 2.5mm), and only few areas
near the edge x = 1m is restricted. With the local restriction
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TABLE 7. Maximum DAFs during forced vibration period and free vibration period for FG plate with five different local constraint positions and Mr=0.2,
p=2.

FIGURE 7. Maximum three-dimension deformations of FG plate at critical speed with different constraint positions. (a) Position 1.
(b) Position 2. (c) Position 3. (d) Position 4. (e) Position 5.

closer to y = 1m (Edge 4), more area at Edge 3 is affected
and finally, for Position 5, the maximum response reduces to
0.6mm. Note also that the deformation of the forced vibration
almost overlaps with that of free vibration for Position 1.

However, with the change of the position from 1 to 5, this
difference is more obvious. As found in Table 7, the critical
speed also increases from 20m/s to 50m/s when the local con-
straint moves from Position 1 to Position 5. The improvement
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FIGURE 8. FG plate with SSXF. (a) Local constrained FG plate. (b) Constraints with different sizes (Edge 3).

TABLE 8. Maximum DAFs during forced vibration period and free vibration period for FG plate with five different local constraint sizes and Mr=1, p=2.

of the critical speed makes the inertia of the plate becomes
more important, which in turn, enlarges the gap between the
forced vibration and free vibration.

B. LOCAL CONSTRAINT WITH DIFFERENT SIZES
Similar as the analysis of the local constraints with differ-
ent configuration positions, here, the local constraint with
different configuration sizes is focused on. Fig. 8(a) shows
the FG plate with SSXF boundary condition. It shows that
six different configuration sizes are selected, namely 0.1m
(Size 0.1), 0.2m (Size 0.2), 0.4m (Size 0.4), 0.6m (Size 0.6),
0.8m (Size 0.8), and 1m (Size 1), and all the local con-
straints are placed in the center area of Edge 3 (x = 1m).
It should be mentioned that when the size equals to 0m
(Size 0), the unconventional boundary condition is changed
as classical boundary condition SSFF, while turns into SSSF
when it equals to 1m. Fig. 8(b) depicts the constraint dis-
tribution along Edge 3 with different configuration sizes.
It is clear that when the size increases, the area with free
boundary condition declines while that with simple sup-
ported area becomes larger. The penalty parameters are listed
in Table 2.

Figure 9 illustrates the transverse displacements, velocities
and accelerations of center point of FG plate with SSXF
boundary of five different configuration sizes. The mass ratio
Mr is 1, power law index p is 2 and moving speed of mass vm
is 20m/s. It can be seen from these three diagrams that there

is little difference for the displacements, velocities and accel-
erations during forced vibration period. For free vibration,
the magnitude shows a small decrease with the increasing of
the configuration size. However, an obvious phenomenon is
that the corresponding phase of larger local constraint size
advances. For example, in Fig. 9(a), the curve for larger size
is relative in left side.

Tables 8 and 9 illustrate the relationships between SSXF
of different sizes and maximum DAFs of the center point
of FG plate with velocity varying from 10m/s to 90m/s.
It is noted that the critical velocities for both force vibration
period and free vibration period increase as the configuration
size becomes larger. For example, in Table 9, the critical
velocity for the first period of configuration Size 0 is 10m/s,
while for configuration size from 0.1m to 1m, this velocity
stabilizes at 40m/s. This trend is more obvious for the second
period where the velocity increases from 10m/s to 60m/s. It is
noted that the maximum DAFs for SSXF with configuration
size from 0.1m to 1m share the similar value. However,
when the velocity of moving mass is less than 30m/s, the
maximum DAF of SSFF is significantly larger than those of
other six configuration sizes. When this velocity is between
30m/s and 70m/s, this relationship changes and, finally, when
the velocity exceeds 70m/s, the maximum DAF of SSFF is
still in larger value. These changes are due to the increase
of the critical velocity, which stands for the value beyond
which the maximum DAF converges to a constant value.
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FIGURE 9. Responses of FG plate in z direction, with five different local constraint sizes, subjected to moving mass with Mr=1, p=2 and
vm=20m/s. (a) Displacement. (b) Velocity. (c) Acceleration.

TABLE 9. Maximum DAFs during forced vibration period and free vibration period for FG plate with five different local constraint sizes and Mr=0.2, p=2.

Therefore, at smaller velocity, the maximum DAF of SSFF
is relatively larger.

Figure 10 illustrates the maximum three-dimension defor-
mations of FG plate at critical speed with Mr = 1, p = 2.
It also shows that the increase of the local constraint size
has little influence on suppression of vibration. For exam-
ple, when the size is 0.1m, the maximum deformation of
this plate is 0.86mm, while 0.66mm for Size 1. There-
fore, for purpose of vibration suppression, it is possible for
local constraint to provide similar damping performance as
conventional constraint. Another obvious result is that with
increasing of the size, the difference between forced vibra-
tion and free vibration becomes larger. This is because the
critical speed improves as the increase of the constraint size.

Fig. 11 illustrates the maximum deformations for different
constraint sizes and positions in order to have a comprehen-
sive comparison between the effects of configuration size
and position. It can be seen that the local constraint position
has more effect on the vibration suppression of SSXF plate.
When the local constraint position is much closer to free edge,
Edge 4 (such as Positions 3, 4, and 5), there is an obvious
decrease in deformation nomatter what the configuration size
is (as shown in Fig. 11(b)).

C. SIMPLE SUPPORTED EDGE WITH LINEAR
VARYING CONSTRAINT
Finally, another unconventional boundary condition is ana-
lyzed. In reality, it is quite often to find the triangular stiffened
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FIGURE 10. Maximum three-dimension deformations of FG plate at critical speed. (a) Size 0.1. (b) Size 0.2. (c) Size 0.4. (d) Size 0.6. (e) Size 0.8.
(f) Size 1 (SSSF).

FIGURE 11. Effects of configuration position and configuration size on maximum deformations at critical speed. (a) Effect of
configuration position. (b) Effect of configuration size.

plates are used to improve the strength characteristics of the
load-bearing structure. As shown in Fig. 4(b), one edge of
the FG plate is clamped in the fixed foundation while the

adjacent edge is stiffened with a triangular plate. Due to the
variation of the width of the triangular stiffened plate along
the edge, it is rational to accept that one end of this edge is
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FIGURE 12. FG plate with four different boundary conditions. (a) FSFS̄. (b) SSSS̄. (c) SSS̄S. (d) SFS̄F.

clamped (C), while the opposite end of this edge is exposed
to free boundary condition (F), which means the edge
is totally restricted with varying constraint strength along
this edge and different with the local constraint presented
previously.

Without loss of generality, taking the Edge 3 (x = 1m) as
an example, the point (1, 0) is subjected to simple supported
boundary condition (S), while at point (1, 1), the boundary
condition changes as free (F). For brevity, the symbol ‘S̄’
is used to represent this type of constraint, which means the
boundary condition changes from S to F. Similarly, the sym-
bol ‘C̄’ means it varies fromC to F. Apparently, it is quite hard
to find a suitable admissible function to satisfy this unconven-
tional boundary condition. However, when it comes to the
Penalty method, due to its unique advantage, this problem
can be solved by changing the stiffness of the virtual springs
along the edge considered. In this section, the constraint is
assumed to vary linearly along the length and accordingly,
the penalty parameters are as linear function of the position.

Therefore, in (12), the k,tJ and kJ,r are moved into the integral
operations.

As shown in Fig. 12, four types of unconventional bound-
ary conditions are considered, namely FSFS̄, SSSS̄, SSS̄S,
and SFS̄F. The k-axis stands for the value of the penalty
parameters and the solid line shows the variation of this value
along the specific edge, where five variation ranges (0 ∼ k)
are selected: 0∼102, 0∼104, 0∼106, 0∼108, and 0∼1010.
The penalty parameters for the unconventional boundary con-
dition S̄ are listed in Table 2.
Figure 13 gives the center point DAF time history of the FG

plate subjected to moving mass with Mr = 1, vm = 20m/s,
p = 2. For all those four boundary conditions, the DAFs are
in higher value for smaller k . More specifically, when k is
102 and 104, the DAFs are almost identical with each other
and in the maximum level. While for k = 108 and k = 1010,
the curves of the DAF also overlap with each other and its
value is smaller than those of any other curves. This may
because low penalty parameters (or stiffness of the virtual
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FIGURE 13. The DAF time history of center point of FG plate with different boundary conditions and Mr=1, vm=20m/s, p=2. (a) FSFS̄.
(b) SSSS̄. (c) SSS̄S. (d) SFS̄F.

FIGURE 14. Maximum three-dimension deformations of FG plate subjected to moving mass with Mr=1, vm=20m/s, p=2. (a) FSFS̄. (b)SSSS̄.
(c) SSS̄S. (d) SFS̄F.

springs) provide weaker constraint strength. Another inter-
esting thing is that, in the beginning, there is no difference
between these responses and only after a certain time point,

these curves begin to separate from each other. For these
four figures, these normalized time points are 0.5253, 0.6667,
0.2828, and 0.3434, respectively. This is because for FSFS̄
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FIGURE 15. Variations of the absolute maximum DAF at the center of FG plate subjected to moving mass with Mr=1, vm=20m/s, p=2. Solid
line (—) for forced vibration. Dashed line (- - -) for free vibration. (a) FSFS̄. (b) SSSS̄. (c) SSS̄S. (d) SFS̄F.

FG plate, the area affected by the constraint at Edge 3 (S̄) is
largest, which means it is faster to distinguish the response
difference for different penalty parameters. On the contrary,
the SFS̄F FG plate has the smallest area affected by the
unconventional constraint (S̄) at Edge 3.

Figure 14 gives the three-dimension diagrams of maxi-
mum response of the FG plate subjected to moving mass
Mr = 1, vm = 20m/s, p = 2. It is clear to see
that with smaller stiffness, the unconventional constrained
edges have obvious deformation. However, when this value
exceeds 108, these special constrained edges stable in the
x-y plane, which also indicates it is reasonable to select
the penalty parameters as 109 to deal with the fixed
constraint.

Figure 15 shows the variations of the absolute maximum
DAF at the center point of the FG plate subjected to moving
mass with Mr = 1, vm = 20m/s, p = 2. From the results
given in Fig. 15, it is clear to see that with the increasing
of the penalty parameters, the critical speeds of these FG
plate for both forced vibration and free vibration also become
faster. For example, for FSFS̄ boundary condition, the critical
speed increases from 10m/s to 36m/s as the penalty param-
eter, k , changes from 102 to 1010, which results from the

improvement of the stiffness of plate. However, it should
be mentioned that for FSFS̄, SFS̄F, and SSSS̄ plate, the
DAFs show a decrease trend when the penalty parameter
increases from 102 to 1010. Nonetheless, for SSS̄S plate,
when the velocity exceeds 40m/s, the DAF of larger penalty
parameter takes higher values. Therefore, the improvement of
penalty parameter does not always lead to smaller maximum
response.

The effect of boundary conditions on the dynamic
responses of nonlinear FG plate has been extensively
explored in this study. It was shown that the numeri-
cal procedure presented is capable of modeling nonlinear
FG plate under moving mass with any arbitrary bound-
ary conditions. It should be emphasized that using Penalty
method to handle the troublesome arbitrary constraints elim-
inate the orthonormalization process for determining the
admissible functions. Meanwhile, only one set of admissi-
ble functions is required for arbitrary boundary conditions.
Additionally, the Newmark’s constant acceleration method
together with rank-one inverse Broyden quasi-Newton
method is applied to guarantee the calculation stability and
computational efficiency and accuracy of the numerical
method.
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V. CONCLUSIONS
A mixed method is proposed to evaluate the nonlin-
ear response of FG plate with arbitrary boundary condi-
tions under moving mass based on Rayleigh-Ritz solutions
together with penalty method and Newmark with inverse
Broyden quasi-Newton method. The pseudo-mass, pseudo-
damping and pseudo-stiffness effects are obviously presented
to feature the all inertial effects of moving mass in gov-
erning equation of motion of system. The present method
has two main advantages, one is that is can deal with arbi-
trary boundary conditions using only one set of admissi-
ble functions, and exclude the orthonormalization process
widely used in other methods, such as eigenfunction expan-
sion method and BCOPs. The other is that Newmark’s time
integration together with rank-one inverse Broyden quasi-
Newton method is adopted, which is of more computational
efficiency than the commonly used Broyden quasi-Newton
method and Newton–Raphson method, to solve the nonlinear
coupled differential equations of second-order in time.Mean-
while, the numerical instability can be effectively avoided
through choosing the appropriate time increments and iter-
ative solution procedure. The comparison and convergence
studies are performed to check the accuracy and efficacy of
the present technique.

Additionally, parametric studies are carried out to reveal
the effects of material distribution, velocity of moving mass
and different boundary conditions on the nonlinear responses
of FG plates. The following points can be outlined from the
present study:

(1) It is unreasonable to neglect the free vibration of
FG plate under moving load, because the critical velocity
of free vibration is always not smaller than that of forced
vibration.

(2) For classical boundary conditions, smaller constraints
always result in lower critical speed for the forced vibra-
tion of FG plate. For local constraints, the closer the simple
boundary condition is to the free edge, the higher capacity
of vibration suppression it can perform, and the higher value
of the critical velocity is both for free vibration and forced
vibration.

(3) When configured in the central area of the edge of FG
plate, the constraint size has little influence on the magnitude
of the nonlinear response. However, an obvious trend is that
the critical velocity always rises as the increasing of the
constraint size.

(4) For local constraints, the influence of the constraint
position is much higher than that of constraints size. There-
fore, proper local constraint can also meet the need of vibra-
tion mitigation.

(5) For linear varying constraint, increasing the penalty
parameter can effectively damp the nonlinear response
of the FG plate. However, the influences of penalty
parameter on the critical speeds for free vibration and
forced vibration are determined by the specific boundary
condition.

APPENDIX
The sub-matrices of mass matrixM are expressed as

M (u,v)
11 = I0E

(m,n)
(0,0) F

(i,j)
(0,0) + I2E

(m,n)
(1,1) F

(i,j)
(0,0) + I2E

(m,n)
(0,0) F

(i,j)
(1,1)

M (u,v)
12 = M (u,v)

13 = M (v,u)
21 = M (v,u)

31 = −I1E
(m,n)
(1,0) F

(i,j)
(0,0)

M (u,v)
22 = M (u,v)

33 = I0E
(m,n)
(0,0) F

(i,j)
(0,0) (A.1)

M∗(u,v)11 = Mφm(x0)φn(x0)ϕi(y0)ϕj(y0) (A.2)

where u = (m − 1) × N + i, v = (n − 1) × N + j,
i = 1, 2, . . . ,N and j = 1, 2, . . . ,N . In the following
expressions, this relationship is also satisfied.

The matrices E (m,n)
(0,0) and F (i,j)

(0,0) are constructed by

E (m,n)
(s,t) =

∫ L

0

∂sφm(x)
∂xs

∂ tφn(x)
∂x t

dy and

F (i,j)
(s,t) =

∫ L

0

∂sϕm(y)
∂ys

∂ tϕn(y)
∂yt

dy (A.3)

which is also suitable for the construction of similar matrices
in the following expressions.

The sub-matrices of damping matrix C are expressed as

C∗(u,v)11 = 2Mẋ0φm(x0)
∂φn(x0)
∂x0

ϕi(y0)ϕj(y0)

+ 2Mẏ0φm(x0)φn(x0)ϕi(y0)
∂ϕj(y0)
∂y0

(A.4)

The sub-matrices of linear stiffness matrixK are expressed
as

K (u,v)
11 = E2

(
E (m,n)
(2,2) F

(i,j)
(0,0) + E

(m,n)
(0,0) F

(i,j)
(2,2) + 2(1− µ)

E (m,n)
(1,1) F

(i,j)
(1,1)+µ

(
E (m,n)
(0,2) F

(i,j)
(2,0) + E

(m,n)
(2,0) F

(i,j)
(0,2)

))
+P(u,v)w

K (u,v)
12 = K (v,u)

21 = −E1
(
E (m,n)
(2,1) F

(i,j)
(0,0) + µE

(m,n)
(0,1) F

(i,j)
(2,0)

+ (1− µ)E (m,n)
(1,0) F

(i,j)
(1,1)

)
K (u,v)
13 = K (v,u)

31 = −E1
(
E (m,n)
(0,0) F

(i,j)
(2,1) + µE

(m,n)
(2,0) F

(i,j)
(2,1)

+ (1− µ)E (m,n)
(1,1) F

(i,j)
(1,0)

)
K (u,v)
22 = E0

(
E (m,n)
(1,1) F

(i,j)
(0,0) +

(1− µ)
2

E (m,n)
(0,0) F

(i,j)
(1,1)

)
+ P(u,v)p

K (u,v)
23 = E0

(
µE (m,n)

(1,0) F
(i,j)
(0,1) +

(1− µ)
2

E (m,n)
(0,1) F

(i,j)
(1,0)

)
K (u,v)
33 = E0

(
E (m,n)
(0,0) F

(i,j)
(1,1) +

(1− µ)
2

E (m,n)
(1,1) F

(i,j)
(0,0)

)
+ P(u,v)q

(A.5)

K∗(u,v)11 = 2Mẋ0ẏ0

(
∂φm(x0)
∂x0

φn(x0)
∂ϕi(y0)
∂y0

ϕj(y0)

+φm(x0)
∂φn(x0)
∂x0

ϕi(y0)
∂ϕj(y0)
∂y0

)
+Mẋ20

(
∂2φm(x0)

∂x20
φn(x0)ϕi(y0)ϕj(y0)
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KNL(u,v)
11 =

1
2
E0
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+φm(x0)
∂2φn(x0)

∂x20
ϕi(y0)ϕj(y0)

)

+Mẏ20

(
φm(x0)φn(x0)

∂2ϕi(y0)

∂y20
ϕj(y0)

+φm(x0)φn(x0)ϕi(y0)
∂2ϕj(y0)

∂y20

)
(A.6)

and P(u,v)J , J = w, p, q, is defined as

P(u,v)J =
1
2



φm(0)φn(0)
∫ W
0 kJ1,t (y)ϕi(y)ϕj(y)dy

+φm,x(0)φn,x(0)
∫ W
0 kJ1,r (y)ϕi(y)ϕj(y)dy

+ϕi(0)ϕj(0)
∫ L
0 kJ2,t (y)ϕi(y)ϕj(y)dx

+ϕi,y(0)ϕj,y(0)
∫ L
0 kJ2,r (y)ϕi(y)ϕj(y)dx

+φm(L)φn(L)
∫ W
0 kJ3,t (y)ϕi(y)ϕj(y)dy

+φm,x(L)φn,x(L)
∫ W
0 kJ3,r (y)ϕi(y)ϕj(y)dy

+ϕi(W )ϕj(W )
∫ L
0 kJ4,t (y)ϕi(y)ϕj(y)dx

+ϕi,y(W )ϕj,y(W )
∫ L
0 kJ4,r (y)ϕi(y)ϕj(y)dx


(A.7)

The sub-matrices of nonlinear stiffness matrix KNL are
expressed as (A.8), as shown at the top of this page.

The matrices e(m,n)(0,0) and f (i,j)(0,0) are constructed by

e(m,n)(s,t) =
∂sφm(x)
∂xs

∂ tφn(x)
∂x t

and f (i,j)(s,t) =
∂sϕm(y)
∂ys

∂ tϕn(y)
∂yt

(A.9)

The sub-vector of non-zero part of force vector {Q} is
expressed as

f u = −Mgφm(x(t))ϕi(y0) (A.10)
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