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ABSTRACT This paper develops a novel sliding mode control strategy for the deployment of space tethered
system with consideration of constrained input. The simplified nonlinear dynamic model of space tethered
system in elliptical orbits is first modeled by using the Euler–Lagrange mechanical equation. Considering
the flexibility of tether, the compression or any component of shear forces for the tether is assumed
to be input limitation. By introducing fractional order operator and saturation function into the sliding
surface, a new adaptive fractional order sliding mode control strategy is introduced based on the proposed
nonlinear dynamic model. Compared with classical sliding mode methods, a faster deployment time without
overshoot and chattering-reduced performance can be achieved. Finally, numerical simulations are illustrated
to validate the effectiveness of our methods.

INDEX TERMS Dynamic sliding mode, elliptical orbits, fractional order sliding mode, input limitation,
space tethered system.

I. INTRODUCTION
The Space Tethered System (STS), which is composed of
space tethers and equipment such as satellites, space sta-
tions or space manipulators [1], [2], can terrifically expand
the operation area of the space vehicle making use of
the tether. The STS is applicable to many space tasks
such as orbital transfer [3], debris removal [4], deep-space
exploration [5] and etc [6]–[9]. Besides those theoretical
researches, plenty of practical experiments, aiming to ver-
ify and evaluate the existing control methods, have been
implemented byNational Aeronautics and SpaceAdministra-
tion (NASA) and European Space Agency (ESA) during the
last decades [10], [11]. For every STSmission, a precondition
is to deploy its tether to a desired position, which means that
deployment is an essential operation. Moreover, it is fairly
challenging to achieve stable and fast deployment due to the
limited tension of the tether and thruster saturation [12], [13].
Therefore, researching the deployment process is worthy and
significant.

In general, according to whether or not ancillary thrusters
are installed on the subspacecraft, techniques to control

the deployment process can be divided into two categories,
namely, hybrid tension control and tension-only control. For
instance, [14] investigated the tension-only deployment pro-
cess and put forward an adaptive sliding mode control law
with input limitation. Conversely, [15] studied tether deploy-
ment from a spool-type reel with assistant thrusters and
carried out simulation and on-ground experiments. Owing
to the weak coupling property of tether tension and out-
of-plane angle, tension-only control scheme cannot regu-
late the out-of-plane angle effectively, which is a primary
drawback of tension-only control [16]. On the contrary, there
is no such problem in hybrid control which combines ten-
sion and thruster force [17]. Over and above that benefit,
hybrid control can simplify the controller design and shorten
mission executing time compared with tension-only con-
trol. Hence, in this paper, we will discuss the deployment
of the STS with thrusters. On the other hand, how to use
the thrusters properly to get ideal deployment dynamics is
remaining to be solved. Thereby, to achieve better deploy-
ment performance, many control methods such as sliding
mode control, robust control [18], feedback linearization [19]
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and backstepping control [20] are brought into hybrid tension
control.

Among those above control methods, sliding mode con-
trol is famous for its superiority in handling uncertain-
ties or disturbances [21]–[23]. Apart from high robustness,
algorithm of sliding mode control is relatively straightfor-
ward, which is good for physical implementation. These
above merits lead to wide use of sliding mode control in
STS. For example, [24] investigated the deployment problem
of short space tethered system and proposed a sliding mode
control law. In order to approach the target with desired
attitude, [25] came up with a coordinated control strategy
which combined sliding mode control and optimal control.
With the purpose of further improving the performance of
sliding mode control, many methods such as observer-based
method and state-dependent gain method are developed [26].
Besides, fractional order slidingmode control is also effective
to meliorate the performance. This control scheme shows
fascinating features like a decrease in the overshoot and
the settling time [27]–[29]. However, only a few researchers
tried applying it to STS. [30] applied fractional order slid-
ing mode control strategy on the STS. Researchers may be
inspired by his attempt. And moreover, they took external
disturbance and unmodeled dynamics into account. In this
literature, fractional order sliding mode control exhibited
its strong ability in suppressing disturbance, reducing set-
tling time and maximum overshoot. However, in the existing
researches, there are three main problems remaining to be
solved.

The first one is input limitation. Tension limitation and
thruster saturation are inevitable when the designed control
schemes applied in reality, which could cause undesired con-
trol results or even concussive system states if no special
measures are taken to dispose of these constraints [31]. For
example, during TSS-1R mission the tether broke because
of the poor consideration of tension limitation [32]. Another
problem is that most of the previous controllers are designed
based on the linear dynamic model of STS, which may lead
to poor control performance or even control system failure
owing to the local linearizing the dynamic model in the
neighborhood of the equilibrium point. Finally, most current
controllers were designed based on systems in circular orbits
while in reality elliptical orbits are more common. As a result,
the difference between elliptical orbits and circular orbits
could pose a negative effect on the control performance when
it is put into practical applications. Hence, a controller to deal
with nonlinear dynamic model that is established on elliptical
orbits can achieve better performance in real world. However,
as far as we known, there are few works have been done in
this field.

In this paper, to deal with the above problems, a novel frac-
tional order sliding mode control scheme based on nonlinear
mathematical model in elliptical orbits is presented. A new
dimensionless transform based on coordinate translation is
constructed to convert input limitation into the form of sat-
uration. With the help of this transform and Euler-Lagrange

mechanical equation, dynamic model of STS deployment
in elliptical orbits is established. In order to tackle tether
tension limitation and thruster saturation, we introduce a
quasi-saturated function and a bounded function, with their
properties discussed completely. Furthermore, a fractional
order sliding surface is constructed by bringing in fractional
order derivative operator, reaching higher robustness, smaller
overshoots and shorter settling time. Moreover, we design
the controller according to the nonlinear dynamic model,
which is a progress than linearized one. Simulation results
are presented to evaluate the performance of the proposed
methods. To the best of our knowledge, it is the first time
in the literature that tether tension limitation and thruster
saturation have been considered and handled for nonlinear
model in elliptical orbits using a fractional order slidingmode
controller simultaneously.

The paper consists of five sections. The nonlinear mathe-
matical model of the STS deployment in elliptical orbits is
established in Section II. In Section III, the fractional order
adaptive sliding mode control law subject to input limitation
is presented and asymptotic stability is proved with the help
of Control Lyapunov Function. Section IV exhibits the simu-
lations which evaluate the effectiveness and efficiency of the
control algorithm. Conclusions are given in Section V.

II. MATHEMATICAL MODEL
As shown in Figure 1, the considered STS is composed of
a mother satellite, a subsatellite and a tether. To establish the
dynamic equations of the deployment process, two coordinate
systems are introduced at first.O is located at the earth center.
Coordinate O1xyz stands for the orbital coordinate system,
with the origin at centroid of STS. The directions of axes are
specified as follows: O1x and O1z point to the moving for-
ward direction of the orbit and the core of the earth downward,
respectively. According to the right-hand rule, one can define
axis O1y. The other coordinate system O1x ′y′z′ is the body
frame of the STS, which means that the origin of O1x ′y′z′ is
the same as that of O1xyz. O1z′ is collinear with the tether
direction, pointing to subsatellite. O1x ′y′z′ can be obtained
via coordinate rotation of O1xyz around the fixed origin O1,
that is, O1x ′ can be obtained by rotating O1x along O1y by
angle θ and O1y′ can be acquired by rotating O1y along O1x
by angle φ.

FIGURE 1. STS geometric representation.
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Following assumptions are made, which can help reduce
the complexity of derivation. Furthermore, these assumptions
are reasonable, without losing key features and generality of
the STS.
Assumption 1: The satellites of the STS are taken as

non-volumetric particles without consideration of their atti-
tude variations because during the deployment the tether is
practically long enough. Take the earth as a perfect sphere so
that the centroid of the earth coincides with the center of it.
Assumption 2: The orbit of the STS is elliptical.
Assumption 3: The mass of the mother satellite is consid-

erably larger compared to that of the subsatellite. When the
mass ratio of mother satellite to subsatellite is not less than
100, we think that the mother satellite is able to keep the
nominal orbit and it is not affected by the subsatellite during
the deployment task.
Assumption 4 [33]: The tether is springless and massless.

Furthermore, it is considered as a rigid rod during the deploy-
ment, which is referred as the dumbbell model with three
degrees of freedom.
Remark 1: In Assumption 4, the tether is regard as a rod.

However, it is apparent that a rod can provide both normal
force and tension while tension is the only force tether can
offer. Therefore, one knows that the tether must be stretched
during the deployment mission, which means that the tether
tension should fulfill equation τt > 0. τt = 0 implies that the
tether is loose and contradictory with the dumbbell model.
Hence, a small positive number τtmin is given to denote the
minimum tether tension to assure that the tether is stretched.
On the other hand, the maximum tension provided by the
tether is limited, which can be denoted by τtmax . Once τt >
τtmax , the tether would break which will make the control
of the STS fail. In summary, τt is bounded by two positive
values, whose lower bound and upper bound are τtmin and
τtmax , respectively.

Before giving out deduction of dynamics of deployment,
some preliminary notations are exhibited in advance. R rep-
resents the instantaneous distance of OO1. The coefficient of
the earth gravity field and the true anomaly measured from
periapsis are denoted as µe and f , respectively. Define the
symbols m1 and m2 as the mass of the mother satellite and
the subsatellite, respectively. As a result,m = m1+m2 corre-
sponds to the total mass of the STS. The remaining symbols
are the state variables of the STS, with l representing the
tether length between the two satellites, θ being the in-plane
angle and φ indicating the out-of-plane angle, respectively.
L stands for the total length of the tether. In this paper,

we use notation ˙(·) to represent the time derivative of first
order. Based on above assumptions and notations, one has
the equations of kinetic energy and potential energy during
the deployment established as follows [34], [35]:

T =
1
2
m(Ṙ2+R2 ḟ 2)+

1
2
m̄l2

[
φ̇2+(θ̇+ ḟ )2cos2φ

]
+
1
2
m̄l̇2

(1)

V = −
µem
R
+
µem̄l2

2R3
(1− 3 cos 2θ cos2 φ), (2)

where m̄ = m1m2/m.
Then apply Lagrangian mechanics theory, we can get

Eq. (3), as shown at the bottom of this page, where k =
1+ecosf , e is the eccentricity of the Keplerian orbit, τt means
the tether tension while τθ and τφ represent thruster torques
affecting in-plane angle and out-of-plane angle, respectively.
τtd , τθd and τφd are the external distrubances and they are
assumed to be bounded. It is notable that tether tension τt is
positive whereas thruster torques τθ and τφ have no such lim-
itation, increasing the complexity for the controller design.
To reduce the difficulty of designing a saturated controller,
a novel dimensionless conversion is presented as follows [14]

λ = l/L

d()/dt = ḟ d()/df

τ̂t = −τt/(m̄ḟ 2L)+ ρ

τ̂θ = τθ/(m̄ḟ 2L2)

τ̂φ = τφ/(m̄ḟ 2L2)

τ̂td = τtd/(m̄ḟ 2L)

τ̂θd = τθd/(m̄ḟ 2L2)

τ̂φd = τφd/(m̄ḟ 2L2), (4)

in which ρ is a positive number. According to Eq. (4), proper
ρ can be selected such that τ̂tmin < 0 and τ̂tmax > 0. Thus,
τ̂t , τ̂θ and τ̂φ are transformed into the unified form. Based on
transformation in Eq. (4), one can convert Eq. (3) into dimen-
sionless Euler-Lagrange dynamical equation shown below:

H (q)q̈+ C(q, q̇)q̇+ B0q̇+ G(q) = τ + τd , (5)

where

q =
(
λ θ φ

)T
τ =

(
τ̂t τ̂θ τ̂φ

)T
H (q) =

1 0 0
0 λ2 cos2 φ 0
0 0 λ2



m̄l̈ −
2e sin f
k

l̇f − m̄l
[
φ̇2 + (θ̇ + ḟ )2 cos2 φ

]
+
m̄lḟ 2

k
(1− 3 cos2 φ cos2 θ ) = −τt + τtd

m̄l2 cos2 φθ̈−
2e sin f
k

θ̇ f l2 cos2 φ−
2e sin f
k

θ̇ f 2 l2 cos2 φ+2m̄(θ̇+ ḟ)l2 cos2 φ(
l̇
l
−φ̇ tanφ)+

3
k
m̄ḟ 2l2 sin θ cos θ cos2 φ=τθ+τθd

m̄l2φ̈ −
2e sin f
k

φ̇f l2 + 2m̄φ̇ l̇ l + m̄l2 sinφ cosφ
[
(θ̇ + ḟ )2 + 3m̄ḟ cos2 θ

]
= τφ + τφd (3)
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C(q, q̇) =
[
C1 C2 C3

]

B0 =


−
2e sin f
k

0 0

0 −
2e sin f
k

0

0 0 −
2e sin f
k

 (6)

G(q) =


−λ cos2 φ +

λ

k
(1− 3 cos2 θ cos2 φ)+ ρ

3
k
λ2 cos θ sin θ cos2 φ −

2e sin f
k

(λ2 +
3
k
λ2 cos2 θ ) sinφ cosφ


C1 =

 0
(2λ+ λθ̇ ) cos2 φ

λφ̇


C2 =

 −(λθ̇ + 2λ) cos2 φ
λλ̇ cos2 φ − λ2φ̇ sinφ cosφ
λ2(θ̇ + 2) sinφ cosφ


C3 =

 −λφ̇

−(θ̇ + 2)λ2 sinφ cosφ
λ̇λ

 .
It is obvious that Ḣ (q)−2C(q, q̇) is skew-symmetric, leading
to

qT (Ḣ (q)− 2C(q, q̇))q = 0. (7)

Remark 2: B0 represents a diagonal non-positive definite
matrix related to elliptical orbit and it is clear that B0 is
determined by orbital eccentricity e and true anomaly f .
According to the definition of ellipse and celestial kinematics,
e is limited in a region [0, e0] where e0 < 1. Similarly, sin f
is bounded. Thus, we can prove that B0 is bounded too and
denote its upper bound as ϕ2 which satisfies ‖B0‖ < ϕ2.
Remark 3: Denote the maximum dimensionless tether

length ratio as λmax . Similar to Remark 1, the dimensionless
tether length cannot be zero. Once λ = 0 sets up, it means
that two satellites of the STS come into collision with each
other, which is not permitted during the deployment mission.
Evenworse, the dimensionless conversion is singular if λ = 0
establishes. To avoid the problems mentioned above, denota-
tion λmin is brought in, such that

0 < λmin ≤ λ ≤ λmax . (8)

III. FRACTIONAL ORDER SLIDING MODE CONTROL
In this section, the control law for STS taking advantage of
fractional order sliding mode control is presented based on
the dynamic model established in the previous section. Some
requisite preliminaries and properties are shown at first for
the subsequent derivation.

A. PRELIMINARIES
The general torques in the Euler-Lagrange dynamic equation
expressed by Eq. (5) can be parameterized as the expression
Z (q, q̇, q̇, q̈)2 = τ , in which Z (q, q̇, q̇, q̈) is a function made
up of known nonlinear functions and 2 is a dimensionless

vector constituting unknown but constant parameters [36].
Substituting a nominal reference q̇r into Eq. (5), one has:

H (q)q̈r + C(q, q̇)q̇r + B0q̇r + G(q) = Zr2, (9)

where Zr = Zr (q, q̇, q̇r , q̈r ). Construct the open-loop error
dynamics Sr as follows:

Sr = q̇− q̇r . (10)

Consider Eq. (5) and Eq. (9) simultaneously, one gets:

H (q)Ṡr + C(q, q̇)Sr + B0Sr = τ + τd − Zr2. (11)

Properties 1 [37]: One can always find positive scalars
δi(i = 0, . . . , 5) such that

‖H (q)‖ ≥ λmin(H (q)) > δ0 > 0

‖H (q)‖ ≤ λmax(H (q)) < δ1 <∞

‖C(q, q̇)‖ ≤ δ2‖q̇‖

‖G(q)‖ ≤ δ3
‖q̇r‖ ≤ δ4 + α‖1q‖ + β‖σ‖

‖q̈r‖ ≤ δ5 + α‖1q̇‖, (12)

where λmin(·) and λmax(·) stand for the minimum and maxi-
mum eigenvalues of matrix, respectively. We assume that all
the states of the STS are bounded, which always holds in prac-
tice. In addition, Zr2 is considered bounded such that Zr2 ≤
η(t) because a bounded function η(t) = f (1q,1q̇, σ, δi, t)
which depends on system states can always be found.
We define ϕ0 as the bound of η(t) such that |η(t)| ≤ ϕ0, which
represents uncertainty of the system.

In order to deal with the saturation phenomenon, several
definitions and comments are brought in.
Definition 1: Define a quasi-saturated function:

Qsat(x) =

{
sign(x) |x| ≥ π/2
sin(x) |x| < π/2

. (13)

Remark 4: Apparently, function y = Qsat(x) is strictly
bounded, or to be more precise, is saturated. In addition,
according to Definition 1, function y = Qsat(x) satisfies the
equation |Qsat(x)| ≤ |x|, ∀x.
Remark 5 [38]: Utilizing the properties of function y =

Qsat(x) and y = arcsin(x), one has

|Qsat(x)+1h| ≤ |x + arcsin(1h)| (14)

sign(Qsat(x)+1h) = sign(x+arcsin(1h)), ∀x, |1h|<1.

(15)
Definition 2 [39], [40]: Define a bounded function

formed as follows:

τout (x) =


xub x > xub
x xlb ≤ x ≤ xub
xlb x < xlb

, (16)

where xlb and xub represent theminimum andmaximum value
of τout (x), respectively, and satisfy xlb < 0 < xub.
Remark 6: According to the dimensionless transformation

described by Eq. (4), the generalized tension and torques
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in the channel of in-plane angle and out-of-plane angle are
limited, which means that they are in the form of Eq. (16).
Suppose x = [x1, x2, · · · , xn]T . Thenwe define the following
equations to specify function τout (x), arcsin(x) and sign(x)
who use vectors as input parameters

τout (x) =


τout (x1)
τout (x2)
· · ·

τout (xn)

 (17)

arcsin(x) =
(
arcsin(x1), arcsin(x2), · · · , arcsin(xn)

)T (18)

sign(x) =
(
sign(x1), sign(x2), · · · , sign(xn)

)T
. (19)

Remark 7: According to Eq. (16), the following relations
hold

|τout (x)| ≤ |x|

sign(τout (x)) = sign(x). (20)

Introducing a new one dimension parameter J , one can
rewrite Eq. (16) as shown below:

τout (x) = Jx, (21)

where J is a nonnegative scalar and the value of J is related
to x. It is obvious that J is in the range of [0,1]. Furthermore,
from Eq. (20), we can see that if the input variable x is
bounded between xmin and xmax , xmin < 0 < xmax , then there
always exists the lower bound of J such that

Jlb = min(xlb/xmin, xub/xmax). (22)
Assume x = [x1, x2, · · · , xn]T and all its elements are
bounded. Following equations can be obtained using Eq. (20)

τout (x1) ≥ Jlb1x1
τout (x2) ≥ Jlb2x2

...

τout (xn) ≥ Jlbnxn, (23)

where Jlb1, Jlb2, · · · Jlbn are all positive numbers. Eq. (23) can
be denoted in the following matrix form

τout (x) ≥

Jlb1 0 0

0
. . . 0

0 0 Jlbn

 x. (24)

For briefness, denote that

Jm =

Jlb1 0 0

0
. . . 0

0 0 Jlbn

 . (25)

The aforementioned definitions and remarks present some
characteristics of saturated functions, which works in the
proof of stability. Before presenting the control law, for clar-
ity, it is necessary to declare the fractional order operators and
some routine lemmas in advance to support the derivation.

Definition 3 [27]: The Riemann-Liouville integral opera-
tor is formed as

t0 I
ν
t f (t) =

1
0(ν)

∫ t

t0

f (ς )
(t − ς )1−ν

dς. (26)

Definition 4 [27]: The Riemann-Liouville derivative can
be expressed by:

t0D
ν
t f (t) =

1
0(m− ν)

dm

dtm

∫ t

t0

f (ς )
(t − ς )ν−m+1

dς, (27)

where 0(z) =
∫
∞

0 tz−1e−tdt is gamma function, m is an
integer such that m− 1 < ν < m.
Definition 5 [36] The Laplace Transform of Riemann-

Liouville derivative can be calculated by the following
expression:

L {t0D
ν
t f (t)} = svF(s)−

m−1∑
k=0

sk t0D
v−k−1
t f (t)|t=t0 . (28)

Lemma 1 [36]: Consider a fractional order differential
equation shown below:

ẋ + αr−1x((r−1)/r) + · · · + α0 = 0. (29)

where r is a positive integer. Utilizing Definition 5 and trans-
formation |s| = |w|r , one has

wr + αr−1wr−1 + · · · + α0 = 0. (30)

Then, the system is stable if

|arg(w)| ≥ π/2r . (31)

For better understanding, the relation between root location
and state stability in complex plane is depicted in Figure 2.

FIGURE 2. Stability regions of the fractional order system.

In the following, we define the exponential of matrix which
is utilized in the control law.
Definition 6: The exponential of matrix K ∈ Rn×n is

defined as:

eK =

e
K11 · · · eK1n

...
...

eKn1 · · · eKnn

 . (32)

When the STS is orbiting in an elliptical orbit, there are
external disturbances caused by gravity gradient, aerody-
namic drag and the irregularity of the earth. If not take into
consideration, the external disturbances can cause negative
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effects on the controllers. In order to make our simulations
closer to the reality, an assumption on disturbances is given
below.
Assumption 5: According to [41], the magnitude of the

total disturbance torque is in the range of 1 × 10−5 and its
period equals the orbital period T0. T0 can be obtained by
following equations

T0 = 2π/�

� =

√
µe/a3. (33)

Hence, external disturbance after dimensionless transforma-
tion is acquired

τd= [1.745×10−4 sin f , 4.985

×10−8 sin f , · · · 4.985×10−8 sin f ]T . (34)

where the orbital parameters are shown in Case 1 in
Section IV. However, the magnitude of τd is rather small.
In order to examine the disturbance resisting ability of our
controllers, we employ τd with greater amplitude as

τd = [5× 10−2 sin f , 5×10−2 sin f , 5×10−2 sin f ]T . (35)

In addition, the disturbance is assumed to be bounded such
that ‖τ̂d‖ ≤ ϕ3 < ∞, where ϕ3 stands for the bound of the
disturbance and it is chosen as ϕ3 = 0.1.

B. FRACTIONAL ORDER ADAPTIVE SLIDING MODE
CONTROL SUBJECT TO INPUT LIMITATION
Compared with conventional sliding mode control scheme or
conventional dynamic sliding PID control, fractional order
sliding mode control subject to input limitation can achieve
less stabilization time with smaller overshoot. For improving
the performance of the sliding mode dynamics, the fractional
order sliding surface with the nature of memory and heritage
is introduced in this subsection [42]. Furthermore, this solu-
tion is able to tackle the input limitation problem.

Based on the above knowledge, the fractional order adap-
tive sliding mode control with constrained input can be real-
ized by the subsequent theorem.
Theorem 1 (Fractional Order Adaptive Sliding Mode

Control Subject to Input Limitation): For stabilizing the
dynamics of the deployment of the STS in Eq. (11), construct
the fractional order adaptive sliding mode control input

τ = −τout (ζϕ1ϑ1sign(Sr1)+ ζϕ2ϑ2Sr2), (36)

where

Sr1 = Sq1 + γ
∫ t

t0
Sq1(ς )dς

Sq1 = Qsat(1q̇+ α01q+ α1Dν1q), (37)

in which, ϑ1(0) > 0, ϑ2(0) > 0, and the derivatives of ϑ1 and
ϑ2 can be calculated by:

ϑ̇1 = ζϕ1STr2K1e−2K
−1
1 ϑ−11 sign(Sr2)

−K1eK
−1
1 ϑ−11 (ϑ1 − K

−1
1 )STr2sign(Sr2)

ϑ̇2 = ζϕ2STr2K1e−2K
−1
1 ϑ−12 Sr2

−K1eK
−1
1 ϑ−11 (ϑ2 − K

−1
1 )STr2(Sr2), (38)

where ν is the order of the fractional term α1Dν1q. Typically,
ν is selected as ν = 0.5 such that the dynamics is asymptoti-
cally stable.1q is the system states error and can be expressed
by 1q = q − qd where qd is the reference trajectory. ζ is
a design parameter specifying the dynamics of deployment,
which is constrained by ζ > 1. ϕ1 stands for the bound of
lumped uncertainty satisfying ϕ1 > ϕ0 + ϕ2 + ϕ3 and ϕ2 is
the upper bound of B0 according to Remark 3. γ represents
a positive definite diagonal coefficient matrix varying over
time. Moreover, Sq1 is bounded according Definition 1, or to
be more exactly, saturated. Therefore one can have bounded
Sr1 when the system states are well controlled.
Remark 8: In this control law, we adopt two adaptive items

ϑ1 and ϑ2. ϑ1 and ϑ2 are delicately constructed so that they
can eliminate the side-effect of input limitation and perturba-
tions generated by elliptical orbits in the process of stability
analysis, respectively. On the other hand, from the derivatives
of the adaptive terms, we can see that they will remain stable
at constant values when Sr2 = 0. As a result, they can be used
to reflect whether Sr2 converges to zero.

Proof: Construct a dynamic coordinate change Sr2 with
the system state error1q and inverse sine function arcsin(x):

Sr2 = Sq2 + arcsin(γ
∫ t

t0
Sq1(ς )dς )

Sq2 = 1q̇+ α01q+ α1Dν1q. (39)

Until now, we have established two sets of sliding mode
manifolds, that is, manifold Sr which includes Sr1 and Sr2,
and sub-manifold Sq which includes Sq1 and Sq2. It is kind
of complicated to construct so many alike symbols but they
are all helpful during the analysis of Lyapunov stability. The
sliding surface Sr2 = 0 is first reached under the designed
control input τ and then based on the relationship between
Sr2 and Sq2, one can prove the asymptotic stability of Sq2.
Finally, after reaching the sliding surface Sq2 = 0, we are
able to discuss the stability of the decayed system 1q̇ =
−α01q − α1Dν1q. This is the main clue of the following
proof.

As we know, the domain of definition of function arcsin(x)
is [-1,1]. To meet this demand, we can define γ as follows

γ =

γ1 0 0
0 γ2 0
0 0 γ3

. (40)

We can denote Sq1 as [S1q1, S
2
q1, S

3
q1]

T according to its
definition. Then, for each parameter γi, the equation
γi
∫ t
t0
S iq1(ς )dς ∈ [−1, 1] must be fulfilled, where i = 1, 2, 3.

Hence, we designed the adjustment law of γi as follows

γi=

{
γi0 γi0(|

∫ t
t0
S iq1(ς )dς |)≤1

ci(|
∫ t
t0
S iq1(ς )dς |)

−1 γi0(|
∫ t
t0
S iq1(ς )dς |)>1,

(41)

where γi0 stands for the value of γi at the previous moment
and ci is a positive coefficient which satisfies 0 < ci ≤ 1.
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According to Remark 5, it is apparent that Sr2 and Sr1
satisfy:

STr2sign(Sr2) ≥ STr1sign(Sr1) (42)

sign(Sr2) = sign(Sr1). (43)

By introducing the limited input and substituting the dynamic
coordinate change Sr2 in Eq. (11) for Sr , one can get the below
equation:

H (q)Ṡr2 = −τout (ζϕϑsign(Sr1)+ ζϕ2ϑ2Sr2)

+ τd − C(q, q̇)Sr2 − B0Sr2 − Zr22. (44)

Define a positive definite Lyapunov function

V =
1
2
STr2H (q)Sr2 +

1
2
ϑ̃1

2
+

1
2
ϑ̃2

2
, (45)

where ϑ̃1 = ϑ1 eK
−1
1 ϑ−11 , ϑ̃2 = ϑ2 eK

−1
1 ϑ−12 , and the time

derivative of Lyapunov function V is expressed

V̇ = STr2H (q)Ṡr2+
1
2
STr2Ḣ (q)Sr2+ϑ̃1

˙̃
ϑ1+ϑ̃2

˙̃
ϑ2

=−STr2τout (ζϕ1ϑ1sign(Sr1)+ζϕ2ϑ2Sr2)

− STr2B0Sr2+
1
2
STr2Ḣ (q)Sr2−STr2Zr22

− STr2C(q, q̇)Sr2+ϑ̃1
˙̃
ϑ1+ϑ̃2

˙̃
ϑ2+STr2τd

= −STr2τout (ζϕ1ϑ1sign(Sr1)+ζϕ2ϑ2Sr2)

+
1
2
STr2(Ḣ (q)−2C(q, q̇))Sr2−STr2B0Sr2

− STr2Zr22+ϑ̃1
˙̃
ϑ1+ϑ̃2

˙̃
ϑ2+STr2τd . (46)

According to Eq. (7), it has

V̇ =−STr2τout (ζϕ1ϑ1sign(Sr1)+ζϕ2ϑ2Sr2)

− STr2Zr22−S
T
r2B0Sr2+ϑ̃1

˙̃
ϑ1+ϑ̃2

˙̃
ϑ2+STr2τd , (47)

ϑ̃1
˙̃
ϑ1 and ϑ̃2

˙̃
ϑ2 can be derived as follows:

ϑ̃1
˙̃
ϑ1 = ζϕ1STr2K1(ϑ1 − K

−1
1 )sign(Sr2)

−K1e3K
−1
1 ϑ1

−1
(ϑ1 − K

−1
1 )2STr2sign(Sr2)

ϑ̃2
˙̃
ϑ2 = ζϕ2STr2K1(ϑ2 − K

−1
1 )Sr2

−K1e3K
−1
1 ϑ2

−1
(ϑ2 − K

−1
1 )2STr2Sr2. (48)

Then, Eq. (46) can be simplified as follows

V̇ ≤−STr2τout (ζϕ1ϑ1sign(Sr1)+ζϕ2ϑ2Sr2)

− STr2B0Sr2+ζϕ1S
T
r2K1(ϑ1−K

−1
1 )sign(Sr2)

− STr2Zr22+ζϕ2S
T
r2K1(ϑ2−K

−1
1 )Sr2+STr2τd . (49)

According to Eq. (43) and Eq. (21), one has

V̇ ≤−STr2τout (ζϕ1ϑ1sign(Sr2)+ζϕ2ϑ2Sr2)+S
T
r2τd

+K1STr2(ζϕ1ϑ1sign(Sr1)+ζϕ2ϑ2Sr2)−S
T
r2B0Sr2

− STr2Zr22−ζϕ1S
T
r2sign(Sr2)−ζϕ2S

T
r2Sr2. (50)

Since that the command input ζϕ1ϑ1 sign(Sr1) + ζϕ2ϑ2 Sr2
is bounded, then we can choose a positive scalar K1 such
that:

−STr2τout (ζϕ1ϑ1sign(Sr2)+ ζϕ2ϑ2Sr2) (51)

≤ K1STr2(ζϕ1ϑ1sign(Sr1)+ ζϕ2ϑ2Sr2), (52)

Rewrite Eq. (50) as:

V̇ ≤ STr2(−B0 − ζϕ2)Sr2 − ζϕ1S
T
r2sign(Sr2)

− STr2Zr22+ S
T
r2τd . (53)

Utilizing Remark 3, Eq. (53) can be simplified as:

V̇ ≤ STr2ϕ2(1− ζ )Sr2 − ζϕ1S
T
r2sign(Sr2)

− STr2Zr22+ S
T
r2τd . (54)

If ζ > 1, one has 1− ζ < 0, so

V̇ ≤ −ϕ1ζSTr2sign(Sr2)−S
T
r2Zr22+S

T
r2τd

≤ −ϕ1ζSTr2sign(Sr2)+ϕ0S
T
r2sign(Sr2)+S

T
r2ϕ3sign(Sr2)

≤ −ϕ1ζSTr2sign(Sr2)+(ϕ0 + ϕ3)S
T
r2sign(Sr2)

≤ ϕ1(1− ζ )STr2sign(Sr2)

≤ 0. (55)

Owing to the boundedness property of the expression above,
a large enough ζ can be chosen such that V̇ ≤ 0. According
to Barbalat’s theorem [43], it means that Sr2 asymptotically
converges to zero with a set of suitable design parameters.
So the first-level sliding surface Sr2 = 0 exists.
Using Sr2 = 0, one has

Sq2 = −arcsin(γ
∫ t

t0
Sq1(ς )dς ). (56)

Select the Control Lyapunov Function candidate consisting
of Sq2

V1 =
1
2
STq2Sq2 . (57)

The time derivative is

V̇1 = STq2Ṡq2

= −
STq2γ Sq1√

1− ‖γ
∫ t
t0
Sq1(ς )dς‖2

≤ −
STq1γ Sq1√

1− ‖γ
∫ t
t0
Sq1(ς )dς‖2

≤ 0, (58)

V̇1 = 0 iff Sq1 = 0, namely, Sq2 = 0. Therefore, we prove the
asymptotic stability of Eq. (56), that is, Sq2 → 0 as t →∞.
Based on this result, one has

1q̇ = −α01q− α1Dν1q. (59)

Until now, from the point of view of the sliding mode control,
we have explained the reaching phase by the above contents.
Moreover, the sliding phase handles the whole dynamics
Eq. (11), in other words, the stability of Eq. (59) results in the
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asymptotic stability of the whole system. Selecting different
design parameters α0 and α1 corresponds to critically damped
response, over-damped response or under-damped response.
Furthermore, suitable parameters can guarantee the asymp-
totic stability of Eq. (37). According to Definition 5, Laplace
transform of Eq. (59) gives rise to

s+ α1s0.5 + α0 = 0. (60)

Substituting s = w2 yields

w2
+ α1w+ α0 = 0, (61)

which implies arg(s) = 2arg(w). Hence, we can conclude
that Eq. (59) is stable if

|arg(w)| > π/4. (62)

Thus, the parameters can be decided accordingly. This com-
pletes the proof. �
Remark 9: If α1 = 0, there is no fractional order dif-

ferentiation on the sliding surface [38]. Therefore, we can
call the decayed control law as traditional integer-order adap-
tive sliding mode control. Similarly as the previous process,
we can prove that 1q̇ = −α01q. By constructing Lyapunov
function, asymptotic stability of 1q can be proved easily.

IV. SIMULATION STUDIES
In this section, with the purpose of illustrating the effec-
tiveness of the proposed methods and evaluating the
performance, the simulations on the dynamics of the STS sub-
ject to input limitation are carried out and compared among
three different control schemes. The three control methods
are fractional order adaptive sliding mode control subject
to input limitation, traditional integer-order adaptive sliding
mode control subject to input limitation and fractional order
sliding mode control proposed by [30], and for briefness,
denote them as FDA-SMC, DA-SMC and FO-SMC, respec-
tively. It should be noted that the first two control laws make
use of signum functions, which can cause response of the
unmodeled high-order dynamics, decaying the performance
of control system. To deal with the above possible problems,
boundary layer technique is employed and uniformly ulti-
mately boundedness has been proved according to [44]–[48].

Some basic information about the simulation is given out as
follows. To make this simulation more accurate and practical,
the parameters in the YES2 mission are adopted. According
to YES2 mission [49], the earth’s radius is 6738km and the
mass of the mother satellite and subsatellite are 6530kg and
12kg, respectively. In addition, the subsatellite is deployed
with a speed of 2.58m/s and the destination is 3.5km away
from the initial position(3m) in the vertical direction [49].
For the sake of better comparison, simulations are carried
out under two different orbital eccentricities whose orbital
parameters are given in the following subsections, with e =
0.0027 and e = 0.17, respectively. We take the moment
of deployment as the start time of simulation and the STS
system is assumed to be located at the perigee at that time.

Input limitation is a crucial obstacle of stabilizing the STS
in reality, which is solved in this paper. Thus we assume that
the dimensionless thruster torques for the control of in-plane
angle and out-of-plane angle satisfy |τ̂θ | ≤ 5 and |τ̂φ | ≤ 5.
Accordingly, the dimensionless tension τ̂t is saturated in the
region [−2.45, 2.45] while ρ is chosen to be 2.55. In order to
illustrate the merits of fractional order operator effectively,
we employ completely same parameters for the first two
control laws with α0 = 1.75, ζ = 3 and ϕ1 = 2. Other
shared design parameters are given below.

K1 = 0.05, γ0 =

1.2 0 0
0 3 0
0 0 0.9

 .
A. CASE 1: e = 0.0027
Assume that the STS follows a elliptical orbit around the
earth with a perigee attitude of 249km and a apogee attitude
of 285 km [49]. Under this setup, the orbit eccentricity e =
0.0027. Hence, using celestial kinematics, one can calculate
the orbital angular speed at the perigee and get ḟ = 1.17 ×
10−3rad/s. With the help of dimensionless transformation,
initial deployment position and speed, λ = 0.0009 and λ̇ =
0.7 are obtained. Apart from that, in order to show the ability
of regulating the in-plane and out-of-plane angles, we simply
set θ = 0.1 and φ = 0.1 at the start time, which are non-
zero. In general, the initial dimensionless system states are
q0 = [0.0009, 0.1, 0.1]T and q̇0 = [0.7, 0, 0]T . The aim of
the control is to stabilize the STS at the states qd = [1, 0, 0]T .
The remaining design parameters are given below.

ϕ2 =
2e

1− e
= 0.0054, α1 = 0.5. (63)

At present, we are able to give the simulation results in
curves from Figure 3 to Figure 7. Figure 3 shows the dynam-
ics of dimensionless tether length while Figure 4 illustrates
the liberation rate of tether length. In-plane angle and out-of-
plane angle are depicted in Figure 5 and Figure 6, respec-
tively. Finally, dimensionless tether tension of the above
methods are presented in Figure 7.

FIGURE 3. Tether length of the deployment (e = 0.0027).

When it comes to tether length, it is obvious from Figure 3
that tether length regulated byDA-SMChas undesirable over-
shoot. To some extent, we can reduce overshoot by extending
the settling time, just like the tether liberation of FO-SMC,
which is a solution with obvious drawbacks. By introducing
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FIGURE 4. Tether length rate of the deployment (e = 0.0027).

FIGURE 5. In-plane angle of the deployment (e = 0.0027).

FIGURE 6. Out-of-plane angle of the deployment (e = 0.0027).

FIGURE 7. Tether tension using FDA-SMC (e = 0.0027).

fractional order derivative, overshoot and settling time are
dramatically reduced as shown in Figure 3. We can see from
the zoom-in area in Figure 3 that DA-SMC has a maximum
overshoot of about 2%whereas there is no overshoot in FDA-
SMC. Furthermore, according to 2% criterion of adjustment
time, tether length controlled by FDA-SMC settles at about
0.28 orbital periods while that of DA-SMC finishes with 0.43
orbital periods. Conversely, the FO-SMCmethod needs about
1.4 orbital periods to reach the destination and the tether
length does not remain steady at λ = 1 and vibrates slightly.
In general, FDA-SMC scheme is more advantageous than

DA-SMC and FO-SMC both in terms of overshoot and set-
tling time of deployment. Figure 4 shows the dimensionless
tether liberation rate of FDA-SMC, DA-SMC and FO-SMC,
respectively. It is clear that tether liberates significantly faster
under the control of FDA-SMC and DA-SMC compared to
FO-SMC. In addition, from the zoom-in area, we can find
that tether deployment rate of FDA-SMC is always non-
negative while that of DA-SMC turns negative after 0.38
orbital periods, which indicates that there is no overshoot in
FDA-SMC while overshoot exists in DA-SMC. Moreover,
the performance of FO-SMC is still poor and its tether rate
fluctuates around zero after 1.5 orbital periods, which means
that the tether length fluctuates too.

Figure 5 and Figure 6 depict the in-plane and out-of-plane
angles with respect to orbital period, which is called swinging
dynamics. We can see from Figure 5 that, when controlling
in-plane angle, FDA-SMC and DA-SMC perform consid-
erably better than FO-SMC in terms of swing amplitude,
showing their superiority to the control law in [30]. Further-
more, from the zoom-in area, it is clear that the swinging
amplitude of FDA-SMC is a little smaller. When it comes
to settling time, FDA-SMC and DA-SMC methods settle the
in-plane angle with almost the same stable time(0.7 orbital
periods). However, similarly, FO-SMC continues regulate the
in-plane angle to zero with quite a long time and oscilla-
tion. Only the curves of FDA-SMC and DA-SMC are given
in Figure 6 since that FO-SMC cannot govern out-of-plane
dynamics. In Figure 6 the out-of-plane angle of FDA-SMC
achieves less overshoot and less settling time compared with
those of DA-SMC. In both two figures, angles controlled by
FDA-SMC converge are faster than the other control method,
namely, the FDA-SMC can deal with swinging dynamics
better.

Figure 7 illustrates the dimensionless tether tension con-
trolled by FDA-SMC, DA-SMC and FO-SMC. It is clear
that saturation phenomena appears and the tether tension
is constrained in a proper practical range during the whole
deployment process with the help of dimensionless trans-
formation and designed controllers, confirming that input
limitation is well solved by the proposed control schemes.
Although [30] did not consider input limitation, the tether
tension of FO-SMC is located in a proper region.

We can conclude from the pictures and analysis that
both FDA-SMC and DA-SMC can regulate the deploy-
ment process in elliptical orbits with ideal performance in
regard to tether length, tether length rate, attitude angles
and tether tension. FO-SMC, which was designed on a
over-simplified mathematical model, cannot achieve desired
control effectiveness.Furthermore, deployment performance
of FDA-SMC has a fascinating improvement on overshoot
and settling time when compared to DA-SMC, which shows
the superiority of fractional control.

B. CASE 2: e = 0.17
In this case, the perigee attitude and the apogee attitude of
the elliptical orbit are 300km and 3000km respectively, so it
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is easy to get the orbit eccentricity e = 0.17. Utilizing
the same calculation process, the initial dimensionless sys-
tem states are presented as q0 = [0.0009, 0.1, 0.1]T and
q̇0 = [0.6, 0, 0]T . The goal is still to deploy the subsatellite
to the dimensionless states q0 = [1, 0, 0]T and the remaining
design parameters are shown as follows.

ϕ2 =
2e

1− e
= 0.41, α1 = 0.5.

The simulation results are exhibited in Figure 8 to Figure 11.
From Figure 8 to Figure 11, the two control schems,
FDA-SMC and DA-SMC, maintain almost same control per-

FIGURE 8. Tether length of the deployment (e = 0.17).

FIGURE 9. In-plane angle of the deployment (e = 0.17).

FIGURE 10. Out-of-plane angle of the deployment (e = 0.17).

FIGURE 11. Tether tension using FDA-SMC (e = 0.17).

formance in comparison with that in the previous case where
e = 0.0027. This means that our methods can be applied
without decaying effectiveness even if the orbital eccentric-
ity is large enough. By contrast, when e becomes larger,
FO-SMC fails to regulate and stabilize the systems states as
shown in Figure 8. In conclusion, FDA-SMC and DA-SMC
presented in this paper performs much better than FO-SMC,
and among the two methods, FDA-SMC achieves smaller
overshoot and shorter settling time.

V. CONCLUSION
In this paper, a novel control scheme based on fractional
order adaptive sliding mode control has been proposed for
the deployment mission of STS with consideration of input
limitation.With nonlinear dynamics and input limitation con-
sidered, this control law is more applicable in real world,
which can achieve more precise control performance espe-
cially smaller overshoot and shorter settling time. Simula-
tions show the effectiveness of the proposed control law
which is able to regulate the tether length, in-plane angle and
out-of-plane angle to follow the desired states even with input
limitation. In particular, the introducing of fractional order
operator improves the control performance compared with
similar integer-order control. In summary, the nonlinear frac-
tional order control scheme can deploy the satellite fast and
stably in comparison with the corresponding integer-order
control law. Station-keeping and retrieval are the other two
basic operations of STS mission. Hence, we should point
out that applying the proposed methods to regulate these two
operations would be our future research topics.
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